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OLIEHKUA HHHEﬂHbIUX ®OPM 11 MHOT'OYJIEHOB OT
COBOKVYIIHOCTEN ITOJIMAJINYECKUX YNCEJI

B. I'. Ynpcknii (1. Mocksa)

Annorarus

B pabore mosrydeHb! ONeHKH CHI3Y IOJIHAIAIeCKOro paccrogaus or O s
JIMHEHHBIX POPM W MHOTOUJIEHOB C IEIBIMU KOI(MMUIMEHTAMA OT HEKOTOPHIX
COBOKYITHOCTEM TOJTUAQTUIECKIX YHCET.

ESTIMATES OF LINEAR FORMS AND POLYNOMIALS
IN POLYADIC NUMBERS

V. G. Chirskii(Moscow)
Abstract

The paper presents estimates from below of the polyadic distance from zero for
linear forms and polynomials with integer coefficients in certain polyadic numbers.

Ha xosblie Z 1esbIX 9ucesl MOYKHO BBECTH TOMOJIONHIO T, PACCMAaTPUBAsl MHO-
JKeCTBO HMJ1easioB (1 )B KadecTBe MOJHOI CHCTeMBI OKPECTHOCTEH HYJ/Is ajInTHBHOI
IPYIIBI IeTbIX duces1. [Ipu 9ToM omepanuu c1oKeHns u yMHOKEHNsT HelPePhIBHBI I
KOJIBIIO TEJIBIX YHCe/I C BBEJEHHON TOIOJIOTHeH MMeeT CTPYKTYPY TOIOJIOIHYeCKOro
koibra (em. [1], [2]). O6osmauus 310 KOIBIO Z,. Ha KoMbIe Z, MOXKHO BBECTH
merpuky (cm. [1], [3]), mosoxkus

p(z,y) = Z w» (1)

=1

e
0, ecan x = y(modm),
Om(7,y) = (2)
1, ecau z # y(modm).
BeckoneuHas moc/eI0BATeIbHOCTD L1, g, . . . MEJbIX THCE] HA3BIBAETCsI (DYHIAMEH-

TanbHoOll, ecanm ana moboro k € N cymecrsyer NV € N Takoe, uro J1a Beex
m,n > N cupaseyiuBo cpasHenue T, = ,(modk!).

Merpuueckoe npocTpancTBo Z, He sBjisgercd nojHbM. Hanpumep, nocsenoBa-
reabHocTh 11 11420 .. 114+ 2!+ ...+ nl, ... aigerca dpyHgamMenTaabHOR, HO He



130 B. I. YNPCKUN

nmMeer npejena B Z,. s dbyHIaMeHTaNIbHBIX mocaegoBarenbuocteil {zx} u {yx}
pacemorpum nocaegosareabnocru {zy + yrt, {Tr — ye}, {@k - yp}. Dru nocsemno-
BATEJIbHOCTU TaKKe sBJMIOTCd (pyHpaMenTaibubiMu. Takum oOpasoMm, ¢yHaMeH-
TaJIbHBIE TOC/IE0BATEIBHOCTH 3JIEMEHTOB U3 KOJbIA Z, 00pa3yloT KOJIbIIO.

BymeM Ha3bIBATD MOCJIEI0BATEIBHOCTD C1, Ca, - . . HYJIEBOIT IIOCJIEI0BATEIBHOCTHIO, €C-
au lim,, o ¢, = 0, TJe mpejiesT MOHUMAETCsT B CMBICJIe TOIOJOTUH KOJbIa Z, .

Hazosem dynmamenranbubie nocseposareabnoctu {rx} u {yx} sxBUBaIeHTHBI-
MH, €CJH UX PAa3sHOCTb {Ty — Y} fABJIAETCS HYJIEBOH MOCJEI0BATEIBHOCTHIO. JTO
CBONCTBO sIBJIsIeTCsT pehIeKCUBHBIM, CHMMETPUYHBIM U TPAH3UTUBHBIM, T.€. OIIpe/ie-
JIIET OTHOITEHNEe SKBUBAJIEHTHOCTH.

[Mosmamueckum 4ucaoM OyJeM Ha3blBATh KJACC IKBUBAJEHTHBIX (DYH/IAMEHTAJIb-
HBIX [0C/I€10BATEJIbHOCTEN u3 Z; .

JIerko MpoOBEpPHUTD, YTO €CJIU MOCTEI0BATELHOCT {X)} SKBUBAIEHTHA ITOCJIEI0-
BaTeabHOCTH {Ug}, a 1mocsenoBare bHOCTh {y} dxkBuBatentna {vg}, ro {zy + yr}
sxBuBaJieHTHA {Ur+ vk}, {Tr —yx} sxBuBasenTaa {ur—vy}, {Tr yr} SxBUBAIEHTHA
{ug - vi}. TlosTOMy Ha MHOZKECTBE HOJUAJIUIECKAX YUCEJ MOYKHO BBECTH ONEDPAIHH
CJIOZKEHHST U YMHOZKEHHSI, 9TO MO3BOJISIET TOBOPUTH O KOJIbIe & IEJIBIX MOTHaTHHe-
ckux unces. Bioxkenne konbia Z B & OCYIIECTBASETCS COMOCTABICHUEM 3JIEMEHTY
xr € Z xaacca ¢ QyHIaMEeHTaNbHBIX OC/Ie0BATEIbHOCTElH, IKBUBAJIEHTHBIX 10C/Ie-
JIOBATEJIBHOCTU T, T, T, . . ..

