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Introduction

The class of hypergeometric functions (HG-functions) of several variables is of considerable
interest. It continues to be a subject of great attention [1]. On the other hand, there is the
theory of analytical complexity, which is oriented to the study of questions about representability
of functions of several variables with the help of superpositions of functions of lesser number of
variables. In particular, the questions of representability of functions of two variables with the
help of functions of one variable [2]. In the context of this theory, the simplest functions of two
variables are the functions of complexity one (the functions of one variable have complexity zero).
These are analytic functions of variables (z,y), which can be locally represented as z(z,y) =
c(a(x) + b(y)) (a, b, ¢ are nonconstant analytic functions of one variable). These functions are
of special interest. First, they are the functions, which have the stabilizer of the maximal
dimension in the gauge group (the dimension is equal to three) [3]. Second, if we consider z(z,y)
as a function of a 3-web on the plane, then such web is equivalent to the hexagonal web if and
only if z has the specified form [4].

The set of all such functions is, except for the functions of one variable, the set of analytic
functions, which is the set of the solutions of a differential polynomial of order three. This
polynomial is exactly the numerator of the following differential fraction: (In(z/ z’y))gy, i.e., the
defining condition for the functions of complexity one has the form:

d1(2) = 22 (22 — ) + (2l = P2 =0, 4z, #0. ()

Note that the class of functions of complexity one includes all four arithmetic operations. If we
remove the inequality, which excludes the functions of one variable, we obtain CI' = {d;(z) = 0},
which is the class of the functions of complexity not greater than one.
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We think that the theory of hypergeometric functions of several (in particular, of two) vari-
ables differs qualitatively from the theory of hypergeometric functions of one variable by the
fact that the class of hypergeometric functions of several variables is in a sense too large and
the problem of the choice of a narrower class of the most interesting HG-functions arise. Which
HG-functions are the most interesting? No doubt it is possible to give different answers to this
question. For the functions of two variables we offer the following answer:

Good HG -functions are the HG -functions of complexity one.

We interpret a HG-function of two variables (Examples 1-7) as, following [1], a solution of a Horn
system. To define the Horn system for functions of the variables (z,y), we need four polynomials
P,Q,R,S in two variables. Let X = x %7 Y =y 8% be the homogeneous partial differential
operators. Then the Horn system corresponding to the given four polynomials is the system of
two linear differential equations with nonconstant coefficients with respect to the function z(x, y)
of the form

G,z=(zP(X,Y)-Q(X,Y))z=0,
G,z = (y R(X,Y) - S(X,)) =0, @)

What is the set of all solutions of complexity one of this system? The aim of this paper
is to give the explicit description of the solutions of complexity one for a series of examples of
systems of the form (2). Almost all examples are from [1]. With the growth of degrees of the
defining equations and the number of free parameters the problem of the explicit description of
the space of solutions quickly becomes computationally difficult even for polynomials of degree
not greater than two. However, one can hope that the consideration of these examples will allow
to formulate questions for the further study (some of them are given at the end of the paper).

In the theory of HG-functions there is an established approach, which suggests that an im-
portant characteristic of the Horn system is its holonomicity. The holonomicity of the system, in
particular, guarantees the finite-dimensionality of the space of solutions. In our considerations
we do not require holonomicity.

Since the Horn system is a system of linear differential equations, the set of its solutions
is a linear space. Equation (1) is not linear. From the geometric point of view, the set of its
solutions is an infinite-dimensional cone. In fact, the transformation (z(z,y) — A z(z,y)) maps
the solutions to solutions. Hence, we can understand our question as the question about the
construction of the intersection of the cone and a linear subspace.

Further we will need the following simple observation. Let two nonconstant functions a(x)
and b(y) are given. For the existence of a function ¢(t) for the function w(z,y), such that in a
neighbourhood of a generic point there is a local representation of the form w = c(a(x) + b(y)),
it is necessary and sufficient that

1 0 1 0
Ve = (a3~ 5 39) @) =° ¥

The concrete computations were performed using Maple.

1. A set of examples
Example 1. Let

P=2* Q=qz+qy, R=y* S=si2+sy, qgsis2#0.
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Then the system (2) for z = c¢(a(z)+b(y)) takes the form (low indexes are orders of derivatives)

3

2 3 2
G,z =1xa1°co + x°a2c1 + x°a1¢1 — q1xcia; — qayciby =0,

Gyz= y3b1262 + y3b201 — s1xcia) + y2b101 — soyc1by = 0.

