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�−−®â�æ¨ï: ÷�áá¬�âà¨¢�¥âáï ¬−®£®«¨−¥©−�ï á¨áâ¥¬� ¬�áá®¢®£® ®¡á«ã¦¨-
¢�−¨ï (‘Œ�) á ª®−¥ç−ë¬ ç¨á«®¬ ¨¤¥−â¨ç−ëå ¯à¨¡®à®¢ ¨ ®¤−®© ®ç¥à¥¤ìî
−¥®£à�−¨ç¥−−®© ¥¬ª®áâ¨. ‡�ï¢ª¨ ¯®áâã¯�îâ ¢ á¨áâ¥¬ã ¯® ®¤−®© ¢ á®®â¢¥â-
áâ¢¨¨ á à¥ªãàà¥−â−ë¬ ¯®â®ª®¬. ‚à¥¬¥−� ®¡á«ã¦¨¢�−¨ï §�ï¢®ª −� ¯à¨¡®à�å
¨¬¥îâ íªá¯®−¥−æ¨�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ á ®¤−¨¬ ¨ â¥¬ ¦¥ ¯�à�¬¥âà®¬. ‚ á¨á-
â¥¬¥ à¥�«¨§®¢�− ¬¥å�−¨§¬ ®¡®¡é¥−−®£® ®¡−®¢«¥−¨ï: §�ï¢ª�, ®¡á«ã¦¨¢�−¨¥
ª®â®à®© ¡ë«® §�ª®−ç¥−®, ¢ ¬®¬¥−â ãå®¤� ¨§ á¨áâ¥¬ë ã¤�«ï¥â ¨§ ®ç¥à¥¤¨
á«ãç�©−®¥ ç¨á«® §�ï¢®ª ¢ á®®â¢¥âáâ¢¨¨ á §�à�−¥¥ §�¤�−−ë¬ ¢¥à®ïâ−®áâ−ë¬
à�á¯à¥¤¥«¥−¨¥¬. �à¥¤«®¦¥− ¬¥â®¤ −�å®¦¤¥−¨ï á®¢¬¥áâ−®£® áâ�æ¨®−�à−®-
£® à�á¯à¥¤¥«¥−¨ï ®¡é¥£® ç¨á«� §�ï¢®ª ¢ á¨áâ¥¬¥ ¨ ¢à¥¬¥−¨, ¯à®è¥¤è¥£®
á ¬®¬¥−â� ¯®á«¥¤−¥£® ¯®áâã¯«¥−¨ï §�ï¢ª¨ ¢ á¨áâ¥¬ã. �à¥¤áâ�¢«¥−ë ä®à¬ã-
«ë ¢ â¥à¬¨−�å ¯à¥®¡à�§®¢�−¨© ¤«ï ¢ëç¨á«¥−¨ï á®¢¬¥áâ−®£® à�á¯à¥¤¥«¥−¨ï
¢ −¥áâ�æ¨®−�à−®¬ à¥¦¨¬¥.
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1 Описание системы

÷�áá¬®âà¨¬ á¨áâ¥¬ã, á®áâ®ïéãî ¨§ n ¨¤¥−â¨ç−ëå ¯à¨¡®à®¢ ¨ ®¤−®© ®ç¥à¥¤¨
−¥®£à�−¨ç¥−−®© ¥¬ª®áâ¨. ˆ§ ®ç¥à¥¤¨ §�ï¢ª¨ ®¡á«ã¦¨¢�îâáï ¯® ®¤−®© ¯® ¯à�¢¨«ã
FIFO (first in, first out), LIFO (last in, first out) ¨«¨ RANDOM. ‚å®¤ïé¨©
¯®â®ª §�ï¢®ª | à¥ªãàà¥−â−ë©, ¯à¨ç¥¬ ¢à¥¬ï ¬¥¦¤ã á®á¥¤−¨¬¨ ¯®áâã¯«¥−¨ï¬¨
§�ï¢®ª ¨¬¥¥â ¯à®¨§¢®«ì−ãî äã−ªæ¨î à�á¯à¥¤¥«¥−¨ï A(x). �â äã−ªæ¨¨ A(x)
¯®âà¥¡ã¥¬, çâ®¡ë áãé¥áâ¢®¢�«� (−¥¯à¥àë¢−�ï ®£à�−¨ç¥−−�ï) ¯«®â−®áâì a(x) =
= A′(x). �®«®¦¨¬

λ(x) =
a(x)

1−A(x)
, x ≥ 0 .

‚à¥¬¥−� ®¡á«ã¦¨¢�−¨ï §�ï¢®ª −� ¯à¨¡®à�å ï¢«ïîâáï −¥§�¢¨á¨¬ë¬¨ á«ãç�©−ë¬¨
¢¥«¨ç¨−�¬¨, à�á¯à¥¤¥«¥−−ë¬¨ ¯® íªá¯®−¥−æ¨�«ì−®¬ã §�ª®−ã á ¯�à�¬¥âà®¬ µ.

∗ˆáá«¥¤®¢�−¨¥ ¢ë¯®«−¥−® ¯à¨ ä¨−�−á®¢®© ¯®¤¤¥à¦ª¥ ÷””ˆ (¯à®¥ªâë 19-07-00739 ¨ 20-07-
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‘®¢¬¥áâ−®¥ áâ�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥ ¢ á¨áâ¥¬¥ GI/M/n/∞ á ®¡−®¢«¥−¨¥¬

‚ á¨áâ¥¬¥ à¥�«¨§®¢�− ¬¥å�−¨§¬ ®¡®¡é¥−−®£® ®¡−®¢«¥−¨ï [1{4], à�¡®â�îé¨©
á«¥¤ãîé¨¬ ®¡à�§®¬. ��å®¤ïé�ïáï −� ¯à¨¡®à¥ §�ï¢ª� ¢ ¬®¬¥−â ®ª®−ç�−¨ï
®¡á«ã¦¨¢�−¨ï ®¤−®¢à¥¬¥−−® á® á¢®¨¬ ãå®¤®¬ ¨§ á¨áâ¥¬ë «¨¡® á ¢¥à®ïâ−®áâìî
ql ≥ 0, l = 0, 1, . . . , ã¤�«ï¥â ¨§ ®ç¥à¥¤¨ l §�ï¢®ª, ¥á«¨ ¢ −¥© −�å®¤¨âáï ¡®«¥¥ l
§�ï¢®ª, «¨¡® á ¢¥à®ïâ−®áâìî Ql =

∑

∞

k=l qk ¯®«−®áâìî ®¯ãáâ®è�¥â ®ç¥à¥¤ì, ¥á«¨
¢ −¥© ¡ë«® à®¢−® l §�ï¢®ª. �â¬¥â¨¬, çâ®

Q0 =

∞
∑

l=0

ql = 1 .

