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© H. GODA, H. MATSUDA, A. PAJITNOVThe work of Donaldson and Mark made the stru
ture of the Seiberg{Witten invariant of 3-manifolds 
lear. It 
orresponds to 
ertain torsiontype invariants 
ounting 
ow lines and 
losed orbits of a gradient 
ow ofa 
ir
le-valued Morse map on a 3-manifold. In the paper, these invariantsare studied by using the Morse{Novikov theory and Heegaard splitting forsutured manifolds, and detailed 
omputations are made for knot 
omple-ments.

§1. Introdu
tionLet K ⊂ S3 be an oriented knot; we put CK = S3 − K. The 
anoni
al
ohomology 
lass � ∈ H1(CK) = [CK ; S1℄ 
an be represented by a Morse mapf : CK → S1: In this paper we study the dynami
s of the gradient 
ow of f .In [16℄, Milnor pointed out a relationship between the Reidemeister torsionand dynami
al zeta fun
tions. His theorem applies to �bered knots, that is tothe 
ase where we 
an 
hoose the map f without 
riti
al points. The theoremimplies in parti
ular that the Alexander polynomial of any �bered knot in S3is essentially the same as the Lefs
hetz zeta fun
tion of the monodromy mapof the �bration f . The periodi
 points of the monodromy map 
orrespond tothe 
losed orbits of the gradient 
ow of the �bration CK → S1; thus, Milnor'stheorem establishes a relationship between the dynami
s of this gradient 
owand the Alexander polynomial of the knot.When the knot K is not �bered, the Morse map f ne
essarily has 
riti
alpoints. Milnor's formula is no more valid, however it 
an be generalized to this
ase at the 
ost of adding a 
orre
tion term, as it was dis
overed by Hut
hingsand Lee [11, 12℄. This 
orre
tion term is essentially the torsion of the Novikov
omplex asso
iated with the 
ir
le-valued Morse map f (see [18, 20℄). ThisKey words: oriented knot, sutured manifold, Morse map, Novikov 
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hetz zeta fun
tion.The �rst and se
ond authors were partially supported by Grant-in-Aid for S
ienti�
 Re-sear
h (No. 21540071 and No. 20740041), Ministry of Edu
ation, S
ien
e, Sports and Te
h-nology, Japan. 131



132 H. GODA, H. MATSUDA, A. PAJITNOV
omplex is an analog of the Morse 
omplex for the 
ir
le-valued 
ase, and isobtained through 
ounting the 
ow lines of the gradient joining the 
riti
alpoints of the map.The torsion of the Novikov 
omplex and the Lefs
hetz zeta fun
tion are ingeneral very diÆ
ult to 
ompute due to the 
omplexity of the transversal gra-dient 
ows used in the 
onstru
tion of the Novikov 
omplex. In the paper [14℄,Mark introdu
ed a new 
lass of gradient 
ows for 
ir
le-valued Morse maps(symmetri
 
ows), whi
h are not transversal but, somewhat unexpe
tedly, theMorse{Novikov theory 
an be extended to this 
ase. He used these 
ows togive yet another proof of the Meng{Taubes theorem (see the original paper ofMeng and Taubes [15℄ and the later papers of Turaev [24℄ and Donaldson [2℄for alternative proofs of that theorem).The symmetri
 
ows have a simple geometri
 stru
ture allowing us to 
arrya large part of the Morse{Novikov theory over to this setting , and on the otherhand to perform expli
it 
omputations with these 
ows. This is our main aimin the present paper. We begin with studying the geometri
 properties ofsymmetri
 gradients (we work a
tually with a slightly wider 
lass of ve
tor�elds 
alled half-transversal gradients), and establish the basi
 theorem of theMorse{Novikov theory for this 
lass of 
ows. This theorem is valid in a moregeneral 
ontext than Mark's results, and we believe that our proof is simpler.Then we pro
eed to a detailed study of the geometry of the Morse map f .In the 
ase where f is a �bration, the �rst return map from a regular �ber toitself is a di�eomorphism, 
alled the monodromy of the �bration; this is thebasi
 notion that helps to understand the dynami
s of the gradient 
ow. Wegeneralize this notion to the 
ase where f has 
riti
al points. Our monodromy isa di�eomorphism of two surfa
es 
onstru
ted from a Heegaard splitting for the
omplement of a knot [6℄ (we re
all the basi
 notions of the theory of Heegaardsplittings in §5). This di�eomorphism depends on the 
hoi
e of the gradient,however it 
an be 
omputed eÆ
iently in parti
ular 
ases, whi
h leads to the
omputation of the Lefs
hetz zeta fun
tion of 
ertain symmetri
 gradients forthe twist knots and the pretzel knot of type (5; 5; 5). The monodromy enablesus also to 
ompute the determinant of the boundary operator in the Novikov
omplex for the 
ase of these knots (the so-
alled Novikov torsion).The dynami
s of the gradient 
ows of 
ir
le-valued Morse maps is 
loselyrelated to the Seiberg{Witten invariants of 3-manifolds. Meng and Taubes [15℄showed that the Seiberg{Witten invariant of any 
losed 3-manifold M withb1(M) > 1 
an be identi�ed with the Milnor torsion. Fintushel and Stern [3℄proved that for any knot K in S3 the Seiberg{Witten invariant of the manifoldM ×S1, whereM is the result of the zero-surgery on K, equals the Alexanderpolynomial ofK multiplied by a 
ertain standard fa
tor. In [2℄, Donaldson gave



HEEGAARD SPLITTINGS, AND CLOSED ORBITS OF GRADIENT FLOWS 133a new proof of the Meng{Taubes theorem by applying ideas from topologi
alquantum �eld theory. These TQFTs were used by Mark to prove a 
onje
tureof Hut
hings{Lee 
on
erning the relationship of the Seiberg{Witten invari-ants with the Novikov torsion. Some results of the present paper have beenannoun
ed in [10℄.
§2. Half-transversal 
owsLet f :M → S1 be a Morse fun
tion on a 
losed manifoldM . The dynami
sof the gradient 
ow of f is best understood when f has no 
riti
al points. Inthis 
ase we 
hoose a regular surfa
e for f , and the dynami
s of the gradient
ow is determined by the �rst return map of this surfa
e to itself. This map is
alled themonodromy of the gradient 
ow. If f has 
riti
al points, the situationis mu
h more 
ompli
ated, be
ause for every transversal f -gradient the �rstreturn map is de�ned not everywhere. It turns out however that in the 
ase of3-dimensional manifolds there is an important 
lass of nontransversal gradient
ows for whi
h the �rst return map determines a self-di�eomorphism of thelevel surfa
e. First, we shall give a de�nition of the 
orresponding 
lass ofgradient 
ows on 
obordisms.Let Y be a 3-dimensional 
obordism; denote �−Y; �+Y the lower, respe
-tively, the upper boundary of Y . Let  : Y → [a; b℄ be a Morse map without
riti
al points of indi
es 0 and 3. The subset U1 of all points x in the up-per boundary �+Y su
h that the (−v)-traje
tory starting at x rea
hes thelower boundary �−Y is open in �+Y and the gradient des
ent determines adi�eomorphism (−v) : U1 ≈
−→ U0 of U1 onto an open subset U0 ⊂ �−Y .For two 
riti
al points p; q of f , we 
all a 
ow line of v from q to p anintegral 
urve 
 of v su
h thatlimt→−∞

