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tional parts ∑n6x{ne}.A. V. Shutov (Vladimir)In the paper we prove unimproval in order of magnitude estimates for theremainder term in asymptoti
 formula for the sum ∑

n6x{ne}.Ïóñòü α � èððàöèîíàëüíîå ÷èñëî è {·} � äðîáíàÿ äîëÿ. �àññìîòðèì ñóììó
Cα(x) =

∑

n6x

(
{nα} − 1

2

)
. (1)Îöåíêàì ñóììû (1) ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî ðàáîò. Â ÷àñòíîñòè,Èëüÿñîâ è Íóãàåâà [1℄ â ñâîåì äîêëàäå íà VII ìåæäóíàðîäíîé êîí�åðåíöèè"Àëãåáðà è òåîðèÿ ÷èñåë: ñîâðåìåííûå ïðîáëåìû è ïðèëîæåíèÿ", ïîñâÿùåí-íîé ïàìÿòè ïðî�åññîðà Àíàòîëèÿ Àëåêñååâè÷à Êàðàöóáû ðàññìîòðåëè ñëó÷àé

α = e, ãäå e � îñíîâàíèå íàòóðàëüíûõ ëîãàðè�ìîâ. Èìè áûëà ïîëó÷åíà îöåíêà
Ce(x) = O(ln4 x).Öåëü äàííîé ðàáîòû � äîêàçàòü íåóëó÷øàåìûå ïî ïîðÿäêó îöåíêè äëÿ Ce(x).Òåîðåìà 1. Ñïðàâåäëèâà îöåíêà

Ce(x) = O

((
ln x

ln ln x

)2
)
. (2)1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ, ãðàíò N 08-01-00326.
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max
16n6x

Ce(n) > c ·
(

ln x

ln ln x

)2 (3)ñ íåêîòîðîé àáñîëþòíîé êîíñòàíòîé c.Ïóñòü qn(α) � n-îå íåïîëíîå ÷àñòíîå ðàçëîæåíèÿ α â öåïíóþ äðîáü, Pn(α)
Qn(α)

�
n-íàÿ ïîäõîäÿùàÿ äðîáü ê α. Â ðàáîòå [2℄ áûëî äîêàçàíî, ÷òî
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32

∑

16j6t

(qj(α)− 1) < max
0<n<Qt(α)

Cα(n) <
1

2

∑

16j6t

qj(α). (4)Õîðîøî èçâåñòíî, ÷òî ðàçëîæåíèå ÷èñëà e â öåïíóþ äðîáü èìååò âèä
e = [2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, ...].Äëÿ t > 2 èìååì

Qn(e) = qn(e)Qn−1(e) +Qn−2(e) > qn(e)Qn−1(e).Îòñþäà, ïî èíäóêöèè èìååì
Qn(e) > c1

n∏

i=1

qi(e) > c2

[n
3
]∏

i=1

2i > c32
[n
3
]
([n

3

]
!
)
,ãäå êâàäðàòíûå ñêîáêè îáîçíà÷àþò öåëóþ ÷àñòü ÷èñëà. Îáîçíà÷èì ïîñëåäíþþâåëè÷èíó ÷åðåç Q′

n. Òîãäà, ó÷èòûâàÿ ÷òî ∑t
i=1 qi(e) 6 43t

2, èç (4) íàõîäèì, ÷òî
Ce(n) < c5t

2äëÿ âñåõ n 6 Q′
t.Ïóñòü t0(n) = min{t : Q′

t > n}. Òîãäà
Ce(n) 6 c5t

2
0(n). (5)Äàëåå, èñïîëüçóÿ �îðìóëó Ñòèðëèíãà äëÿ n! ïîëó÷àåì, ÷òî
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.Ëîãàðè�ìèðóÿ, îòñþäà è èç îïðåäåëåíèÿ t0(n) ïîñëå ïðåîáðàçîâàíèé ïîëó÷àåì
c8t0(n) ln t0(n) 6 lnn 6 c9t0(n) ln t0(n).Ó÷èòûâàÿ, ÷òî îáðàòíàÿ �óíêöèÿ äëÿ x ln x ðàâíà x

lnx
(1 + o(1)), èìååì
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Î ÑÓÌÌÅ Ä�ÎÁÍÛÕ ÄÎËÅÉ ∑n6x{ne} 265îòêóäà, ñ ó÷åòîì (5), ïîëó÷àåì óòâåðæäåíèå òåîðåìû 1.Äëÿ äîêàçàòåëüñòâà òåîðåìû 2 çàìåòèì, ÷òî åñëè qi(α) 6 qi(β) äëÿ âñåõ i, òîè Qi(α) 6 Qi(β) äëÿ âñåõ i.Âûáåðåì η = [2; 3, 4, 5, 6, ...]. Òîãäà Q′′
i = Qi(η) > Qi(e) äëÿ âñåõ i. Çàìå÷àÿ,÷òî ∑t

i=1 qi(e) > c12t
2 èç ïðàâîé ÷àñòè íåðàâåíñòâà (4) ïîëó÷àåì

max
0<n<Q′′

t

Ce(n) > c13t
2.Äàëåå, äëÿ t > 2 èìååì

Q′′
t = qt(η)Q

′′
t−1 +Q′′

t−2 = (t + 2)Q′′
t−1 +Q′′

t−2 6 (t + 3)Q′′
t−1.Èñïîëüçóÿ èíäóêöèþ, íàõîäèì

Q′′
t 6 (t+ 3)!.Ïóñòü òåïåðü t1(n) = min{t : (t+ 3)! > n}. Òîãäà

max
16n6x

Ce(n) > c14t
2
1(x).Äàëåå, âíîâü èñïîëüçóÿ �îðìóëó Ñòèðëèíãà, ïîëó÷àåì

t1(n) > c15
lnn

ln lnn
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