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Dediated, with great admiration, to the memory ofMihael Solomyak (May 16, 1931 { July 31, 2016 ).RADIAL AND LOGARITHMIC REFINEMENTS OFHARDY'S INEQUALITY

© F. GESZTESY, L. L. LITTLEJOHN, I. MICHAEL, M. M. H. PANGVersions of Hardy's inequality involving radial derivatives and logarithmire�nements are dedued.
§1. IntrodutionTo desribe the prinipal aim of this note, we start by realling the lassialHardy inequality

∫
 |(∇f)(x)|2 dnx >
(n− 2)24 ∫
 |x|−2|f(x)|2 dnx; (1.1)valid for f ∈ C∞0 (
), 
 ⊆ R

n open, n ∈ N, n > 2 (interpreting the right-handside of (1.1) as zero if n = 2, and hene rendering it trivial in that ase). Thefollowing extension of Hardy's inequality (in the speial ase where 
 equalsBn(x0; �), the open ball in R
n of radius � > 0 entered at x0 ∈ R

n), involvinglogarithmi re�nements, was derived in [7℄,
∫
 |(∇f)(x)|2dnx

>

∫
 |x− x0|−2|f(x)|2{(n− 2)24 +14 m
∑j=1 j

∏k=1[lnk(=|x− x0|)℄−2} dnx; (1.2)valid for f ∈ C∞0 (
), assuming that 
 ⊂ R
n, n ∈ N, n > 2, 
 is open andbounded with x0 ∈ 
,m ∈ N, and the logarithmi terms lnk(=|x−x0|); k ∈ N;Key words: Hardy's inequality, fatorizations of di�erential operators, radial and loga-rithmi re�nements. 55



56 F. GESZTESY, L. L. LITTLEJOHN, I. MICHAEL, M. M. H. PANGare reursively given byln1(=|x−x0|) := ln(=|x−x0|); 0< |x−x0|<;lnk+1(=|x−x0|) := ln(lnk(=|x−x0|)); 0< |x−x0|<=ek+1; k∈N; (1.3)for  > 0, x ∈ R
n \ {x0}, n ∈ N, n > 2, with 0 < |x− x0| < diam(
) < =em,where e1 := 1; ek+1 := eek ; k ∈ N: (1.4)We denote ∑0j=1( · ) := 0 and ∏0k=1( · ) := 1, so when m = 0, x0 = 0, (1.2)formally agrees with (1.1).Due to the inredible amount of work on the lassial Hardy inequality,we annot possibly do justie to the existing literature and hene only re-fer to some of the standard monographs on the subjet suh as [3, 15, 16℄,and [17℄. In addition, we note that fatorizations in the ontext of Hardy's in-equality in balls with optimal onstants and logarithmi orretion terms werealready studied in [6, 10℄, based on prior work in [12, 13℄, and [14℄, althoughthis appears to have gone unnotied in the reent literature on this subjet.Higher-order logarithmi re�nements of the multi-dimensional Hardy{Rellih-type inequality appeared in [1, Theorem 2.1℄, and a sequene of suh multi-dimensional Hardy{Rellih-type inequalities, with additional generalizations,appeared in [19, Theorems 1.8{1.10℄.Our prinipal goal in this paper is to o�er an improvement of (1.2) byreplaing the gradient with the radial derivative �r, given by�r := |x|−1x · ∇; x ∈ R

n \ {0}; r = |x|; n ∈ N; n > 2: (1.5)Obviously,
|(∇f)(x)| > |(�rf)(x)|; x ∈ R

n \ {0}; f ∈ C∞0 (Rn): (1.6)With (1.6) in mind, we will show that (1.1), (1.2) still hold when ∇ isreplaed by �r. More preisely, we will prove the inequality
∫
 |(�rf)(x)|2 dnx >

(n− 2)24 ∫
 |x|−2|f(x)|2 dnx; (1.7)valid for f ∈ C∞0 (
), n ∈ N, n > 2 (again, interpreting the right-hand sideof (1.7) as zero in the ase where n = 2), and
∫
 |(�rf)(x)|2 dnx

>

∫
 |x− x0|−2|f(x)|2{(n−2)24 +14 m
∑j=1 j

∏k=1[lnk(=|x− x0|)℄−2} dnx; (1.8)
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), assuming that 
 ⊂ R
n, n ∈ N, n > 2, 
 is open andbounded with x0 ∈ 
, and  > 0 satis�es 0 < |x − x0| < diam(
) < =em,m ∈ N.While (1.7) is well known, see, for instane, [2, p. 19℄, [3, Theorem 1.2.5℄ (inthe ase where p = 2, " = 0), [5, 7℄, and [18℄, inequality (1.8) is the prinipalresult of this paper.