(t) = q; limt→∞


(t) = p:We shall identify two 
ow lines of v obtained from ea
h other by a reparame-terization.De�nition 2.1. A  -gradient v is 
alled a smooth des
ent gradient if(i) the number of 
riti
al points of index 1 is equal to the number of
riti
al points of index 2, and they 
an be arranged in two sequen
esS1( ) = {p1; : : : ; pk}; S2( ) = {q1; : : : ; qk}in su
h a way that for every i there are two 
ow lines of v joining qiwith pi and these 2k 
ow lines are the only 
ow lines of v;



134 H. GODA, H. MATSUDA, A. PAJITNOV(ii) the map (−v) : U1 → U0 
an be extended to a C∞ map g : �+Y →�−Y .1Now, we return to 
ir
le-valued Morse maps.Let f :M → S1 be su
h a map, whereM is a 3-dimensional 
losed manifold,and let v be an f -gradient. CuttingM along a regular surfa
e S of f , we obtaina 
obordism Y , a Morse fun
tion  : Y → [0; 1℄, and a  -gradient �v = v|Y .De�nition 2.2. The f -gradient v is said to be half-transversal if there is aregular level surfa
e S su
h that �v = v | Y is a smooth des
ent gradient of = f | Y and we have the following transversality 
ondition for stable andunstable manifolds:
Wst(q) ⋔Wun(p) (2.1)for every 
riti
al points p; q of f with indq = 2; indp = 1.It is not diÆ
ult to show that the subset of all half-transversal gradients isdense in the set of smooth des
ent gradients.De�nition 2.3. Let v be a half-transversal gradient for a Morse fun
tionf : M → S1 and S the 
orresponding level surfa
e of f . The �rst return mapfor (−v) determines a di�eomorphism of S to itself whi
h will be 
alled themonodromy of the 
ow generated by v, and denoted by g.The notion of a half-transversal gradient, as introdu
ed above, originatesfrom the paper of Mark [14℄, where the 
lass of symmetri
 
ows was introdu
ed.In our terminology, Mark's symmetri
 gradient on a 
obordism Y is a smoothdes
ent gradient with the following additional restri
tion: there is an involutionI : Y → Y swapping the lower and upper boundaries of Y and su
h thatI∗(v) = −v and  ◦ I equals − up to an additive 
onstant. We do notknow if the 
lass of smooth des
ent gradients is really wider than Mark's
lass of symmetri
 gradients. However, the existen
e of the involution I seemsrestri
tive, and we prefer to work with the more general notion of smoothdes
ent gradients.Now we de�ne the Novikov 
omplex and the Lefs
hetz zeta fun
tion for half-transversal gradient 
ows. The usual pro
edure of 
ounting 
ow lines yieldsthe Novikov in
iden
e 
oeÆ
ientN(qi; pj ; v) = ∑k∈Nnk(qi; pj ; v)tk ∈ Z[[t℄℄where nk(qi; pj ; v) = ∑
∈�k(qi;pj ;v) "(
)1It seems to us that 
ondition i) a
tually follows from ii), but we 
annot prove it atpresent.



HEEGAARD SPLITTINGS, AND CLOSED ORBITS OF GRADIENT FLOWS 135(here �k(qi; pj; v) stands for the set of all 
ow lines of (−v) joining qi withpj, and interse
ting S exa
tly k times, and "(
) is the sign attributed to ea
h
ow line with respe
t to the 
hoi
e of orientations of the 2-dimensional stablemanifolds). The Novikov in
iden
e 
oeÆ
ients form a square matrix D withentries in Z[[t℄℄. The 
hain 
omplex0←− N−1 D
←− N−2 ←− 0; (2.2)where N−i is the free Z[[t℄℄-module generated by the 
riti
al points of f ofindex i, is 
alled the positive Novikov 
omplex of the pair (f; v) and is denotedby N−

∗ (f; v) or simply N−
∗ if no 
onfusion is possible. The 
hain 
omplex0←− N1 D

←− N2 ←− 0; (2.3)whereNi is the free Z((t))-module generated by the 
riti
al points of f of indexi, is 
alled the Novikov 
omplex of the pair (f; v) and is denoted by N∗(f; v)or simply N∗ if no 
onfusion is possible. The �rst of the two 
hain 
omplexesabove is more 
onvenient in 
omputations; however, only the homotopy type ofthe se
ond is a homotopy invariant of the map f :M → S1 (see Theorem 3.1).De�nition 2.4. The element detD ∈ Z[[t℄℄ is 
alled the Novikov torsion ofthe pair (f; v) and is denoted by �(f; v) or �g.Pro
eeding to the Lefs
hetz zeta fun
tions, we need to impose yet anotherrestri
tion on the gradient 
ow.De�nition 2.5. Let f :M → S1 be a Morse fun
tion on a 
losed manifoldMand v an f -gradient. We say that v is of �nite dynami
s if for every n ∈ Z theset of all 
losed orbits 
 satisfying f∗([
℄) = n ∈ H∗(S1) (where [
℄ ∈ H1(M)is the homology 
lass of 
) is �nite.For a half-transversal f -gradient of �nite dynami
s we 
an de�ne the dy-nami
al Lefs
hetz zeta fun
tion of (−v):�−v(t) = exp(∑
 "(
)m(
) tm(
))where the sum is extended over the set of all 
losed orbits 
 of (−v), "(
) isthe Poin
ar�e index of 
, and m(
) is the multipli
ity of 
. It is 
lear that �−vis equal to the Lefs
hetz zeta fun
tion of the di�eomorphism g:�g(t) = exp( ∑n>1 L(gn)n tn); (2.4)where L(gn) is the graded tra
e of the homomorphism indu
ed by g in thehomology.
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lass of gradient 
ows with whi
h we shall be working inthis paper.De�nition 2.6. Let M be a three-dimensional 
losed manifold, and f :M →S1 a Morse fun
tion without 
riti
al points of indi
es 0 or 3; let v be a half-transversal f -gradient of �nite dynami
s. We say that (f; v) is a regular Morsepair.We shall also work with Morse fun
tions f : M → S1 on manifolds withboundary. The de�nition of a regular Morse pair (f; v) is 
arried over to thissetting in an obvious way, with the following modi�
ations:1) the restri
tion f | �M : �M → S1 is required to be a �bration whosemonodromy is isotopi
 to identity;2) the gradient ve
tor �eld v is required to be tangent to �M . Su
h agradient is 
alled a gradient of �nite dynami
s if for every n ∈ Z theset of all 
losed orbits 
 satisfying f∗([
℄) = n is �nite.For a regular Morse pair (f; v) on a 3-dimensional manifold with boundary,we de�ne the Novikov 
omplex N∗(f; v) and the Lefs
hetz zeta fun
tion �−v ∈
Z[[t℄℄, whi
h 
ounts the 
losed orbits of (−v) not in
luded in the boundary�M .

