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A functional realization of the Gelfand—Tsetlin base

A realization of a finite dimensional irreducible representation of the Lie
algebra gl, in the space of functions on the group GL, is considered. It
is proved that functions corresponding to Gelfand—Tsetlin diagrams are lin-
ear combinations of some new functions of hypergeometric type which are
closely related to A-hypergeometric functions. These new functions are solu-
tion of a system of partial differential equations which follows from the
Gelfand-Kapranov—Zelevinsky by an “antisymmetrization”. The coefficients
in the constructed linear combination are hypergeometric constants, that is,
they are values of some hypergeometric functions when instead of all argu-
ments ones are substituted.
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§ 1. Introduction

In the year 1950, Gelfand and Tsetlin published a short paper [1], where they gave
an indexation of base vectors in an irreducible finite-dimensional representation of
the Lie algebra gl,, and presented formulas for the action of generators of the algebra
in this base. This paper does not contain a derivation of the presented formulas and
it was not translated into English. Nevertheless, the results of the paper became
known in the West and there appeared attempts to reproduce the construction of
the base vectors and to reprove the formulas for the action of the generators. In
1963, there appeared a paper by Biedenharn and Baird [2], where it was done.

In Biedenharn and Baird’s paper [2] in the case gls, a very interesting derivation
of Gelfand and Tsetlin’s formulas is given. Consider a realization of a representa-
tion in the space of function on the group GLj3. Then a function corresponding to
a Gelfand—Tsetlin base vector can be expressed through the Gauss hypergeomet-
ric function! F51. And the formulas for the action of generators turn out to be
consequences of the contiguous relations for this function.

In [3], this approach is used to obtain explicit formulas for the Clebsh-Gordan
coefficients for the algebra gl;. Also this approach is used to obtain an explicit
construction of an infinite-dimensional representation of gls (see [4]). There exist
generalizations of the results of [2] to the case of quantum algebras (see [5], [6]).
Recently their generalization to the case sp, were obtained [7].

n the paper [2], a realization of a representation using the creation and annihilation operators
is considered. In the case gls, these realizations are essentially equivalent.
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In the 1960s, it was not possible to obtain a generalization of these construc-
tion to the case gl,, since at this time the theory of multivariate hypergeometric
function was not well-developed. The theory of A-hypergeometric functions did
not exist at this time, and the system of equation for these functions, that is, the
Gelfand—Kapranov—Zelevinsky system (the GKZ system for short) was not known.
All these objects appeared only in the 80s of the XX century. In the present paper,
using these results, we do generalize the results of Biedenharn and Baird to the case
of general n.

The main result of the present paper is a formula for a function on the group that
corresponds to a Gelfand-Tsetlin base vector (Theorems 5, 6). This result makes
possible to give a new derivation of formulas for the action of generators, to obtain
formulas for the Clebsh—Gordan coefficients and so on.

The passage from the case n = 3 to the case n > 3 needs new ideas and methods.
In the case n = 3, a formula for a function f corresponding to a Gelfand—Tsetlin
diagram is derived using a presentation of f as a result of application of lowering
operators to a highest vector. It is not possible to generalize these considerations in
the case gls to the case gl,,, n > 3, since the formulas for the lowering operators V,, j
become very complicated (see [8]). Also in the case n > 4, there appears a new
difficulty because of the fact that arguments of the function f, which are minors of
a matrix, are not independent, they satisfy the Pliicker relations.

A possible way to overcome these difficulties is to use ideas from the complex
analysis to find an analogue in the case n > 4 of a function corresponding to
a Gelfand—Tsetlin diagram in the case n = 3. This is done in the present paper.
A function of an element g € GLy, by analogy with the case n = 3, is written as
a function of minors of g. We note that in the case gl;, the considered function
can be written as an A-hypergeometric function. By analogy with the case gl; for
n > 3, we try to find the function of interest as an A-hypergeometric function of
minors. This function is defined as a sum of a series called a I'-series. A I'-series
is a sum of monomials divided by factorials of exponents. And the set of the
exponents of monomials in this series is a shifted lattice in the space of all possible
exponents. It turns out that it is possible to relate with a Gelfand—Tsetlin diagram
a system of equations that defines a shifted lattice in the space of exponents (see
Section 4.1). Thus, to each Gelfand-Tsetlin diagram there corresponds a I'-series
(which is actually a finite sum). It is proved that the constructed functions belong
to a canonical embedding of an irreducible finite dimensional representation into
the functional representation and form a base in it. But this approach does give
a solution of the proposed problem. Even in the case gl,, the construed functions do
not correspond to Gelfand—Tsetlin base vectors. Nevertheless, the constructed base
is related to the Gelfand—Tsetlin base by a transformation which is upper-triangular
relatively some order on diagrams (see §6).

In order to prove that the constructed I'-series form a base in a representation,
a new system of PDEs (partial differential equations) is constructed. This system is
called the antysimmetrized GKZ system (A-GKZ for short, see §2). We construct
a base in the space of its polynomial solutions. It turns out that there is a bijective
correspondence between the constructed I'-series and the constructed basic solutions
of the A-GKZ system (Theorem 2).
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Then we show that the constructed base solutions also belong to a canonical
embedding of an irreducible finite dimensional representation of gl,, into the func-
tional representation, they form a base in it. This base is related to the Gelfand—
Tsetlin base using a low-triangular transformation (see Section 7.2). We express
a function corresponding to a Gelfand—Tsetlin diagram using these basic solutions.

Since the Gelfand—Tsetlin base is orthogonal relative to an invariant scalar prod-
uct, the passage from the base consisting of basic solutions of A-GKZ to the
Gelfand—Tsetlin base is nothing but the orthogonalization transformation. To write
this transformation explicitly, one needs to find scalar products between basic solu-
tions (see Section 7.1). When it is done, one finds a low-triangular change of coor-
dinates that diagonalizes the bilinear form of the considered scalar product (see
Section 7.4). Finally, when one has the diagonalizing change of coordinates, one
can find the corresponding orthogonal base which is nothing but the Gelfand—Tsetlin
base (see Theorems 5, 6).

In these theorems, the functions corresponding to the Gelfand—Tsetlin base vec-
tors are expressed through the basic solutions of the A-GKZ system using the
numeric coefficients, which are written as sums of some series. In Section 7.5, we
try to convince the reader that the obtained formula for the function corresponding
to the Gelfand—Tsetlin diagrams is good enough. The basic solutions of A-GKZ are
Horn hypergeometric functions. And in Section 7.5, the coefficients occurring in
Theorems 5, 6 are discussed. It is shown that they are hypergeometric constants,
that is, values of generalized hypergeometric functions (in the Horne sense) when
one substitutes 1 instead of all their arguments. And these generalized hypergeo-
metric functions are expressed (see (7.13)) through the Horn functions associated
with the A-hypergeometric function constructed in Section 4.1.

REMARK 1. One can overcome some difficulties caused by the Pliicker relations
by considering, as in [2], a realization using the creation and annihilation operators
(or a realization based on the Weyl construction). But the usage of depended minors
has some fundamental advantages. For example, in this case we have a simple
description of the space of functions forming an irreducible representation [8], and
also the presence of the relations suggests some fundamental steps in construction
of the functions of interest.

§ 2. Preliminary facts

In this section, some basic objects and construction are introduced. The theorem
for the case gl; is formulated. This result was a starting point for the present paper.

2.1. A realization in the space of functions on a group. In the paper,
Lie groups and algebras over the field C are considered.

Function on the group GL,, form a representation of the group GL,,. An element
X € GL,, acts onto a function f(g), g € GL,, by a right shift

(X)(g) = f(9X). (2.1)

Passing to an infinitesimal version of this action, we find the action of the Lie
algebra gl,, on the space of all functions.
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Every irreducible finite-dimensional representation can be realized as a sub-rep-
resentation in the space of functions. Let [my,..., m, = 0] be the highest weight,
then in the space of functions there exists a highest vector with such a weight which
is written as follows.

Let ag, i,j =1,...,n, be a function of a matrix element on the group GL,,. Here
j is a row index and 7 is a column index. Also put

J\i=1,..0,k
Aiyyenyig *= det(ai)i:il,...,ik' (2.2)

That is, one takes the determinant of the sub-matrix in the matrix (a{ ) formed
by the rows 1,...,k and the columns 7y,...,4;. The operator FE;; acts onto this
determinant by changing the column indices

Ei jQiy,.in = Oy, i} i (2.3)

where ~|jHi is substitution of j instead of 7. If the index j does not occur in

{41,...,1x}, then one obtains zero.
Using (2.3), one can easily see that the vector

aTlimz a?gimg) aT;;in—l
Vo = | te (24)
(mq — ma)! (m2 —mg)! Mp—1!
is a highest vector for the algebra gl,, with weight [my, ma, ..., m,_1,0]. Thus, we

have a canonical embedding of an irreducible finite-dimensional representation into
the functional representation.

