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1 Введение

Œ¥â®¤ë ¨ áà¥¤áâ¢� �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï �‘â� ¤«ï ¤¨ää¥à¥−æ¨-
�«ì−ëå ‘â‘, ¢ â®¬ ç¨á«¥ ¨ −� ¬−®£®®¡à�§¨ïå, ®¯¨á�−ë ¢ [1{5]. ‚ [6] ¤«ï ‘â‘
á ‘„÷� ¤�−ë â¨¯®¢ë¥ ¯à¥¤áâ�¢«¥−¨ï ¤à®¡−®-à�æ¨®−�«ì−ëå äã−ªæ¨© („÷”)
¨ á®®â¢¥âáâ¢ãîé¨å ‘„÷�, ¯®«ãç¥−ë ãà�¢−¥−¨ï Œ�� ¨ Œ‘‹, ¯à¥¤áâ�¢«¥-
−® �«£®à¨â¬¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ Œ�� (Œ‘‹) ¤«ï ‘â‘ á ‘„÷� ¨ â¥áâ®¢ë¥
¯à¨¬¥àë.

„�¤¨¬ à�§¢¨â¨¥ [6] −� á«ãç�© −¥¯à¥àë¢−ëå ¨ ¤¨áªà¥â−ëå ‘â‘. �á®¡®¥ ¢−¨¬�-
−¨¥ ã¤¥«¨¬ �«£®à¨â¬¨ç¥áª®¬ã ¨ ¯à®£à�¬¬−®¬ã ®¡¥á¯¥ç¥−¨î ¬®¤ã«ï úStS-CFRN.
Analysisû. ‚ à�§¤. 2 ¯à¨¢¥¤¥−ë ªà�âª¨¥ á¢¥¤¥−¨ï ¨§ â¥®à¨¨ „÷” ¨ â¨¯®¢ë¥
¯à¥¤áâ�¢«¥−¨ï ‘„÷�. ÷�áá¬®âà¥−ë ¯à¨¬¥àë á«®¦−ëå −¥«¨−¥©−®áâ¥©, ¯à¨¢®-
¤¨¬ëå ª ‘„÷�. �«£®à¨â¬¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ −� ®á−®¢¥ Œ�� (Œ‘‹) ¤«ï
¤¨ää¥à¥−æ¨�«ì−ëå ‘â‘ á ¢¨−¥à®¢áª¨¬¨ ¨ ¯ã�áá®−®¢áª¨¬¨ èã¬�¬¨ ¯à¥¤áâ�¢«¥-
−® ¢ à�§¤. 3. �á®¡®¥ ¢−¨¬�−¨¥ ã¤¥«¥−® ¢®¯à®á�¬ â®ç−®áâ¨ ¨ çã¢áâ¢¨â¥«ì−®áâ¨
�«£®à¨â¬®¢. ‚ à�§¤. 4 ®¯¨á�−® á®®â¢¥âáâ¢ãîé¥¥ �«£®à¨â¬¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥
¤«ï ¤¨áªà¥â−ëå ‘â‘. ‚ ¯à¨«®¦¥−¨¨ ¤�−ë ¯à¨¬¥àë ¢ëç¨á«¥−¨ï â¨¯®¢ëå ¨−â¥-
£à�«®¢ ¨ ª®íää¨æ¨¥−â®¢ Œ�� (Œ‘‹) ¤«ï ‘â‘ á ‘„÷�, � â�ª¦¥ −¥ª®â®àë¥
¯à¨¬¥−¥−¨ï.

2 Дробно-рациональные функции и нелинейности

‘ª�«ïà−®© „÷” −�§ë¢�¥âáï «î¡�ï äã−ªæ¨ï z = ϕ(y) = Räòæ(y), ¯à¥¤áâ�-
¢¨¬�ï ¢ ¢¨¤¥ ®â−®è¥−¨ï ¤¢ãå ¯®«¨−®¬®¢ P+(y) ¨ P−(y) [6{9]:

Räòæ(y) =
P−(y)

P+(y)
. (1)

„«ï ¯à�¢¨«ì−®© „÷” áâ¥¯¥−ì ç¨á«¨â¥«ï P−(y) −¥ ¡®«ìè¥ áâ¥¯¥−¨ §−�¬¥−�-
â¥«ï P+(y). ‚ ®¡é¥¬ á«ãç�¥ áª�«ïà−ãî „÷” ¬®¦−® ®¤−®§−�ç−® ¯à¥¤áâ�¢¨âì
¢ ¢¨¤¥ ¯®«¨−®¬� P (y) ¨ ¯à�¢¨«ì−®© „÷”:

P−(y)

P+(y)
= P (y) +

P−
1 (y)

P+(y)
. (2)

‘«¥¤ãï [6{9], ¯à¨¢¥¤¥¬ ®á−®¢−ë¥ á¢®©áâ¢� áª�«ïà−ëå ¯à�¢¨«ì−ëå „÷”.
10 �à�¢¨«ì−�ï „÷”, §−�¬¥−�â¥«ì P+(y) ª®â®à®© ¯à¥¤áâ�¢¨¬ ¢ ¢¨¤¥ ¯à®¨§-

¢¥¤¥−¨ï ¯®¯�à−® ¢§�¨¬−® ¯à®áâëå ¬−®¦¨â¥«¥©

P+(y) = P+1 (y)P
+
2 (y) · · · ,

®¤−®§−�ç−® ¯à¥¤áâ�¢¨¬� ¢ ¢¨¤¥ áã¬¬ë ¯à�¢¨«ì−ëå „÷”

P−
1 (y)

P+(y)
=
P−
11(y)

P+1 (y)
+
P−
12(y)

P+2 (y)
+ · · · .
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Œ�â¥¬�â¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï −®à¬�«ì−ëå ¯à®æ¥áá®¢

20 �ãáâì P−(y)/P+(y)| ¯à�¢¨«ì−�ï „÷”, � §−�¬¥−�â¥«ì P+(y) ¨¬¥¥â ¢¨¤:

P+(y) = a0 (y − y1)
k1 (y − y2)

k2 · · · (y − ym)
km .

’®£¤� ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ¥¤¨−áâ¢¥−−®¥ ¯à¥¤áâ�¢«¥−¨¥:

P−
1 (y)

P+(y)
=

m
∑

ν−1

[

Aν0

(y − yν)
kν
+

Aν1
(y − yν)

kν−1
+ · · ·+ Aν,kν−1

y − yν

]

.

30 �ãáâì P−
1 (y)/P

+(y) ï¢«ï¥âáï ¯à�¢¨«ì−®© „÷”, � à�§«®¦¥−¨¥ §−�¬¥−�-
â¥«ï P+(y) −� −¥¯à¨¢®¤¨¬ë¥ ¬−®¦¨â¥«¨ ¨¬¥¥â ¢¨¤:

P+(y) = a0 (y − y1)
k1 · · · (y − yr)

kr
(

y2 + p1y + q1
)l1 · · ·

(

y2 + psy + qs
)ls

.

’®£¤� ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ¥¤¨−áâ¢¥−−®¥ ¯à¥¤áâ�¢«¥−¨¥ ¯à�¢¨«ì−®© „÷”:

P−
1 (y)

P+(y)
=

h
∑

ν=1

kν
∑

µ=1

Aνµ
(y − yν)

µ +

s
∑

ν=1

lν
∑

µ=1

Bνµy + Cνµ

(y2 + pνy + qν)
µ .

40 „¨ää¥à¥−æ¨à®¢�−¨¥ „÷” (1) ¯à®¢®¤¨âáï ¯® ä®à¬ã«¥:

dRäòæ(y)

dy
=
(P−(y))′P+(y)− (P+(y))′P−(y)

(P+(y))2
.

50 �¥®¯à¥¤¥«¥−−ë© ¨−â¥£à�« ®â „÷” ¢á¥£¤� ¢ëà�¦�¥âáï ç¥à¥§ í«¥¬¥−â�à−ë¥
äã−ªæ¨¨, â�ª çâ®

∫

P−(y)

P+(y)
dy =

∫

P (y) dy +

∫

P−
1 (y) dy

P+(y)
=

=

∫

P (y) dy +
h
∑

ν=1

kν
∑

µ=1

Aνµ

∫

dy

(y − yν)
µ +

s
∑

ν=1

lν
∑

µ=1

∫

Bνµy + Cνµ

(y2 + pνy + qν)
µ dy ,

¯à¨ íâ®¬ ¨−â¥£à�« ®â ¯®«¨−®¬� P (y) ¢á¥£¤� ¢ëà�¦�¥âáï ¢ ª®−¥ç−®¬ ¢¨¤¥. ˆ−â¥-
£à�«ë ¯¥à¢®© áã¬¬ë à�¢−ë:

∫

dy

(y − yν)
µ =

1

1− µ
(y − yµ)

1−µ + C (µ > 1) .