§2. Re�nements of Hardy's inequalityIn this setion we present our radial and logarithmi re�nements of Hardy'sinequality.We start with some preliminary results. We introdue di�erential operators,T0 on C∞0 (
) if 0 =∈ 
, respetively, C∞0 (
 \ {0}) if 0 ∈ 
, 
 ⊆ R
n open, andTm, m ∈ N, on C∞0 (Bn(0; �) \ {0}), n > 2, as follows:T0 :=�r+[(n−2)=2℄|x|−1; m = 0; (2.1)Tm :=�r+[(n−2)=2℄|x|−1+(1=2)|x|−1 m

∑j=1 j
∏k=1[lnk(=|x|)℄−1; m ∈ N: (2.2)Then their formal adjoints (with respet to L2(
) := L2(
; dnx)), denoted byT+0 and de�ned on C∞0 (
), respetively, on C∞0 (
 \ {0}), and T+m , m ∈ N,de�ned on C∞0 (Bn(0; �) \ {0}), are given by (f. (1.3), (1.4))T+0 = −�r − (n=2)|x|−1; m = 0; (2.3)T+m = −�r − (n=2)|x|−1 + (1=2)|x|−1 m

∑j=1 j
∏k=1[lnk(=|x|)℄−1; m ∈ N: (2.4)Remark 2.1. In the following we will employ a standard onvention whenrepeated use of di�erential expressions is involved: given di�erential expres-sions Sj, j = 1; 2, their produt S1S2 is used in the usual (operator) sense,that is, (S1S2f)(x) = (S1(S2f))(x); (2.5)for f in the underlying funtion spae, and similarly for produts of three andmore di�erential expressions. ⋄Next, arguing indutively, we obtain�r|x|−1 m

∏k=1[lnk(=|x|)℄−1 − |x|−1 m
∏k=1[lnk(=|x|)℄−1�r= −|x|−2 m

∏k=1[lnk(=|x|)℄−1 + |x|−2 m
∏k=1[lnk(=|x|)℄−1 m−1

∑j=1 j
∏k=1[lnk(=|x|)℄−1



58 F. GESZTESY, L. L. LITTLEJOHN, I. MICHAEL, M. M. H. PANG+ |x|−2 m
∏k=1[lnk(=|x|)℄−2; m ∈ N0 := N ∪ {0}; (2.6)where again ∑0j=1( · ) := 0, ∏0k=1( · ) = 1.Identity (2.6) allows us to prove the following lemma, whih will be usefulin establishing Theorem 2.4.Lemma 2.2. Let n ∈ N; n > 2, and let m ∈ N0. ThenT+m |x|−1 m+1

∏k=1 [lnk(=|x|)℄−1 + |x|−1 m+1
∏k=1 [lnk(=|x|)℄−1Tm= −|x|−2 m+1

∏k=1 [lnk(=|x|)℄−2: (2.7)Proof. First, we haveT+m |x|−1 m+1
∏k=1 [lnk(=|x|)℄−1 = −�r|x|−1 m+1

∏k=1 [lnk(=|x|)℄−1
− (n=2)|x|−2 m+1

∏k=1 [lnk(=|x|)℄−1 (2.8)+ (1=2)|x|−2 m+1
∏k=1 [lnk(=|x|)℄−1 m

∑j=1 j
∏k=1[lnk(=|x|)℄−1;and

|x|−1 m+1
∏k=1 [lnk(=|x|)℄−1Tm = |x|−1 m+1

∏k=1 [lnk(=|x|)℄−1�r+ [(n− 2)=2℄|x|−2 m+1
∏k=1 [lnk(=|x|)℄−1 (2.9)+ (1=2)|x|−2 m+1