If one considered a highest weight with non-zero component m,,, then in all
formulas below one must change m,,_1 — m,_1 — m, and multiply all expressions

Mn

by ay’s . To make formulas less cumbersome, we put m,, = 0.

2.2. The Gelfand—Tsetlin base. Consider a chain of subalgebra gl, D
gl,_; D --- Dgl;. Let us be given an irreducible representation V,, of the algebra
gl,, with the highest weight p,,. When one restricts the algebra gl,, | gl,,_;, the
representation ceases to be irreducible and it splits into a direct sum of irreducible
representations of gl,,_,. Every irreducible representation of gl,,_; can occur in this
direct sum with multiplicity not greater than one [8|. Hence

Vun = § Vun;unfv
Hn—1

where i, is possible gl,,_;-highest weight and V), ., , is a representation of
gl,,_; with a highest weight g, _1. The sum is taken over all gl,_;-highest weights
occurring in the decomposition of V,,, into irreducible representations.

When one continues restrictions gl,,_; | gl,,_5 and so on, one gets a splitting of

the following type:
V= Z Z "'ZVM;.-.;m- (2-5)

Hn—1 Hn—2 M1
Here V,,,.....;s, is an irreducible finite dimensional representation of the algebra gl;,
thus dim V), .....,,=1. When one chooses base vectors in all V), ..., , we get a base
in V,, , which is the Gelfand—Tsetlin base.

Hn 2
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The base vectors are encoded by sets of highest weights (pn;...;u1) appearing
in splitting (2.5). Writing these highest weights one under another as

min man e Mp,n
min—1 ma n—1 cee Mp—1,n—1

min

)

we obtain a diagram that is called the Gelfand—Tsetlin diagram. We denote it
by (m;,;). For the elements of this diagram, the betweenness condition holds: if
an element of a row occurs between two elements of an upper row, then it lies
between them in the numeric sense. The opposite is also true: every diagram for
which the betweenness condition holds appears as a Gelfand—Tsetlin diagram in the
splitting (2.5).

2.3. A-hypergeometric functions.

2.3.1. A I'-series. One can find information about a I-series in [9].
Let B C Z" be a lattice, let v € Z" be a fixed vector. Define a hypergeometric

I"-series in variables z1,...,zy by the formula
b+
z
Folz) =) =, (2.6)
7 T+y+1)
where z = (z1,...,2zx). In the numerator and in the denominator, the multi-index

notation is used

N
=1L, Th+y+1): HFb + i +1).
L =1
For the I'-series considered in the present paper, the vectors of exponents b + ~y
have integer coordinates. In this case, instead of I'-functions, it is reasonable to use
shorter notation with factorials. Hence in the denominator instead of I'(b + ~y + 1)

we shall write
N

b+ = [T+
i=1
We shall use an agreement that a factorial of a negative integer equals to infinity.
We need the following properties of I'-series.
1. A vector  can be changed to v + b, b € B, the series remaining unchanged.

2. af%B( )/82’1: e B( ) where 61':(0,.--,]-attheplace’i)"'?O)'

3. Let
Fy (a1, a2,b1;32) = Z mzn,
>0 (bl)n
neL>
where (a), (a +n)/T'(a) is the Gauss hypergeometric series. Then, for v =
(—aq, ag,bl 1,0) and B = Z((-1,-1,1,1)),
Fo(21, 20, 23, 24) = 2y 2y 225 Py (al, ag, by; M)
2122

1
F(]. — al)I‘(l — CLQ)F(bl) '
A sum of a I'-series (when it converges) is called an A-hypergeometric function.

C =
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2.3.2. The Gelfand-Kapranov—Zelevinsky system. An A-hypergeometric func-
tion satisfies a system of partial differential equation which consists of equations of
two types.

1. Let a = (a1, ...,an) be a vector orthogonal to the lattice B, then
0 0
a1z1 7]:7 + -+ anzn 7]:7 = (ayyl + -+ aN’}/N)]:A/, (27)
0z Ozn

it is enough to consider only the base vectors of an orthogonal complement to B.

2. Let b € B and b = by — b_, where all coordinates of by, b_ are non-negative.
Let us select non-zero elements in these vectors by = (..., b;, ..., bi,...), b =
("'7bj17"'7bj17"')' Then

9 \ b 9 \ bk 9 \ 9 \ Y
(azh) ~--(%) a—(%) "'(%) P 29

It is enough to consider only the base vectors b € B.

2.4. The case of gl;. The results presented in this section were obtained in [2],
from a modern point of view they are reformulated in [10].
A Gelfand-Tsetlin diagram in the case gl; can be written as follows:

mi mao 0
ky ks . (2.9)
ha

Let us give a formula for the function corresponding to the Gelfand—Tsetlin dia-
gram (2.9).

THEOREM 1. Put determinants (2.2) in the following order

a = (a1,a2,a3,a1,27a1,37a2,3)7
take a lattice
B=17((1,-1,0,0,—1,1)),
v = (h1 — ma, k1 — h1,my — ki, ka,ma — ko,0). Then to the diagram (2.9) there
corresponds a function F.(a).

This I'-series can be expressed through the Gauss hypergeometric function (see
property 3 for the I-series). In this form, the above theorem was obtained in [2].
One can easily see that the considered I'-series is a finite sum.

Note that the lattice B can be defined by equations with the following conditions
for sums of exponents of determinants that contain some certain indices:

the sum of exponents of minors that contain 1, or 2, or 2 = my;

the sum of exponents of minors that contain 1 and 2, 1 and 3, 2 and 3 = myo;
the sum of exponents of minors that contain 1 or 2 = ky;

the sum of exponents of minors that contain 1 and 2 = ko;

the sum of exponents of minors that contain 1 = h;.
(2.10)
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These equations have a natural explanation from the point of view of the repre-
sentation theory. Take a function of determinants that corresponds to a Gelfand—
Tsetlin diagram, decompose it into a sum of products of determinants.

The last equation guarantees that this function is a weight vector for the opera-
tor £ 1 with the weight m; ;.

The third and the fourth equations guarantee that after an application of the rais-
ing operator from gl, (in the needed power), we get the highest vector for the algebra
gly, with the highest weight [k1, ko).

The first and the second conditions guarantee that after an application of the rais-
ing operator from gl; (in the needed power), we get the highest vector for the algebra
gl with highest weight [mq, ms, 0].

Because of the presence of relations between determinants, these conditions do
not necessarily hold for the summands of the functions corresponding to a Gelfand—
Tsetlin diagram. But Theorem 1 states that these elementary considerations do give
the right answer in the case gl;.

§ 3. The Gelfand—Tsetlin lattice

Now we proceed to finding an analogue of Theorem 1 in the case n > 3. Let us
first write an analogue of equations (2.10) in the case n > 3, and let us investigate
the obtained lattice.

Consider a complex linear space whose coordinates are indexed by proper subsets
X C{1,...,n}. We denote the coordinates by zx, X = {i1,...,7}, and denote the
corresponding unit vector by ex.

DEFINITION 1. Let B be a lattice defined by the following equations. Fix 1 <
p < g <n. Avector v € B if and only if the sum of its coordinates, that contain
at least p indices such that they are not more than ¢, equals to 0:

vEB <+— Z vx = 0.

X : X contains >p indices, each <q

FEverywhere below B denotes this lattice.
Take a standard scalar product in Z:

N
<337?J> = inyi7 €,y S ZN
i=1

The definition of B says that an orthogonal complement to B is spanned by
vectors x} defined as follows:

(3.1)

1 if X contains > p indices, each <

( q) p 9 q’

XplXx = .
P 0 otherwise.

Let us find a base in B.

DEFINITION 2. Let X C {1,...,n}. One says that s < X if every element of X
is greater than s. The equality s < @ holds.
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Consider vectors

i—1,6,X0° ") _121,,.,,1'—1,]‘,)(" )

vl iigexs ) (3.2)

,,,,,

A base in the lattice B is constructed as a subset Z in the set of all vectors (3.2).
More precisely, Z is a subset of vectors of type (3.2) such that the following condi-
tions hold. Firstly, for all chosen vectors v; ; » x, we have i < j < < X. Secondly,
the following condition holds. For fixed 4, j, consider a graph whose vertices cor-
respond to subsets X C {j + 2,...,n} and edges correspond to pairs X,xX (not
necessary x < X), where we use the notation

X ={z}UX.