§3. The Novikov 
omplex and the zeta fun
tionof half-transversal 
owsThe attra
tive feature of half-transversal 
ows is that the Novikov bound-ary operators and the Lefs
hetz zeta fun
tion of the gradient 
ow are a

es-sible here through 
al
ulations with homotopi
al quantities asso
iated withthe monodromy. Let M be a 
losed 3-manifold and (f; v) a regular Morsepair on M . Let M denote the in�nite 
y
li
 
overing of M 
orrespondingto f and �∗(M) the simpli
ial 
hain 
omplex of M . Set � = Z[t; t−1℄ and�̂ = Z[[t℄℄[t−1℄ = Z((t)). Both N∗(f; v) and �̂∗(M ) = �∗(M ) ⊗� �̂ are basedfree �nitely generated 
hain 
omplexes over �̂. The next theorem asserts inparti
ular that there is a 
hain equivalen
e between them. A usual pro
edureallows us to asso
iate the torsion with ea
h su
h equivalen
e, whi
h is anelement in Wh(�̂) = K1(�̂)=U;where U is the subgroup of all elements of the form ±tn. The group Wh(�̂)is easily identi�ed with the multipli
ative group of all power series in Z[[t℄℄with �rst 
oeÆ
ient equal to 1 (see [20, Chapter 13, §4℄ for the details), so weshall 
onsider the torsions as power series with 
oeÆ
ients in Z[[t℄℄. The nexttheorem is our main aim in this se
tion.
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losed 3-manifold and (f; v) a regular Morse pairon M . There is a 
hain homotopy equivalen
e� : N∗(f; v)→ �∗(M )⊗� �̂su
h that �(�) = �−v:Observe that this theorem implies the isomorphismH∗(N∗(f; v)) ≈ H∗(M )⊗� �̂:First, we outline the proof. Lift f :M → S1 to a Morse fun
tion F :M → R.The regular level surfa
e S ⊂ M (see De�nition 2.2) lifts to a regular levelsurfa
e of F , whi
h will be denoted by the same letter S. Denote by S− thepart of M lying below S with respe
t to the fun
tion F . We shall 
onstru
t a
ertain 
hain 
omplex Z∗ that is free over Z[t℄ and 
omputes the homology ofS−. Then we 
onstru
t an embedding
N∗(f; v) ,→ Ẑ∗ = Z∗ ⊗P P̂ ; where P = Z[t℄; P̂ = Z[[t℄℄;su
h that the quotient 
omplex is a
y
li
 and its torsion is equal to the Lef-s
hetz zeta fun
tion of −v. The s
hema of the argument resembles that of thepapers [12℄ and [19℄, however the present 
ase is in a sense simpler, due to avery parti
ular nature of the half-transversal 
ows.Pro
eeding to details, �rst we return to the 
obordism Y obtained fromM by 
utting along S. We have the naturally arising di�eomorphisms  + :�+Y → S,  − : �−Y → S. Put
i =Wun(pi; v) ∩ �+Y:Repla
ing Y by a di�eomorphi
 
obordism if ne
essary, we may always assumethat the 
ir
les 
i; 1 6 i 6 k, are standardly embedded in �+Y as shown inFigure 1. They are therefore a part of the standard 
ellular de
omposition of�+Y , whi
h 
onsists of m disjoint 
ir
les 
i and m 
ir
les di having a 
ommonpoint A. For a subset X ⊂ �+Y we denote by TX the tra
k of X, that is,TX = {
(x; t;−v) | t > 0 and x ∈ X}:Now we de�ne a �ltration E i in the 
obordism Y . The term E0 of the�ltration 
ontains two points: A and tA. The term E1 
ontains E0 and thefollowing subsets: the 
ir
les di; 
i; the tra
k TA of the point A, the 
ir
les
i =Wun(qi) ∪Wst(pi) for i 6 i 6 k;the ar
s �i; �i as shown in Figure 2, and the 
ir
les I
i; Idi ⊂ �−Y . The term

E2 
ontains E1 and the following subsets: the boundary �Y of Y , the stable
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Fig. 1.manifolds of the 
riti
al points of index 2 and the unstable manifolds of the
riti
al points of index 1, and the 
losure of the tra
ks of 
i and di. The term
E3 is the entire Y . It is not diÆ
ult to see that E i is a 
ellular �ltration of Y ,that is, the homology of the quotient E i=E i−1 does not vanish only in degree i.Now we use this �ltration to explore the homotopy type of the 
overing M .The natural map Y → M lifts to an embedding of Y in M whose image willbe identi�ed with Y . The 
overing M is the union of the images of Y underthe a
tion of Z: M = ⋃n∈Z

tnYwhere t is the downward generator of Z, so that F (tx) = F (x) − 1 for everyx ∈ M . The neighbor 
opies tnY and tn+1Y interse
t by �−tnY = tn�−Y =tn+1�+Y = �+tn+1Y . Re
all from §2 that the gradient des
ent determines adi�eomorphism g : �+Y → �−Y . We endow �−Y with the 
ellular de
omposi-tion indu
ed from �+Y by g. Let h be any 
ellular approximation of the map + ◦  −1
− : �−Y → �+Y . Then M has the homotopy type of the spa
eN = ( ⊔n∈Z

tnY)/
Rwhere the equivalen
e relation R identi�es �−tnY ≈ �−Y with �+tn+1Y ≈�+Y via the map h : �−Y → �+Y . The spa
e N has a natural free a
tion of
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Fig. 2.
Z and we have a homotopy equivalen
e M → N respe
ting this a
tion. PutN− = ( ⊔n∈N tnY)/