„�«¥¥
∫

By + C

(y2 + py + q)µ
=

B

2(1− µ)(y2 + py + q)µ−1
+
2C −Bp

2
Iµ(ξ) .
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‡¤¥áì Iµ(ξ) ¢ëç¨á«ï¥âáï ¯® à¥ªãàà¥−â−®© ä®à¬ã«¥:

Iµ =
ξ(ξ2 + a2)1−µ

2a2(µ− 1)
+
2µ− 3

a2(2µ− 2)
Iµ−1(ξ) ,

£¤¥

ξ = y +
p

2
; a2 = q − p2

4
.

’�ª¨¬ ®¡à�§®¬, −¥®¯à¥¤¥«¥−−ë© ¨−â¥£à�« ®â ¤¥©áâ¢¨â¥«ì−®© „÷” ¬®¦¥â ¡ëâì
§�¯¨á�− ¢ ¢¨¤¥ áã¬¬ë, ¢®-¯¥à¢ëå, −¥ª®â®à®© à�æ¨®−�«ì−®© äã−ªæ¨¨ á ¤¥©áâ¢¨-
â¥«ì−ë¬¨ ª®íää¨æ¨¥−â�¬¨, ¢®-¢â®àëå, ¢ëà�¦¥−¨© ¢¨¤�

c(1)ν (y − yν)
−ν , c(2)ν ln |y − yν | , c(3)ν ln

(

y2 + pνy + qν
)

, c(4)ν arctg

[

2y + pν
√

4qν − p2ν

]

¨, ¢-âà¥âì¨å, ¯à®¨§¢®«ì−®© ¯®áâ®ï−−®©.
60 ˆ¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ¯à�¢¨«® �áâà®£à�¤áª®£® ¤«ï ¢ë¤¥«¥−¨ï à�æ¨®-

−�«ì−®© ç�áâ¨ R1(y) ¨−â¥£à�«�

∫

P−(y)

P+(y)
dy = R1(y) +R2(y) ,

£¤¥R2(y)| âà�−áæ¥−¤¥−â−�ï ç�áâì. …á«¨ ¯à¥¤¯®«®¦¨âì, çâ® §−�¬¥−�â¥«ì P+(y)
¤®¯ãáª�¥â ¯à¥¤áâ�¢«¥−¨¥ ¢¨¤�:

P+(y) = L(y)K(y) ,

£¤¥

L(y) =

= a0 (y − y1)
k1−1 · · · (y − yr)

kr−1
(

y2 + p1y + q1
)l1−1 · · ·

(

y2 + psy + qs
)ls−1

;

K(y) = (y − y1) · · · (y − yr)
(

y2 + p1y + q1
)

· · ·
(

y2 + psy + qs
)

,

â® ¨¬¥¥â ¬¥áâ® ¥¤¨−áâ¢¥−−®¥ ¯à¥¤áâ�¢«¥−¨¥:

R1(y) =
M(y)

L(y)
; R2(y) =

∫

N(y) dy

K(y)
.

Š®íää¨æ¨¥−âë ¯®«¨−®¬®¢ M(y) ¨ N(y) −�å®¤ïâáï ¬¥â®¤®¬ −¥®¯à¥¤¥«¥−−ëå
ª®íää¨æ¨¥−â®¢, ¯®áª®«ìªãM(y)/L(y),N(y)/K(y) ¨L′(y)K(y)/L(y) ï¢«ïîâáï
¯à�¢¨«ì−ë¬¨ „÷”.
�à¨¬¥à 2.1. �à¨¬¥à�¬¨ ‘„÷�, ¯®«ãç�¥¬ëå ¯®áà¥¤áâ¢®¬ ®âà¥§ª®¢ áã¬¬ â¨¯®-
¢ëå „÷”, ¬®£ãâ á«ã¦¨âì á«¥¤ãîé¨¥ [6]:
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ϕCäòH(Y, t) =
n
∑

r=1

lrtϕ
äòH
r (Y ) ;

ϕCäòH(Y, t) =

n
∑

r=1

lrtϕ
äòH
r (Y )ϕr(Y ) ;

ϕCäòH(Y, t) =

∑n′

r=1
l′rtϕ

′äòH
r (Y )

∑n′′

r=1
l′′rtϕ

′′äòH
r (Y )

;

ϕCäòH(Y, t) =

∑n′

r=1
l′rtϕ

′äòH
r (Y )ϕ′

r(Y )
∑n′′

r=1
l′′rtϕ

′′äòH
r (Y )ϕ′′

r(Y )
,

£¤¥ ϕäòHr (Y ), ϕ′äòH
r (Y ) ¨ ϕ′′äòH

r (Y ) | â¨¯®¢ë¥ „÷�; lrt, l′rt ¨ l′′rt | ª®-
íää¨æ¨¥−âë, §�¢¨áïé¨¥ ®â ¢à¥¬¥−¨ t; ϕr(Y ), ϕ′

r(Y ), ϕ
′′
r(Y ) | ¨§¢¥áâ−ë¥

äã−ªæ¨¨.
„àã£¨¬¨ ¯à¨¬¥à�¬¨ áª�«ïà−ëå ‘„÷� ï¢«ïîâáï −¥«¨−¥©−®áâ¨, ¯®«ãç�¥¬ë¥

¯ãâ¥¬ á®®â¢¥âáâ¢ãîé¥£® ¯à¥®¡à�§®¢�−¨ï �à£ã¬¥−â� [6]:

ϕCäòH(Y, t) = ϕ
(

ψäòH(Y, t), t
)

; ϕCäòH(Y, t) = ϕäòH(ψ(Y, t), t) .

‚ ¯à¨«®¦¥−¨¨ ¯à¨¢¥¤¥−ë ¯à¨¬¥àë á«®¦−ëå −¥«¨−¥©−®áâ¥©, ¯à¨¢®¤¨¬ëå
ª ‘„÷�.

‘ª�«ïà−�ï „÷” ¢¥ªâ®à−®£® �à£ã¬¥−â� ®¯à¥¤¥«ï¥âáï ª�ª ®â−®è¥−¨¥ ª®−¥ç−ëå
áã¬¬ [8]:

Räòæ (y1, . . . , yn) =

∑

k1, ... , kn

ak1, ... , kn
(y1)

k1 · · · (yn)kn

∑

i1, ... , in
bi1, ... , in(y1)

i1 · · · (yn)in
. (3)

�à¨¬¥à 2.2. ‚ ª�ç¥áâ¢¥ ¯à¨¬¥à®¢ áª�«ïà−ëå ‘„÷� ¢¥ªâ®à−®£® �à£ã¬¥−â�
Y = [Y1 · · ·Yp]T à�áá¬®âà¨¬ á«¥¤ãîé¨¥ [6]:

ϕCäòH(Y, t) =

n
∑

r=1

H
∏

h=1

lrh,tϕ
äòH
rh (Yh) ;

ϕCäòH(Y, t) =

∑n′

r=1

H′

∏

h=1

l′rh,tϕ
′äòH
rh (Yh)

∑n′′

r=1

H′′

∏

h=1

l′′rh,tϕ
′′äòH
rh (Yh)

.
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‚ á«ãç�¥ ¢¥ªâ®à−ëå ¨ ¬�âà¨ç−ëå ‘„÷� ¨¬¥îâ ¬¥áâ® á®®â¢¥âáâ¢ãîé¨¥
ä®à¬ã«ë (3) ¤«ï ª®¬¯®−¥−â.

3 Дифференциальные стохастические системы со сложными
дробно-рациональными нелинейностями. Алгоритмическое
обеспечение

‘«¥¤ãï [6], ãà�¢−¥−¨ï ª®−¥ç−®¬¥à−ëå −¥¯à¥àë¢−ëå −¥«¨−¥©−ëå á¨áâ¥¬ á®
áâ®å�áâ¨ç¥áª¨¬¨ ¢®§¬ãé¥−¨ï¬¨ ¯ãâ¥¬ à�áè¨à¥−¨ï ¢¥ªâ®à� á®áâ®ï−¨ï ‘â‘ ¬®£ãâ
¡ëâì §�¯¨á�−ë ¢ ¢¨¤¥ á«¥¤ãîé¥£® ¢¥ªâ®à−®£® áâ®å�áâ¨ç¥áª®£® ¤¨ää¥à¥−æ¨�«ì-
−®£® ãà�¢−¥−¨ï ˆâ®:

dYt = a (Yt,—, t) dt+ b (Yt,—, t) dW0 +

∫

R0

c (Yt,—, t, v)P
0(—, dt, dv) ,

Y (t0) = Y0 . (4)

‡¤¥áì Yt | (p × 1)-¬¥à−ë© ¢¥ªâ®à á®áâ®ï−¨ï, Yt ∈ –y (–y | £«�¤ª®¥ ¬−®£®-
®¡à�§¨¥ á®áâ®ï−¨©); a = a(Yt,—, t) ¨ b = b(Yt,—, t)| ¨§¢¥áâ−ë¥ (p× 1)-¬¥à−�ï
¨ (p×m)-¬¥à−�ï äã−ªæ¨¨ Yt ¨ t;W0 =W0(—, t)| (r×1)-¬¥à−ë© ¢¨−¥à®¢áª¨©
‘â� ¨−â¥−á¨¢−®áâ¨ ν0 = ν0(—, t); c(Yt,—, t, v) | (p × 1)-¬¥à−�ï äã−ªæ¨ï Yt, t
¨ ¢á¯®¬®£�â¥«ì−®£® (q× 1)-¬¥à−®£® ¯�à�¬¥âà� v;

∫

–

dP 0(t, A)| æ¥−âà¨à®¢�−−�ï

¯ã�áá®−®¢áª�ï ¬¥à�, ®¯à¥¤¥«ï¥¬�ï á®®â−®è¥−¨¥¬:
∫

–

dP 0(—, t, A) =

∫

–

dP (—, t, A) =

∫

–

νP (—, t, A) dt .