Thus, the edges correspond to vectors (3.2). Let us be given a subset Z of vectors
of type (3.2). To this set there corresponds a graph consisting of vertices defined
by vectors from the subset and edges whose ends are these vertices. The second
condition is the following. We claim that

a) the subset Z is such that for all 4, j the corresponding graph is a tree,

b) the subset Z is maximal with respect to extensions preserving the property a).

PROPOSITION 1. The chosen vectors (3.2) form a base in B.

Note that the formulas obtained for the base vectors are very close to the for-
mulas appearing in the construction of hypergeometric functions associated with
grassmanians in Pliicker coordinates [9].

PROOF OF PROPOSITION 1. 1. Let us prove that the vectors from Z are linearly
independent.

Let us begin with a general remark. Given a set of linearly independent vec-
tors {vq }, the set consisting of differences {va, o, = Va, — Va, } is linearly indepen-
dent if and only if it does not contain cyclic subsets Varpy 0tpy s Vetpy g s+ - 3 Ve, ap, -
The corresponding vanishing non-trivial linear combination is just a sum of these
vectors.

Now consider the vectors of type

Vigix = ooy Loy = Loy = Lo,y Loy ). (3.3)

Let us find when a set of vectors of such type is linearly independent. Let us
apply a projection of these vectors onto the subspace spanned by coordinates of
type z;. Consider the obtained vectors

Ui,j:("'71Z1’ﬂ"'3712_7’7"')'

Applying the general remark to the subset of vectors {v,} = {e.,}, we find that
the set of vectors v; ; is linearly independent if and only if it contains a subset of
type

Uiy yigy Vigyigs -y Vi iq-
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The corresponding vanishing non-trivial linear combination is proportional to the
sum of these vectors. The sum of the projections of the vector

(CUTS PO P | 1

TS D

onto other coordinates can vanish only in the case when all these vectors have the
same set X. If there are no such subsets, then the set of vectors (3.3) is linearly
independent. In particular, in the set vectors of type {vm;{l,_“’i_LX}} there are no
such subsets. Thus it is linearly independent.

Now let us apply the general remark to the set {va} = {v; ji(1,....i—1,x} }- Hence
this set is linearly independent.

The vectors of type (3.2) are vectors of type vq, qo; for the following set {v, }:

Vij,o,X = Vi g;{1,...i—1,X} — Vij;{1,..i—1,xX}- (3.4)

Thus, the set of vectors {v; j» x} is linearly dependent if and only if it contains
a cyclic subset. Let us be given a cyclic subset consisting of ¢ vectors. After
reordering, we have

i1 =g = =g Jl=ja=-=Jjq

That is, the cyclic subset that consists of vectors {v; ;4. x,}, | = 1,...,¢q. Also
one gets that the graph whose vertices correspond to subsets X;, z;X; and edges
correspond to edges X, x; X; topologically is a circle.

For the vectors (3.2), such situations are prohibited. Thus, these vectors are
linearly independent.

2. The vectors 7 are orthogonal to all the vectors x.

The vectors of type (3.2) have non-zero coordinates only with indices 21, ;14 x,
21,0i—1,5,X 5 Z1,eei—1i,xXs Z1,...i—1,§,2X these coordinates are (1, —-1,-1, 1) Let us
write these coordinates for the vectors x, and let us check that they are orthogonal
to (1,—1,—1,1).

Let ¢ > j. Then, in the case p < 7, the coordinates 21, ;—14x, 21,...,i-1,5,X»
21,.i-1,i2.X5 Z1,..i—1j.2x of the vector x7 are equal to (1,1,1,1), thus this vector
is orthogonal to (1, —1,—1,1). And in the case p > i, the considered coordinates of
the vector x§ coincide with the numbers (x; )z, (Xp_i)zxs (Xp_i)ze x0 (Xp—i) 2 x -
These numbers form a vector which is orthogonal to (1, —1,—1,1).

Let ¢ S q < j Then the coordinates Z1,..,i—1,4,X 5 R1,...,i—1,5,X, Z1,...i—1,0,2,X>
21,.i-14zx of the vector x{ in the case p < i — 1 are equal to (1,1,1,1), and
in the case p > i — 1 these coordinates of the vector xj coincide with the num-
bers (Xg—i-i-l)zm (Xg—i+1)zi+17 (Xg—i-i-l)zi,m? (Xg—i+1)zi+1,m' In both cases they are
orthogonal to the vector (1,—1,—1,1).

Finally, for qgi — 1, the coordinates Zlyyi—1,4,X5 21,...,i—1,5,X5 21,...;i—1,i,2,X
21,14z of the vector x1 are equal to (1,1,1,1). These numbers form a vector
orthogonal to (1,—1,-1,1).

3. The number of vectors in Z equals to the rank of the lattice B. Indeed, B is
embedded into the space of dimension 2" —1. The lattice is defined by n+ (n—1)+
-+ + 1 equations. Thus, the rank of B equals 2" — 1 — (1 +---+4n).



12 D. V. ARTAMONOV

The number of vectors (3.2) can be found in the following manner. Note that
the number of edges in a tree equals to the number of vertices minus 1. Thus, the
number of vectors (3.2) with fixed ¢ equals to the number of choices of j, x and X.
So, the number of vectors (3.2) equals to the sum by i from 1 to n—2 of the number

of subsets in {i 4+ 1,...,n}, that consist of at least two elements:
n—2 n—1
Y -l-m-i)=) 2 —1-t)=2"—1— (14 +n).
i=1 =2

Proposition 1 is proved.
In what follows, we use an index v and the number k, let us give their definitions.

DEFINITION 3. Choose a base Z in the lattice B C Z~. Then k is the number
of vectors in the base and « is an index running through the set {1,...,k}.

The choice of the base is suggested to be fixed in the remaining part of the paper.
If a base vector is written as
Vigax = (- lix, o, —Lix, oo —Liax, -5 Ljax, .0 ),
then we define
VY =€y tejyxs vE =e;x +eyx, vy = eyx +€jix- (3.5)

Hence

a _ o o
v =0, v_.

With each base vector v* we associate the vector

re =g —v{. (3.6)

§ 4. Functions associated with the lattice

In this section, we introduce some functions of hypergeometric type associated
with the Gelfand—Tsetlin lattice B.

4.1. A-hypergeometric functions.

4.1.1. A T-series associated with the lattice. Consider a Gelfand—Tsetlin diagram
(m;,;). To this diagram there corresponds a shifted lattice v + B defined by the
following equations.

DEFINITION 4. A vector z € Z" belongs to v + B if and only if for all 1 < p <
q < n, the sum of coordinates indexed by such sets X that contain at least p indices
satisfying < ¢ equals to m, 4.

The shift vector v is not uniquely defined. Below, we will introduce functions F,
that do not depend on the choice of v and the functions J3, F, that do depend on
the choice of ~.
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To a shifted lattice there corresponds an A-hypergeometric function written as
a ['-series:

Z;E z'y-i-tv
Fle)= Y ==> —xt (4.1)
| 1’
st S (v + to)!
where we use a fixed base Z = {v!,...,v*} in the lattice B and we use a notation

tv = t1v! + -+ + txvF. The second expression for F,(z) in (4.1) is used below to
define more general functions J3(2) (see (4.2)).

Due to the properties of a I'-series, expression (4.1) does not depend on the
choice of v mod B.

Note that the sum in expression (4.1) is finite. Indeed, the base vectors v!, ... ok
have the following property: they have both positive and negative coordinates.
Thus, only for finite number of ¢ € Z*, a vector of exponents v + tv has only non-
negative coordinates. Since we divide by factorials of exponents in (4.1) only such
summands are non-zero.

Also note that in the case when a diagram does not satisfy the betweenness
condition, then (4.1) equals 0.

The constructed functions F.,, into which one substitutes the determinants ax,
are direct analogues in the case gl,,, n > 4, of the functions that in the case gl
correspond to the Gelfand—Tsetlin diagrams. Thus, it is natural to ask the question
whether the same is true in the case gl,,, n > 4. Unfortunately, this conjecture is not
true?. Nevertheless, the construction of F., is an important step to the construction
of functions corresponding to the Gelfand—Tsetlin diagrams.

4.1.2. Why a I'-series? Let us give arguments (not only an analogy with the
case n = 3), why it is natural to begin a search for a function corresponding to
a Gelfand—Tsetlin diagram with a construction of a I'-series.

Let us present this function as a sum of products of determinants. Which prod-
ucts can occur in this sum? Naive considerations at the end of Section 2.4 show
that it is natural to expect that the exponents of these products satisfy the system
from Definition 4. A T'-series is the simplest function for which the exponents form
a set defined by the system from Definition 4.