We can express the ratio cy/c; from first equation and from second equation. We get two
relations: the first is the equality of the both expressions, the second is the result of action of
operator V on each of them. Thus,

e; = x3y3a12b2 — x3y3a2b12 —z%a3s) + x3y2a12b1 — acgya12b132 —
2 3 2 3 2 4; 3
—z°y a1b1” + 2y°a1bi"q1 +y"bi7qe = 0,
_ b 4 9 2b 4 b 3 _ b 2 _ 2b _
€2 = —a3a101T" + 20270128 + a2a1012” — a2a10127q1 — G1702TYq2

—2asb1*wyge + a1?b12” — 2a1%b1xqr — a1’b1wge — 3aibi*yge = 0.

The expressions e and ey are linear wrt by. The coefficients of by are not idenitcally zero. It is
possible to express by from e; = 0 and from e; = 0. We get two relations: the first is the equality
of the both expressions, the second is the result of the action of operator /9, on each of them.
Thus,

es = 2%yarazby — 22%%ax’by — 2°yParasby + 2'yParasbigr +

+3 232 a9b1% g — —aty?ai by + 2taqest + 22%90% a2y +

aPyar*bigess + 42%yParbi®qo — ayParb*qiae — y'hiPe® = 0,

ey = a3a1b12x4y3 -2 a22b12:174y3 + asar®z®s; — a2a1b12x3y3 + a2a1b12x2y3q1 +

+2 a2b13xy4q2 +atzts) — a12b12x2y3 + 2a12b12xy3q1 + 3a1b13y4q2 =0.

The expressions e3 and ey are quadratic wrt by. The necessary condition for solvability is the
equality to zero of the resultant of e3 and e4 with respect to b;. This resultant has the form

11,11, 4 2
T Yy a1 qz 817“(3379,&1,&2,&3),

hence, r = 0. And r is the polynomial of degree four with respect to y. The coefficient in r of
y* is equal to

—2%a1°qos9% (zag + a1) (2xas + 3a1)2 .

Thus, it is enough to consider two cases:
the first is (2zaz +3a1) = 0, and second is (zaz +a;) = 0. We can solve these differential
equations. In the first case we get a; = k/x/? and in the second case we get a; = k/x. If
we substitute the first solution in 7, we can see that the equation » = 0 is impossible. If we
substitute the second solution in r, we have
 KBg2®s1 (q152 — q251)

27

T =

And we see that » = 0 iff (g1,¢2) = A (s1,82), A # 0. We can substitute a; = k/z in e3 = 0 and
we have yb1q2 + k¢1 = 0. In such case we have a(z) + b(y) = k In(z) — k 4 In(y) + const and
a2

z = c(y/z®), where oo = ga/q1 = s2/s1. Then we can substitute such z in G, z = Gz = 0 and
we get:
d'(t)t+ c(t) =0, hence ¢(t) = A In(¢) + . Thus, we have

=177 —



Valerii K. Beloshapka On Hypergeometric Functions of Two Variables of Complexity One

Proposition 1 The solutions of the Horn system of complexity one (i.e. of the kind z = c¢(a(x)+
b(y)), a,b,c are nonconstant) for Erample 1 exist iff g2/q1 = s2/s1 = «. In this case the
solutions have the form

z:AmQ%)+m a0, \#0.

Example 2. Let
P=x+1, Q=1 R=y+1, S=1.

Then the system (2) for z = c¢(a(x) + b(y)) takes the form
Gz =xayc; + xco — o =0, Gyz= y2brey + yeg — co = 0.

Then we have

ci__x—l__y—l_l
co  x2ar  y*by N
Thus,
z—1)A —1)A
al:_%’ bl:_%'
x Yy

If we substitute this expressions in G; = 0 and G, = 0, we get
—(z—1)(Ae1 —co) =—(y—1)(Aerw — o) =0.
Hence c(t) = exp(—t/\) and z = pu (zy exp(1/z + 1/y))~ .
Proposition 2. The solutions of the Horn system of complexity one for Example 2 have the

form z = p(xy exp(l/x + 1/y))~L.

Example 3. Let
P=1 Q=(xz-1) R=1, S=(yw-1).

If z = c(a(z) + b(y)) we have
Gy z=—zcia1 +zcop+co =0, Gyz=—ycibi +yco+co=0.
After elimination of ¢ we obtain
—zary + ybrx — xay + yby =0, asx? + asx+a; =0

Hence

a(x):%—k)\ln(x)—kln(a), b(y):)\ln(y)—kg—kln(ﬁ), A #£0.

Then we get the equation for the function c. When we solve this equation, we obtain the following
proposition.

Proposition 3. The solutions of the Horn system of complezity one for Example 3 have the
form
z=paye™TV 40

Example 4. Let
P=z?y+1, Q=1 R=y+1, S=1.