∏k=1 [lnk(=|x|)℄−1 m
∑j=1 j

∏k=1[lnk(=|x|)℄−1:Thus, applying (2.6) yieldsT+m |x|−1 m+1
∏k=1 [lnk(=|x|)℄−1 + |x|−1 m+1

∏k=1 [lnk(=|x|)℄−1Tm
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− �r|x|−1 m+1
∏k=1 [lnk(=|x|)℄−1 + |x|−1 m+1

∏k=1 [lnk(=|x|)℄−1�r)
− |x|−2 m+1

∏k=1 [lnk(=|x|)℄−1 + |x|−2 m+1
∏k=1 [lnk(=|x|)℄−1 m

∑j=1 j
∏k=1[lnk(=|x|)℄−1:= (

|x|−2 m+1
∏k=1 [lnk(=|x|)℄−1 − |x|−2 m+1

∏k=1 [lnk(=|x|)℄−1 m
∑j=1 j

∏k=1[lnk(=|x|)℄−1
− |x|−2 m+1

∏k=1 [lnk(=|x|)℄−2) − |x|−2 m+1
∏k=1 [lnk(=|x|)℄−1+ |x|−2 m+1

∏k=1 [lnk(=|x|)℄−1 m
∑j=1 j

∏k=1[lnk(=|x|)℄−1= −|x|−2 m+1
∏k=1 [lnk(=|x|)℄−2: (2.10)

�Lemma 2.3. Let n ∈ N; n > 2; and let m ∈ N0. ThenT+mTm = −�2r − (n− 1)|x|−1�r − [(n− 2)=2℄2|x|−2
− (1=4)|x|−2 m

∑j=1 j
∏k=1[lnk(=|x|)℄−2: (2.11)Proof. We use indution on m ∈ N. For m = 0, we haveT+0 T0 = (

− �r − (n=2)|x|−1)(�r + [(n− 2)=2℄|x|−1)= −�2r − (n− 1)|x|−1�r − [(n− 2)=2℄2|x|−2: (2.12)For m = 1, a diret omputation employing (2.6) yieldsT+1 T1 = (T+0 + (1=2)|x|−1[ln(=|x|)℄−1)(T0 + (1=2)|x|−1[ln(=|x|)℄−1)= T+0 T0 − (1=2)|x|−2[ln(=|x|)℄−2 + (1=4)|x|−2[ln(=|x|)℄−2 (2.13)= −�2r − (n− 1)|x|−1�r + [(n− 2)=2℄2|x|−2 − (1=4)|x|−2[ln(=|x|)℄−2:Assuming that (2.11) is true form ∈ N, we then apply Lemma 2.2, obtainingT+m+1Tm+1 = (T+m + (1=2)|x|−1 m+1
∏k=1 [lnk(=|x|)℄−1)
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×

(Tm + (1=2)|x|−1 m+1
∏k=1 [lnk(=|x|)℄−1)= T+mTm + (1=2)(T+m |x|−1 m+1

∏k=1 [lnk(=|x|)℄−1+ |x|−1 m+1
∏k=1 [lnk(=|x|)℄−1Tm) + (1=4)|x|−2m+1

∏k=1 [lnk(=|x|)℄−2=T+mTm−(1=2)|x|−2m+1
∏k=1[lnk(=|x|)℄−2+(1=4)|x|−2m+1

∏k=1 [lnk(=|x|)℄−2= T+mTm − (1=4)|x|−2m+1
∏k=1[lnk(=|x|)℄−2= −�2r − (n− 1)|x|−1�r − [(n− 2)=2℄2|x|−2 (2.14)

− (1=4)|x|−2 m+1
∑j=1 j

∏k=1[lnk(=|x|)℄−2: �Given these preliminaries, now we an show the following result.Theorem 2.4. Let 
 ⊆ R
n be open, n ∈ N, n > 2.(i) Then, for all f ∈ C∞0 (
),