‚ (4) ¯à¨−ïâ®:
∫

–

| ç¨á«® áª�çª®¢ ¯ã�áá®−®¢áª®£® ‘â� ¢ ¨−â¥à¢�«¥ ¢à¥¬¥-

−¨ – = (t1, t2]; νP (—, t, A) | ¨−â¥−á¨¢−®áâì ¯ã�áá®−®¢áª®£® ‘â� P (—, t, A);
A | −¥ª®â®à®¥ ¡®à¥«¥¢áª®¥ ¬−®¦¥áâ¢® ¯à®áâà�−áâ¢� Rq0 á ¢ëª®«®âë¬ −�ç�«®¬.
��ç�«ì−®¥ §−�ç¥−¨¥ Y0 ¯à¥¤áâ�¢«ï¥â á®¡®© á«ãç�©−ãî ¢¥«¨ç¨−ã (á.¢.), −¥ §�¢¨-
áïéãî ®â ¯à¨à�é¥−¨© W0(—, t) ¨ P (—, t, A) −� ¨−â¥à¢�«�å ¢à¥¬¥−¨, á«¥¤ãîé¨å
§� t0, t0 ≤ t1 ≤ t2, ¤«ï «î¡®£® ¬−®¦¥áâ¢� A, — | (p— × 1)-¬¥à−ë© ¢¥ªâ®à
¯�à�¬¥âà®¢ á¨áâ¥¬ë.

‚ á«ãç�¥ �¤¤¨â¨¢−ëå −®à¬�«ì−ëå (£�ãáá®¢áª¨å) ¨ ®¡®¡é¥−−ëå ¯ã�áá®−®¢áª¨å
¢®§¬ãé¥−¨© ãà�¢−¥−¨¥ (4) ¨¬¥¥â ¢¨¤:

‘Yt = a (Yt,—, t) + b0(—, t)V , V = ‘W , Y (t0) = Y0 . (5)

‡¤¥áì W | ‘â� á −¥§�¢¨á¨¬ë¬¨ ¯à¨à�é¥−¨ï¬¨, ¯à¥¤áâ�¢«ïîé¨© á®¡®© á¬¥áì
−®à¬�«ì−®£® ¨ ®¡®¡é¥−−®£® ¯ã�áá®−®¢áª®£® ‘â�.
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Œ�â¥¬�â¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï −®à¬�«ì−ëå ¯à®æ¥áá®¢

„«ï ª®¬¯®−¥−â ϕ(Yt,—, t) = {ah, bkj, ch} äã−ªæ¨© a, b ¨ c, ï¢«ïîé¨åáï
‘„÷�, ¯à¨¬¥¬ ¯à¥¤áâ�¢«¥−¨ï (1){(3). …á«¨ ¯à¥¤¯®«®¦¨âì áãé¥áâ¢®¢�−¨¥ ª®-
−¥ç−ëå ¢¥à®ïâ−®áâ−ëå ¬®¬¥−â®¢ ¢â®à®£® ¯®àï¤ª� ¤«ï ¬®¬¥−â®¢ ¢à¥¬¥−¨ t1 ¨ t2,
â® ãà�¢−¥−¨ï Œ�� ¯à¨¬ãâ á«¥¤ãîé¨© ¢¨¤ [10, 11]:

{ ¤«ï å�à�ªâ¥à¨áâ¨ç¥áª¨å äã−ªæ¨©:

gN1 (λ; t) = exp

[

iλTmt −
1

2
λTKtλ

]

;

gNt1,t2 (λ1, λ2; t1, t2) = exp

[

i�λT �m2 −
1

2
�λT �K2λ

]

,



















(6)

£¤¥

�λ =
[

λT1 λ
T
2

]T
; �m2 =

[

mTt1m
T
t2

]T
; �K2 =

[

K (t1, t1) K (t1, t2)
K (t2, t1) K (t2, t2)

]

;

{ ¤«ï ¬�â¥¬�â¨ç¥áª¨å ®¦¨¤�−¨© mt, ª®¢�à¨�æ¨®−−®© ¬�âà¨æë Kt ¨ ¬�âà¨æë
ª®¢�à¨�æ¨®−−ëå äã−ªæ¨© K(t1, t2):

‘mt = A
m (mt,Kt,—, t) , m0 = m (—, t0) ;

‘Kt = A
K (mt,Kt,—, t) , K0 = K (—, t0) ;

∂K(t1, t2)

∂t2
= AKt1,t2 (mt,Kt,—, t) = K (t1, t2) a21 (mt2 ,Kt2 ,—, t2)

T ,

K (—, t1, t1) = Kt1 .



























(7)

‡¤¥áì ¯à¨−ïâë á«¥¤ãîé¨¥ ®¡®§−�ç¥−¨ï:

mt = M
N
–yYt ; Y 0t = Yt −mt ;

Kt = M
N
–y

[

Y 0t Y
0T
t

]

; K (t1, t2) = M
N
–y

[

Y 0t1Y
0T
t2

]

;

Am = Am (mt,Kt,—, t) = M
N
–y [a(Yt,—, t)] ;

AK = AK (mt,Kt,—, t) =

= a21 (mt,Kt,—, t) + a21 (mt,Kt,—, t)
T + a22 (mt,Kt,—, t) ;

a21 = a21 (mt,Kt,—, t) = M
N
–y

[

a(Yt,—, t)Y
0T
t

]

;

a22 = a22 (mt,Kt,—, t) = M
N
–y [σ(Yt,—, t)] ;

σ (Yt,—, t) = b (Yt,—, t) ν0(t)b (Yt,—, t)
T +

+

∫

Rq
0

c (Yt,—, t, v) c (Yt,—, t, v)
T νP (—, t, dv) ,



































































































(8)
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£¤¥ MN–y | á¨¬¢®« ¢ëç¨á«¥−¨ï ¬�â¥¬�â¨ç¥áª®£® ®¦¨¤�−¨ï ¤«ï −®à¬�«ì−ëå
à�á¯à¥¤¥«¥−¨© (6) −� ¬−®£®®¡à�§¨¨ –y.

„«ï áâ�æ¨®−�à−ëå ‘â‘ áâ�æ¨®−�à−ë¥ �‘â� | ¥á«¨ ®−¨ áãé¥áâ¢ãîâ, â®
mt = m∗, Kt = K∗, K(—, t1, t2) = k(—, τ) (τ = t1 − t2), | ®¯à¥¤¥«ïîâáï
ãà�¢−¥−¨ï¬¨ [10, 11]:

Am (m∗,K∗,—) = 0 ; AK (m∗,K∗,—) = 0 ;

‘kτ (—, τ) = A
k (m∗,K∗,—)K∗−1k(—, τ) , k(0) = K∗ (∀τ > 0) ;

k(τ) = k(−τ)T (∀τ < 0) .















(9)

�à¨ íâ®¬ −¥®¡å®¤¨¬®, çâ®¡ë ¬�âà¨æ�Ak = a21(m∗,K∗,—) = a∗21 ¡ë«� �á¨¬¯â®-
â¨ç¥áª¨ ãáâ®©ç¨¢®©.