For z = ¢(a(z) 4+ b(y)) we have

Gpz= mgya12b103 + x3ya2blcg + nyalblcg + xcog —cog =0,

Gyz= y2biey + yeg — co = 0.
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From the second equation we get ¢; = (—boy? — yby + bay + 2b1) co. After differentiation of this
equation with respect to x we obtain such expressions for ¢ and c3. After the substitution of
these expressions in G,z = 0 we get:

1 = 23ytash, — 22y%a1? — 2232 a0kt + 22ytarby + xy5b12 + 32%y%a1? +
+x3a2y261 — 2$2y3a1b1 — y5b12 — 3m3ya12 + x2a1y261 + 23012 =0.

From V(c1/co) = 0 we get e = —boy? —yby +boy+2b; = 0. After differentiation of [ with respect
to y we obtain:

(l); = 23ytasbs + 423y asby — 223y asbs + 2%y aibs + 2 2y°biby — 323y%a,? —
—6 x3a2y2b1 + z3a2y2b2 + 4x2y3a1b1 — 2x2y3a1b2 + 5:cy4b12 — 2y5b1b2 +

3, 2 3 a2 2 2 9 g o432 o 3 2 2 _
+6 z°ya1“ + 2x°asyby — 6 x°a1y“by + xa1y“bs — Hy~by 3z°a1° + 2z%a1yby = 0.

The resultant of (I); and e with respect to by equals

r =32y asby — 32%y%a1? — 6 23y asby + 3x%ytarby + 3xy5b12 +92%y%a:% +
+323a9y%b, — 6 2%y3a1b, — xy4612 — 3y5612 —92%ya,? + 3x%a1y%b; +
+y4b12 +32%a,2 =0.

The resultant of r; and [ with respect to by equals
ro = 2%%a (y = 1)° (z - 1)* = 0.

But r5 is not equal to zero identically. Thus, we have:

Proposition 4. The solutions of the Horn system of complexity one for Example 4 do not exist.

Example 5. Let
P=z+y—p, Q=2+q, R=x+y—p, S=y+s.
Case p=0.
Gpz= x2a101 + xybic1 — xaicy — qeg = 0,
Gy z=zyaic + belcl —ybicy — scp = 0.

From ¢ # 0 we get ¢ # 0 and s # 0. After elimination of ¢ we obtain

2

e1 = qryay + qy2b1 — sx“ay — sxyby — qyby + sxa; =0,

€9 = —$2a2b1 + xyalbg — zai1by + rashy — yb12 +a1by = 0.
From e; = 0 we get b;. by does not depend on x, hence

€3 = —a2q2xy2 + 2 agqsty — a252x3 + a2q2xy - c11q2y2 — agqsx2 + 2a1qsxy —
a2qsxry — a152:172 + a252m2 + a1q2y —2a19sT + azqsx — a1qsy + a1qs = 0.
This expression is quadratic in y. Write that the coefficient of y? is equal to zero, we get
q? (zag +a1) = 0. Hence a(z) = X In(z) + « and s = —q, b(y) = =X In(y) + B. As a result we
get z = p(y/z)?.
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Case p # 0.
We have

G,z = 2%a1c1 + xybicy — preg — xeiar — qep = 0,

Gy z =zyaici + y26101 — pyco — yc1b1 — scg = 0.
By elimination of ¢ we get

e1 = prya; — pryb + qryal + qy2b1 — sx2a1 — sxyby — qyby + sxap =0,
€2 = —a2b1px3 + 0152295523/ + agblpx2 - azbquz + arbagry — a1bigx + azxbiqr —
—bi%qy + a1big = 0.

Let us express by from es = 0 and by from e; = 0. We have two conditions. The first: (b)), =0
and the second: (bl); = by. After elimination the nonzero factors we can see that both conditions
coincide and have the form

ez = asp’a®y + aspqr’y — aspgry’ — aspsr® + aspsz®y — asg’ry’ + 2 asgsr’y —
—ap5°5° + azpqry — ar1pqy’ — a1psz” + agpst® + axq’ry — 147y’ — azqsr’ +
+2a19sry — axqsry — a152x2 + a282x2 + a1pqy + a1q2y —2a19sz +

+asqsxr — a1qsy + a1qs = 0.

This expression is quadratic in y. Write that the coefficient of y? is equal zero, we get:

q(zaz +a1)(p+q)=0.

Case p#0, ¢ =0.