‘«¥¤ãï [2], ¢¥à®ïâ−®áâ¨ ql ¡ã¤¥¬ −�§ë¢�âì ¢¥à®ïâ−®áâï¬¨ ®¡−®¢«¥−¨ï.
ˆ−â¥à¥á ª ¬¥å�−¨§¬ã ®¡−®¢«¥−¨ï á¢ï§�−, ¢ ç�áâ−®áâ¨, á ¯®â¥−æ¨�«ì−ë¬¨

¢®§¬®¦−®áâï¬¨ ¥£® ¯à¨¬¥−¥−¨ï ¢ ª�ç¥áâ¢¥ �«£®à¨â¬� �ªâ¨¢−®£® ã¯à�¢«¥−¨ï ®ç¥-
à¥¤ï¬¨ (á¬., −�¯à¨¬¥à, [5]). �¥á¬®âàï −� â® çâ® ®− ¨ ¯®§¢®«ï¥â ¢ë¢¥áâ¨ á¨áâ¥¬ã
−� (¯® ªà�©−¥© ¬¥à¥ â®â ¦¥) ãà®¢¥−ì ¯à®¨§¢®¤¨â¥«ì−®áâ¨, çâ® ¤®áâ¨£�¥âáï ª«�áá¨-
ç¥áª¨¬¨ RED-¯®¤®¡−ë¬¨ (RED | random early detection, ¯à®¨§¢®«ì−®¥ à�−−¥¥
®¡−�àã¦¥−¨¥) �«£®à¨â¬�¬¨ [6], à¥�«¨§�æ¨ï ¢ ã§«�å á¥â¥© á¢ï§¨ íâ®£® ¬¥å�−¨§¬�
¢ â®¬ ¢¨¤¥, ª�ª íâ® ®¯¨á�−® ¢ëè¥, âàã¤−®®áãé¥áâ¢¨¬�. ‘¢ï§�−® íâ® á ¯à¥¤¯¨á�-
−¨¥¬ ®áãé¥áâ¢«ïâì ã¯à�¢«¥−¨¥ ¯®á«¥ ª�¦¤®£® ¬®¬¥−â� ®ª®−ç�−¨ï ®¡á«ã¦¨¢�−¨ï.
Š�ª ¯®ª�§ë¢�îâ ¢ëç¨á«¨â¥«ì−ë¥ íªá¯¥à¨¬¥−âë, ¥áâì á¯®á®¡ë ®âª�§�âìáï ®â íâ®©
ãáâ�−®¢ª¨ ¡¥§ áãé¥áâ¢¥−−®© ¯®â¥à¨ ¢ ª�ç¥áâ¢¥ ã¯à�¢«¥−¨ï. Š ¯à¨¬¥àã, ¬®¦-
−® ú®¡−®¢«ïâìû ®ç¥à¥¤ì ¯¥à¨®¤¨ç¥áª¨ (−�¯à¨¬¥à, ç¥à¥§ §�à�−¥¥ ä¨ªá¨à®¢�−−®¥
ç¨á«® ®ª®−ç�−¨© ®¡á«ã¦¨¢�−¨ï1). ‚�àì¨àãï §−�ç¥−¨ï −®¢®£® ¯�à�¬¥âà� | ¯¥-
à¨®¤� ®¡−®¢«¥−¨ï | ¨ ¢¥à®ïâ−®áâ¥© ®¡−®¢«¥−¨ï {ql, l ≥ 0}, ¬®¦−® ¤®¡¨âìáï
(¢ −¥ª®â®àëå á«ãç�ïå) ¯à�ªâ¨ç¥áª¨ â®£® ¦¥ ãà®¢−ï ¯à®¨§¢®¤¨â¥«ì−®áâ¨, çâ®
¤®áâ¨£�¥âáï á ¯®¬®éìî ª«�áá¨ç¥áª®£® ¢�à¨�−â� ®¡−®¢«¥−¨ï. „àã£�ï, ¢¯®«−¥
¥áâ¥áâ¢¥−−�ï, −® −¥¨§ãç¥−−�ï ¥£® ¬®¤¨ä¨ª�æ¨ï ¯®¤à�§ã¬¥¢�¥â, çâ® ¢¥à®ïâ−®áâì
®¡−®¢«¥−¨ï ql ¯à¨ ª�¦¤®¬ l ï¢«ï¥âáï −¥ ª®−áâ�−â®©, � äã−ªæ¨¥© ª�ª®©-â® (ç¨á-
«¥−−®©) å�à�ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë ¢ ¬®¬¥−â ®ª®−ç�−¨ï ®¡á«ã¦¨¢�−¨ï; ¯à¨ íâ®¬
ã¯à�¢«¥−¨¥ ¯®-¯à¥¦−¥¬ã ®áãé¥áâ¢«ï¥âáï ¢ ª�¦¤ë© ¬®¬¥−â ®ª®−ç�−¨ï ®¡á«ã-
¦¨¢�−¨ï. „«ï ¯®«ãç¥−¨ï ª�ª¨å-«¨¡® �−�«¨â¨ç¥áª¨å à¥§ã«ìâ�â®¢ ¤«ï ‘Œ�
á ¯®¤®¡−®© ¬®¤¨ä¨ª�æ¨¥© ¬¥å�−¨§¬� ®¡−®¢«¥−¨ï −¥®¡å®¤¨¬® ã¬¥âì ¢ëç¨á«ïâì
á®¢¬¥áâ−ë¥ à�á¯à¥¤¥«¥−¨ï ¥¥ ®á−®¢−ëå å�à�ªâ¥à¨áâ¨ª.