“à�¢−¥−¨ï Œ�� ¢ á«ãç�¥ ‘â‘ (5) ¯¥à¥å®¤ïâ ¢ ãà�¢−¥−¨ï Œ‘‹ [10, 11]:

‘mt = A
m (mt,Kt,—, t) = a1 (mt,Kt,—, t) , m0 = m (—, t0) ;

‘Kt = A
K (mt,Kt,—, t) = k

a
1 (mt,Kt,—, t)Kt +

+Ktk
a
1 (mt,Kt,—, t)

T + σ0(t) , K0 = K (—, t0) ;

∂K(—, t1, t2)

∂t2
= AKt1,t2 (mt2 ,Kt2 ,K(—, t1, t2),—, t2) =

= K (—, t1, t2)Kt2k
a
1(mt2 ,Kt2 ,—, t2)

T , K (—, t1, t1) = Kt1 ,







































(10)

¥á«¨ ¯à¨−ïâì

a (Yt,—, t) = a1 (mt,Kt,—) + k
a
1 (mt,Kt,—)Y

0
t ;

b (Yt,—, t) = b0(—, t) ; σ (Yt,—, t) = b0(—, t)ν(—, t)b0(—, t)
T = σ0(—, t) ;

ka1 (mt,Kt,—, t) =

[(

∂

∂mt

)

Am (mt,Kt,—, t)
T

]T

.























(11)

„«ï áâ�æ¨®−�à−ëå ‘â‘ (5) ¯à¨ ãá«®¢¨¨ �á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¬�â-
à¨æë ka1(m

∗,K∗) ¢ ®á−®¢¥ Œ‘‹ «¥¦�â ãà�¢−¥−¨ï (9), §�¯¨á�−−ë¥ ¢ ¢¨¤¥:

Am (m∗,K∗,—) = 0 ;

AK = ka1 (m
∗,K∗,—)K∗ +K∗ka1 (m

∗,K∗,—)T + σ∗0 = 0 ;

‘kτ (—, τ) = A
k(τ) = ka1 (m

∗,K∗,—) k(τ) , k(0) = K∗ (∀τ > 0) ;
k(τ) = k(−τ)T (∀τ < 0) .



























(12)

�à¨ ä¨ªá¨à®¢�−−®¬ ¢¥ªâ®à¥ ¯�à�¬¥âà®¢ — ãà�¢−¥−¨ï (6) ¨ (7) «¥¦�â
¢ ®á−®¢¥ �«£®à¨â¬¨ç¥áª®£® ®¡¥á¯¥ç¥−¨ï −� ¡�§¥ Œ�� ¤«ï ‘â‘ −� ¬−®£®®¡à�§¨ïå
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Œ�â¥¬�â¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï −®à¬�«ì−ëå ¯à®æ¥áá®¢

(Œ‘â‘) (4), � ãà�¢−¥−¨ï (10) ¨ (11) | −� ¡�§¥ Œ‘‹ ¤«ï ‘â‘ (5). „«ï
®¯à¥¤¥«¥−¨ï áâ�æ¨®−�à−ëå áâ®å�áâ¨ç¥áª¨å ¯à®æ¥áá®¢ á®£«�á−® Œ�� á«ã¦�â
á®®â−®è¥−¨ï (9), � Œ‘‹ | (12). �à¨ íâ®¬ âà¥¡ã¥âáï áãé¥áâ¢®¢�−¨¥ ª®−¥ç−ëå
¨−â¥£à�«®¢ (8) ¨ (11).

„«ï Œ�� −¥®¡å®¤¨¬® ã¬¥âì ¢ëç¨á«ïâì á«¥¤ãîé¨¥ ¨−â¥£à�«ë:

Ia0 = I
a
0 (mt,Kt,—, t) = A

m (mt,Kt,—, t) = M
N
–y [a (Yt,—, t)] ; (13)

Ia1 = I
a
1 (mt,Kt,—, t) = a21 (mt,Kt,—, t) = M

N
–y

[

a (Yt,—, t)Y
0T
t

]

;

I �σ0 = I
�σ
0 (mt,Kt,—, t) = a22 (mt,Kt,—, t) = MN [�σ(Yt,—, t)] .

„«ï Œ‘‹ ¤®áâ�â®ç−® ¢ëç¨á«¨âì ¨−â¥£à�« (13), ¯à¨ç¥¬ ¨−â¥£à�« Ia1 ¢ëç¨á-
«ï¥âáï ¯® ä®à¬ã«¥ [10, 11]:

ka1 = k
a
1 (mt,Kt,—, t) =

[(

∂

∂mt

)

Ia0 (mt,Kt,—, t)
T

]T

.

Š�ª á«¥¤ã¥â ¨§ á¢®©áâ¢� „÷” 50, ¡�§®¢ë¬¨ ¨−â¥£à�«�¬¨ ¯à¨ ¢ëç¨á«¥−¨¨ (13)
¡ã¤ãâ á«¥¤ãîé¨¥ ¨−â¥£à�«ë:

MN–y

[

1

(Y − Yν)
µ

]

; MN–y

[

1

(Y 2 + pνY + qν)
µ

]

; MN–y

[

Y

(Y 2 + pνY + qν)
µ

]

. (14)

�®¤à®¡−® ç¨á«¥−−ë¥ ¬¥â®¤ë ¢ëç¨á«¥−¨ï ¨−â¥£à�«®¢ (14) ®¯¨á�−ë ¢ [12{14].
„«ï ¤¨ää¥à¥−æ¨�«ì−ëå ‘â‘ á ‘„÷� ¬®¦−® à¥ª®¬¥−¤®¢�âì á«¥¤ãîé¨¥:

{ áâ¥¯¥−−ë¥ à�§«®¦¥−¨ï;
{ ¬−®£®ç«¥−−ë¥ ¯à¨¡«¨¦¥−¨ï, ¢ ¯¥à¢ãî ®ç¥à¥¤ì −� ®á−®¢¥ ¬−®£®ç«¥−®¢ �à-

¬¨â�;
{ ¤à®¡−®-à�æ¨®−�«ì−ë¥ ¯à¨¡«¨¦¥−¨ï;
{ à�§«®¦¥−¨ï ¢ æ¥¯−ë¥ ¤à®¡¨;
{ �á¨¬¯â®â¨ç¥áª¨¥ ¯à¨¡«¨¦¥−¨ï;
{ ¨â¥à�â¨¢−ë¥ ¯à®æ¥ááë à�§«¨ç−ëå ¯®àï¤ª®¢.

‚ ¬®¤ã«¥ úStS-CFRN. Analysisû à¥�«¨§®¢�−ë áâ¥¯¥−−ë¥ à�§«®¦¥−¨ï ¨ ¬−®-
£®ç«¥−−ë¥ ¯à¨¡«¨¦¥−¨ï −� ®á−®¢¥ ¬−®£®ç«¥−®¢ �à¬¨â�.

‚ ¯à¨«®¦¥−¨¨ à�áá¬®âà¥−ë ¯à¨¬¥àë ¢ëç¨á«¥−¨ï â¨¯®¢ëå ¨−â¥£à�«®¢ (14).
‚ á«ãç�¥ –y = (−∞,∞) ¬®¦−® à¥ª®¬¥−¤®¢�âì ª¢�¤à�âãà−ë¥ ä®à¬ã«ë −�
®á−®¢¥ ®àâ®£®−�«ì−ëå ¯®«¨−®¬®¢ �à¬¨â� Hn(x). ‚ íâ®¬ á«ãç�¥ ¨á¯®«ì§ã¥âáï
á«¥¤ãîé¨© �«£®à¨â¬ [6]:

∞
∫

−∞

e−x
2

ϕ(x, π) dx =

n
∑

i=1

wiϕ(xi, π) + ρn , (15)
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£¤¥ π | ¢¥ªâ®à ¯�à�¬¥âà®¢; xi | −ã«ì Hn(x), wi | ¢¥á®¢®© ª®íää¨æ¨¥−â:

wi =
2n−1n!

√
π

n2 [Hn−1(xi)]
2 ;

ρn | ®áâ�â®ç−ë© ç«¥−:

ρn =
n!
√
π

2n(2n)!
ϕ(2n)(ξ) (−∞ < ξ <∞) .

‚å®¤ïé¨© ¢ (15) ¢¥ªâ®à ¯�à�¬¥âà®¢ ®¡ëç−® ¢ª«îç�¥â ¢ á¥¡ï ¤¨á¯¥àá¨î Dy

¨ ®â−®è¥−¨¥ á¨£−�«/èã¬ ζy = my/
√

Dy.
“à�¢−¥−¨ï â®ç−®áâ¨ ¨ çã¢áâ¢¨â¥«ì−®áâ¨ ª ¢¥ªâ®àã ¯�à�¬¥âà®¢ — ¯® ¬¥â®¤ã

äã−ªæ¨© çã¢áâ¢¨â¥«ì−®áâ¨ ï¢«ïîâáï ç�áâ−ë¬ á«ãç�¥¬ ãà�¢−¥−¨© [15, 16] ¤«ï
äã−ªæ¨© çã¢áâ¢¨â¥«ì−®áâ¨ ∇mt, ∇Kt, ∇K(t1, t2) (∇ = ∇—):

∇ ‘mt = ∇Am , ∇m (t0) = 0 ;
∇ ‘Kt = ∇AK , ∇K (t0) = 0 ;

∂∇K(t1, t2)
∂t2

= ∇AK(t1,t2) , ∇K (t1, t1) = 0 .