Then e3 has the form z? (p + s) (pyaz — sxaz — sa; + saz). We have two opportunities for
this expression to be equal to zero: either s = —p or as = s = 0. The first case is impossible,
because in this case e; = pra; (x +y — 1). In the second case a(z) = Ax + «, bly) = Ay + B.
Thus, we get:

z=p(l—(z+y)’, ¢g=s=0,p#0.

Case p #0, g = —p, q # 0. Then ez is divisible by s. But s = 0 is impossible, if e; = 0. Thus,

we have s = —p and:
R (M(y—l)
Yy
Casep #0, ¢ #0,(p+¢q) # 0 (zaz +a1) = 0. Then a(z) = A In(z) + a. From es = 0 we get

s = —(p+q) and from e; = 0 we get by = —A(p+q)/qy, by) = —Alp+q)/q In(y) + 8. We
have:

—1>7 §=q=—p.

p+q

p=p—y s=—(+a), ¢#0, (p+a) #0.

Proposition 5. The solutions of the Horn system of complexity one for Example 5 exist in three

cases only:
(a)Q#O7 p-|—q7é07 8:_(p+Q)7 Zzl.qiys7
B)p#0, s=q=0, z=p(l—(x+y)",

(c)s=q=-p#0, Z=u<<w_133;y_1)—1>.
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Example 6. Let
P=zx(z+y), Q=2% R=ylx+y), S=v>

For z = ¢(a(z) + b(y)) we have:
Gy z = x2a1%co + zyarbico + x2ase) — weaar® + zaje; — xeras — crap =0,

Gy z = zyarbica + y?bi°co + y?bacy — yeabi® + ybier — yeibo — c1by = 0.
After elimination of ¢ we get

e = fx‘gyalagbl + x2y2a12b2 — z2y2a2b12 + a:ysalblbg — x2ya12b2 +
—|—a:2ya1a2b1 + x2ya2b12 — a:y2a12bz — xy2a1b162 + xy2a2b12 — 2%a1%by +
+xya®by — xyashi® + y2a1bi® + wai?by — yaib? =0,
ey = —azay2bizt + 2ax2a b 2t — a2a12b2x3y — a3a1b12x3y + a22b12x3y +
+2 a3a12b1x3 —dasa1by 2 — alsngzy + a2a12b2z2y — a2a1b12w2y + a3a1612x2y —
—a22b12m2y — asay?b1z? — asa?bix? + 2a22a by + a13b2xy —
—a13bix + asay 2z — a12b12y +a;%b; = 0.
And we obtain two expression for by. Then we have two conditions: equality of both expressions
and their independence of . We obtain e3(ay,as, as, b1) = es(a1, as,as,b;) = 0 (es contains 43
monomials, e4 contains 45 monomials). If r is the resultant of e and ey with respect to by, we
have:
r=y*at (y—1) (z - DX (z+y—1)7° 72 179 r3, where
r = (zag +ay), ro=x3a1a3 — r3a® + 2?0109 — 2%a1a3 + 222’ + a1, r3 =130 + Y731,

where

2a2a3 — 3x6a12a32 +42%a1a0° +

r3g = x7a12a32 — 4x7a1a22a3 + 4x7a24 —22%,
+12 x6a1a22a3 —12 :1:6(124 -2 a:5a13a3 + 5x5a12a22 + 6x5a12a2a3 + 3x5a12a32 —
—12 x5a1a23 —12 x5a1a22a3 + 12 x5a24 + 2x4a13a2 + 6x4a13a3 — 15 x4a12a22 —
—6 x4a12a2a3 — :c4a12a32 + 12 9:4a1a23 + 4z4a1a22a3 — 4z4a24 + x3a14 — 6x3a13a2 —
—6 x3a13a3 + 15 x3a12a22 + 2x3a12a2a3 — 4x3a1a23 — 3x2a14 + 6x2a13a2 +

+2 x2a13a3 — 5x2a12a22 + 33:@14 — 233a13a2 — a14,

r31 = 4x7a1a22a3 —4x"axt + 8x6a12a2a3 + w6a12a32 — 4251093 — 12 x6a1a22a3 +
+12 1:6(124 + 4:1:5a13a3 + 4x5a12a22 — 16 x5a12a2a3 — 21’5a12a32 + 12 x5a1a23 +
+12 x5a1a22a3 — 12 x5a24 + 4m4a13a2 — 8x4a13a3 + 3x4a12a22 + 10 x4a12a2a3 +
+ztai?a3? — 122%a1a9® — 42 a1a5%as3 + 4xtas* + 2230130y + 6 2301 3as —

2 345 +

+5 x2a12a22 — 3ma14 + 2xa15a2 + a14.