‚ [2] ¤«ï ®¯¨á�−−®© ¢ −�ç�«¥ íâ®£® à�§¤¥«� ‘Œ� ¡ë«¨ ¯®«ãç¥−ë ¬�â¥¬�-
â¨ç¥áª¨¥ á®®â−®è¥−¨ï ¤«ï ¢ëç¨á«¥−¨ï áâ�æ¨®−�à−ëå à�á¯à¥¤¥«¥−¨© ®á−®¢−ëå
å�à�ªâ¥à¨áâ¨ª | ç¨á«� §�ï¢®ª ¢ á¨áâ¥¬¥ ¯® ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢� ¨ ¯® ¢à¥-
¬¥−¨. ‚ ï¢−®¬ ¢¨¤¥ ¡ë«¨ ¯®«ãç¥−ë à�á¯à¥¤¥«¥−¨ï ¢à¥¬¥− ¯à¥¡ë¢�−¨ï ¢ ®ç¥à¥¤¨
(¯à¨ ¯àï¬®¬ ¯®àï¤ª¥ ®¡á«ã¦¨¢�−¨ï) úã¡¨â®©û, ®¡á«ã¦¥−−®© ¨ ¯à®¨§¢®«ì−®©
§�ï¢®ª. ‘à¥¤¨ ¢á¥¢®§¬®¦−ëå ¢�à¨�−â®¢ §�¢¨á¨¬®áâ¨ ¢¥à®ïâ−®áâ¨ ®¡−®¢«¥−¨ï ql
®â á®áâ®ï−¨ï á¨áâ¥¬ë ¢ ¬®¬¥−â ®ª®−ç�−¨ï ®¡á«ã¦¨¢�−¨ï −�¨¡®«¥¥ ¯à®áâ®© ¨ á®-

1�â¬¥â¨¬, çâ® áç¥âç¨ª ç¨á«� §�¢¥àè¥−¨© ¬®¦−® ®à£�−¨§®¢�âì ¯®-à�§−®¬ã: áç¨â�âì ¢á¥ ®ª®−-
ç�−¨ï ®¡á«ã¦¨¢�−¨ï «¨¡® −�ç¨−�ï á ¬®¬¥−â� −�ç�«� äã−ªæ¨®−¨à®¢�−¨ï á¨áâ¥¬ë, «¨¡® á ¬®¬¥−â�
¯®á«¥¤−¥£® ®¯ãáâ®è¥−¨ï á¨áâ¥¬ë.
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¤¥à¦�â¥«ì−®© ¯à¥¤áâ�¢«ï¥âáï §�¢¨á¨¬®áâì ql ®â ¯à®è¥¤è¥£® ¢à¥¬¥−¨ ®¡á«ã¦¨¢�-
−¨ï1. �¤−�ª® ¯®«ãç¥−¨¥ á®¢¬¥áâ−®£® áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï ç¨á«� §�ï¢®ª
¢ á¨áâ¥¬¥ ¨ ¯à®è¥¤è¥£® ¢à¥¬¥−¨ ®¡á«ã¦¨¢�−¨ï ¯à¥¤«®¦¥−−ë¬¨ ¢ [2] ¬¥â®¤�-
¬¨ −¥¢®§¬®¦−®. ‚ íâ®© áâ�âì¥ ¯®ª�§�−®, çâ® §�¤�ç� ®¯à¥¤¥«¥−¨ï á®¢¬¥áâ−®£®
áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï á¢®¤¨âáï ª à¥è¥−¨î á¨áâ¥¬ë à¥ªãàà¥−â−ëå ¤¨ä-
ä¥à¥−æ¨�«ì−ëå ãà�¢−¥−¨© (¤«ï ¯«®â−®áâ¥©) á ®¡ëç−ë¬¨ £à�−¨ç−ë¬¨ ãá«®¢¨ï¬¨,
¨ ¯à¥¤«®¦¥− à¥�«¨§ã¥¬ë© ¢ ¢ëç¨á«¨â¥«ì−®¬ ¯«�−¥ �«£®à¨â¬ ¥¥ à�áç¥â�.

2 Основная система уравнений

�ãáâì ν(t) | ç¨á«® §�ï¢®ª ¢ á¨áâ¥¬¥ ¢ ¬®¬¥−â ¢à¥¬¥−¨ t, � ξ(t) | ¢à¥¬ï,
¯à®è¥¤è¥¥ á ¬®¬¥−â� ¯®áâã¯«¥−¨ï ¯®á«¥¤−¥© §�ï¢ª¨ ¢ ¬®¬¥−â ¢à¥¬¥−¨ t. �−�«®-
£¨ç−® â®¬ã, ª�ª íâ® ¤¥«�¥âáï ¤«ï ª«�áá¨ç¥áª®© á¨áâ¥¬ë M/G/1/∞ [7, á. 289],
¯®ª�§ë¢�¥âáï, çâ® {(ν(t), ξ(t)), t ≥ 0} | «¨−¥©ç�âë© ¬�àª®¢áª¨© ¯à®æ¥áá.

‚¢¥¤¥¬ ®¡®§−�ç¥−¨ï:

Pj(t, x) = P{ν(t) = j, ξ(t) < x};

pj(t, x) =
∂

∂x
Pj(t, x), x ≥ 0 , j = 0, 1, . . .

�â−®á¨â¥«ì−® ¯«®â−®áâ¥© pj(t, x) ¡ã¤¥¬ ¯à¥¤¯®«�£�âì, çâ® ®−¨ áãé¥áâ¢ãîâ
¨ ï¢«ïîâáï −¥¯à¥àë¢−ë¬¨ [7, £«. 5]. ÷�áá¬�âà¨¢�ï ¬®¬¥−âë t ¨ t + – ¨ à�á-
áã¦¤�ï áâ�−¤�àâ−ë¬ ®¡à�§®¬, ¯®«ãç�¥¬ á¨áâ¥¬ã «¨−¥©−ëå ¤¨ää¥à¥−æ¨�«ì−ëå
ãà�¢−¥−¨©:

(

∂

∂t
+

∂

∂x

)

pj(t, x) = −(λ(x) + jµ)pj(t, x) + (j + 1)µpj+1(t, x),

0 ≤ j ≤ n− 2 ; (1)
(

∂

∂t
+

∂

∂x

)

pn−1(t, x) =

= −(λ(x) + (n− 1)µ)pn−1(t, x) + nµ
∞
∑

m=n

pm(t, x)Qm−n ; (2)

(

∂

∂t
+

∂

∂x

)

pj(t, x) = −(λ(x) + nµ)pj(t, x) + nµ

∞
∑

m=j+1

pm(t, x)qm−j−1,

j ≥ n . (3)

�®áª®«ìªã íà£®¤¨ç−®áâì «¨−¥©ç�â®£® ¯à®æ¥áá� íª¢¨¢�«¥−â−� íà£®¤¨ç−®áâ¨ ¥£®
¢«®¦¥−−®© æ¥¯¨, â® ¯à¨ ¢ë¯®«−¥−¨¨ ãá«®¢¨ï (µn

∑

∞

k=0(k + 1)qk)
−1 < EA (¯®-

«ãç¥−−®¬ ¢ [2]) áãé¥áâ¢ãîâ áâ�æ¨®−�à−ë¥ ¢¥à®ïâ−®áâ¨ Pj(x) = limt→∞ Pj(t, x)
(¨ ¯«®â−®áâ¨ pj(x) = P

′

j(x)).