“à�¢−¥−¨ï Œ�� (Œ‘‹) á®¤¥à¦�â ¨−â¥£à�«ë Ia0 , I
a
1 ¨ Iσ0 ¢ ¢¨¤¥ á®®â¢¥âáâ¢ã-

îé¨å ª®íää¨æ¨¥−â®¢, ¯®íâ®¬ã ¯à®æ¥¤ãà� ¢ëç¨á«¥−¨ï ¨−â¥£à�«®¢ ¤®«¦−� ¡ëâì
á®£«�á®¢�−� á ¬¥â®¤®¬ ç¨á«¥−−®£® à¥è¥−¨ï ®¡ëª−®¢¥−−ëå ¤¨ää¥à¥−æ¨�«ì−ëå
ãà�¢−¥−¨© ¤«ï mt, Kt ¨ K(t1, t2). �â¨ ª®íää¨æ¨¥−âë ¤®¯ãáª�îâ ¤¨ää¥à¥−æ¨-
à®¢�−¨¥ ¯® mt ¨ Kt, â�ª ª�ª ¯®¤ ¨−â¥£à�«®¬ áâ®¨â á£«�¦¨¢�îé�ï −®à¬�«ì−�ï
¯«®â−®áâì.

‚ [14] ¨§«®¦¥−ë �«£®à¨â¬ë �−�«¨â¨ç¥áª®£® ¨ áâ�â¨áâ¨ç¥áª®£® ¬®¤¥«¨à®¢�-
−¨ï à�á¯à¥¤¥«¥−¨© (¢ â®¬ ç¨á«¥ −®à¬�«ì−ëå) ¢ −¥«¨−¥©−ëå Œ‘â‘. �«£®à¨â¬ë
�−�«¨â¨ç¥áª®£® ¨ áâ�â¨áâ¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï ¤«ï Œ‘â‘ á ‘„÷�, � â�ª¦¥
á¬¥è�−−ë¥ �«£®à¨â¬ë à�§«¨ç−®© áâ¥¯¥−¨ â®ç−®áâ¨ ®â−®á¨â¥«ì−® è�£� ¨−â¥£à¨-
à®¢�−¨ï â�ª¦¥ ¯à¥¤áâ�¢«¥−ë ¢ [13].

4 Дискретная стохастическая система со сложными
дробно-рациональными нелинейностями.
Алгоритмическое обеспечение

÷�áá¬®âà¨¬ ¤¨áªà¥â−ãî ‘â‘ á ‘„÷�, ®¯¨áë¢�¥¬ãî ãà�¢−¥−¨ï¬¨ ¢¨-
¤� [10, 11]:

Yk+1 = ak (—, Yk) + bk (—, Yk)V
d
k (k = 1, 2, . . .) . (16)
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‡¤¥áì Yk | (p × 1)-¬¥à−ë© ¢¥ªâ®à á®áâ®ï−¨ï, Yk ∈ –y (–y | ¬−®£®®¡à�§¨¥
á®áâ®ï−¨©); äã−ªæ¨¨ ak(—, Yk) ¨ bk(—, Yk) ¨¬¥îâ à�§¬¥à−®áâ¨ (p× 1) ¨ (p×m)
á®®â¢¥âáâ¢¥−−®; ç¥à¥§ V d

k ®¡®§−�ç¥− ¢¥ªâ®à−ë© ¤¨áªà¥â−ë© èã¬, ®¡«�¤�îé¨©
¨−â¥−á¨¢−®áâìî νdk . ‚ á«ãç�¥ �¤¤¨â¨¢−®£® èã¬�, ª®£¤� bk(—, Yk) = b0k, ãà�¢−¥-
−¨¥ (16) ¯à¨¬¥â ¢¨¤:

Yk+1 = akYk + b0kV
d
k .

‚ ®á−®¢¥ Œ�� «¥¦�â á«¥¤ãîé¨¥ á®®â−®è¥−¨ï ¨ ãà�¢−¥−¨ï [10, 11]:

gN1k(λ) = exp

{

iλmk −
1

2
λTKkλ

}

;

gNk1k2 = exp

{

i�λT �m2 −
1

2
�λT �K2�λ

}

;

mk+1 = a1k = M
N
–yak , m1 = M

N
–yY1 ;

Kk+1 = a2k = M
N
–y

[

aka
T
k

]

−
[

MN–yak
]

[

MN–yaTk

]

+MN–y

[

bkν
d
kb
T
k

]

;

K1 = M
N
–y

[

Y 01 Y
0T
1

]

;

K(—, l, h) = a3k = M
N
–y

[

Y 0l ah(Yh)
T
]

, K(—, l, l) = Kl (l < h) ;

K(—, l, h) = K(—, h, l)T (l > h) .

‚ ®á−®¢¥ Œ‘‹ ¯®á«¥ áâ�â¨áâ¨ç¥áª®© «¨−¥�à¨§�æ¨¨ äã−ªæ¨¨ ak(—, Yk) á®-
£«�á−®

ak (—, Yk) = a0k (—,mk,Kk) + k
a
1k (—,mk,Kk)Y

0
k

¡ã¤ãâ «¥¦�âì ãà�¢−¥−¨ï [10, 11]:

mk+1 = a0k , m(1) = m1 ;

Kk+1 = k
a
1kKk (k

a
1k)
T + b0kν

d
kb
T
0k , K(1) = K1 ;

K(—, l, h+ 1) = K(—, l, h)(ka1h)
T , K(—, l, l) = Kl ¯à¨ l < h ,

K(—, l, h) = K(—, h, l)T ¯à¨ l > h .

„«ï ®¯à¥¤¥«¥−¨ï áâ�æ¨®−�à−ëå ‘â� á®£«�á−® Œ�� ¨ Œ‘‹ á å�à�ªâ¥à¨áâ¨-
ª�¬¨

mk = m
∗ ; Kk = K

∗ ; K(—, l, h) = k∗(r) (r = h− l)

¨á¯®«ì§ã¥âáï ãà�¢−¥−¨¥

m∗ = a1k (—,m
∗,K∗) ,
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� â�ª¦¥ ãà�¢−¥−¨ï
K∗ = a2k (—,m

∗,K∗) ;

K∗ = ka1K∗ (ka1)
T + b0ν

d
kb
T
0 ;

k∗ (—, r + 1) = k(r) (ka1)
T , k∗(0) = K∗ .

Š�ª á«¥¤ã¥â ¨§ ãà�¢−¥−¨© Œ��, −¥®¡å®¤¨¬® ã¬¥âì ¢ëç¨á«ïâì á«¥¤ãîé¨¥
¨−â¥£à�«ë:

Ia0k = I
a
0k (—,mk,Kk) = M

N
–y [ak (—, Yk)] ; (17)

Ia1k = I
a
1k (—,mk,Kk) = M

N
–y

[

ak (—, Yk)Y
0T
k

]

; (18)

Iσ0k = I
σ
0k (—,mk,Kk) = M

N
–y [σ (—, Yk)]

(

σ (—, Yk) = bkν
d
kb
T
k

)

.

„«ï Œ‘‹ ¤®áâ�â®ç−® ¢ëç¨á«¨âì ¨−â¥£à�« (17), ¯à¨ç¥¬ ¨−â¥£à�« (18) ¢ëç¨á-
«ï¥âáï ¯® ä®à¬ã«¥:

ka1k = k
a
1k (—,mk,Kk) =

[

∂

∂mk
Ia0k (—,mk,Kk)

T

]T

.

5 Заключение

÷�áá¬®âà¥−ë −¥¯à¥àë¢−ë¥ ¨ ¤¨áªà¥â−ë¥ ‘â‘ (¢ â®¬ ç¨á«¥ ¨ −� £«�¤ª¨å
¬−®£®®¡à�§¨ïå) á ¢¨−¥à®¢áª¨¬¨ ¨ ¯ã�áá®−®¢áª¨¬¨ èã¬�¬¨ ¨ á ‘„÷�. ’�ª¨¥
¬®¤¥«¨ ®¯¨áë¢�îâ ¯®¢¥¤¥−¨¥ àï¤� á®¢à¥¬¥−−ëå −�−®- ¨ ª¢�−â®¢®®¯â¨ç¥áª¨å
áà¥¤áâ¢ ¨−ä®à¬�â¨ª¨. �à¨¢®¤ïâáï ãà�¢−¥−¨ï Œ�� ¨ Œ‘‹ ¤«ï �−�«¨â¨ç¥-
áª®£® ¬®¤¥«¨à®¢�−¨ï −¥áâ�æ¨®−�à−ëå ¨ áâ�æ¨®−�à−ëå −®à¬�«ì−ëå ¯à®æ¥áá®¢.
÷�áá¬�âà¨¢�îâáï ¬¥â®¤ë ¢ëç¨á«¥−¨ï â¨¯®¢ëå ¨−â¥£à�«®¢ ¤«ï ®¤−®- ¨ ¬−®£®¬¥à-
−ëå ‘„÷� áª�«ïà−®£® ¨ ¢¥ªâ®à−®£® �à£ã¬¥−â�, ¯®«ãç�îé¨åáï ¨§ áã¯¥à¯®§¨æ¨¨
â¨¯®¢ëå „÷�.