—11 x3a12a22 — 2x3a1 asas + 4x3a1a23 + 3x2a14 — 6x2a13a2 — 2x2a1

Thus, we need to consider three cases:
Case r1 = 0. In this case a(z) = A In (z) + «. After the substitution of this expression in e, we

obtain
e1=A(y—1)(yb2 +b1) (xzyby + Az — ) =0,

hence (ybs + b1) = 0 and b(y) = p In(y) + S. Then we have c; = 0 and

z=Aln(@)+pln(y)+v, Au#0.
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Case ro = 0, r1 # 0. If we solve ro = 0 with respect to a3z and substitute this expression in
eo = 0, we obtain:

b
iy:;l—?(x—l):/\:const.

We solve these differential equations with respect to a and b, then we substitute these expressions
in e; = 0. And we obtain a contradiction.

Caser3 =0, ry #0, ro # 0. If r3 = 0, then r3g = r3; = 0. Thus, the resultant of r3g and r3;
with respect to agz is equal to zero and we have:

(x— 1)6 (zas + a1)4 20,4 (2 22as + 2a12 — 2xas — a1)8 =0.

From the equation (2 22as + 2a1 — 2 xag — al) =0 we get

27 —1 a; (822 — 8z +3
e 120D el : ).
z(z—1) 22 (x—1)
After substitution of these expressions into es = 0 we obtain 2 xyaibs — 2 yb12 4+ a1by = 0. Then
b 2
we have a; = 2 yil.
2 xybs + by

Let us substitute expressions for ai,as,as into e; = 0, then we extract the term without
z and equate it to zero. We obtain b;% (y — 1) = 0. The contradiction. We do not have such
solutions. Thus, we have

Proposition 6. The solutions of the Horn system of complexity one for Example 6 have the
form:
z=AIn(x)+pln(y)+v, Ap#0.

This example is from [1] (n. 8.1.9., p. 304). In this book there is the basis of 4-dimensional
space of solutions. It is possible to get our result from this description. Also we can note that in
this case the solutions of complexity one is the linear subspace of codimension one in the general
solutions space of this Horn system.

Example 7. Let
P=(z+2y+p), Q=(x+y—q),
R=(@+2y+p)x+y+p+l), S=(@+y—q)(y—s).
For z = ¢(a(z) + b(y)) we have:
Gz = 22a1¢; + 2xybicy + prcy + xeiar + yeiby — qeg = 0,
Gyz= z?yar ey + xyParbics + pryaier + a?yazer + xyarbicy + yibiPes +
+pxaicy + 3pybict + qybici + sxaicy + sybicy + 2xyaicy +
+y?bacy + pPco — gsco + 3yeiby + peg = 0.
Let ) be (fi,..., fn). After the elimination of ¢ we obtain

e1(a® b3 = agbipr® — 2 ar1bapay — arbipar® + asbipa® — arbapry — aghbiqr® +
+2a1bagry — biaypxr — b12py — agb1qx + a1baqy — 2 b12qy =0,

ea(a?, b)) =0 is the sum of 79 monomials.
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Thus, we obtain two expressions for by: the first by = 321((1(2)7 b1) and the second by =
= By (a(g), b1). Then we have two new conditions: equality of both expressions and their inde-
pendence of z. We obtain e3(a®,b;) = 0 (41 monomials) and e4(a®,b;) = 0 (98 monomials).
Here ej3 is linear with respect to by, and e4 is quadratic with respect to b;. If we express b; from
ez = 0, then we get by = B1(a®). The condition (B;)), = 0 has the form (px — q) es(a®) =0
(e5 is the sum of 55 monomials).

Our calculation is the tree of cases.

Case 1: (px —q) #0, e5 = 0.

If we substitute by = Bi(a®) into es(a®,b1) = 0 we obtain eeq(a'®) = eeqo(a®) +
yee41(a(3)) = 0. Thus, we have ee4o(a(3)) = ee4l(a(3)) = 0, where eeyq consists of 489 mono-
mials and eey; consists of 215 monomials. Substitution of b; = B;(a®) in By (a®,by) yields
BBy;(a®). We can write (B1), = BB and we get eg = g1 €62 = 0, where