R:Now we use the �ltration E of Y to 
onstru
t a �ltration of N−. Put
F i = ⋃n∈NtnE i:The �ltration S∗(F i) of the singular 
hain 
omplex S∗(N−) of N− is 
ellularand the homology Hi(F i=F i−1)is a free P -module. We des
ribe the generators of this module. We denotethe stable manifold of pi by D(pi; v). The set D(pi; v) \ {pi} 
onsists of twoar
s, their 
losures will be denoted by �+i ; �−i (the signs 
orrespond to the
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hosen orientations). Put �i = �+i ∪ �−i . Let �i be an ar
 in �i joining pi andBi = 
i ∩ di. Similarly, let �i be an ar
 joining tA with tBi. Let d′i be the partof di between A and Bi and denote by �+i the following 
omposition of ar
s:�+i = d′i · �i · �+i · �i · (td′i)−1; where 1 6 i 6 k:Similarly, set �−i = d′i · �i · �−i · �i · (td′i)−1; where 1 6 i 6 k:The fundamental 
lass of �+Y modulo the union of 
i and di is denoted by !2.The fundamental 
lass of Y modulo the subspa
e E2 is denoted by !3. Here isthe list of free generators of Zr = Hr(Fr=Fr−1) : as a Z[t℄-module,r = 0 : Ar = 1 : 
i; di for 1 6 i 6 m = genus(�+Y );�+i ; �−i for 1 6 i 6 k:r = 2 : !2;�̂i; �i; T di for 1 6 i 6 k; andT
i; T di for k + 1 6 i 6 m:r = 3 : !3 = T!2:Here �̂i is the unstable manifold of pi in Y ; we have ��̂i = 
i, and similarlyfor �i. (By a 
ertain abuse of notation we use the same symbol 
i for the 
y
leand its geometri
 support; a similar 
onvention applies to the other notation.)Now we shall des
ribe the boundary operators in the adjoining 
omplex�r : Zr → Zr−1 :�1 : Z1 → Z0 :�(
i) = 0 = �(di); �(�+i ) = �(�−i ) = �(TA) = A− th(A):�2 : Z2 → Z1 : �(�̂i) = −
i�(�i) = th(
i)�(Tdi) = di + �i − th(di) 



for 1 6 i 6 k;�(T
i) = 
i − th(
i)�(Tdi) = di − th(di) } for k + 1 6 i 6 m; and�(!2) = 0:�3 : Z3 → Z2 : �(!3) = !2 − th(!2):
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hain 
omplex Z∗ is 
hain equivalent to the simpli
ial 
hain 
omplex ofN−. Any 
hain equivalen
e � : Z∗ → �∗(N−)has a well-de�ned torsion �(�) ∈ Wh(Z[t℄) = K1(Z[t℄)={±1}. Sin
e the lastgroup vanishes (by the Bass{Heller{Swan theorem), we have �(�) = 0, andthe torsion of the 
hain equivalen
e�̂ : Ẑ∗ = Z∗ ⊗
Z[t℄ Z[[t℄℄→ �∗(N−) ⊗

Z[t℄ Z[[t℄℄in the group K1(Z[[t℄℄)={±1} vanishes. To prove our theorem, it suÆ
es there-fore to 
onstru
t a 
hain equivalen
e
N−

∗ = N−
∗ (f; v) �

→ Ẑ∗su
h that �(�) = �−v. We embed N−
∗ to Ẑ∗ = Z∗ ⊗

Z[t℄ Z[[t℄℄ and 
omputeits quotient 
omplex. First, we observe that the Novikov 
omplex for our half-transversal 
ow 
an be expressed in terms of the monodromy g or its homotopysubstitute h:�qi = ∑N(qi; pj)pj ; where N(qi; pj) = ∑k∈N tk〈hk(
i); 
j〉;here 〈·; ·〉 stands for the pairing in H1(�+Y ). Now we make a simple 
hange ofthe basis2 in Z∗, repla
ing �̂i by the element �̂i−� to be denoted by T
i (inorder to emphasize the analogy with the tra
ks of the 
ir
les di). By extendingthe map T by linearity to a homomorphismH1(�+Y )→ Z2, it is easy to 
he
kthe following formula:�(T�) = �− th(�) +∑j 〈�; 
j〉�j : (3.1)Now we make yet another simple 
hange of the basis, repla
ing the 
y
le�i by �̃i = �i − ∞∑j=1 tjT (hj
i): (3.2)This in�nite sum 
orresponds geometri
ally to the stable manifold of the
riti
al point pi. There is however one essential di�eren
e between formula (3.2)and similar formulas for the 
ase of the transversal 
ows (see, e.g., formula (66)in [19℄). Formula (3.2) 
ontains the term T
i = �̂i−�i and similar ones, whi
h,stri
tly speaking, are not the geometri
 tra
es of 
ells. An easy 
omputation2A 
hange of a basis is said to be simple if the torsion of the transition matrix vanishesin Wh(
Z[[t℄℄) = K1(Z[[t℄℄)={±1}.



142 H. GODA, H. MATSUDA, A. PAJITNOVinvolving formula (3.1) shows that the homomorphism � : N−
∗ → Z∗ de�nedby �(pi) = �i; �(qi) = �̃iis an embedding of 
hain 
omplexes. The quotient 
omplex Q∗ is also easily
omputed; here is the list of free Z[[t℄℄-generators for Qj:j = 0 : Aj = 1 : TA; 
i; di; �+ij = 2 : T
i; T di; T d′i; !2j = 3 : T!3We have �(Td′i) = �+i and�(z) = 0; �(Tz) = 1− th(z)for every z from the following list:A; 
i; di; !2:After fa
toring out the 
hain 
omplex generated by �+i and Td′i, we ob-tain the 
hain 
omplex of the mapping torus of the map h. It is well knownthat its torsion equals the Lefs
hetz zeta fun
tion of h (see Milnor's 
lassi
alpaper [16℄). This 
ompletes the proof of Theorem 3.1. �Remark 3.2. The theorem above is valid also in the 
ase of regular Morsepairs on manifolds with boundary, and the proof is similar.