1�â¬¥â¨¬, çâ® §−�ç¥−¨¥ íâ®© å�à�ªâ¥à¨áâ¨ª¨, ¢ ®â«¨ç¨¥ ®â ®áâ�â®ç−®£® ¢à¥¬¥−¨ ®¡á«ã¦¨¢�−¨ï,
ï¢«ï¥âáï −�¡«î¤�¥¬ë¬.
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‘®¢¬¥áâ−®¥ áâ�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥ ¢ á¨áâ¥¬¥ GI/M/n/∞ á ®¡−®¢«¥−¨¥¬

3 Совместное стационарное распределение

‚¢¥¤¥¬ äã−ªæ¨¨ rj(x) = pj(x)/(1 −A(x)). ‘¨áâ¥¬� ãà�¢−¥−¨© ¤«ï rj á«¥-
¤ã¥â ¨§ (1){(3) ¨ ¨¬¥¥â ¢¨¤:

r′j(x) = −jµrj(x) + (j + 1)µrj+1(x), 0 ≤ j ≤ n− 2 ; (4)

r′n−1(x) = −(n− 1)µrn−1(x) + nµ
∞
∑

m=n

rm(x)Qm−n; (5)

r′j(x) = −nµrj(x) + nµ
∞
∑

m=j+1

qm−j−1rm(x), j ≥ n . (6)

„«ï ee à¥è¥−¨ï −¥®¡å®¤¨¬ë ¤®¯®«−¨â¥«ì−ë¥ ãá«®¢¨ï −� rj(0), ª®â®àë¥ ¯®«ãç�-
îâáï ¨§ £à�−¨ç−ëå ãá«®¢¨© ¤«ï pj(0). ‘â�−¤�àâ−ë¥ à�ááã¦¤¥−¨ï (ª®â®àë¥ ¬®£ãâ
¡ëâì ¢®ááâ�−®¢«¥−ë, −�¯à¨¬¥à, ¯® [7, á. 291]) ¯à¨¢®¤ïâ ª à�¢¥−áâ¢�¬:

rj(0) =

∞
∫

0

rj−1(u) dA(u), j ≥ 1 . (7)

‚¢¥¤¥¬ ®¡®§−�ç¥−¨ï:

̺j(s) =

∞
∫

0

e−sxrj(x) dx ;

~̺ = (̺n(s), ̺n+1(s), . . . ) ;

~r =

(

rn(0)

s+ nµ
,
rn+1(0)

s+ nµ
, . . .

)

¨ ¯¥à¥©¤¥¬ ¢ (4){(6) ª ¯à¥®¡à�§®¢�−¨î ‹�¯«�á� (�‹). �¥à¥¯¨áë¢�ï (6) á ãç¥â®¬
â®«ìª® çâ® ¢¢¥¤¥−−ëå ®¡®§−�ç¥−¨©, ¯®«ãç�¥¬ ¬�âà¨ç−®¥ ãà�¢−¥−¨¥ ~̺ T = ~r,
¢ ª®â®à®¬ T | ¯®«ãæ¨àªã«ï−â−�ï ¬�âà¨æ� [8, á. 14] ¢¨¤�

T =

























1 0 0 0 · · ·
− nµ

s+ nµ
q0 1 0 0 · · ·

− nµ

s+ nµ
q1 −

nµ

s+ nµ
q0 1 0 · · ·

− nµ

s+ nµ
q2 −

nµ

s+ nµ
q1 −

nµ

s+ nµ
q0 1 · · ·

...
...

...
...

. . .

























.
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�®áª®«ìªã ¢á¥ ¤¨�£®−�«ì−ë¥ í«¥¬¥−âë ¬�âà¨æë T ®â«¨ç−ë ®â −ã«ï, ®−� ®¡à�â¨¬�
(á¬., −�¯à¨¬¥à, [8, â¥®à¥¬� 1.3]). �¡à�â−�ï ¬�âà¨æ� T

−1, â�ª ¦¥ ª�ª ¨ T, ï¢«ï¥âáï
¯®«ãæ¨àªã«ï−â−®© ¨ ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã:

T
−1 =













1 0 0 0 · · ·
τ1(s) 1 0 0 · · ·
τ2(s) τ1(s) 1 0 · · ·
τ3(s) τ2(s) τ1(s) 1 · · ·

...
...

...
...

. . .













,

£¤¥

τi(s) =
nµ

s+ nµ
qi−1 +

nµ

s+ nµ

i−1
∑

j=1

τj(s)qi−1−j, i ≥ 1 , s ≥ 0 . (8)

”ã−ªæ¨ï τi ¥áâì �‹ −¥ª®â®à®© −¥¯à¥àë¢−®© ¨ ®£à�−¨ç¥−−®© äã−ªæ¨¨, áª�-
¦¥¬ ti(x), x ≥ 0, ª®â®àãî −¥âàã¤−® −�©â¨, ®¡à�é�ï (8). ‚ ¤�«ì−¥©è¥¬,
®¤−�ª®, ¢¬¥áâ® ï¢−®£® ¢¨¤� ti(x) ¯®−�¤®¡ïâáï «¨èì ¢ëà�¦¥−¨ï ¤«ï äã−ªæ¨©
∫ x
0 ti(u)e

nµu du, x ≥ 0, ª®â®àë¥ ¬®£ãâ ¡ëâì −�©¤¥−ë ¨§ (8) á«¥¤ãîé¨¬ ®¡à�-

§®¬. �®«®¦¨¬ τ(z, s) =
∑

∞

i=1 z
iτi(s), z ∈ [0, 1]. „®¬−®¦�ï ®¡¥ ç�áâ¨ (8) −� zi

¨ áã¬¬¨àãï ¯® ¢á¥¬ i, ¯®«ãç�¥¬:

τ(z, s) =
nµzQ(z)

s+ nµ− nµzQ(z)
,

£¤¥ Q(z) =
∑

∞

i=0 z
iqi | ¯à®¨§¢®¤ïé�ï äã−ªæ¨ï (�”) ç¨á«� §�ï¢®ª, ã¤�«ï¥¬ëå

¨§ á¨áâ¥¬ë ¯à¨ ®¡−®¢«¥−¨¨. �¡à�â−®¥ ¯® s ¯à¥®¡à�§®¢�−¨¥ τ(z, s) ¯à¨¢®¤¨â
ª à�¢¥−áâ¢ã

∞
∑

i=1

zienµuti(u) = nµzQ(z)e
nµzQ(z)u, z ∈ [0, 1], u ≥ 0 ,

¨§ ª®â®à®£®, ¯à®¨−â¥£à¨à®¢�¢ ¯® u ¢ ¯à¥¤¥«�å ®â 0 ¤® ¯à®¨§¢®«ì−®£® x > 0,
¨¬¥¥¬:

∞
∑

i=1

zi

x
∫

0

enµuti(u) du = e
nµzQ(z)x − 1 , z ∈ [0, 1] , x ≥ 0 .