eg1 = r2as3 + dasx + zas + 2a; + 2as,
ego = 2p2w5a1a3 — 2p2x5a22 + 2p2x4a1a2 + 3p2x4a1a3 — 3p2x4a22 — 4pqx4a1a3 +
+4pgztas? + 2p*adaias + p?arPaias — pPadas? — Apgrlaias — 6 pgriaras +
—|—6pqx3a22 + 2q2x3a1a3 —2 q2x3a22 + a12p2$2 + p2x2a1a2 + 2 a12pqa:2 —
—4pqx2a1a2 — 2pqm2a1a3 + 2pqx2a22 +2 q2x2a1a2 +3 q2$2a1a3 — 3q2x2a22 +
+2pgrai® — 2pgraas + 2¢°zraras + ¢*raraz — ¢°zras® + pgar® + ¢*ayas.
Case 1.1: eg1 = 0, then a(x) = Aln(z+ 1)+ u (In(x) —In(z + 1)) + v. Substitution of this a
in eg = 0 yields
(22X + 42%pA + 2°pA — A 2®q + 2?pu+ 2 pa’q+ 2 paq + pg) x
x (pyb1 + 2 qyb1 + A q + pu) = 0.

The set of coefficients of the first factor has the form:

a2 p, 4Xp,20q, \p — Aq+pu+2puq}.

All of them can not vanish. Hence the second factor is zero.

Case 1.1.1: p+ 2q # 0. From (pyb; + 2 qyb1 + Aq + pu) = 0 we get
Aq+ pp
b(y) = — 1 + 8.
W= (3552 e+ s

Substitution of this ¢ and b in e; = 0 yields ees = 0, where eey is the polynomial of
degree 2 in (x,y), the coefficients of which depend on (p,q,s, A, u). One of them equals
Alp+g+1)(A—2p).

Case 1.1.1.1.: (A—2p) = 0. The analysis of coefficients of ees shows us that ees = 0 is
impossible in this case.
Case 1.1.1.2.: p+q+1=0.

Case 1.1.1.2.1.: A\ = u. We have ees = 0. Then we have p = —1, ¢ = 0. The solution has the
form z = v (y/x).

Case 1.1.1.2.2.: A= —up # 0. Wehave p=s =X =0, ¢ = —1, u # 0. The solution has the
form z = v(y/a?).
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Case 1.1.2: p = 2¢ # 0. From ey = 0 we obtain by = Bj(a®). After substitution of this
expression in By, we get BBy;. From (B))) = BBg; we get go(a®)+yg1(a®) +12 g2(a?) =0
and hence go(a®) = g1(a®) = g2(a'®) = 0. The resultant of g;(a®) and go(a®) with respect
to ay is some polynomial in x of degree 11. The value of this polynomial for z = 0 is (¢ — 1)°
and hence ¢ = 1. Then we have

Vs r=-2 (28x2+sx—2x2)2(—2x2—2x)3m7é0.

A contradiction. Solutions are absent.
Case 1.2: ego = 0. Let us express az from this equation and substitute the result in e; = 0. We
obtain eey = eeqp(a'®) 4y eeqr(al®) = 0, then

g1 = (*p8$*q8x+p2+qp+a:p+p) g> =0,
g2 = (2p® +pgz +2°p —qp+22p — ¢* — q) ¢° =0,

where g = (2p:c2a2 + 4 pxay + pras — 2qras + pa; — 2qa; — qag) .

Case 1.2.1.: g # 0. In this case all coefficients of both factors must vanish. The set of these
coefficients is:

{plp+q+1),—ps—qgs+p,p,p(p+q+2),—q(p+q+1)}.

We see that p = 0, then s = 0 (¢ # 0) and ¢ = —1. We have the solution z = v(y/z?) (this
solution coincides with the solution of the case 1.1.1.2.2.).

Case 1.2.2.: g = 0. Let us express as from this equation and substitute the result in ego = 0.
We obtain
2p%a3 + dpga® + 6 pgx? + 6 pgr + pg — > = 0.

The set of coefficients of this polynomial is:
{a(p—q),6pq,2p(p+2q)}.
The vanishing of all of them is impossible (pz — ¢ # 0).
Case 2: p = q = 0. The equation G;(z) = 0 takes the form:
Gy z = x%a1 + 2xyby + xa; + yby = 0.
Hence

(x+1)

ay m =A=0byy, \#0 isconstant.

And then we get
a(x) = A2z — In(z)) + a, b(y) = X In(y) + .

After elimination of ¢ from

Gyz= x2ya1202 + xy2a1b102 + x2ya201 + xyaibice + y2b1202 +

+sxajciy + sybici + 2xyaicy + y2b261 +3yc1by =0
for our a and b we get:

8sxdy — 1252y — 82%y? + 2say +4ay® — 102y —y> + 4y — 2 =0.
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for all (x,y). This is impossible for all s. A contradiction. Thus, we have:

Proposition 7. The solutions of the Horn system of complexity one for Example 7 exist in two
cases only:

(a‘)p:_laq:07 z=V

b)p=s=0, ¢=-1, i=vog.