§4. Novikov torsion and the Alexander polynomial for knotsTheorem 3.1 establishes a relationship between two natural geometri
 ob-je
ts: the homotopy equivalen
e � : N∗(f; v)→ �∗(M )⊗� �̂ and the Lefs
hetzzeta fun
tion of the 
ow generated by v. For 
omputational purposes it is
onvenient to reformulate it in another way. Let (f; v) be a regular Morse pairon a 3-manifold M (with or without boundary). Let F be a �eld.De�nition 4.1. We say that (f; v) is F-a
y
li
 ifH∗(M ) ⊗
Z[t;t−1℄ F((t)) = 0:PutN∗(f; v;F) = N∗(f; v)⊗�̂F((t)). From Theorem 3.1 it follows that if (f; v)is F-a
y
li
, then the homology of the 
omplex N∗(f; v;F) also vanishes. The



HEEGAARD SPLITTINGS, AND CLOSED ORBITS OF GRADIENT FLOWS 143images of the elements �(f; v); �−v in the ring F[[t℄℄ will be denoted by �F; �F−v.The F-a
y
li
ity 
ondition implies that the torsion of the 
hain 
omplex�̂F∗ (M ) = �∗(M) ⊗
Z[t;t−1℄ F((t))is well de�ned as an element ofWh(F((t))) ≈ K1(F((t)))=U;where U is the subgroup of all elements of the form ±tn. We denote this torsionby �FM , omitting in the notation the obvious dependen
e of this element on thehomotopy 
lass of f .Proposition 4.2. Under the assumptions of Theorem 3.1, assume moreoverthat (f; v) is F-a
y
li
. Then �F · �F−v = �FM :Proof. Tensoring by F((t)) the 
hain equivalen
e �, we obtain a 
hain equiv-alen
e �F : N∗(f; v;F)→ �̂F(M)of two a
y
li
 
omplexes. The torsion of su
h a 
hain equivalen
e equals thequotient of the torsions of the 
omplexes. �Let K ⊂ S3 be an oriented knot, M = S3 \ Int N(K), and F = Q. Let(f; v) be a regular Morse pair on M su
h that the homotopy 
lass [f ℄ ∈H1(M) ≈ [M;S1℄ ≈ Z is the positive generator of this group. The 
ondi-tion of Q-a
y
li
ity is ful�lled here, so the above proposition is valid. It iswell known that in this 
ase the torsion �M equals the Alexander polynomialdivided by (1− t), and we obtain the following 
orollary.Corollary 4.3. Let K be a knot in S3, let M = S3 \ Int N(K), and let (f; v)be a regular Morse pair on M . Let � be the Novikov torsion of (f; v). Then� · �−v = �K1− t ;where �K stands for the Alexander polynomial of the knot K.

§5. Heegaard splitting for sutured manifoldsThe notion of a sutured manifold was introdu
ed by Gabai [4℄. See also [22℄.In this se
tion, we re
all the notation and de�ne the Heegaard splitting forthe sutured manifolds [6℄.



144 H. GODA, H. MATSUDA, A. PAJITNOVDe�nition 5.1. A sutured manifold (X;R+; R−) is a 
ompa
t oriented 3-manifold X with �X de
omposed into the union along the boundary of two
onne
ted surfa
es ~R+ and ~R− oriented so that � ~R+ = � ~R− = 
 and �X =~R+ ∪ ~R−. Let A(
) denote a 
olle
tion of disjoint annuli 
omprising a regularneighborhood 
, and de�ne R± = ~R±−Int A(
). Thus, �X = R+∪R−∪A(
).We regard R+ as the set of 
omponents of �X−Int A(
) whose normal ve
torspoint out of X, and R− as those whose normal ve
tors point into X. Thesymbol R± will denote R+ or R− (respe
tively), while R(
) denotes R+∪R−.If � ~R+ = � ~R− = ∅, ea
h 
omponent of ~R± = R± is a 
losed surfa
e.Let L be a nonsplit oriented link in a homology 3-sphere, and �R a Seifert sur-fa
e of L. Set R = �R ∩E(L) (E(L) = 
l(S3−N(L))). Let P be a regular neigh-borhood of R in E(L), then P forms R×[−1; 1℄, where R = R×{0}:We denoteby �R+ (respe
tively, �R−) R× {1} (respe
tively, R× {−1}), then (P; �R+; �R−)may be regarded as a sutured manifold. We 
all (P; �R+; �R−) a produ
t suturedmanifold for R. Next, let X = 
l(E(L) − P ), and let R± = �R∓; then wemay also regard (X;R+; R−) as a sutured manifold. We 
all (X;R+; R−) the
omplementary sutured manifold for R. In this paper, we 
all this the suturedmanifold for R for short.Example 5.2. Let K be the trefoil knot in the 3-sphere S3 and R the genus 1Seifert surfa
e as illustrated in Figure 3. The (
omplementary) sutured man-ifold for R is homeomorphi
 to the manifold on the right-hand side of the�gure. (Note that the `outside' of the genus 2 surfa
e is the 
omplementarysutured manifold.)De�nition 5.3. A 
ompression body W is a 
onne
ted 3-manifold obtainedfrom a 
ompa
t surfa
e �−W by atta
hing 1-handles to �−W ×{1} ⊂ �−W ×[0; 1℄. Dually, a 
ompression body is obtained from a 
onne
ted surfa
e �+Wby atta
hing 2-handles to �+W × {1} ⊂ �+W × [0; 1℄ and 3-handles to anyspheres thereby 
reated. IfW = �+W×[0; 1℄,W is 
alled a trivial 
ompressionbody.We 
ollapse a 
ompression body W , so that we may obtain �−W ∪ (ar
s),where the ar
s 
orrespond to 
ores of the atta
hed 1-handles. We 
all thefamily of ar
s the spine of W . We denote by h(W ) the number of the atta
hed1-handles of W .De�nition 5.4. A pair (W;W ′) is a Heegaard splitting for a sutured manifold(X;R+; R−) if:(i) both W and W ′ are 
ompression bodies;(ii) W ∪W ′ = X;
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Fig. 3.(iii) W ∩W ′ = �+W = �+W ′; �−W = R+ and �−W ′ = R−.If 
 6= ∅, then �−W and �−W ′ have boundaries so that �(�−W )× [0; 1℄ ∪�(�−W ′)× [0; 1℄ = A(
) and �(�+W ) = �(�+W ′) = 
. This 
ase was treatedin [6℄ and [7℄. See also [8℄ for 
on
rete examples. It should be noted that if R+is homeomorphi
 to R−, then h(W ) = h(W ′).Remark 5.5. This Heegaard splitting 
orresponds to a 
ir
le-valued Morsemap M → S1 for a 
losed orientable 3-manifold M with b1(M) > 0 or the
omplement of a nonsplit link in a homology 3-sphere M . In both 
ases, wesuppose that we have a 
ompa
t surfa
e R as a representative of H1(M). Then,we obtain the sutured manifold (X;R+; R−) from M by 
utting along R. So,we have a Heegaard splitting (W;W ′) of (X;R+; R−) as above. See [9℄ and[21℄ for the details.De�nition 5.6. Suppose that R+ is homeomorphi
 to R−. Set h(X;R+; R−) =min{h(W )(= h(W ′)) | (W;W ′) is a Heegaard splitting for (X;R+; R−)}: We
all it the handle number of (X;R+; R−). The Morse{Novikov number MN
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riti
al pointsof the 
orresponding Morse map.Remark 5.7. By Corollary 2.8 in [9℄, we haveMN (M;R) = 2×h(X;R+; R−):De�nition 5.8. Suppose that (W;W ′) is a Heegaard splitting of a suturedmanifold (X;R+; R−), and let � be a properly embedded ar
 in W ′ parallelto an ar
 in �+W ′. Here \parallel" means that there is an embedded disk Din W ′ whose boundary is the union of � and an ar
 in �+W ′. Now add aneighborhood of � to W and delete it from W ′. This adds a 1-handle to W(whose 
ore is �) and also adds a 1-handle to W ′ (whose 
o
ore is a disk inD). Thus, again we have the Heegaard splitting (Ŵ ; Ŵ ′) of (X;R+; R−) wherethe genus of Ŵ (respe
tively, Ŵ ′) is one greater than W (respe
tively, W ′).This pro
ess is 
alled a stabilization of (W;W ′).We may regard a 
ompression body W as a sutured manifold (W;R+; R−),that is, we may assume that �+W = R+ and �−W = R−. A 
ompression bodyW has a natural Heegaard splitting: a surfa
e S parallel to �+W splitsW intotwo 
ompression bodies, at least one of them is trivial. Call this the trivialsplitting of W . A splitting is said to be standard if it is obtained from thetrivial splitting by stabilization. In [23℄, S
harlemann and Thompson provedthe next theorem.Theorem 5.9 (see [23℄). Every Heegaard splitting of a 
ompression body(W;R+; R−) with 
 = ∅ is standard.Remark 5.10. In [23℄, two types of trivial splittings, 
alled `type 1 and 2',were treated. Here we have only to 
onsider the `type 1' trivial splitting.This theorem indu
es the following statement. The idea is due to Lei [13℄.Theorem 5.11. Any two Heegaard splittings of the same sutured manifoldwith 
 = ∅ have a 
ommon stabilization.Proof. Let (W;W ′) and (V; V ′) be Heegaard splittings of a sutured manifold(X;R+; R−) with 
 = ∅ su
h that �−W = R+ and �−V ′ = R−. Let �W and�V ′ be the spines of W and V ′. Then, a standard general position argumentshows that N(�−W ∪�W )∩N(�−V ′∪�V ′) = ∅. We denote by X the suturedmanifold with R+ = �+W and R− = �+V ′, and let S be a Heegaard splittingsurfa
e for X. Then S is also a Heegaard splitting surfa
e for (X;R+; R−).Moreover, S be
omes a Heegaard splitting surfa
e for the 
ompression bodiesW ′ = X − Int N(�−W ∪ �W ) and V = X − Int N(�−V ′ ∪ �V ′). Hen
e, theHeegaard splitting surfa
e S is a stabilization of both (W;W ′) and (V; V ′) byTheorem 5.9. �



HEEGAARD SPLITTINGS, AND CLOSED ORBITS OF GRADIENT FLOWS 147As in Remark 5.5, if there is a 
ir
le-valued Morse map f : M → S1, wehave a Heegaard splitting (W;W ′) of the sutured manifold (X;R+; R−). Wealso say that (W;W ′) is a Heegaard splitting of M or Y . Let �W = ∪i�iW(respe
tively, �W ′ = ∪i�iW ′) be the set of spines of W (respe
tively, W ′).De�nition 5.12. A family (W;W ′; �W ; �W ′) is 
alled a symmetri
 Heegaardsplitting of M if it satis�es the following 
onditions:(i) (W;W ′) is a Heegaard splitting of M ;(ii) there is a one-to-one 
orresponden
e between the ar
s �iW and �iW ′(i = 1; : : : ; k), and ��iW = ��iW ′ for ea
h i.Remark 5.13. For a half-transversal gradient 
ow, we 
an 
onstru
t a sym-metri
 Heegaard splitting so that ∪i(�iW ∪ �iW ′) are the 
ir
les of the half-transversal 
ow. Conversely, for every symmetri
 Heegaard splitting H, thereis a homeomorphism ' of Y su
h that '(H) is obtained from a half-transversalgradient 
ow.
§6. Counting 
losed orbitsIn this se
tion, we establish a method to 
ount 
losed orbits by using theidea des
ribed in the pre
eding se
tions.Let R be a 
ompa
t 
onne
ted manifold, and g : R→ R a 
ontinuous map.Assume that g has only �nitely many 
riti
al points. The Lefs
hetz number isde�ned as follow: L(g) = ∑̀i=1 ind(xi);where ind(xi) is the index of the �xed point xi (see [1℄). Let Gi be the en-domorphism of the homology group Hi(R) indu
ed by g. Then the Lefs
hetz�xed point theorem asserts the following:L(g) = ∑i (−1)itra
e(Gi : Hi(R)→ Hi(R)): (6.1)Let K be a �bered knot in the 3-sphere S3. Then K has a Seifert sur-fa
e R, and the 
omplement of K is the �ber bundle over S1 with �ber R. Let(P; �R+; �R−) be the produ
t sutured manifold for R, and (X;R+; R−) the 
om-plementary sutured manifold for R. Then (X;R+; R−) has also the stru
tureof a produ
t sutured manifold.The monodromy g indu
es a transformation matrix Gi : Hi(R) → Hi(R):We 
all G1 the monodromy matrix of the �bered knot K. Spe
i�
ally, we
an have the following presentation of G1. Let 
1; 
2; : : : ; 
m; d1; d2; : : : ; dm bea symple
ti
 basis of H1(R), where m is the genus of R. (See, e.g., [17℄.)
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i · di = 1 here. Push them o� along the normal ve
-tor of R, and put them on �R+ and �R−. Then we may see that they forma basis of H1( �R+) and H1( �R−). Sin
e R± = �R∓, we may denote the ba-sis of H1(R+) (respe
tively, H1(R−)) by 
+1 ; : : : ; 
+m; d+1 ; : : : ; d+m (respe
tively,
−1 ; : : : ; 
−m; d−1 ; : : : ; d−m). By using the produ
t stru
ture of (X;R+; R−), wepush further 
−1 ; : : : ; 
−m; d−1 ; : : : ; d−m into R+, and denote their images inH1(R+)by 
′1; : : : ; 
′m; d′1; : : : ; d′m. Then




′1
′2
·
·
·d′m




= G1 



+1
+2
·
·
·d+m



:

We show an example here.Example 6.1. Let K be the trefoil knot and R the Seifert surfa
e as shown inFigure 3. Set 
 and d as generators of R illustrated in Figure 4. The upper right-hand �gure in Figure 4 shows the sutured manifold (X;R+; R−) for R with
±; d± ⊂ R±. This (
omplementary) sutured manifold X is a produ
t suturedmanifold, that is, X is homeomorphi
 to R× [0; 1℄, where R− = R× {0} andR+ = R × {1}. Then, using this produ
t stru
ture, we 
an 
onsider a \
ow"'s (s ∈ [0; 1℄) su
h that 's(a) = a × {s} ⊂ R × {s} for a subset a in R−;'s(
−) and 't(d−) (s; t ∈ (0; 1); (s 6= t)) are depi
ted in the lower left-hand�gure in Figure 4, and the lower right-hand �gure shows '1(
−) and '1(d−),denoted by 
′ and d′. Therefore, we see that
(
′d′) = ( d+