‚¢®¤ï ¤«ï á®ªà�é¥−¨ï §�¯¨á¨ ®¡®§−�ç¥−¨¥ fn(z) = nµzQ(z) ¨ ¤¨ää¥à¥−æ¨àãï
«¥¢ãî ¨ ¯à�¢ãî ç�áâ¨ ¯à¥¤ë¤ãé¥£® á®®â−®è¥−¨ï k à�§ ¯® z ¢ â®çª¥ z = 0,
−�å®¤¨¬

x
∫

0

enµutk(u) du =
1

k!

k
∑

j=1

Bk,j

(

f ′n(0), f
′′

n (0), . . . , f
(k−j+1)
n (0)

)

xj, k ≥ 1 , (9)

8 ‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 31 −®¬¥à 3 2021



‘®¢¬¥áâ−®¥ áâ�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥ ¢ á¨áâ¥¬¥ GI/M/n/∞ á ®¡−®¢«¥−¨¥¬

£¤¥ ç¥à¥§ Bk,j ®¡®§−�ç¥−ë ç�áâ¨ç−ë¥ ¯®«¨−®¬ë �¥««�1 [9, á. 46] ¨ [10]. ’�ª¨¬

®¡à�§®¬,
∫ x
0 e

nµutk(u) du ¥áâì −¥ çâ® ¨−®¥, ª�ª ¬−®£®ç«¥− áâ¥¯¥−¨ k ®â ¯¥à¥¬¥−-
−®© x ¡¥§ á¢®¡®¤−®£® ç«¥−�. �â¬¥â¨¬, çâ® ª®íää¨æ¨¥−âë Bk,j ¢ (9) §�¢¨áïâ

â®«ìª® ®â ¯à®¨§¢®¤−ëå äã−ªæ¨¨ fn ¢ −ã«¥ (¯à¨ç¥¬ f
(k)
n (0) = k!nµqk−1) ¨ ¤«ï

¨å à�áç¥â� ¬®¦−® ¤¥©áâ¢®¢�âì áâ�−¤�àâ−ë¬ ®¡à�§®¬ [9, á. 61] ¨«¨ ¨á¯®«ì§®¢�âì
á¯¥æ¨�«ì−ë¥ ¬¥â®¤ë (á¬., −�¯à¨¬¥à, [11,12]).

‚¥à−¥¬áï ª ãà�¢−¥−¨î ~̺T = ~r. ‡�¯¨áë¢�ï ¥£® à¥è¥−¨¥ ¢ áª�«ïà−®© ä®à¬¥
¨ ¯à®¢®¤ï ®¡à�â−®¥ ¯à¥®¡à�§®¢�−¨¥ (á ãç¥â®¬ (9)), ¯®«ãç�¥¬ ï¢−ë© ¢¨¤ äã−ªæ¨© rj
¯à¨ j ≥ n:

rj(x) = e
−nµx

∞
∑

m=j

rm(0)

(m− j)!

m−j
∑

k=0

xkBm−j,k, (10)

¢ ª®â®à®¬, ®¤−�ª®, ª®íää¨æ¨¥−âë rj(0) ®áâ�îâáï −¥¨§¢¥áâ−ë¬¨. „«ï ¨å −�-
å®¦¤¥−¨ï ¢®á¯®«ì§ã¥¬áï £à�−¨ç−ë¬¨ ãá«®¢¨ï¬¨ (7). �¡®§−�ç¨¬ ç¥à¥§ α(s)

�‹ a(x), � ç¥à¥§ α(k)(s)| k-î ¯à®¨§¢®¤−ãî α(s) ¯® s. �®¤áâ�¢«ïï rj(x) ¢ ¯à¨-
¢¥¤¥−−®¬ ¢ëè¥ ¢¨¤¥ ¢ (7), ¯à¨¢®¤ï ¯®¤®¡−ë¥ á«�£�¥¬ë¥, á ãç¥â®¬ ®¡®§−�ç¥−¨©

βn,j(x) = (1/j!)
∑j

k=1(−1)kα(k)(nx)Bjk ¨ βn,0(x) = α(nx), x > 0, ¯®«ãç�¥¬

rj(0) =
∞
∑

k=0

βn,k(µ)rj+k−1(0) j ≥ n+ 1 . (11)

�â¬¥â¨¬, çâ® íâ� á¨áâ¥¬� ãà�¢−¥−¨© (á â®ç−®áâìî ¤® ®¡®§−�ç¥−¨©) á®¢¯�¤�¥â
á á¨áâ¥¬®© ãà�¢−¥−¨© à�¢−®¢¥á¨ï ¤«ï áâ�æ¨®−�à−ëå ¢¥à®ïâ−®áâ¥© ¯® ¢«®¦¥−−®©
æ¥¯¨ Œ�àª®¢� ¤«ï ª«�áá¨ç¥áª®© á¨áâ¥¬ë G/M/1/∞. �−�«®£¨ç−ë¬ ®¡à�§®¬, −®
¨§ (5) ¨ (7) á−�ç�«� −�å®¤¨âáï ãà�¢−¥−¨¥ ¤«ï rn−1(x), � §�â¥¬ ¨ ¤«ï rn(0):

rn−1(x) = e
−(n−1)µxrn−1(0) +

∞
∑

k=n

gn,k(x;µ)rk(0); (12)

rn(0) = α((n − 1)µ)rn−1(0) +
∞
∑

k=n

γn,k(µ)rk(0), (13)

£¤¥ γn,m(y) =
∫

∞

0 gn,m(u; y)a(u) du, � §−�ç¥−¨ï äã−ªæ¨¨ gn,m ¢ â®çª¥ (x; y)
¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥

gn,m(x; y) = ne
xy

m
∑

j=n

Qj−n

m−j
∑

k=0

k!Bm−j,k

(m− j)!µk

(

e−nµx −
k
∑

i=0

(xy)i

i!
e−(n+1)µx

)

,

x ≥ 0 , y > 0 .
1�â¬¥â¨¬, çâ® B0,0 = 1, B0,m = 0 ¨ Bm,0 = 0, m ≥ 1,
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„«ï à¥è¥−¨ï á¨áâ¥¬ë (11), (13) −¥¤®áâ�¥â â®«ìª® ãà�¢−¥−¨ï ¤«ï rn−1(0)
¨ (ãà�¢−¥−¨©) ¤«ï ¢å®¤ïé¨å ¢ −¥£® á«�£�¥¬ëå, á®¤¥à¦�é¨å −¥¨§¢¥áâ−ë¥ §−�ç¥−¨ï
rn−2(0), . . . , r1(0). ˆå ¢ë¢®¤ −�ç−¥¬ á ãà�¢−¥−¨ï (4), à¥è¥−¨¥ ª®â®à®£® (¬¥â®¤®¬
¢�à¨�æ¨¨ ¯®áâ®ï−−®©) ¨¬¥¥â ¢¨¤:

rj(x) = e
−jµxrj(0) + (j + 1)µe

−jµx

x
∫

0

ejµurj+1(u) du, 0 ≤ j ≤ n− 2 . (14)