Œ¥â®¤¨ç¥áª®¥ ¨ �«£®à¨â¬¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ ¯®«®¦¥−® ¢ ®á−®¢ã ¬®¤ã«ï
úStS-CFRNû, ¢å®¤ïé¥£® ¢ ¡¨¡«¨®â¥ªã úStS-Analysisû [17]. ’¥áâ¨à®¢�−¨¥ ¬®¤ã-
«ï ¯à®¢¥¤¥−® á ¯®¬®éìî ¯à¨¬¥à®¢ �.1{�.3 ¨ �.6.

÷¥§ã«ìâ�âë ¤®¯ãáª�îâ ®¡®¡é¥−¨¥ −� á«ãç�© ¤¨áªà¥â−ëå ‘â‘, � â�ª¦¥ ¨−â¥-
£à®¤¨ää¥à¥−æ¨�«ì−ëå ¨ ®¯¥à�â®à−ëå ‘â‘ á ‘„÷�, ¢ â®¬ ç¨á«¥ á �¢â®ª®àà¥«¨-
à®¢�−−ë¬¨ èã¬�¬¨.

Приложения

�.1. „«ï â¨¯®¢®© „÷� ¢¨¤� RäòH(y) = 1/(y2 + b2), ãç¨âë¢�ï á®®â−®è¥−¨¥ [3]
∞
∫

0

e−h2η2

η2 + b2
dη =

π

2b
eh2b2erfc (hb) (h2 > 0 , b2 > 0) ,
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£¤¥

erfc (x) =
2√
π

∞
∫

x

e−t2dt = 1− erf x ; erf x = 2√
π

x
∫

0

e−t2dt ,

¨¬¥¥¬ á«¥¤ãîé¥¥ ¢ëà�¦¥−¨¥ ¤«ï ¨−â¥£à�«� (13) ¯à¨ h2 = Dy/2:

I0 = M
N

[

1

Y 2 + b2

]

=
1

√

2πDy

∞
∫

−∞

e−η2/(2Dy)dη

η2 + b2
=
π

b
eb2/(2Dy)erfc

(

b
√

2Dy

)

.

“ç¨âë¢�ï ¨§¢¥áâ−®¥ −¥à�¢¥−áâ¢® [12, 13]

ξ

ξ2 + 1
<

√
π

2
eξ2erfc (ξ) <

1

2ξ
,

¯®«ãç¨¬ á«¥¤ãîé¥¥ −¥à�¢¥−áâ¢® ¤«ï ¨−â¥£à�«� I0(ξ):

I−0 (ξ) < I0(ξ) < I+0 (ξ)

(

ξ2 =
b2

2Dy

)

;

I+0 =
π

b

(

eξ2 − 2√
π

ξ

2ξ2 + 1

)

, I−0 =
π

b

(

eξ2 − 1√
πξ

)

.

’�ª¨¬ ®¡à�§®¬, ¤«ï ¢ëç¨á«¥−¨ï íâ®£® ¨−â¥£à�«� ¨á¯®«ì§ãîâáï â�¡«¨æë äã−ªæ¨©
erf (ξ) ¨«¨ erfc (ξ) [12, 13] «¨¡® ¯®«ãç¥−−ë¥ −¥à�¢¥−áâ¢�.

�.2. „«ï ‘„÷� RCäòH(y) = y2/(y2 + b2), ãç¨âë¢�ï á®®â−®è¥−¨¥ [18]
∞
∫

0

η2e−h2η2

η2 + b2
dη =

√
π

2h
− πb

2
eh2b2 [1− erf (bh)] ,

¯®«ãç�¥¬

IäòH0 =

√
π

h
− πbeh2b2 [1− erf (bh)] =

√

2πDy − πbeb2/(2Dy)

[

1− erf
(

b
√

2Dy

])

.

�.3. „«ï ‘„÷� ¢¨¤� RCäòH(y) = (y + b)−11(y) ¯à¨ h2 > 0, b > 0, ãç¨âë¢�ï
á®®â−®è¥−¨¥ [3]

∞
∫

0

e−h2η2

η + b
dη = e−h2b2







√
π

h
√

b
∫

0

eη2dη − 1
2
E i(h2b2)







(Ei | ¨−â¥£à�«ì−�ï ¯®ª�§�â¥«ì−�ï äã−ªæ¨ï [7, 12, 13]), ¨¬¥¥¬ á«¥¤ãîé¥¥ ¢ëà�¦¥−¨¥
¤«ï ¨−â¥£à�«� (13) ¯à¨ h2 = Dy/2:
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IäòH0 = MN

[

1(y)

Y + b

]

=
1

√

2πDy

∞
∫

−∞

1(η)e−η2/(2Dy)

η + b
dη =

=
1

√

2πDy

e−b2/(2Dy)









√
π

√
b/(2Dy)
∫

0

eη2dη − 1
2
E i

(

b2

2Dy

)









.

�.4. ‘«®¦−ë¥ −¥«¨−¥©−®áâ¨, ¯à¨¢®¤¨¬ë¥ ª ‘„÷�.

1. …á«¨ áª�«ïà−�ï á«®¦−�ï −¥«¨−¥©−®áâì (‘�) ï¢«ï¥âáï „÷” ®â sin y ¨ cos y, â®
¯®«�£�îâ u = tg y/2, â�ª çâ®

sin y =
2u

1 + u2
; cos y =

1− u2

1 + u2
.

2. …á«¨ áª�«ïà−�ï ‘� ï¢«ï¥âáï „÷” ®â sh y ¨ ch y, â® ¯®«�£�îâ u = th y/2, â�ª çâ®

sh y =
2u

1− u2
; ch y =

1 + u2

1− u2
.

3. …á«¨ áª�«ïà−�ï ‘� ï¢«ï¥âáï „÷” ®â y ¨ «¨¡® (1 − y2)1/2, «¨¡® (y2 − 1)1/2,
«¨¡® (y2 + 1)1/2, â® §�¤�ç� á¢®¤¨âáï ª á«ãç�ï¬ 1{2, ¥á«¨ á¤¥«�âì á®®â¢¥âáâ¢ãîé¨¥
¯®¤áâ�−®¢ª¨ y = cos v, ¨«¨ y = ch v, ¨«¨ y = sh v.

4. …á«¨ áª�«ïà−�ï ‘� ï¢«ï¥âáï „÷” ®â y ¨ «¨¡® (y2 + 1)1/2, «¨¡® (y2 − 1)1/2,
â® ¬®¦−® ¯®«®¦¨âì á®®â¢¥âáâ¢¥−−® u = y + (y2 ± 1)1/2. ’®£¤� á«¥¤ã¥â á¤¥«�âì
¯®¤áâ�−®¢ªã

y =
1

2

(

u± 1
u

)

;
(

y2 ± 1
)1/2
=
1

2

(

u± 1
u

)

.

5. …á«¨ áª�«ïà−�ï ‘� ï¢«ï¥âáï „÷” ®â y ¨ ®â (ay2 + by + c)1/2, â® §�¤�ç� á¢®¤¨âáï
ª á«ãç�ï¬ 3{4, ¥á«¨ á¤¥«�âì ¯®¤áâ�−®¢ªã

v =
2ay + b

√

|4ac− b2|
; y =

v
√

|4ac− b2| − b

2a
.

6. …á«¨ áª�«ïà−�ï ‘� ï¢«ï¥âáï „÷” ®â y ¨ u =
√

(ay + b)/(cy + d), ¯à¨ç¥¬ |ad −
− bc| 6= 0, â® ¢ ª�ç¥áâ¢¥ −®¢®© ¯¥à¥¬¥−−®© ¡¥àãâ u.

�.5. ‚ ®á−®¢¥ ¬®¤¥«¥© á®¢à¥¬¥−−ëå áà¥¤áâ¢ á¥©á¬®ã¤�à®§�é¨âë «¥¦�â ã¯àã£®-
¯«�áâ¨ç¥áª¨¥ �¬®àâ¨§¨àãîé¨¥ í«¥¬¥−âë [17, 19]. Š�ª ¯à�¢¨«®, ¨å å�à�ªâ¥à¨áâ¨ª¨,
®¯¨áë¢�îâáï ä®à¬ã«�¬¨ �.1{�.4.