−
+ + d+) = ( 0 1
−1 1)(
+d+) :Thus, we have G1 = ( 0 1

−1 1) :
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Fig. 4.In this 
ase, we 
an observe that tra
e(G0 : H0(R) → H0(R)) = 1 andG2 = 0. From (2.4) and (6.1), we have:�g(t) = exp( ∞∑k=1 tkk (1− tra
e Gk1))= exp ( log(1− t)−1 + tra
e(log(I − t ·G1))) ( |t| < 1 )= det(I − t ·G1)1− t= 1− t+ t21− t :Here I is the unit matrix. Note that the Alexander polynomial of the trefoilknot is 1−t+t2. In general, if a knot K is �bered, the numerator det(I−t ·G1)equals the Alexander polynomial of K. Therefore, we have the following well-known theorem. See, e.g., [16℄Theorem 6.2 (see [16℄). Let K be a �bered knot in S3, and let g be themonodromy of K. Then �g(t) = �K(t)1− t :Here �K(t) is the Alexander polynomial of K.Now, we 
onsider the 
ase of non�bered knots.
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ompa
t orientable 3-manifold with b1(M) > 0. Let f :M → S1be a Morse map, and R a regular level surfa
e for f . We obtain a sutured man-ifold (X;R+; R−) from M 
utting along R. As was pointed out in Remark 5.5and De�nition 5.12, there is a symmetri
 Heegaard splitting (W;W ′; �W ; �W ′)
orresponding to f . Let k = h(W )(= h(W ′)) be the number of the atta
hed1-handles of W .In a

ordan
e with De�nition 2.3, the monodromy g indu
es the trans-formation matrix G1 : H1(S) → H1(S) that 
an be obtained as follows.We denote the symple
ti
 basis of H1(�+W ) (respe
tively, H1(�+W ′)) by
+1 ; : : : ; 
+k ; 
+k+1; : : : ; 
+m, and d+1 ; : : : ; d+k ; d+k+1; : : : ; d+m (respe
tively, 
−1 ; : : : ; 
−k ;
−k+1; : : : ; 
−m, and d−1 ; : : : ; d−k ; d−k+1; : : : ; d−m). Here 
+j and d+j (respe
tively, 
−jand d−j ) (j = 1; : : : ; k) are derived from the atta
hed 1-handles of W (re-spe
tively, W ′), namely, 
+j (respe
tively, 
−j ) (j = 1; : : : ; k) is a 
o
ore ofthe atta
hed 1-handle of W (respe
tively, W ′) and d+j (respe
tively, d−j ) (j =1; : : : ; k) is a `longitude' 
orresponding to 
+j (respe
tively, 
−j ), so that 
+j ·d+̀ =Æj` = 
−j · d−j (j; ` = 1; : : : ;m), 
f. Figure 1. As in the 
ase of a �bered knot,the generators 
+j ; d+j and 
−j ; d−j (j = k+1; : : : ;m) are obtained from the 
or-responding generators of H1(R) by using the half-transversal 
ow asso
iatedwith f , see Figure 5. Let 
′1; : : : ; 
′m, d′1; : : : ; d′m be the images of 
−1 ; : : : ; 
−m,d−1 ; : : : ; d−m in H1(�+W ). Then
(
′1 · · · 
′k 
′k+1 · · · 
′m d′1 · · · d′k d′k+1 · · · d′m)T= G1(
+1 · · · 
+k 
+k+1 · · · 
+m d+1 · · · d+k d+k+1 · · · d+m)T :We 
all G1 the monodromy matrix . For n > 1, we have
(gn∗ (
+1 ) · · · gn∗ (
+k ) gn∗ (
+k+1) · · · gn∗ (
+m) gn∗ (d+1 ) · · · gn∗ (d+k ) gn∗ (d+k+1) · · · gn∗ (d+m))T= Gn1(
+1 · · · 
+k 
+k+1 · · · 
+m d+1 · · · d+k d+k+1 · · · d+m)THere (·)T stands for the transpose of a matrix.The monodromy g is an orientation preserving di�eomorphism betweensurfa
es; then G1 ∈ Sp(2m;Z), in parti
ular detG1=1. Next, R is a 
losedor on
e pun
tured surfa
e in our setting. Whenever R is 
losed, we have
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Fig. 5.tra
e(G0) = tra
e(G2) = 1. So, if |t| is suÆ
iently small, then�g(t) = exp( ∞∑k=1 tkk (2− tra
e Gk1))= exp ( log(1− t)−2 + tra
e(log(I − t ·G1)))= det(I − t ·G1)(1− t)2 :If R is a on
e pun
tured surfa
e, we have�g(t) = det(I − t ·G1)1− tby the same argument, provided |t| is suÆ
iently small. Here I stands for theidentity matrix.
§7. Counting 
ow linesIn this se
tion, we 
onsider 
ounting the gradient 
ow lines from 
riti
alpoints of index 2 to those of index 1, whi
h are obtained from a 
ir
le-valuedMorse map M → S1, in a

ordan
e with §2.In our setting, where there are only 
riti
al points of index 1 and 2, we 
anobserve the torsion �g(t) of the 
hain 
omplex (2.3) as follows.As in the pre
eding se
tions, we 
onsider only a monodromy matrix ob-tained from a symmetri
 Heegaard splitting and a half-transversal 
ow. TheNovikov moduleN1 (respe
tively,N2) of the pair (f; v) is generated by S1(f) =

{p1; : : : ; pk} (respe
tively, S2(f) = {q1; : : : ; qk}), that is, the 
enter points ofthe disk bounded by 
i (respe
tively, t
i), where i = 1; 2; : : : ; k. See Figures 1
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Fig. 6.and 2. Therefore the (i × (m + j))-
omponent of the matrix G1 stands forthe algebrai
 number of the 
ow lines between qi and pj (1 6 i; j 6 k). SeeFigure 6 for a s
hemati
 image. Let D(n)ij be the (i × (m + j))-
omponent ofGn1 (1 6 i; j 6 k).De�nition 7.1. We de�ne�g(t) = det(Dij(t)); where Dij(t) = ∞∑n=1(D(n)ij · tn−1); 1 6 i; j 6 k:If M has no 
riti
al points, i.e., M is the �ber bundle over S1 with �ber R,then �g(t) is de�ned to be 1.Taking |t| suÆ
iently small, we have
∞∑k=1Gn1 · tn−1 = G1(I − t ·G1)−1:Therefore,Dij(t) is the (i×(m+j))-
omponent of G1(I−t·G1)−1, 1 6 i; j 6 k.We present examples for �g(t) in §8.