ˆá¯®«ì§®¢�−¨¥ ¢ £à�−¨ç−ëå ãá«®¢¨ïå (7) íâ®£® ¯à¥¤áâ�¢«¥−¨ï ¤«ï äã−ªæ¨© rj
§�âàã¤−¨â¥«ì−® ¢¢¨¤ã −�«¨ç¨ï ¨−â¥£à�«� ¢® ¢â®à®¬ á«�£�¥¬®¬ ¢ ¯à�¢®© ç�áâ¨ (14).
�à¥®¤®«¥âì íâã âàã¤−®áâì ¬®¦−®, −�¯à¨¬¥à, ¯ãâ¥¬ á«¥¤ãîé¨å ¯®áâà®¥−¨©.
�ãáâì ¯®á«¥¤®¢�â¥«ì−®áâì ¯®«®¦¨â¥«ì−ëå ¯à¨ x ≥ 0 äã−ªæ¨© {dk(x), k ≥ 1}
â�ª®¢�, çâ®

d1(x) =
1

µ

(

1− e−µx
)

; dk(x) =

x
∫

0

µe−µudk−1(u) du, k ≥ 2 .

�¥¯®áà¥¤áâ¢¥−−®© ¯à®¢¥àª®© −¥âàã¤−® ã¡¥¤¨âìáï, çâ® ®¡é¨© ç«¥− íâ®© ¯®á«¥¤®-
¢�â¥«ì−®áâ¨ à�¢¥−1

dk(x) =

k−1
∑

i=1

(−1)k−i−1

(k − i)!
di(x) +

(−1)k−1
k!

1− e−kµx

µ
, k ≥ 1 .

�®«®¦¨¬ d0(x) ≡ 1. ’®£¤� ¯à¨ 1 ≤ j ≤ n − 2 ¤«ï ¨−â¥£à�«�
∫ x
0 e

jµurj+1(u) du,
á ãç¥â®¬ −�©¤¥−−®£® ¢ (10) ¨ (14) ï¢−®£® ¢¨¤� äã−ªæ¨© rj, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥
¯à¥¤áâ�¢«¥−¨¥:

x
∫

0

ejµurj+1(u) du =

= e−(n−j)µx
∞
∑

t=n

rt(0)

∞
∑

i=n−j

xi—
(j+1)
t,i +

n−1
∑

i=j+1

i!

(j + 1)!
di−j(x)ri(0) , (15)

£¤¥ ª®íää¨æ¨¥−âë —
(j+1)
t,i ¢ëç¨á«ïîâáï à¥ªãàà¥−â−ë¬ ®¡à�§®¬ (−�ç¨−�ï á j =

= n− 2) ¯® ä®à¬ã«¥

1��¯®¬−¨¬, çâ® ¢áî¤ã ¤«ï á®ªà�é¥−¨ï §�¯¨á¨ ¨á¯®«ì§ã¥âáï á®£«�è¥−¨¥
∑

−1

i=0
= 0.
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—
(j+1)
t,i =



























t
∑

j=n

i−1
∑

k=1

min(i−2,t−j)
∑

s=0

Qj−n
s!n2i−kµi−s−1

i!(t− j)!
Bt−j,s, j = n− 2 ;

i−1
∑

k=n−j−1

—
(j+2)
t,k

k!(j + 2)µ((n − j)µ)i−k−1

i!
, 0 ≤ j ≤ n− 3 .

‚®á¯®«ì§ã¥¬áï â¥¯¥àì £à�−¨ç−ë¬¨ ãá«®¢¨ï¬¨ (7) ¯à¨ 1 ≤ j ≤ n−1. �®¤áâ�¢«ïï
¢ −¨å ¢ëà�¦¥−¨¥ ¤«ï rj−1(x) á ãç¥â®¬ (15) ¨ ¢¢®¤ï ®¡®§−�ç¥−¨¥1

δij =

∞
∫

0

e−jµxµdi−j(x) dA(x),

¯®«ãç�¥¬ ¤®¯®«−¨â¥«ì−ë¥ n− 1 á®®â−®è¥−¨© ¬¥¦¤ã {rj(0), j ≥ 0}:

rj(0) = jµ

∞
∑

t=n

rt(0)

∞
∑

i=n−j+1

(−1)iα(i)(nµ)—(j)t,i +

n−1
∑

i=j−1

i!δi,j−1
(j − 1)! ri(0),

1 ≤ j ≤ n− 1 . (16)

�¥à¥©¤¥¬ ª à¥è¥−¨î á¨áâ¥¬ë ãà�¢−¥−¨© (11), (13), (16). „«ï −�ç�«� §�¬¥â¨¬,
çâ® ¯®áª®«ìªã A(+0) = 0, â® rj(0)/

∑

∞

j=1 rj(0), j ≥ 1, | áãâì áâ�æ¨®−�à−ë¥

¢¥à®ïâ−®áâ¨2 ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢� ¯® ¬®¬¥−â�¬ (áà�§ã ¯®á«¥) ¯®áâã¯«¥−¨ï
§�ï¢ª¨ ¢ á¨áâ¥¬ã. �âáî¤� á«¥¤ã¥â, çâ® àï¤

∑

∞

j=1 rj(0) áå®¤¨âáï.

�ãáâì ρ | à¥è¥−¨¥ ãà�¢−¥−¨ï ρ =
∑

∞

k=0 βn,k(µ)ρ
k; â�ª®¥ ρ áãé¥áâ¢ã¥â,

¥¤¨−áâ¢¥−−® ¨ ρ ∈ (0, 1). �®«®¦¨¬ rj(0) = rn(0)ρ
j−n. ’®£¤� ¢¬¥áâ® ¡¥áª®−¥ç−®©

á¨áâ¥¬ë (11), (13), (16) ¤«ï {rj(0), j ≥ 0} ¨¬¥¥¬ á«¥¤ãîéãî á¨áâ¥¬ã «¨−¥©−ëå
�«£¥¡à�¨ç¥áª¨å ãà�¢−¥−¨© ¤«ï {rj(0), 0 ≤ j ≤ n}:

rj(0) = α((j − 1)µ)rj−1(0) +
n−1
∑

i=j

i!δi,j−1
(j − 1)! ri(0) + γjrn(0), 1 ≤ j ≤ n , (17)

1�â¬¥â¨¬, çâ® ª®−áâ�−âë δij ¬®£ãâ ¡ëâì à�ááç¨â�−ë à¥ªãàà¥−â−® (¯à¨ ä¨ªá¨à®¢�−−®¬ j
¯®á«¥¤®¢�â¥«ì−® ¯® i) ¯® ä®à¬ã«¥:

δij =

i−j−1
∑

m=1

(−1)i−j−m−1

(i − j − m)!
δm+j,j +

(−1)i−j−1

(i − j)!
(α(jµ) − α(iµ)) .