It is worth mentioning that there exists a construction of hypergeometric func-
tions associated with homogeneous spaces [11]. Since a representation can be real-
ized as a space of section of a bundle over a flag variety [12], it is natural to ask
a question: is it useful to take a hypergeometric function associated with flag vari-
eties, do they coincide with the functions constructed in the present paper? It turns
out that the hypergeometric functions associated with flag varieties are not related
to the functions constructed in the present paper. The hypergeometric functions
associated with flag varieties can be considered as functions of Pliicker coordinates.
The Pliicker coordinates are coordinates in the complex linear space whose coordi-
nates are indexed by proper subsets X C {1,...,n}. The hypergeometric functions
associated with flag varieties are then related to A-hypergeometric functions that
are defined by a lattice E' B in the space C, which is a lattice of characters of a torus
action on C", which is obtained from a standard action of an n-dimensional torus

2To prove it, one needs to investigate an action of E4 3 onto Fy. One finds that the selection
rules for this action differ from the selection rules for the Gelfand-Tsetlin base.
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on C™ (see [9]). But the lattice B does not coincide with E, since the corresponding
torus action on CV can not be obtained from a standard action of the n-dimensional
torus onto C". One can show that B ¢ E. From this inclusion it follows that the
dimension of the space of hypergeometric functions associated with a flag variety
is lower than the dimension of a representation.

Note also the following curiosity. With the lattice B one can associate an action of
a torus (for which this lattice is a lattice of characters) of dimension n+(n—1)+---+
1 (see [11]). There exists another construction of an action of this torus called the
Gelfand—Tsetlin action [13], but it has nothing to do with the problems considered
in the present paper since this is an action on another space.

4.2. A function Jj. We need functions that are hypergeometric in the Horn
sense (see [14]), which are generalizations of a I'-series.
Recalling that k = rk B, we put

s o (t+1)(t+8) y+tv
J3(2) : gzjk T (4.2)

The multi-index notation is used: (t+1)---(t+s) := H];:l(ta +1) o (ta+ Sa)-

Note that these functions depend on the choice of the shift vector v in the class
v mod B.

In the lattice B, the base (3.2) is fixed and a notation « for the index numeration
of the base vectors was introduced (see Definition 3). With each base vector v® =
v;;2,x of type (3.2) one associates a differential operator O, called the GKZ
operator:

2 2
Oy = g — 9 .
021,...i—1,i,x 021,..i—1j2x  O021,..,i-1,4,x 021, i-1,izX

This differential operator appears in equation (2.8) of the GKZ system associated
with the lattice B.

LEMMA 1. Fora € {1,...,k},
OulJy(2) = san:fj‘i (2).

PROOF. Denote (t+1)---(t+ s) by ¢;. Using the multi-index notation, one can
write shortly O, = 82/02"% — 9%/02">. Hence

62 Ctz'ertvai
a2 = > ey
2V+ S (r+tv v})!
62 ctz'y+tv77f_’ Cioe, Z’y+tvv_‘f_
(@) = 3 (vt to— o) 2 (v + tv— o)’
tezk - tezk +
where t —eq = (t1,...,ta — 1,...,tx), where ey := (0, ..., Lat the place as - - -5 0). S0,

we have

(¢t — ¢p_qa )2V HEVTV5E

(v +tv —vg)!

OunJ3(2) = Z

tezZk
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But ¢t —cte, = (t+1)---(t+35)—t--(t+s—en) =84t +1)---(t+5—e€q),
proving the lemma.

The following analogy is worth pointing out:

d

dzg, v

=5a2"% = 0.5 =saJ5 0.
+

This analogy makes possible the following construction. We have

Consider the hyperexpontent

1

Jo._ J _ J

e’ = E S'J§+sv+ = 0’ =e".
sezk '

Continue this construction. Consider an operator §%/da%. Define a modified
hyperexponent:

k
86220

where r, = v§f — v, It satisfies the equations

J_ 7
O, me” = 9275 me

Note that since functions of complex variables are considered, the operator O,
is essentially the Laplace operator, and O, + §%/9z% is a wave operator.

§ 5. The antisymmetrized GKZ system

We introduce the antisymmetrized GKZ system, which is an important instru-
ment in further considerations. This is a system of partial differential equations.
In this section, we construct a base in the space of its polynomial solutions.

We have introduced the GKZ operator:

0? 0?
On = —

021, i-1,i,x 021, i—142zx 021, ,i-1;x 021, i-14izXx

Let us associate with it an antisymmetrized GKZ operator (an A-GKZ operator):

— 02 0?
O, = —
021, i—1,i,x 021, i—1j2x  021,..,i-1,4,x 021, i-1,izX

82

021, i—1,2,x 021,....i—1,ijX

+
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DEFINITION 5. The antysimmetrized GKZ system (the A-GKZ system) is the
following system of partial differential equations:

O,F =0. (5.2)

Note that in this system the analogues of homogeneity conditions (2.7) from the
system GKZ are omitted.
Consider the functions

F,(2) :==me’ = Z (_1)SJ$7W(Z), (5.3)

k
SEZ>O

where s! =[], s;!. Differentiating (4.2), this establishes

9 s 0
B = T (D) 5By (E) = Py (2, (54)
where X C {1,...,n} is a proper subset, and ex is a unit vector corresponding to

the coordinate zx.
Let us prove the following result.

THEOREM 2. Consider a set of vectors {v,}, 7, € ZN, that satisfies the following
conditions:

1. For every vector -y, there exists b € B such that the vector v, + b has only
non-negative coordinates.

2. The set {7, } is mazimal set that consists of vectors that satisfy the condition 1.

Then corresponding functions F.,  form a base in the space of polynomial solu-
tions of the A-GKZ system.

The function F is called an irreducible solution of system (5.2). Note that this
solution is defined by the vector =, rather than by the class v + B.

PrROOF OF THEOREM 2. Before it was proved that the function F,(z) is a solu-
tion of the A-GKZ system.

For a monomial z7, the vector of exponents v is called a support of this mono-
mial. A support of a function, presented as a sum of a power series, is a union of
supports of monomials occurring in this series with non-zero coefficients. A support
of a function F' is denoted as supp F'.

Consider a solution F', and represent supp F' as a union of subsets of type v+ B.
For each such a subset, we take in F' the monomials whose supports belong to this
subset. Denote the resulting function by F7. If this function satisfies the system
Va O, (F7) = 0, then the corresponding support is called extreme (or an extreme
point in supp F'). The term “point” is correct since when one considers the support
mod B, then it becomes a point.

An irreducible solution Fjs has a unique extreme point § + B.

To prove the theorem let us first prove the following lemma.

LEMMA 2. Ewvery polynomial solution of system (5.2) can be presented as a linear
combination of irreducible solutions.
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PROOF. Consider an arbitrary solution F' and decompose it into a sum of func-
tions F7 with supports v + B.
Let us introduce a partial order on the sets v + B. We put

Y+B=54+B if y+sr=6 modB, seZk,. (5.5)

Since only polynomial solutions are considered, there exist summands F7 with
supports v + B which are maximal with respect to the order. Let us prove that
these summands are extreme. Indeed, we have

82

Y
5.7 F7.

O F" = O, F7 +

If supp 7 = v + B, then supp(O,F?) = v — v} + B, and supp(9*F* /02" ) =
v —v§ + B. Since O,F = 0, by considering the supports, we conclude that
the summand O, F” (if non-zero) contracts with one of the expressions of type
0?°F% /02" or O, (F?). By considering supports, one concludes that O, F" can not
contract with an expression of the same type for another §. This is why Oy F”
contracts with some §%F? /920 . Hence supp F° — vy = v —vf. This means that
supp F? = ~ + v¢ — vy + B. Thus, supp F® = v + B. But the support v + B
is maximal, hence this situation is not possible. Hence O,F7 = 0. We have also
proved that maximal points are extreme.

Hence an arbitrary solution has extreme points. The corresponding functions F'7
have supports of type v+ B. So, we have

Av-&-t’u

i e

tezZk

for some numeric coefficients ¢;. Since F7 is non-zero, there exists b € B such that
the vector v + b has only non-negative coordinates. Also since F'? is annihilated
by the operators O, one can conclude that all ¢; are equal. Hence F7 are I'-series
up to multiplication by a constant.

Let us describe a procedure that transforms a solution V' of the A-GKZ system
into a solution W of the same system.

1. Take an extreme point v+ B in supp V' and take the corresponding irreducible
solution F.

2. Subtract from V' all the constructed F, with a coefficient such that the sum-
mands V7 (defined by V by analogy with the definition of F7 for F) in V with
supports v + B are cancelled. This is possible since both in F, and in V the
summands with support in v 4+ B form a function proportional to a I'-series.