∫
 |(∇f)(x)|2 dnx >

∫
 |(�rf)(x)|2 dnx >
(n− 2)24 ∫
 |x|−2|f(x)|2 dnx: (2.15)(ii) Let m ∈ N, and suppose in addition that 
 ⊂ R

n is bounded with x0 ∈ 
.Assume that  > 0 is suh that 0 < diam(
) < =em, where em is as in (1.4),and let lnk(=|x|); k ∈ N, be as in (1.3), (1.4). Then for all f ∈ C∞0 (
) wehave
∫
 |(∇f)(x)|2dnx >

∫
 |(�rf)(x)|2dnx
>

∫
 |x− x0|−2|f(x)|2{(n− 2)24 + 14 m
∑j=1 j

∏k=1[lnk(=|x− x0|)℄−2}dnx: (2.16)Proof. It suÆes to fous on item (ii) only. As a �rst step we establish thelatter in the speial ase where 
 = Bn(0; �), x0 = 0, with �;  > 0 and



REFINEMENTS OF HARDY'S INEQUALITY 61� < =em. Thus, we will prove that, for all f ∈ C∞0 (Bn(0; �)),
∫Bn(0;�) |(∇f)(x)|2 dnx >

∫Bn(0;�) |(�rf)(x)|2 dnx
>

∫Bn(0;�) |x|−2|f(x)|2{ (n− 2)24 + 14 m
∑j=1 j

∏k=1[lnk(=|x|)℄−2} dnx: (2.17)De�ne Tm and T+m as in (2.1){(2.4), respetively. For simpliity, we will workwith f ∈ C∞0 (Bn(0; �) \ {0}) for m ∈ N. However, all integrals extend tof ∈ C∞0 (Bn(0; �)).By Lemma 2.3,0 6

∫Bn(0;�) |(Tmf)(x)|2 dnx= ∫Bn(0;�) f(x)(T+mTmf)(x) dnx= −

∫Bn(0;�) f(x)(�2rf)(x) dnx− (n− 1) ∫Bn(0;�) |x|−1f(x)(�rf)(x) dnx
− [(n− 2)=2℄2 ∫Bn(0;�) |x|−2|f(x)|2 dnx
− (1=4) m

∑j=1 ∫Bn(0;�) |x|−2|f(x)|2 j
∏k=1[lnk(=|x|)℄−2 dnx: (2.18)Using the identity

∫Bn(0;�) f(x)(�2rf)(x) dnx = −

∫Bn(0;�) |(�rf)(x)|2 dnx
− (n− 1) ∫Bn(0;�) |x|−1f(x)(�rf)(x) dnx; f ∈ C∞0 (Bn(0; �)); (2.19)we see that (2.18) beomes0 6

∫Bn(0;�) |(Tmf)(x)|2 dnx



62 F. GESZTESY, L. L. LITTLEJOHN, I. MICHAEL, M. M. H. PANG= ∫Bn(0;�) |(�rf)(x)|2 dnx− [(n− 2)=2℄2 ∫Bn(0;�) |x|−2|f(x)|2 dnx (2.20)
− (1=4) m

∑j=1 ∫Bn(0;�) |x|−2|f(x)|2 j
∏k=1[lnk(=|x|)℄−2 dnx;implying

∫Bn(0;�) |(�rf)(x)|2dnx
>

∫Bn(0;�) |x|−2|f(x)|2{(n− 2)24 + 14 m
∑j=1 j

∏k=1[lnk(=|x|)℄−2}dnx: (2.21)Next, let 
 = Bn(x0; �) ⊂ R
n. The proof of (2.16) is entirely similar to thatof (2.17), upon replaing Tm byTm;x0 := �r + [(n− 2)=2℄|x − x0|−1+ (1=2)|x − x0|−1 m

∑j=1 j
∏k=1[lnk(=|x − x0|)℄−1; (2.22)and similarly, replaing T+m byT+m;x0 =− �r − (n=2)|x − x0|−1+ (1=2)|x − x0|−1 m

∑j=1 j
∏k=1[lnk(=|x− x0|)℄−1: (2.23)Then it follows thatT+m;x0Tm;x0 = −�2r − (n− 1)|x− x0|−1�r − [(n− 2)=2℄2|x− x0|−2