2Š®â®àë¥ áãé¥áâ¢ãîâ ¯à¨ ¢ë¯®«−¥−¨¨ ãá«®¢¨ï, ¯à¨¢¥¤¥−−®£® ¢ ª®−æ¥ à�§¤. 2.
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£¤¥

γj =























jµ

∞
∑

t=n

ρt−n
∞
∑

i=n−j+1

(−1)iα(i)(nµ)—(j)t,i , 1 ≤ j ≤ n− 1 ;
∞
∑

k=n

γn,k(µ)ρ
k−n, j = n .

Š�ª ®¡ëç−®, ª â�ª®© á¨áâ¥¬¥ ãà�¢−¥−¨© −¥®¡å®¤¨¬® ¤®¡�¢¨âì ãá«®¢¨¥ −®à¬¨à®¢-
ª¨, ª®â®à®¥ ¨¬¥¥â ¢¨¤:

∞
∑

j=0

∞
∫

0

rj(u)(1 −A(u)) du = 1 .

�®á«¥ −¥ª®â®àëå ¯à®áâëå, −® ãâ®¬¨â¥«ì−ëå ¯à¥®¡à�§®¢�−¨© ¥£® ¬®¦−® ¯¥à¥¯¨-
á�âì á«¥¤ãîé¨¬ ®¡à�§®¬:

r0(0)EA +
n−1
∑

i=1

ri(0)
i
∑

j=0

i!µ

j!

∞
∫

0

e−jµx(1 −A(x))di−j(x) dx +

+ rn(0)
∞
∑

l=n





n−2
∑

j=0

∞
∑

k=n−j

k!(j + 1)µ—
(j+1)
l,k ρl−n

(nµ)k+1

(

1−
k
∑

i=0

(−nµ)i
i!

α(i)(nµ)

)

+

+

l
∑

j=n

l−j
∑

k=0

k!Bl−j,kρ
l−n

(nµ)k+1(l − j)!

{

1− nk+2α((n − 1)µ)− n

n− 1 Qj−n +

+

k
∑

i=0

(−nµ)i
i!

α(i)(nµ)

(

nk−i+2 − n

n− 1 Qj−n − 1
)}



 = 1 . (18)

÷¥è¥−¨¥ á¨áâ¥¬ë (17), (18) ã¦¥ −¥ á¢ï§�−® á ¯à¨−æ¨¯¨�«ì−ë¬¨ âàã¤−®áâï¬¨
¨ ¬®¦¥â ¡ëâì ¯®«ãç¥−® ¬−®£¨¬¨ á¯®á®¡�¬¨: −�¯à¨¬¥à, å®à®è¨© à¥§ã«ìâ�â
¤�¥â ¬¥â®¤ ¨áª«îç¥−¨ï á®áâ®ï−¨© (á¬. [13, à�§¤. 2] ¨ [7, 14]). �®á«¥ à�áç¥â�
{rj(0), 0 ≤ j ≤ n} ¨ ®¯à¥¤¥«¥−¨ï ®áâ�«ì−ëå §−�ç¥−¨© {rj(0), j ≥ n + 1} ¯®

ä®à¬ã«¥ rj(0) = rn(0)ρ
j−n, ¢ëç¨á«ïîâáï äã−ªæ¨¨ rj(x) ¯® ä®à¬ã«�¬ (10),

(12), (14), á®¢¯�¤�îé¨¥ á® áâ�æ¨®−�à−ë¬¨ ¯«®â−®áâï¬¨ pj(x) á â®ç−®áâìî ¤®
¬−®¦¨â¥«ï (1−A(x)).

4 Заключение

‚ â®¬ á«ãç�¥, ª®£¤� A(x) ï¢«ï¥âáï äã−ªæ¨¥© à�á¯à¥¤¥«¥−¨ï ¬�àª®¢áª®£®
â¨¯�, æ¥«¥á®®¡à�§−¥¥ ¯¥à¥©â¨ (á §�¬¥−®© −¥¯à¥àë¢−®£® �à£ã¬¥−â� −� ¤¨áªà¥â−ë©)
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ª ¨§¢¥áâ−ë¬ ¬�âà¨ç−ë¬ ¬¥â®¤�¬ �−�«¨§� ¬�àª®¢áª¨å á¨áâ¥¬ ®¡á«ã¦¨¢�−¨ï [15].
…á«¨ ¦¥ ¥¬ª®áâì ®ç¥à¥¤¨ ®£à�−¨ç¥−�, â® ¢ëç¨á«¥−¨ï −¥áª®«ìª® ã¯à®é�îâáï:
®â¯�¤�¥â −¥®¡å®¤¨¬®áâì áã¬¬¨à®¢�âì àï¤ë á ¡¥áª®−¥ç−ë¬ ç¨á«®¬ á«�£�¥¬ëå
¨ ¯«®â−®áâ¨ pj(x) ¬®£ãâ ¡ëâì ¢ëç¨á«¥−ë à¥ªãàà¥−â−ë¬ ®¡à�§®¬.

‘ª�¦¥¬ −¥áª®«ìª® á«®¢ ¨ ® à�áç¥â¥ −¥áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï pj(t, x).
„�¦¥ ¢ ¯à®áâ¥©è¥¬ á«ãç�¥, ª®£¤� n = 1, ¨§«®¦¥−−ë¥ ¢ áâ�âì¥ à¥§ã«ìâ�âë −¥
¯®§¢®«ïîâ ¯à®¤¢¨−ãâìáï ¤�«¥ª®. �ã¤¥¬ áç¨â�âì, çâ® ¢ ¬®¬¥−â −�ç�«� äã−ª-
æ¨®−¨à®¢�−¨ï (t = 0) á¨áâ¥¬� ¯ãáâ�. ‘ ãç¥â®¬ íâ®£® −�ç�«ì−ë¥ ãá«®¢¨ï ¤«ï
á¨áâ¥¬ë (1)|(3) ¢ë¡¥à¥¬ á«¥¤ãîé¨¬ ®¡à�§®¬:

p0(0, x) =
1−A(x)

EA
; pj(0, x) = 0 , j ≥ 1 , x ≥ 0 .