3. The obtained solution is denoted by W.

The solution W thus constructed has the following property: the extreme points
in supp W are strictly lower than these extreme points of supp V with respect to
the order <.

Now let us operate as follows. Take a solution F', apply to it the procedure and
obtain a new solution. Take its extreme points and apply the procedure again, and
SO on.



18 D. V. ARTAMONOV

Let us show that after a finite number of steps this procedure gives a zero func-
tion. To prove this, it is enough to show that the supports of function that appear
on all the steps are subsets of some finite set.

For this purpose, for every summand F7 in F with a maximal support v+ B, let
us find a set of non-negative integers s € Z* such that y—s7r+b:=~v—>"_ sIr®+b
has only non-negative coordinates for some b € B.

This set is finite. Indeed, consider a functional 7" introduced in (3.1). They
are defined by their action on the base vectors ex, where X C {1,...,n}, by the
following rule:

(5.6)

m 1 if in X there are > u indices, each < m,
Xu (ex) =

0 otherwise.

One can note that x7(b) = 0 for b € B. For a vector r®, defined by (3.6), we
have
1 foru=1i,j<m<y,
X (r*)y=<¢ -1 foru=i+1,57<m<y,
0  otherwise.

Consider first r® such that for them ¢ = 1. When one subtracts from the vec-
tor v these vectors r* with positive coeflicients, the value of x{* diminishes. And
subtraction of other * with bigger value of ¢ has no effect on x7*. If then one adds
b € B, then 7" remains unchanged. Thus, we come to a conclusion: if one sub-
tracts from the vector v the vectors r* with ¢ = 1 infinite number of times, then
on some step they obtain a vector such that x7* is negative on this vector. But
such a vector can not have only non-negative coordinates since for such vectors the
functional (5.6) is non-negative.

Then one considers the vectors r* such that ¢ = 2 and the functional is x5*. One
concludes that it is possible to subtract them from ~ only finite number of times
and so no.

Introduce a notation:

My =| J{v—sr+ B}, (5.7)

a union is taken over all s7 = {s} obtained above.

We have supp F,, C M, since F, = Zsezgo(*l)sj—i—sr/d and supp J5_,, =
v — sr+ B, and the function J_,, is non-zero if and only if there are vectors that
have only non-negative coordinates in the support.

Also note that if 6 <, then Ms C M,.

We have supp F' C Uv M., where the union is taken over all extreme points ~.
Indeed, suppose the opposite: there exists & € supp F, but § ¢ U'y M.,. Consider F9.
Apply the arguments from the proof of the result that the maximal points are
extreme (see the beginning of the proof of Lemma 2). Then one concludes that if
O;F% # 0, then §' = § + r; € supp F mod B. Also § < ¢ and ¢ ¢ UA/ M., since
otherwise the lower support d also belongs to . M.,. So, one can find bigger points
(relative to the order <) in the support that do not belong to (J, M. One can do so

until a point 8” € supp F is obtained such that O, F%" = 0. But this is an extreme
point, and hence it belongs to U7 M., a contradiction.
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Thus, on each step of the procedure the support belongs to the set | N M., where
the union is taken over extreme points of the support of the function F'. This set is
finite. Since on each step the support becomes smaller, then after a finite number of
steps the empty set is obtained. This means that we have presented the functions F'
as a linear combination of functions F,. Lemma is proved.

LEMMA 3. The functions F, from of Theorem 2 are linearly independent.

PRrROOF. Indeed, let

> eF,, =0. (5.8)
p

Among the sets 77 + B, 79 + B, ... choose a maximal element with respect
to the order <. Consider the corresponding summand c;F,,. Next, we choose in
expression (5.8) a summand F,,. Due to condition 1 from Theorem 2, F.,, # 0. Since
i + B is maximal, F,, cannot contract with any summand in (5.8), a contradiction.

This completes the proof of Theorem 2.

REMARK 2. The solution F, has the following property. Its support is the set M,
of type (5.7). If one represents these functions as a sum of series and takes sum-
mands with the support v+ B, then they obtain F,. This solution in some natural
sense is the simplest of the A-GKZ system that is generated by the solutions F, of
system GKZ.

§ 6. The Gelfand—Kapranov—Zelevinsky base

Consider functions F.,(z) corresponding to shift vectors obtained in the following
manner. Consider the set of all possible Gelfand—Tsetlin diagrams for an irreducible
finite dimensional representation of gl,,, construct the corresponding shifted lattices
and take the corresponding shift vectors ~. Instead of the variables zx, let us sub-
stitute into these functions the determinants ax. The resulting function is denoted
by F,(a).

PROPOSITION 2. The functions F-(a) belong to the representations with the
highest vector (2.4).

PROOF. In the book [8], it is proved that a function on the group belongs to the
representation with the highest vector (2.4) if and only if the following conditions
hold.

1. L™ f(a) = 0, where L~ is left infinitesimal shift by negative root element. Such
a shift acts onto row indices of a determinant. If one writes its action explicitly,
one sees that this conditions always holds for a function of type f(ax).

2.L;;f(a) =m;f(a),i=1,2,...,n, where the operators L, ; are left infinitesimal
shifts by the elements E; ;.

3. (LH)%#*1f(a) = 0,7 =2,3,...,n. The operators L are left infinitesimal shifts
by positive simple root elements, that is by elements F;_q ;, and ¢; = m;—1 —m;.

Conditions 2 and 3 for a polynomial in determinants mean that in each monomial
the sum of exponents of determinants of order ¢ equals m; — m;_1. This condi-
tions hold for a function F(a) corresponding to the shift vectors described above.
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Thus, it belongs to the representation with the highest vector (2.4). This proves
Proposition 2.

Let us show that these functions form a base that we call the Gelfand-Kapranov—
Zelevinsky base. Let us also find its relation to the Gelfand—Tsetlin base.

6.1. The proof of the fact that the functions F,(a) form a base in
a representation. In the representation with the highest vector (2.4), there are
vectors F(a) indexed by the Gelfand-Tsetlin diagram. To prove that they form
a base, it is sufficient to prove that they are linearly independent. If the variables ax
were independent, then the proof of the linear independence of the functions F, (a)
would be very simple. The problem is that the determinants ax satisfy the Pliicker
relations (these are all relations between determinants of a square matrix, see [15]).

The strategy to overcome this difficulty is the following. We define a “canonical
form” of F,(a) with respect to the Pliicker relations. Using this “canonical form”,
we derive that the linear span of the functions ¥, (a) is a representation. Using the
irreducibility property, we conclude that F,(a) form a base in the representation
with the highest vector (2.4).

To realize this strategy, one notes the following. With a base vector

Ui,j,z,X = ("'7]‘ZiX7'"7_]‘ZjX7"'7_]'Zi:cX7"'7]‘ijX"")

one associates a Pliicker relation of the following type:

1,16, X 00, i—igyw, X~ 01,.i—1,5,X A1, i—iyi,e, X 01, i—1,2,X 01, i—i,i,5,X = 0.
(6.1)
Denote an ideal generated by these relations as IP (we do not discuss the question
whether it coincides with the ideal Pl, generated by all Pliicker relations).
Instead of the determinants ax, consider independent variables Ax (we also
write A for the set of all variables Ax). We also introduce the following notation.
Consider the polynomial in variables Ax

F(A)=> cgA™,  cs€C,
8

where (3 is some index enumerating monomials of this polynomial, ug is a vector
of exponents of the corresponding monomial and A*# is a multi-index notation for
a monomial. With the polynomial we associate the differential operator obtained
by the substitution Ay +— d/dAx:

f < => 4\ €C
dA _Bcﬁ da) - s
Hence
f(a) =0 modIP

if and only if the differential operator f(d/dA) acts as zero on the space of solutions
of the A-GKZ system.
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We denote this action by
f(A) ~ F(A) := f((icf4)F<A) (6.2)

Since one has the base F,(A) in the space of solutions of the A-GKZ system, the
following result holds.

LEMMA 4. f(a) =0 modIP if and only if

H(5) ~r o

Note that in the above formula the equality to zero is assumed in the ordinary
sense, not mod IP. Let us find an explicit formula for the action F5(A) ~ F,(A).
First of all, the following relation between binomial coefficients takes place.

PROPOSITION 3 (see [16]).

N\ N\ /Ny —1
(3)- .2 (05
N=N1+Nz
COROLLARY 1.

( ti +1; - Z l; —1 t; — 8; + ' (63)

8i€L>0

Now let us prove the following result.