− (1=4)|x − x0|−2 m
∑j=1 j

∏k=1[lnk(=|x − x0|)℄−2; (2.24)and ontinuing as in the proof of (2.17) yields (2.16) for 
 = Bn(x0; �).For an arbitrary bounded domain 
 ⊂ R
n with some �xed x0 ∈ 
, wepik some � > 0 suh that 0 < diam(
) < � < =em. Sine C∞0 (
) ⊆C∞0 (Bn(x0; �)) (extending funtions in C∞0 (
) by zero outside 
), inequal-ity (2.16) follows. �



REFINEMENTS OF HARDY'S INEQUALITY 63Remark 2.5. (i) Upon referring to the spherially symmetri ase and osil-lation theory for the seond order di�erential expression
−
d2dr2 −

14r2 −
14r2 m

∑j=1 j
∏k=1[lnk(=r)℄−2; (2.25)with r > 0 for m = 0 and 0 < r < =em for m ∈ N, disussed in [11℄, oneveri�es that the onstants (n− 2)2=4 and 1=4 in (2.16) are optimal.(ii) We note that our proof of (2.17), most likely, is not the shortest possibleone, but brevity was not the point we had in mind. Instead, as was demon-strated in [7℄ (see also [18℄), the value of our strategy of proof, relying onfatorizations as in (2.11), lies in the wide appliability of this approah tohigher-order inequalities, suh as the well-known Rellih inequality and be-yond. This will be more systematially explored elsewhere [8℄. ⋄We onlude with some appliations of (2.15), (2.16) to Shr�odinger oper-ators with strongly singular potentials. Let J ⊆ N be an index set, and let

{xj}j∈J ⊂ R
n, n ∈ N, n > 2, be a set of points suh thatinfj;j′∈Jj 6=j′ |xj − xj′ | > "0 (2.26)for some "0 > 0. In addition, let m ∈ N, let �j; �j ∈ R, j ∈ J , and letÆ; ; �; � ∈ (0;∞) with

|�j |6�<(n−2)2=4; |�j |6�<1=4; j∈J; 0<"0<4=em; n>3: (2.27)Next, we introdue the potentialW (x)=∑j∈J e−Æ|x−xj |[ �j
|x− xj |2+�j�Bn(xj ;"0=4)(x) m

∑`=1 ∏̀k=1[lnk(=|x−xj |)℄−2];x ∈ R
n \ {xj}j∈J ; n > 3; (2.28)with �M the harateristi funtion of M ⊂ R

n.Then an appliation of (2.16) (atually, (2.17) with � = "0=4) ombined with[9, Theorem 3.2℄ shows that W (and hene, any salar potential V satisfying
|V | 6 |W | +W0 a.e. on R

n, with 0 6 W0 ∈ L∞(Rn)) is form bounded withrespet to H0 = −�, dom(H0) = H2(Rn) in L2(Rn), n > 3, with form boundstritly less than one (f. also [4, p. 28{29℄, and the example in [9, p. 1033{1034℄). In this ontext we reall that dom (H1=20 ) = H1(Rn), and that C∞0 (Rn)is a form ore for H0.



64 F. GESZTESY, L. L. LITTLEJOHN, I. MICHAEL, M. M. H. PANGFinally, when we replae (2.28) byW (x) = ∑j∈J e−Æ|x−xj |�j�Bn(xj ;"0=4)(x) m
∑`=1 ∏̀k=1[lnk(=|x− xj|)℄−2;x ∈ R