�.6. ‚ ®á−®¢¥ ¬®¤¥«¨ «�§¥à−®£® ¨−â¥àä¥à®¬¥âà� «¥¦¨â á«¥¤ãîé¥¥ ãà�¢−¥−¨¥ [20]:

�Xt + ω
2
0Xt +

c0

X2t + c
2 = a− 2εω0 ‘Xt + bV . (19)
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‡¤¥áì ε, ω0, c0, c, a ¨ b | ¯®áâ®ï−−ë¥ ¯�à�¬¥âàë; V | £�ãáá®¢áª¨© ¡¥«ë© èã¬
¨−â¥−á¨¢−®áâ¨ ν.

�®«�£�ï Xt = Y1 ¨ ‘Y1 = Y2 ¨ ãç¨âë¢�ï ‘Y2 = Y2(dY2/dY1), ¯®«ãç¨¬ á«¥¤ãîé¨¥
¤¨ää¥à¥−æ¨�«ì−ë¥ á®®â−®è¥−¨ï ¤«ï ä�§®¢®£® ¯®àâà¥â� à�áá¬�âà¨¢�¥¬®© ¤¨−�¬¨ç¥áª®©
á¨áâ¥¬ë ¯à¨ a = 0, b = 0 ¨ ε = 0:

dY2
dY1
= −ω

2
0Y1(Y

2
1 + c

2) + c0

Y2(Y
2
1 + c

2)
;

Y 22
2
+ š(Y1) =

Y 220
2
+ š(Y10) ,

£¤¥

š(Y1) =

∫
(

ω20Y1
2
+

c0

Y 21 + c
2

)

dY1 =
1

2
ω20Y

2
1 +

c0
c
arctg

Y1
c
+ const . (20)

“à�¢−¥−¨ï (19) ¯à¨a = 0, b = 1 ¨ c0 > 0 ¤®¯ãáª�îâ à¥¦¨¬ áâ�æ¨®−�à−ëå áâ®å�áâ¨ç¥áª¨å
ª®«¥¡�−¨© á ®¤−®¬¥à−®© ¯«®â−®áâìî, ¢ëç¨á«ï¥¬®© ¯® ä®à¬ã«¥ ƒ¨¡¡á� [10]:

f∗
1 (y1, y2) = const · e−αH(y1,y2).

‡¤¥áì H = H(y1, y2) | äã−ªæ¨ï ƒ�¬¨«ìâ®−� H = (Y 22 /2) + š(Y1), £¤¥ š(Y1) ®¯à¥-
¤¥«¥−� ¢ (20). �âáî¤� ¢¨¤−®, çâ® à�á¯à¥¤¥«¥−¨¥ Y2 £�ãáá®¢áª®¥, � à�á¯à¥¤¥«¥−¨¥ Y1
−¥£�ãáá®¢áª®¥.

“à�¢−¥−¨ï Œ‘‹ ¤«ï ®¯à¥¤¥«¥−¨ï ¢¥à®ïâ−®áâ−ëå ¬®¬¥−â®¢ ¯¥à¢®£® ¨ ¢â®à®£® ¯®-
àï¤ª� ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

‘m1 = m2 ; ‘m2 = −ω20m1 − 2εω0m2 +R0(m1, D1) ;
‘D1 = 2K12 ; ‘D2 = ν − 2λK12 − 4εω0D2 ;

‘K12 = D2 − λD1 − 2εω0K12 .















(21)

‡¤¥áì

λ = λ(m1, D1) = ω
2
0

[

1− R1(m1, D1)

ω20

]

;

R0(m1, D1) =
1

√

2πD1

∞
∫

−∞

c0

η2 + c2
e−(η−m1)

2/(2D1)dη =

=
2c0

√

2πD1
e−m2

1
/(2D1)

∞
∫

0

e−η2/(2D1)+η(m1/D1)
dη

η2 + c2
;

R1(m1, D1) =
∂R0(m1, D1)

∂m1
.

ˆ§ (21) ¯à¨ ε > 0 ¤«ï ãáâ®©ç¨¢®£® áâ�æ¨®−�à−®£® à¥¦¨¬� ¨¬¥¥¬ á®®â−®è¥−¨ï:

m∗
2 = 0 ; m

∗
1 = R0 (m

∗
1, D

∗
1)ω

−2
0 ; D

∗
2 = α =

ν∗

4εω0
; K∗

12 = 0 ; D
∗
1λ(m

∗
1, D

∗
1) = α .
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�à¨ �−�«¨â¨ç¥áª®¬ ¬®¤¥«¨à®¢�−¨¨ ¯à®æ¥áá®¢ ¢ (21) ¨á¯®«ì§®¢�«¨áì ®âà¥§ª¨ á«¥-
¤ãîé¨å áâ¥¯¥−−ëå ¯à¥¤áâ�¢«¥−¨© äã−ªæ¨© R0 = R0(m1, D1), R1 = R1(m1, D1)
¨ λ = λ(m1, D1):

R0 =
∞
∑

r=1

γR0
r (D1)R0r(ξ

2
1) ;

R1 =

∞
∑

r=1

γR1
r (D1)R1r(ξ1) ;

λ = λ(m1, D1) = ω
2
0

[

1− R1(m1, D1)

ω20

]

.

‡¤¥áì ¢¢¥¤¥−ë á«¥¤ãîé¨¥ ®¡®§−�ç¥−¨ï:

γR0
r (D1) =

c0

c2(r+1)
Dr
1 ; γR1

r (D1) = D
r−1/2
1 ;

R0r
(

ξ21
)

= e−ξ2
1
/2

∞
∑

ρ=1

[2(r + ρ)− 1]!!
(2ρ)!

ξ2ρ1 ; R1r (ξ1) = 2ξ1
∂R0r(ξ

2
1)

∂ξ21
.

�à¨ ¨å ¢ë¢®¤¥ ¡ë«¨ ¨á¯®«ì§®¢�−ë á«¥¤ãîé¨¥ ¨−â¥£à�«ë ¨ àï¤ë [7, 10, 13]:

∞
∫

0

t2n+1e−at2/2 dt =
n!

2nan+1 ;

∞
∫

0

t2ne−at2/2 dt =
(2n− 1)!!
2an

√

2π

a
;

∞
∫

−∞

t2p+1e−(at2/2)+bt dt =

∞
∫

0

t2p+1e−at2/2
(

ebt + e−bt
)

dt ;

ex + e−x = 2

∞
∑

γ=1

x2γ

(2γ)!
; (1 + x)−1 =

∞
∑

r=0

(−1)rxr .

Š�ª ¯®ª�§�−® ¢ [17], â®ç−®áâì ¨ çã¢áâ¢¨â¥«ì−®áâì �«£®à¨â¬®¢ ¢ áâ�æ¨®−�à−®¬ à¥¦¨¬¥
¯à¨ ¬�«ëå ®â−®è¥−¨ïå á¨£−�«/èã¬ ξ1 á®áâ�¢«ïîâ 0,1%{1%, � ¯à¨ ¡®«ìè¨å | 10%{
20%. „«ï â¨¯®¢ëå â¥å−¨ç¥áª¨å ¯à¨¬¥−¥−¨© íâ®£® ¢¯®«−¥ ¤®áâ�â®ç−®.
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Abstract: Mathematical software for analytical modeling of normal stochastic
processes in differential and discrete stochastic systems (StS) with complex
fraction-rational nonlinearities (CFRN) is considered. Typical presentation
of CFRN is given. Accuracy and sensitivity equations based on the normal
approximation (NAM) and the statistical linearization methods (SLM) are given.
Basic analytical and numerical methods for computing NAM (SLM) integrals
are discussed. Special attention is paid to the software tool úStS-CFRN.
Analysisû. The Appendix contains test examples and some applications. Some
generalizations are mentioned.

Keywords: analytical modeling; complex fraction-rational nonlinearities
(CFRN); module \StS-CFRN. Analysis;" method of statistical linearization
(MSL); normal approximation method (NAM); stochastic systems (StS)

DOI: 10.14357/08696527160114

Acknowledgments

The work was supported by the Russian Foundation for Basic Research (project
15-07-02244).

244 Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2016 vol 26 no 1



Mathematical software for analytical modeling of normal processes in stochastic systems

References

1. Sinitsyn, I. N., and V. I. Sinitsyn. 2014. Analiticheskoe modelirovanie normal'nykh
protsessov v stokhasticheskikh sistemakh so slozhnymi nelineynostyami [Analytical
modeling of normal processes in stochastic systems with complex nonlinearities].
Informatika i ee Primeneniya | Inform. Appl. 8(3):2{4.