LEMMA 5.
d (_1)5 s
a(dA)Fw(A): > (Do (), (6.4)
SEZ’;O
where J5, (1) is the result of substitution of 1 instead of all arguments. And

Yy+vi=y+, Va-
PRrROOF. Write: (/) N
d d/dA)T T
7 <dA> =2 (y+ i)
lezk ’

Find an action of the operator (d/dA)Y*!” onto the summand JZ(A) from F,,. Using
rule (5.4), this gives

d y+lv
(d/l) Jgfpr(A) = Juljf'yfprflv(A)'

. . D
Now consider in detail wa'yfprflv

(0)-1()

(A). Let us use a notation
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We have
1 , (T:P)Aw—v—pr—lv-i-Tv (t+;+P)Aw—"/—P7‘+tU
Zj‘]w—v—pr—lv(A) - Z (w—y—pr—lv+T1v) (W—v—pr+t)
’ TELk ' teLk .

Let us apply equality (6.3). Since

(t+p75)Aw—'y—sr+tv 1
Z S = J{Z:iffp’l’(A)’
5 w=y—prtto)l  (p—s)
we have
1 l+s—1 1 _
7‘]£— —(p—s)r— ’L)(A) = < )Jﬁ—s— —s ’I”(A)’
p' v—(p—s) l SGZZ); s—1 (p_s)' v—(p—s)
where

k
l+s—1 li+s; —1
()=

Now take the expression for (d/dA)Y*+(1/p!)J?
take a sum over p, then we obtain that

(&) =3 ()R oo

k
36220

A), multiply it by (—1)P and

w— pr(

Summing over [, we have

d (l—i—{-s) s
./_‘;/ (M)Fw(A) = SEEZ; (El: M)Fwésr(A) ’ (_1)
= ) J$+v( ) w—0— sr(A)a
SGZ;O

proving Lemma 5.
Thus, we arrive at the following result.

LEMMA 6.
Z 5l A" mod IP. (6.5)

Note that when one adds the vector r* to a shift vector, then to some row of the
Gelfand—Tsetlin diagrams the vector [0,...,—1,...,1,...,0] is added.

Now using these results, we prove that the functions F,(ay) for the chosen v
form the base in the representation.

Let us write £; ; as the differential operator

0
L ;= E @i X 5o
X 7,X
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where the summation is taken over the subsets X C {1,...,n} that do not contain
7 and j.
Hence
EijFy(a) =Y aixFye,; (a). (6.6)
X

An application of (6.5) shows that
Ei,j]-'v(a) = Z ZCX,S]:’Yfej,XJrei,x+ST(a)7 CX,s c C. (67)
X s

So, it is proved that the span of all F, is a representation of the algebra gl,.
This representation is generated by vectors indexed by the Gelfand—Tsetlin diagrams
and it is contained in the representation with the highest vector (2.4). Using the
arguments of irreducibility and dimension, one get the following result.

THEOREM 3. Consider the set of all Gelfand-Tsetlin diagrams (m; ;) for an irre-
ducible finite dimensional representation of gl,,, construct a shifted lattice for each
diagram. For each shifted lattice fix a presentation in the form v 4+ B and take
the corresponding shift vectors ~. Then the functions F,(a) form a base in the
representation with the highest vector (2.4).

Or, equivalently, the functions F,(A) of the independent variables A form a base
in the representations mod IP.

6.2. A triangular relation between the Gelfand—Tsetlin and the Gel-
fand-Kapranov—Zelevinsky bases. We write G, (a) for the function associated
with the Gelfand-Tsetlin base vector corresponding to a diagram (m; ;), for which
there corresponds a shift vector y (see Theorem 3).

The following result is a consequence of (6.7).

THEOREM 4. The Gelfand-Kapranov—Zelevinsky base F.(a) is related to the
Gelfand-Tsetlin base G(a) by a transformation upper-triangular with respect to
the order (5.5).

Proor. We take the Gelfand-Tsetlin diagram = 7, consider a function G,
corresponding to the diagram (m; ;), and consider a function F,, also corresponding
to this diagram.

Let us proceed with the following constructions.

The first step is as follows. The number m; 2 — m 1 is the maximal power of
the operator Fj 2, which, being applied to F,,, does not give zero. This follows
from (2.3). The same is true for the function G,,, this follows from the formu-
las for the action of the generators in the Gelfand—Tsetlin base. An application
of E{'3* ™" to F,, and G,,, gives the functions, which we denote by F,, and G.,.
They correspond to the diagram o obtained form ~; by the change

my 1 — my 2.

Now describe the kth step of the construction. We are given a diagram ~yj_1,
which is maximal with respect to gl,,_;. Note that m; j; —m ,—1 is the maximal
power of Ej j, which, being applied to F,, , or G,,_,, gives non-zero functions.
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The reason is the same as above. As a result of these actions, we get the functions
Fre_11s Gy 1» corresponding to a diagram ~y,_11, which is obtained from ;1

by the change
mig—1+r>Mik, ..., M11t> Mg

Note that msgj — mg 1 is the maximal power of Ejj, which, being applied

to Fy,_,, or G,,_, ,, gives non-zero functions. As a result, we get the functions
Frnio G,kal,2 corresponding to the diagram ~;_12 obtained from ~;_1 1 by the
change

mak—1+> M2k, ..., M22t> Mok

and so on. After k— 1 such transformations, we get a gl,-highest diagram ~v;,_1 1,
which we denote by ~;. This concludes the kth step.

Finally, we get a gl,,_;-highest vector for which (see [2]) the GKZ vector coincides
with the Gelfand—Tsetlins’s vector, and so

My —1,n—2"Mp—-2,n-2 mi,2—M1,1 o pMn—1,n—2"Mn_-2n-2 mM1,2—M1,1
En—2,n—1 i E1,2 ]:’Y - “n—-2n-1 T E1,2 G’Y'
(6.8)

Now let us “remove” operators in the left- and right-hand sides of (6.8). Let us

My — —1— My — — .
remove the operator E, "5 2" 7" ""7*"? 1In the above notation, we have
,

‘7:'Yn—2,n—1 = G’Yn—2,n—1 + fv

where, for f, the following is true.

1. This vector is gl,,_o-highest with the same highest weight as F, _, _, and
G’Yn72,n71 .
2. It has the same weight as F,
8. B, T =0,
From these facts one concludes that f is a sum of gl,,_,-highest vectors cor-
responding to the Gelfand—Tsetlin diagrams such that for them the rows n and
n — 2 coincide with the rows of the diagram corresponding to the shift vector
Yn—2,n—1, and the row (n — 1) is obtained from the row of the diagram corre-
sponding to v,_2 ,—1 by adding vectors of type (...,—1,...,+1). But adding such
vectors to the row of a diagram is equivalent to the addition of the vectors r; to
the shift vector corresponding to the diagram. That is, f is a sum of functions of

and G

n—2,n—1 Yn—2,n—1"

type G, _,,_,+sr, Where sr:= 5171 + -+ + 551, for some s € Z’;O.
o My —3,n—1—Mn—3 n—2 M1 2—mi, 1 . .
We have G, ,, , = E, "1, T ~, since the diagram

corresponding to 7y, _2 1 + sr differs from that corresponding to v,_2,-1 only in
the row n — 1. Hence

_ Mp—-3,n—1"Mn—-3,n-2 mi2—m11
G"/n—z,n—lJrST - Enfl,nfii s E2,1 G’Y+ST'

So, removing the operator E;”fg’f{ﬁf_m"”’”’z in (6.8), we find that

Emnf?,,n—l_mnfB,an Em1,2_m1,1
n—3,n—1 1,2 vy

= Byt T Ry (G7 + ) const; - G%m), (6.9)

J
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where s/ € Z’;O, and the addition of s/ to the shift vector corresponds to the
change of the row (n — 1). Continuing this process, one comes to the conclusion
that F., is expressed through G, by an upper-triangular transformation. Hence F,
is also related to Gy by an upper-triangular transformation. Theorem 4 is proved.

REMARK 3. It is known that the function G corresponding to a Gelfand-Tset-
lin diagram can be obtained from the highest vector by an application of lowering
operators to the highest vector vy (see [8]):

1

n
mi—m K
I IT v

i=k—

The vectors of the Gelfand-Kapranov—Zelevinsky base can be obtained in the
same manner, but one needs to use the following lowering operators:

=~ 0
Vii=a1,. i1k —.
Pt Lot L 0an,.. i—ii

In a certain sense, %k,i is a simplification of the operators Vy; (see the formula
for Vi, ; in [8]).

§ 7. A function corresponding to a diagram

In the case n > 4, the functions F,(a) are not the Gelfand-Tsetlin vectors.
To find a function which is a Gelfand—Tsetlin vector, let us consider irreducible
solutions F(a).