2 \ {xj}j∈J ; (2.29)with Æ; ; � ∈ (0;∞) and |�j | 6 � < 1=4, j ∈ J , 0 < "0 < 4=em; these formboundedness onsiderations with respet to H0 = −�, dom(H0) = H2(R2)in L2(R2), with form bound stritly less than one, extend to the ase wheren = 2.Aknowledgments. We are indebted to Gerald Teshl for inquiring whether(1.8) is true, whih initiated the present note. Also, we are grateful to theanonymous referee for a very areful reading of our manusript.Referenes[1℄ Adimurthi, Grossi M., Santra S., Optimal Hardy{Rellih inequalities, maximum prini-ple and related eigenvalue problem, J. Funt. Anal. 240 (2006), no. 1, 36{83.[2℄ Balinsky A., Evans W. D., Spetral analysis of relativisti operators, Imperial CollegePress, London, 2011.[3℄ Balinsky A. A., Evans W. D., Lewis R. T., The analysis and geometry of Hardy's in-equality, Universitext, Springer, Cham, 2015.[4℄ Cyon H. L., Froese R. G., Kirsh W., Simon B., Shr�odinger operators with appliationsto quantum mehanis and global geometry, Texts Monogr. Phys., Springer, Berlin, 1987.[5℄ Faris W. G., Weak Lebesgue spaes and quantum mehanial binding, Duke Math. J. 43(1976), no. 2, 365{373.[6℄ Gesztesy F., On non-degenerate ground states for Shr�odinger operators, Rep. Math.Phys. 20 (1984), no. 1, 93{109.[7℄ Gesztesy F., Littlejohn L. L., Fatorizations and Hardy{Rellih-type inequalities, inNon-Linear Partial Di�erential Equations, Mathematial Physis, and Stohasti Anal-ysis. The Helge Holden Anniversary Volume, EMS Congress Reports, Gesztesy F.,Hanhe-Olsen H., Jakobsen E., Lyubarskii Y., Risebro N., Seip K. (eds.), to appear;arXiv:1701.08929.[8℄ Gesztesy F., Littlejohn L. L., Mihael I., Pang M. (in preparation).[9℄ Gesztesy F., Mitrea M., Neniu I., Teshl G., Deoupling of de�ieny indies and ap-pliations to Shr�odinger-type operators with possibly strongly singular potentials, Adv.Math. 301 (2016), 1022{1061.[10℄ Gesztesy F., Pittner L. L., A generalization of the virial theorem for strongly singularpotentials, Rep. Math. Phys. 18 (1980), no. 2, 149{162.[11℄ Gesztesy F., �Unal M., Perturbative osillation riteria and Hardy-type inequalities,Math. Nahr. 189 (1998), 121{144.[12℄ Kalf H., On the haraterization of the Friedrihs extension of ordinary or ellipti dif-ferential operators with a strongly singular potential, J. Funt. Anal. 10 (1972), 230{250.



REFINEMENTS OF HARDY'S INEQUALITY 65[13℄ Kalf H., Shminke U.-W., Walter J., W�ust R., On the spetral theory of Shr�odingerand Dira operators with strongly singular potentials, Spetral Theory and Di�erentialEquations, Leture Notes in Math., vol. 448, Springer, Berlin, 1975, pp. 182{226.[14℄ Kalf H., Walter J., Strongly singular potentials and essential self-adjointness of singularellipti operators in C∞0 (Rn\{0}), J. Funt. Anal. 10 (1972), 114{130.[15℄ Kufner A., Maligranda L., Persson L.-E., The Hardy inequality. About its history andsome related results, Vydavatelsk�y Servis, Pilsen, 2007.[16℄ Kufner A., Persson L.-E., Samko N.,Weighted inequalities of Hardy type, 2nd ed., WorldSi. Publ. Co., Singapore, 2017.[17℄ Opi B., Kufner A., Hardy-type inequalities, Pitman Res. Notes Math. Ser., vol. 219,Longman Si. & Tehnial, Harlow, 1990.[18℄ RuzhanskyM., Yessirkegenov N., Fatorizations and Hardy{Rellih inequalities on strat-i�ed groups, arXiv:1706.05108.[19℄ Tertikas A., Zographopoulos N. B., Best onstants in the Hardy{Rellih inequalities andrelated improvements, Adv. Math. 209 (2007), no. 2, 407{459.ðÏÓÔÕ�ÉÌÏ 28 ÎÏÑÂÒÑ, 2017Department of Mathematis,Baylor University,One Bear Plae #97328,Wao, TX 76798-7328, USAE-mail: Fritz Gesztesy�baylor.eduE-mail: Lane Littlejohn�baylor.eduE-mail: Isaa Mihael�baylor.eduDepartment of Mathematis,University of Missouri,Columbia, MO 65211, USAE-mail: pangm�missouri.edu