Example 8. The Lauricella’s functions are the subclass of the class of hypergeometric functions
[5], [6]. They are the solutions of the Lauricella system (some generalization of the hypergeometric
Gauss equation). If the number of the independent variables is two, this system is the system of
two equations for the function z(x,y) of the form

H? 2
Ly(2) =2 (1l —x) 92 (r,y) + (1 —=x) Z/mz (z,y) +

0 0
+(g—1+p1+px) 927 (z,y) — P2 (z,y) —p1pz (v,y) =0,
H? 2
Ly(z)=y(1—y) 92" (z,y) +(1-y) e (z,y) +

0 0
+@—=1+p2+p)y) o (z,y) — P2ty oz (z,y) —p2pz(z,y) =0.

The parameters (p1,ps, p) are any complex numbers and ¢ € C\ {0,—1,—2,...}. Our goal is
to describe the solutions of the Lauricella system of complexity one (of kind z = ¢(a(x) + b(y)),
where (a,b,¢) are not constant). In order to simplify our calculation we will assume that p = 0.
Thus, we have three complex parameters only (p1,p2,q). The Lauricella system for p = 0, z =
c(a(z) + b(y)) has the form:

L.(2) = —2%a1%cy — yegarbix — x2asc; + vayco — xajeipy +
+yc2a1by — pryciby + qarcr — waicr + xazer =0,
Ly(2) = —ycaarbyw — y2b1202 + meaarby — pawerar — yPbacy +
+yb1ca — ybicips + gbicr — ybicy + ybacy = 0.
Case 1. zay + yb; = 0. We have
a(z) = =An(z) + o, bly)=Aln(y)+8, A#0
and our equations have the form

CAca(g—1) _Aa (¢g—1)
x y

=0.

The condition of solvability is ¢ = 1 and we obtain z = ¢(y/x), where ¢(¢) is any analytical
function.

Case 2. xaj + yby # 0. We can express ca/c; from both equations. We have
82/61 = LCgl(a(Z), bl) = LCQQ(CLl, b(2)) = O
The solvability conditions are: LCa = LCs and V(LCs) = 0. This conditions are

e1(a®, b)) = 0 (20 monomials) and ey(a®, b)) = 0 (39 monomials).
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Case 2.1. —x%a9 + qa1 — za, + xas = 0. Thus,

x— 1)1 r—1\9"
a1:7( ) ; bly:—< o ) :

x4

Hence ¢ =1, a; = 1/x and by = —1/y, and further za; + yb; = 0. In this case it is impossible.

Case 2.2. —x2as + qa, — xa; +xas # 0. The equations e; = 0 and ey = 0 are linear with respect
to by. We have two expressions for bs: by = le(a@),bl) and by = Bzz(a(g),bl). We get two
conditions: By, = By yields ez(a®,b1) = 0 (79 monomials), (Bz;), = 0 yields eq(a®,b;) = 0
(36 monomials). es is cubic with respect to b1, e4 is quadratic with respect to b;. We can divide
es by es with the remainder (as polynomials with respect to by). We obtain that the reminder
is zero. Thus, we have:

(ang +qa; +xa; —rag — al) ar 0

—ubi —
¥ xras + a; — a

Hence 9
(:r as +qay + xa; — rag — al) a1

by =\=—
¥o1 xras + ap — as

And further we get

o (gay + xa1 + X —ay)
22ay + A r —xa; — A

bly) = An(y) + 8, az = , A0,
After substitution of these expressions in e; = ea = e3 = ¢4 = 0 we get eej(ar) = eea(ay) =
ees(a;) = eeq(a;) = 0. The resultant of ee; and ees with respect to a; is a polynomial with
respect to (x,%y). The coefficient of 2%y in this polynomial is (¢ — 1)*, hence ¢ = 1. For such ¢
we have za; + yb; = 0. In this case it’s impossible. Thus, we have the following proposition.

Proposition 8. The solutions of the Lauricella system of complexity one for p = 0 exist in the
case ¢ =1 only. These solutions have the form:

z=c (g) , where ¢(t) is any nonconstant analytical function.
x

It is possible that the additional computational efforts would allow us to free ourselves from
the constraint p = 0.