Let us prove the following result.

LEMMA 7. Consider shift vectors y corresponding to all possible Gelfand—Tsetlin
diagrams of an irreducible finite-dimensional representation of gl,,. Then the func-
tions Fy(A) of independent variables Ax form a base in the representation of the
algebra gl,, with the highest vector (2.4) (in which we change ax +— Ax). The gen-
erators of the algebra act by the rule (6.6).

In other words, the functions F,(A) span a representation even without usage of
relations between determinants.

PrROOF OF LEMMA 7. Consider the ideal Pl of all relations between the deter-
minants ax. It is an ideal in the ring of polynomials in independent variables Ax.
The action of F; ; preserves this ideal. Note that IP C Pl

To every polynomial in variables Ay, there corresponds a differential operator
obtained by the substitution Ax — d/dAx. To the ideals IP C Pl in the polynomial
ring there correspond ideals Dip C Dp) in the ring of differential operators with
constant coefficients.

Consider the spaces Solp,, and Solp,, of polynomial solutions for these ideals
that is the spaces of functions that are annihilated by all operators from the corre-
sponding ideal. We have the inclusion

Solp,, D Solpg,-
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The action of E; ; preserves the ideal Pl, and hence the space Solp,, is invariant
under the action of gl,,.
Consider the highest weight [m, ..., m,], and take the finite-dimensional linear
spaces
Solgllp’“"m" D Sol’gél‘“"m" (7.1)

of solutions such that the sums of exponents for Ax, such that |X| = i, equals
m; —m;—1. Let us do the following observations.

1. Since the action of Ej ; preserves these sums of exponents, the space on the
right of (7.1) is invariant under the action of E; ;.

2. Both spaces in (7.1) contain a monomial (2.4) (in which one changes ax — Ax).
Indeed, consider any basic Pliicker relation (in particular, relation (6.1)). Every
summand in the basic Pliicker relation does not contain two variables from (2.4).
Transforming the relations to differential operators, we see that each summand in
these operators annihilates (2.4).

As a corollary of the above properties 1, 2, we see that the space on the right
of (7.1) contains an irreducible representation with the highest weight [my, ..., m,].
Hence its dimension is greater or equal than that of this representation.

3. Due to Theorem 2, there exists a base of type {F,,(A)} in Soly>™", where
the vectors 7, form a maximal subset of vectors in the set of all vectors v € ZV
that considered mod B such that:

1) all the coordinates become non-zero after an addition of a vector from B,

2) Dox. x|=i VX = My = M1

The number of vectors 7, is equal to that of independent mod B solutions of
the system from Definition 4 that are constructed from all possible Gelfand—Tsetlin
diagrams (m; ;) with a fixed upper row [mq,...,m,].

Hence the dimension Sol}"*"™" equals to that of the irreducible representation
with highest weight [mq,...,my]. Also one sees that the basic v, are the shift
vectors corresponding to all possible Gelfand-Tsetlin diagrams as it is stated in the
formulation of the lemma.

Using the conclusion from properties 1, 2 and the conclusion from property 3, we
find that the dimension of the space on the right of (7.1) is not smaller than that
on the left of (7.1). So, we have

mi,...,;Mn __ mi,...,Mnp
Solp = Solp. .

As it was pointed in property 3, the span of functions (F,(A)) listed in the
formulation is the space Solrg;'“’m” This is a representation of the algebra gl,,

since such a property has Sol; ™. Also (F,(A)) contains (2.4), it has the same
dimension as the irreducible representation generated by (2.4). Hence (F,(A))
coincides with this representation. Lemma 7 is proved.

As a corollary, we find that functions on the group F,(a) also form a representa-
tion. It contains the highest vector (2.4). Hence if taking shift vectors corresponding
to different Gelfand-Tsetlin diagrams, we get functions F(a) that form a base in
a representation. Due to Theorem 3, the bases F)(a) and F,(a) are related by
an invertible linear transformation mod IP.
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Below we prove that the base F,(a) is related to the Gelfand-Tsetlin base by
a low-triangular transformation relative to the order (5.5).

To prove this fact and to find this transformation explicitly, we use an invariant
scalar product. The Gelfand—Tsetlin base is orthogonal relative to this scalar prod-
uct. Thus, the transformation from the base F,(a) to the Gelfand-Tsetlin base is
a lower-triangular transformation that diagonalizes the quadratic form of the scalar
product.

7.1. An invariant scalar product in the functional representation. On
a finite dimensional irreducible representation of GL,, there exists a unique (up to
multiplication by a constant) hermitian product {-,-} invariant under the action
of U,. This product defines an invariant C-bilinear scalar product (z,y) := {z,7}.
The invariance of {-,-} with respect to the action of the group U, C GL,(C)
means that the following equality for the C-bilinear scalar product takes place:

(Eijv,w) = (v, Ejw). (7.2)

Thus, on an irreducible finite dimensional representation of GL,,, there exists
a unique invariant C-bilinear scalar product for which (7.2) holds. Let us find it in
terms of functional realization.

Consider, firstly, the space V' spanned by independent variables A,, p =1,...,n,
onto which the algebra gl,, acts by the rule

EijAp = 0;pA,

where 0, ;, is the Kronecker delta.
Consider the C-bilinear scalar product ()

<Apa Aq> = Op,q-
We claim that this product it is invariant. Indeed,
(Ei;Ap, Aq> = 0j,p0i,q; (Ap, EjiAg) = 6i,q0p,j;

proving the claim.

Now consider the following construction. Let V be a space of representation
of gl,, with an invariant scalar product (,). Then on V®" there exists an invariant
scalar product given by the rule

<vi1 - ® Vi, s Wiy Q- Q wjn> = <Ui17wj1> e <Uin7wjn>'
There exists a projection
7 VO — Sym™(V),

which is agreed with the action of gl,. It has the right inverse

_ 1
T 1: Sym"(V) N V®n’ Vi, U, E E Uia(l) & ® Uio'(n) .
T o0€S,
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It agrees with the action of gl,,. Thus, we have an invariant scalar product given
by the rule

(Vi =+ Vi wyy g, ) = gy ), T (wg, - wg). (7.3)

Let us return to the space V spanned by the variables A,, and apply to it the
rule (7.3). As a result, we find that the monomials A7 (the multi-index notation is
used) are orthogonal. The scalar product is

(A7, A7) =~ where (y1,...,7w)!=m! -],

s (7.4)
(A7, A%y =0 for ~#4.
Note that the scalar product (7.4) can be written as
(A, A%) = A" ~ A%, (7.5)
where
At = (L)
: T .

Let us construct an invariant scalar product on the space of functions on the
group GL,, that form an irreducible finite dimensional representation. The functions
are written as expressions depending on determinants. The difficulty is that the
determinants are not independent variables (they obey the Pliicker relations).

To overcome this difficulty note that V' = span(F,(a)) = span(F,(a)), where v
are all possible Gelfand-Tsetlin diagrams for one representation. Both F,(a) and
F,(a) are bases.

It is enough to define a scalar product between base vectors. We put

(F, (a), F5(a)) = (F,(A), Fs(A)) = F, ~ Fs (7.6)

’A:O'

PROPOSITION 4. Formula (7.6) defines an invariant scalar product in the repre-
sentation with highest vector (2.4).

PRrROOF. This definition is correct since the functions F, (A) of independent vari-
ables A span a representation (without usage of equivalence modIP). Since (,) is
invariant, the scalar product thus obtained is invariant. This proves Proposition .

7.2. A relation between the base F,(a) and the Gelfand-Tsetlin base.
Note that in general (Fy(a), Fs(a)) # (Fy(a), Fs(a)) = Fy ~ .7:5|A=0. To find
(Fu(a), Fs(a)), we have to express F,(A), Fs(A) via F,(A) modulo IP.

PROPOSITION 5. (pl, F5) = 0, where pl € IP.

PROOF. We have (pl, F5) = pl ~ F5’A:0. But the generators of the ideal IP act
onto Fj as zero (since Fj is a solution of A-GKZ). This proves Proposition 5.

So, we have
(Fy(a), Fs(a)) = (F5(a), Fs(a))-
Earlier the order (5.5) on the sets v + B was defined. One can consider the

order (5.5) being defined on the shift vectors.
Let us prove the following result.
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0 if 0 <7,
PROPOSITION 6. (F(a), Fs(a)) = ¢ (—1)*

" J¥A) ifd+tur=v,ue Z’;O.
Proor. We have to evaluate F, F‘S’A:o' In order to obtain a non-zero
result among the summands in F, ~ Fjs, a constant must occur. Since mod B,
we have supp F, = v, and supp F; = Usez’;o(’y — sr), the result is non-zero if
0 + ur =y mod B.
Let 6 +ur = . In this case, the constant that appears under the action F, ~ Fj
equals

u! (6 + to)! !