§8. ExamplesIn this se
tion, we 
onsider twist knots K2n−1 (n = 1; 2; 3; : : :). Note thatthe Alexander polynomial of K2n−1 is −n+ (2n− 1)t− nt2. A twist knot hasa genus one Seifert surfa
e Rn as illustrated in Figure 7. The twist knot K1 isthe trefoil knot, it is �bered and treated in Example 6.1. So, we assume thatn > 2.Let Xn be the 
omplement of the knot K2n−1.Lemma 8.1. MN (Xn; Rn) = 2 for any n, n = 2; 3; : : :.
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Fig. 7.Proof. Let � and �′ be ar
s whose boundaries are in Rn as illustrated inFigure 8, and let (Xn; R+; R−) be the sutured manifold for Rn. Note that�� = ��′, and R+ (respe
tively, R−) interse
ts � (respe
tively, �′) transverselyat one point. Then the regular neighborhood of R+ ∪� and R− ∪�′ in Xn are
ompression bodies. Therefore, we only need to show that the sutured manifold
l((Xn; R+; R−)− (N(R+ ∪ �) ∪N(R− ∪ �′))), denoted by ( �Xn; �R+; �R−), is aprodu
t sutured manifold. We 
onsider the 
ase of K5 (n = 3); the other 
ases
an be treated by the same method.Let D1 be the produ
t disk in ( �X3; �R+; �R−) as illustrated in Figure 9 (theshaded part), that is, the disk D1 is a properly embedded disk in �X3 su
h that�D1 ∩ �R+ (respe
tively, �D1 ∩ �R−) is an ar
 properly embedded in �R+ (re-spe
tively, �R−). We de
ompose �X3 along D1 and 
onne
t the suture naturally,obtaining a new sutured manifold ( �X13 ; �R1+; �R1
−). This de
omposition is 
alleda produ
t de
omposition [5℄. Similarly, we de
ompose ( �X13 ; �R1+; �R1

−) along theprodu
t disk D2, obtaining a sutured manifold ( �X23 ; �R2+; �R2
−). See Figure 9.Thus, we have a sequen
e of produ
t de
ompositions:( �X3; �R+; �R−) D1→ ( �X13 ; �R1+; �R1

−) D2→ ( �X23 ; �R2+; �R2
−)D3→ ( �X33 ; �R3+; �R3

−) D4→ ( �X43 ; �R4+; �R4
−);
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Fig. 8.where �X43 is homeomorphi
 to the 3-ball and both �R4+ and �R4
− are disks. Thisshows that ( �X3; �R+; �R−) is a produ
t sutured manifold by [5℄. By the sameargument, we 
on
lude that ( �Xn; �R+; �R−) is a produ
t sutured manifold. This
ompletes the proof. �We denote by (Wn;W ′n; �; �′) the Heegaard splitting of (Xn; R+; R−) ob-tained in the proof of Lemma 8.1.Lemma 8.2. The Heegaard splitting (Wn;W ′n; �; �′) is symmetri
.Proof. Sin
e �� = ��′ and ( �Xn; �R+; �R−) is a produ
t sutured manifold, wehave the 
laim. �For simpli
ity, we dis
uss the 
ase of K3 (n = 2) in the next lemma. Thegeneral 
ase 
an be obtained by the same method.Lemma 8.3. The Heegaard splitting (W2;W ′2; �; �′) indu
es a monodromymatrix presented by G1 = 



1 1 −2 −10 1 −1 00 0 1 00 −1 0 1 :
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Fig. 9.

Fig. 10.Moreover, we have �g(t) = (1− t)3 and �g(t) = −2+3t−2t2(1−t)4 :Proof. Taking a basis 
2; d2 of H1(R) as illustrated in Figure 10, we geta basis 
+2 ; d+2 of H1(R+) (respe
tively, 
−2 ; d−2 of H1(R−)) as in the upper
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Fig. 11.

Fig. 12.right-hand �gure (respe
tively, lower left-hand �gure) in Figure 11. Note thepositions of �; �′ and 
2; d2 in Figure 10. Let ( �X2; �R+; �R−) be the suturedmanifold 
l(X2; R+; R−)− (N(R+∪�)∪N(R−∪�′)) as in the proof of Lemma8.1. Here we see that 
+1 ; 
+2 ; d+1 ; d+2 ⊂ �R+ and 
−1 ; 
−2 ; d−1 ; d−2 ⊂ �R−. Sin
e
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t sutured manifold, we 
an move 
−1 ; 
−2 ; d−1 ; d−2 by afree homotopy from �R− to �R+. We denote their images by 
′1; 
′2; d′1; d′2. Thenwe 
an see that they sit as in the lower right-hand �gure in Figure 11. Hen
e,
′1 = 
+1 + 
+2 − 2d+1 − d+2 ; 
′2 = 
+2 − d+1 ; d′1 = d+1 ; d′2 = −
+2 + d+2 : Thereforewe have the monodromy matrix G1 as in the statement of the lemma, and�g(t) = det(I − t ·G1)1− t = (1− t)41− t = (1− t)3:Note that the 
onvergen
e radius is 1.On the other hand,G1(I − t ·G1)−1 = 


1(1−t) 1(1−t)3 −2+3t−2t2(1−t)4 −1(1−t)20 11−t −1(1−t)2 00 0 11−t 00 −1(1−t)2 t(1−t)3 11−t 
 :Thus, �g(t) = −2+3t−2t2(1−t)4 . �By the same argument, we have the following statement.Proposition 8.4. The Heegaard splitting (Wn;W ′n; �; �′) indu
es a monodromymatrix presented by 



1 1 −n −10 1 −1 00 0 1 00 −1 0 1 :Moreover, we have �g(t) = (1− t)3 and �g(t) = −n+(2n−1)t−nt2(1−t)4 :Example 8.5. Let K be the pretzel knot of type (5; 5; 5) and 
onsider thesymmetri
 Heegaard splitting asso
iated with Figure 12. ThenG1 = 


1 0 1 −5 −2 00 1 0 −3 −5 10 0 1 0 1 00 0 0 1 0 00 0 0 0 1 00 0 0 −1 0 1


:Thus, we have �g(t) = (1− t)5. Further, D11(t) = D22(t) = −5(1−t)2 ; D12(t) =

−2+3t(1−t)3 ; D21(t) = −3+2t(1−t)3 ; �g(t) = 19−37t+19t2(1−t)6 :
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