2. Sinitsyn, I. N., V. I. Sinitsyn, I. V. Sergeev, V. V. Belousov, and V. S. Shorgin.
2014. Matematicheskoe obespechenie analiticheskogo modelirovaniya stokhasticheskikh
sistem so slozhnymi nelineynostyami [Mathematical software for analytical modeling
of stochastic systems with complex nonlinearities]. Sistemy i Sredstva Informatiki |
Systems and Means of Informatics 24(3):4{29.

3. Sinitsyn, I. N., V. I. Sinitsyn, and E. R. Korepanov.2015. Modelirovanie normal'nykh
protsessov v stokhasticheskikh sistemakh so slozhnymi irratsional'nymi nelineynos-
tyami [Modeling of normal processes in stochastic systems with complex irrational
nonlinearities]. Informatika i ee Primeneniya | Inform. Appl. 9(1):2{8.

4. Sinitsyn, I. N., V. I. Sinitsyn, I. V. Sergeev, E. R. Korepanov, V. V. Belousov,
and V. S. Shorgin. 2015. Matematicheskoe obespechenie modelirovaniya normal'nykh
protsessov v stokhasticheskikh sistemakh so slozhnymi irratsional'nymi nelineynostyami
[Mathematical software for modeling of normal processes in stochsatic systems with
complex irrational nonlinearities]. Sistemy i Sredstva Informatiki | Systems and
Means of Informatics 25(2): 3{19.

5. Sinitsyn, I. N., V. I. Sinitsyn, and E. R. Korepanov. 2015. Modelirovanie normal'nykh
protsessov v stokhasticheskikh sistemakh so slozhnymi transtsendentnymi nelineyno-
styami [Modeling of normal processes in stochastic systems with complex transcendental
nonliearities]. Informatika i ee Primeneniya | Inform. Appl. 9(2):23{29.

6. Sinitsyn, I. N., V. I. Sinitsyn, and E. R. Korepanov. 2015. Analiticheskoe modeli-
rovanie normal'nykh protsessov v stokhasticheskikh sistemakh so slozhnymi drobno-
ratsional'nymi nelineynostyami [Analytical modeling of normal processes in stochastic
systems with complex fractional-rational nonlinearities]. Informatika i ee Prime-
neniya | Inform. Appl. 9(4):3{17.

7. Korn, G. A., and T. M. Korn. 1968. Mathematical handbook. New-York, NY:
McGraw-Hill. 943 p.

8. Zverovich, E. I. 2008. Veshchestvennyy i kompleksnyy analiz: V 6 ch. Kn. 2. Ch. 2.
Integral'noe ischislenie funktsiy skalyarnogo argumenta [Real and complex analysis: In
6 parts. Bk. 2. Pt. 2. Integral calculus of sealer argument]. Minsk: Vysshaya Shkola.
319 p.

9. Kulikov, V. 1978. Ratsional'naya fukntsiya [Rational function]. Matematicheskaya
entsiklopediya [Mathematical encyclopedia]. Ed. I. M. Vinogradov. Moscow: Sovet-
skaya Entsiklopediya. 4:918{919.

10. Pugachev, V. S., and I. N. Sinitsyn. 2001. Stochastic systems. Theory and applications.
Singapore: World Scientific. 908 p.

11. Sinitsyn, I. N., and V. I. Sinitsyn. 2013. Lektsii po normal'noy i ellipsoidal'noy
approksimatsii raspredeleniy v stokhasticheskikh sistemakh [Lectures on normal and
ellipsoidal approximation of distributions in stochastic systems]. Moscow: TORUS
PRESS. 488 p.

12. Abramovich, M., and I. Stigan, eds. 1979. Spravochnik po spetsial'nym funktsiyam
[Handbook on special functions]. Moscow: Nauka. 832 p.

Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2016 vol 26 no 1 245



I. N. Sinitsyn, V. I. Sinitsyn, I. V. Sergeev, et al.

13. Popov, B. A., and G. S. Tesler. 1984. Vychislenie funktsiy na EVM: Spravochnik
[Calculation of functions on a computer: Handbook]. Kiev: Naukova Dumka. 599 p.

14. Sinitsyn, I. N. 2013. Parametricheskoe statisticheskoe i analiticheskoe modelirovanie
raspredeleniy v nelineynykh stokhasticheskikh sistemakh na mnogoobraziyakh [Para-
metric statistical and analytical modeling of distributions in stochastic systems on
manifolds]. Informatika i ee Primeneniya | Inform. Appl. 7(2):4{16.

15. Sinitsyn, I. N. 2015. Analiticheskoe modelirovanie raspredeleniy metodom ortogo-
nal'nykh razlozheniy v nelineynykh stokhasticheskikh sistemakh na mnogoobraziyakh
[Analytical modeling of distributions by orthogal expansions method]. Informatika i ee
Primeneniya | Inform. Appl. 9(3):17{24.

16. Sinitsyn, I. N. 2015. Primenenie ortogonal'nykh razlozheniy dlya analiticheskogo mo-
delirovaniya mnogomernykh raspredeleniy v nelineynykh stokhasticheskikh sistemakh
na mnogoobraziyakh [Application of orthogonal expansions for analytical modeling of
multidimensional distributions in nonlinear stochastic systems on manifolds]. Sistemy
i Sredstva Informatiki | Systems and Means of Informatics 25(3):3{22.

17. Sinitsyn, I. N., I. V. Sergeev, V. I. Sinitsyn, E. R. Korepanov, V. V. Belousov,
V. S. Shorgin, and A. K. Gorshenin. 2016 (in press). Rukovodstvo biblioteki \StS-
ANALYSIS" (versiya 2.0) [\StS-ANALYSIS" (version 2.0 Manual]. Ed. I. N. Sinit-
syn. Moscow: IPI FITs IU RAN. Preprint.

18. Gradshteyn, I. S., and I. M. Ryzhik. 1963. Tablitsy integralov, summ, ryadov i proizve-
deniy [Tables of intergrals, sums, series, and products]. Moscow: GIFML. 1100 p.

19. Sinitsyn, I. N., I. V. Sergeev, V. I. Sinitsyn, E. R. Korepanov, and V. V. Belousov.
2014. Matematicheskoe obespechenie parametricheskogo modelirovaniya raspredeleniy
v integrodifferentsial'nykh stokhasticheskikh sistemakh [Mathematical software for
parametric modeling of distributions in integrodifferential stochastic systems]. Sistemy
i Sredstva Informatiki | Systems and Means of Informatics 24(1):4{45.

20. Morozov, A. N., and A. L. Nazolin. 2001. Dinamicheskie sistemy s fluktuiruyushchim
vremenem [Dynamical systems with time fluctuating]. Moscow: Izd-vo MGU im.
N. E. Baumana. 200 p.

Received December 23, 2015

Contributors

Sinitsyn Igor N. (b. 1940) | Doctor of Science in technology, professor, Honored
scientist of RF, Head of Department, Institute of Informatics Problems, Federal
Research Center \Computer Science and Control" of the Russian Academy of
Sciences, 44-2 Vavilov Str., Moscow 119333, Russian Federation; sinitsin@dol.ru

Sinitsyn Vladimir I. (b. 1968) | Doctor of Science in physics and mathe-
matics, associate professor, Head of Department, Institute of Informatics Prob-
lems, Federal Research Center \Computer Science and Control" of the Russian
Academy of Sciences, 44-2 Vavilov Str., Moscow 119333, Russian Federation;
VSinitsyn@ipiran.ru

Sergeev Igor V. (b. 1965) | Candidate of Science (PhD) in technology, Deputy
Director, Federal Research Center \Computer Science and Control" of the Russian

246 Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2016 vol 26 no 1



Mathematical software for analytical modeling of normal processes in stochastic systems

Academy of Sciences, 44-2 Vavilov Str., Moscow 119333, Russian Federation;
ISergeev@ipiran.ru
Korepanov Eduard R. (b. 1966) | Candidate of Science (PhD) in technology,
Head of Laboratory, Institute of Informatics Problems, Federal Research Center
\Computer Science and Control" of the Russian Academy of Sciences, 44-2 Vavilov
Str., Moscow 119333, Russian Federation; Ekorepanov@ipiran.ru
Belousov Vasiliy V. (b. 1977) | Candidate of Science (PhD) in technology,
Head of Laboratory, Institute of Informatics Problems, Federal Research Center
\Computer Science and Control" of the Russian Academy of Sciences, 44-2 Vavilov
Str., Moscow 119333, Russian Federation; VBelousov@ipiran.ru
Shorgin Vsevolod S. (b. 1978) | Candidate of Science (PhD) in technology, senior
scientist, Institute of Informatics Problems, Federal Research Center \Computer
Science and Control" of the Russian Academy of Sciences, 44-2 Vavilov Str.,
Moscow 119333, Russian Federation; VShorgin@ipiran.ru

Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2016 vol 26 no 1 247