S DD ) (D g,
teZF

This proves Proposition 6.

COROLLARY 2. The base F,(a) is related to the Gelfand-Tsetlin base by a lower-
triangular transformation.

ProOOF. On the one hand, the base F, is related to the Gelfand-Tsetlin base
vectors by an upper-triangular transformation. On the other hand, the scalar prod-
uct (F,(a), F5(a)) is non-zero only in the case 6 < . Since the Gelfand-Tsetlin
base is orthogonal, the claim follows.

7.3. The scalar products of functions F,(a). Let us find the scalar product
(Fy, F,) = (F,, F,). Considering the supports of functions, one concludes that this
scalar product is non-zero in the case v = § + 17 mod B, w = 6 + lor mod B,
li,ls € Z’;O.

Also by considering the supports and using the expression £, ~ F(;’ Ay one
concludes that (Fsiy, -, Fst1,r), 11,02 € Z’;O, equals

i D) u )+ ut D)
Z (_1)1 +1 (5_m~+tv)'(u+ll)'(“+lz)'

k
u€Z>0

for which min(ly,l2) = {min(l¢, %)} = 0. Consider the functions

. t+1) -t utl)(E+ 1) (t+u+l)
Ju+l17u+l2 A) = ( A6+w. 7.7
0 (4) tgzk (04 to)! (u+ 1) (u+1)! (7.7)
We also introduce the functions
(_1)l1+lzjgjl1§u+lz (A)
Fhal(ay .= ur . .
D Dl RN I OEN A ] (78)

k
uGZ>O

We have
(Fsiirr Fsyipr) = Fi2(1),

where it is suggested that min(l,ls) = 0.
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7.4. A function corresponding to a Gelfand—Tsetlin vector.

DEFINITION 6. Let §p be a shift vector which is a minimal element with respect
to the order (5.5).

We can suppose that the vector corresponding to an arbitrary shift vector is
written as follows:

0o + mr, m € Z’;O.

This suggestion implies that the scalar product (Fj, F,,) is non-zero only if the
following relation takes place: v =6 + 17, w = + lor, [, 15 € Z’;O. In contrast to
the previous section, this relation for v and w holds exactly, rather than mod B.

Consider the bilinear form corresponding to the scalar product in the base F:

q="_ xyus(Fs, F),
5y

the summation is taken over all chosen shift vectors.

Let us write explicitly the low-triangular change of coordinates that diagonalizes
this quadratic form. Fix an arbitrary ¢ and consider the space span(F,, v =< 0).
Then the summands ¢, that contain x5, are written as follows:

l
q= F(?’Oxg + Z 2F6£)lr(1)l’§_lrx5 + e
1€zt 170

An application of the Lagrange algorithm shows that the diagonalizing change
of variables looks as follows:

ts= Y Fl(Dasi (7.9)
leZ’;O

Since § is arbitrary, one comes to the following conclusion. Let G be a function
that corresponds to a Gelfand—Tsetlin diagram (corresponding to the shift vector §).
We have an expression of the diagonalizing variables though the initial variables.
So, we have an expression of Fj via Gs.

THEOREM 5.

Fs(A)= )" Ch-Gs_in(A),

lezk,
(-D!t+1) - E+ut+D)E+1) - (t+u)
Ch=F1)= > (7.10)
—ir _ ! 1l
- (6= (T +u)r+to) (u+1)ul
The inverse of (7.10) is given in the following theorem.
THEOREM 6.
Gs(A) = > Sk Fs_in(A),
1€zt
1 Cl
S = Sk = 9 1#0. (7.11)

0’ T 00 0
05 Cécé—lr
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REMARK 4. Unfortunately, we do not know how one shows that from (7.11) in
the case n = 3 it follows that G, = F,, modulo the Pliicker relations. Mention that
the case n = 3 is very specific. For example, using the formula (65) from [3], it is
possible to construct another base in the space of solutions of the A-GKZ system:

I Y3 V1,2
F,(a) = ad’a] 5 E consty - (ar1az3 — azay3)° Fy_sp+ (a).
s€ZLxo

This base does not have an analogue in the case n > 3. Using it instead of Fj,
one can conclude that, in the case n = 3, G, = F, modulo the Pliicker relations.

7.5. The coefficients in the Theorems 5, 6. Formulas (7.10), (7.11) involve
the expressions ¢ = Féflr(l). This expression is defined as a sum of a series
(actually the sum is finite). In this section, we consider this series in detail.

7.5.1. An expression for J uthjutls (A). First of all, let us show that the function
JuHhut (4) can be expressed through simpler functions JY.

Consider the expression ¢*” := (t +1)---(t +a)(t +1)--- (t + b) and represent
it as a linear combination of the expressions ¢f := (t + 1) --- (¢t + ¢). We have the
equality

a+b

= E kecs.
c=0

Let us find coefficients k. in this equality. We use the operator O defined by
Ocy :=c¢; — ¢,
and the operator of substitution ’ ,—_,- Let us use the rules

b 1b b—1 —1,b—1
Ot =a-¢f " +b- " " —ab-¢f” ",

c—1
Ocf =c-ci .

Note that c?’b’t:_l # 0 only if @ = b = 0 and ¢ O‘
c§|t:71 # 0 only if ¢ =0 and c?|t:71 =

Using these facts, we find that Opc?’b|t=_17é0 under the condition max(a,b) <
,__, = albl(=1)*™*"7. On the other hand,
Ol’cﬂt:_1 # 0 for ¢ = p, under the condition O°cf = c!. Hence

., = 1, analogously,

p < a+b, and in this case OPc"’

_ a! b (—1yw+b—e.

¢ c!

Applying this relation to the function J"Jrl1 w2 4) defined by (7.7) we obtain

I)! I9)!
J§L+ll,u+l2 (A) _ Z (u + 1) (u + 2) (71)2u+lz+l27c<]§(A),

c!
C

where max(l1,ls) <c<2u+1; +ls.
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For the functions Fél’lz (A) defined by (7.8), we have

Fél)h (A) _ Z Z (_1)0J§(A)

c!
weZl | utmax(ly,l2)<e<2utli+12

Consider the scalar product (Fj, Fs) = F0 0(1). Tt is written as a sum of values
at A = 1 of the following functions:

0| J5 (A)
. 1
11 J(Sa'r“ (A)7 91 Jz?—ro‘ (A)7
e e 1 e
3 J? 3 (4), 3 Jé” e (4), 11 T5ire (A).

Here, the index is fixed «, and so we need to consider the shift for all indices
a=1,..., k.

Consider the scalar product (Fs, Fs_,, ) = F;j;fi(l). It is presented as a sum of
values at A =1 of the following functions:

J6 ro (A)a
1 cn 1 -
5 g—Qr“ (A)’ _g §—2r°‘ (A)V
g J(?e%r“ (A)7 mn Jz;le%r‘* (A) 5 J(?e(ér‘l (A) .
So, we have
Jl+u+s (A)
1,0 l+u O—(l+u)r
i Z Z (I+u+s)!’ (7.12)

ueZ’“ 0<s<u

7.5.2. A relation to the Horn functions. The functions J5(A) have the following
description on the language of the Horn functions. Let ¢ € C*. Then

H(Q) =) et)', et eC,
tezr
is called the Horn series if ¢(t+e,)/c(t) is a rational function of ¢, in other words, if
c(t +eq)  Palt) o
() Qa(t)’ o
where P,, Q), are polynomials (see [14], [9]).
With a I'-series F.,(A) one associates the following Horn series. Let us write

A® AV Tty (Av)t
A = _— = PY
F5(4) Z ! Z (v + tv)! Z (v +tivr + -+ tgopN)!

r=y+t1v1+Ftp vk

Ct
= A7 zt: Gy~ A
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where
CIZAU17 teey Ck:AUN-
Then
(t+1)---(t4s)ATT0 (t+1)--(t+s)C"
Xt: 7+tv) _AWZ (v + to)!
d S
() o)

So, we have

l+u d
F Z Z l+i)+ S) <d<) (Cl+u+SH5 (l+u)r ))‘C=1' (713)

qu

REMARK 5. In (7.13), Fl_, (1) is represented as a value at 1 of a sum of the
derivatives of a Horn function. It is also worth noting that such an expression is
also a Horn function. Thus, F}_, (1) is a value at 1 of a function of hypergeometric
type, that is, this is a hypergeometric constant.
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