Conclusion

Both (2) and (1) are equalities to zero of differential polynomials, which are the elements of the
differential ring R, the ring of differential polynomials with complex coefficients and generators
(z,y,2,0y,0,) (and with obvious relations) [7], to which the field of fractions F corresponds.
The ring R is a classical object of differential algebra. We can look at the common zeros of a
system of differential-polynomial equations, i.e., at the solutions of these equations, from two
different points of view. From a quite abstract algebraical point of view they are the elements
of the differential-algebraic closure of the field F. From the analytical point of view they are
analytic functions, which gives solutions to the system of differential equations. In R there is
the subring C[z,y], which is the commutative ring of the polynomials in (x,y). The set of the
common zeros of a system of polynomials is an affine algebraic subvariety of two-dimensional
space. This is the area of responsibility of algebraic geometry. If we move from C[z, y] to R, then
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the object arise, which is quite analogous to an algebraic variety: the set of the common zeros of
a differential-polynomial system, which is a differential-algebraic manifold (DA-manifold). The
term is not stable, there are variants, e.g., diffiety [8]. From this point of view the discussed above
examples are examples of DA-manifolds, which are defined by three differential polynomials (two
of them are the Horn system, and the third is the defining equation of the first class). The Horn
systems from this point of view are not very interesting, the corresponding DA-manifold is a
linear space. By adding the defining equation of the first class, we provide opportunities for a
larger diversity. Studying an algebraic variety, one usually pays attention to a series of natural
characteristics, namely: irreducible components, stratification of the points on the variety with
respect to the dimension of the tangent space and so on. In the study of DA-manifolds these
characteristics are also of interest. Nevertheless, there is a certain specifics.

For example, the dimension of the linear space of the solutions of system (2) can be either
finite or infinite. In the case when it is infinite the question arise:

Question 9: (a) Under which condition the dimension of the intersection is finite? (b) If
the dimension is finite, how to estimate it? (c) How to estimate the number of irreducible
components?

DA-manifold defined by the equation d;(z) = 0 is a cone, and DA-manifold defined by a
Horn system is a linear space. However, when we speak about conic sections, we mean that the
cutting plane does not necessary go through the vertex of the cone, as it is in our examples. We
can easily avoid this limitation. Let zo(z,y) be an analytic function of complexity one, which
is a solution of the Horn system, i.e., G;(20) = Gy(20) = 0. Then we can consider the affine
subspace, which consists of the functions of the form {z = zp + 6z}, where §z is a solution of the
Horn system, i.e., G;(6z) = Gy(dz) = 0, and construct its intersection with the cone CI', which
is certainly nonempty (there zj lies).

Some of the discussed examples of Horn systems are systems with parameters. This feature
can be easily interpreted with the help of differential algebra. In the definition of the differential
ring R we should include these parameters in the field of constants.

Next, note that all our considerations can be adapted to functions of larger number of
variables. The functions of complexity one in n variables are analytic functions of the form
z2(x1,...,xn) = clar(z1) + -+ + an(zy)), where (aq,...,a,,c) are functions of one variable.
The class of such functions, as in the case of two variables, is defined by a set of differential
polynomials.

The consideration of examples with parameters allows us to note that in all discussed situ-
ations for the existence of solutions of complexity one there are necessarily restrictions on the
parameters. lL.e., solutions exist only for a proper algebraic subset of the space of parameters.

Question 10: Do there exist holonomic Horn systems with parameters, such that there are
solutions of complexity one for all values of parameters?

Let a Horn system with parameters be given. And let solutions of complexity not greater than
a fixed n of this system exist only under some nontrivial analytic conditions (for all natural n).
Then it is easy to show that all solutions for generic values of parameters (outside solutions of
some enumerable system of analytic equations) have infinite complexity. On the other hand, if
we assume that for a Horn system with parameters all solutions are of finite complexity, then
there exists a number N, such that all solutions for all values of parameters have complexity not
greater than N.
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ruriepreoMeTpmiecKnx (pyHKIUAX JIBYX IepeMeHHbIX

CJIO2ZKHOCTHM OAMNH

Bagnepuit K. Besonranka

MockoBcknit IeHTP DYHIAMEHTAJTHHON U MPUKJIATHON MATEeMATUKU
Mockoscknit rocymapcrBenubiit yausepcuteT umenu M. B. Jlomonocosa
Mocksa, Poccniickast @eneparust

Annoranusi. /{na cepun npumepos cucteM ['opua u cucrems Jlaypudenast i OYHKIUR IBYX mepe-
MEHHBIX JTAHO OTIMCAHUE PEIEHU, UMEIOIINX aHAJIUTUIECKYIO CJI0KHOCTD oauH. CTaBUTCS Psil BOITPOCOB.

KuaroueBrble ciioBa: aHauTHYeCKas CJIOKHOCTD, THIIEpreoMeTpudeckne byHKINH, cucTeMa [opHa, cu-

crema Jlaypudesmtsl, nuddepeHnanibHOe KOIbIIO.
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