’®£¤�, ¯à¨¬¥−ïï ª á¨áâ¥¬¥ «¨−¥©−ëå ¤¨ää¥à¥−æ¨�«ì−ëå ãà�¢−¥−¨© ¢ ç�áâ−ëå
¯à®¨§¢®¤−ëå ¯¥à¢®£® ¯®àï¤ª� (1)|(3) ¤¢®©−®¥ �‹ (¯® t ¨ ¯® x), á ãç¥â®¬
®¡®§−�ç¥−¨ï

̺j(v, x) =

∞
∫

0

e−vxrj(t, x) dt

¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ãà�¢−¥−¨©, ª®â®àãî ¬®¦−® à¥è¨âì, á«¥¤ãï ¯® ¨§«®¦¥−-
−®¬ã ¢ ¯à¥¤ë¤ãé¥¬ à�§¤¥«¥ ¯ãâ¨. �à®¤¥«�¢ íâ® ¨ ¯à®¨§¢¥¤ï ®¡à�â−®¥ ¯® s
¯à¥®¡à�§®¢�−¨¥, −�å®¤¨¬

̺0(v, x) =
1

v EA

(

1− e−vx
)

+ e−vx̺0(v, 0) + µe
−vx

∞
∑

m=1

Qm−1

x
∫

0

evu̺m(v, u) du ;

̺j(v, x) = e
−(v+µ)x̺j(v, 0) + e

−(v+µ)x
∞
∑

m=j+1

̺j(v, 0)

m−j
∑

i=1

Bm−j,i

(m− j)!
xi , j ≥ 1 .

�¤−�ª® ¢ íâ¨å á®®â−®è¥−¨ïå −¥¨§¢¥áâ−ë §−�ç¥−¨ï äã−ªæ¨© ̺j ¢ â®çª¥ (v, 0);
®−¨ (ª�ª ¢ëè¥ §−�ç¥−¨ï rj(0)) ¬®£ãâ ¡ëâì −�©¤¥−ë ¯ãâ¥¬ à¥è¥−¨ï á¨áâ¥¬ë
ãà�¢−¥−¨©:

̺1(v, 0) =
1

v EA
(1− α(v)) + α(v)̺0(v, 0) +

∞
∑

m=1

γ1,m(v + µ)̺m(v, 0) ;

̺j(v, 0) =
∞
∑

k=0

β1,k(v + µ)̺j+k−1(v, 0), j ≥ 2 ,

á ãá«®¢¨¥¬
∞
∑

j=0

∞
∫

0

̺j(v, u)(1 −A(u)) du = v−1.
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’. �. Œ¨«®¢�−®¢�, ˆ. ‘. ‡�àï¤®¢, ‹. �. Œ¥©å�−�¤¦ï−

�¤−�ª® â�ª®© à¥§ã«ìâ�â âàã¤−® ¨á¯®«ì§®¢�âì −� ¯à�ªâ¨ª¥. „¥©áâ¢¨â¥«ì−®,
−�¯à¨¬¥à, ¤«ï à�áç¥â� áà¥¤−¥£® ç¨á«� §�ï¢®ª ¢ á¨áâ¥¬¥ ¢ −¥ª®â®àë© ®¤¨− ¬®¬¥−â
¢à¥¬¥−¨ −¥®¡å®¤¨¬® ®¡à�â¨âì (¢®á¯®«ì§®¢�¢è¨áì ¨§¢¥áâ−ë¬¨ ¬¥â®¤�¬¨, á¬.,
−�¯à¨¬¥à, [16,17]) ¢ëà�¦¥−¨¥

∞
∑

j=1

j

∞
∫

0

̺j(v, u)(1 −A(u)) du ,

çâ® ¯®âà¥¡ã¥â1 ¬−®£®ªà�â−®£® à¥è¥−¨ï ¯à¨¢¥¤¥−−®© ¢ëè¥ á¨áâ¥¬ë ãà�¢−¥−¨©.
�¥á®¬−¥−−ë© ¨−â¥à¥á ¢ ¯«�−¥ ¤�«ì−¥©è¨å ¨áá«¥¤®¢�−¨© ¯à¥¤áâ�¢«ïîâ ¤¢�

¢®¯à®á�. �¥à¢ë© | íâ® áãé¥áâ¢®¢�−¨¥ äã−ªæ¨®−�«ì−®© §�¢¨á¨¬®áâ¨ ¢¥à®ïâ-
−®áâ¥© ql ®â ¯à®è¥¤è¥£® ¢à¥¬¥−¨ ®¡á«ã¦¨¢�−¨ï, ª®â®à�ï ¯®§¢®«¨«� ¡ë à¥è¨âì
á¨áâ¥¬ã (1)|(3) (å®âï ¡ë ¢ áâ�æ¨®−�à−®¬ á«ãç�¥), á«¥¤ãï «¨¡® ¯® −�¬¥ç¥−−®-
¬ã ¢ëè¥ ¯ãâ¨, «¨¡® ¯® ª�ª®¬ã-â® ¤àã£®¬ã. ‚â®à®© ¢®¯à®á | íâ® à�§à�¡®âª�
íää¥ªâ¨¢−ëå ¬¥â®¤®¢ à�áç¥â� −¥áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï pj(t, x).
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JOINT STATIONARY DISTRIBUTION IN THEGI/M/n/∞ QUEUE
WITH GENERAL RENOVATION

T. A. Milovanova1, I. S. Zaryadov1,2, and L. A. Meykhanadzhyan3

1Peoples' Friendship University of Russia (RUDN University), 6 Miklukho-
Maklaya Str., Moscow 117198, Russian Federation
2Federal Research Center \Computer Science and Control" of the Russian Academy
of Sciences, 44-2 Vavilov Str., Moscow 119333, Russian Federation
3Financial University under the Government of the Russian Federation, 49 Lenin-
gradsky Prosp., Moscow 125993, Russian Federation

Abstract: Multiserver queuing system with a finite number of identical servers
and one queue of unlimited capacity is being considered. Customers enter
the system one by one in accordance with a recurrent flow. Service times
are exponentially distributed with the same parameter. General renovation
mechanism is implemented in the system: a customer, whose service has been
completed, upon leaving the system removes a random number of other customers
from the queue according to a given probability distribution. The method is
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proposed for finding the joint stationary distribution of the total number of
customers in the system and the time elapsed since the last arrival. Expressions
(in terms of transforms) for the calculation of the transient joint distribution are
presented.
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