Tak Kak Z; - METPUIECKOE TPOCTPAHCTBO, €0 MOMOTHEHNe MPUBOIUT K TOTO-
siormaeckomy mpoctpancTsy .. Kogabno &, moxuo merpusoBarh. [lycts ¢t € &,
cocronut u3 mocjaenoBareabuocreir {rx}, a h € B, - mocaegoBaTeLHOCTEH {Y) ) -

Onpenenrnm

P n) = lim p(zy, ye), (3)

rie paccrostaue p(Ty, Yr) MEXKIY dJTeMeHTAMU T, Yi € Z, ONpPeJeSeHO PABEHCTBOM

(1).

DaeMeHTBl 0 € &B; EMET KAHOHHYECKOe IIPe/ICTaBIeHHe B BHIE PsIIa

[e.9]

a:Zan-n! (4)

n=1

e a, € {0,1,...,n}.

Kompno &, aBiagerca npsAMBIM IPOU3BeJeHIEM KOJIell Zjy, 10 BCeM IPOCTHIM THC-
JIaM p;, TIPA 3TOM P, @ CXOJUTCS B JIIOOOM Z,, . [leficTBUTeTBHO, CTeNIeHb, B KOTOPOii
LPOCTOE YUC/IO P BXOJAUT B PA3JIOKEHHE YuC/a n! Ha IPOCTbie MHOXKUTE/IU, PaBHA
”p‘j", rae S, - cymMma mudp B p - HIHOM pasJioxkenun unciaa n. CjemoBaTesbHO,
JUIsE JIIOOOTO p; TPU N — 00

lay, - nl|,, = 0,

9TO ABJSAETCH JOCTATOUHBIM YCIOBHEM CXOMUMOCTH psina (4) B Zy, .
OHO# 13 33729 TEOPUN TPAHCIEHIEHTHBIX YHCEJ ABJISETCS 3a/1a9a MOy YeHns
OIEHKW CHU3Y JJIs JIMHEHHBIX (DOPM W MHOTOUJIEHOB OT COBOKYITHOCTEil ducelr.
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PacemorpuM cOBOKYITHOCTD @ TOJIMAIUYECKHX UUCET A, . . . O, . OO03HAUNM
L(ﬁ) = h1a1 4+ ...+ hmam s (5)

viae hy, ..., hy € Z, H=max;—1 . _n|hil.
Yucio H HaswiBaroT BBICOTOl JnHeitHON dopmbr (5).

TrEOPEMA 1. Ilycmo cyuecmeyem wucro Hy makoe, umo das 110607 sunetinof
dopmo,  (5), Koapduuyenmu komopoti ydosaemeopsrom ycaosuro H > Hy, cyuwe-
cmeyem unmepsas (a(H),b(H)), 2de a(H) < b(H), a(H),b(H) - sospacmarouue
Pynryuu u cywecmsyem npocmoe wucao p, p € (a(H),b(H)) maxoe, wmo

L(@)], > p~®

npu wexomopom r(p, H) € N. Tozda cywecmeyrom nocaedosamenvrocmo wucen Hy,,
Hy, € N, nocaedosamesvrhocmsd npocmuir wuces Pr U NnocaedosamesvbHOCIb YUCE
rr = 1(pr, Hx) maxue, wmo onpedeaennoe paserncmeom (3) pacemosnue p(L(a),0)
ydosaemeopaem HEPABEHCMBY

p@mmn>§:%, (6)

meM

ede M = ;2 My, a mmooicecmso My, cocmoum us HAMYpaibholr wucen, Komopoie
deasmes xoma 6v, wa 00no u3 wuces pyt, 1= 1,..., k.

JIOKABATEJIBCTBO. Ilycre H > Hy. lonoxum Hy = H, v = 1, a auciao py
MMOJIO?KUM PaBHBIM TOMY HPOCTOMY YHUCJIY P, CYIIIECTBOBaHHE KOTOPOTO Tpedyercs B
ycsioBun Teopembl. [Ipemmonaras, aro s auciaa k > 2 yke BHIOpaHBI BCe YHC/IA
H;, v, p, | <k—1,Boibepem ancio v, € N tak, aro ansa Hy = v, H BbImOTHSIETCS
yCJIOBIE

b(Hy-1) < b(Hg). (7)
D1oro MOKHO J100uThCs, Tak Kak dyuxiuuu a(z) u b(x) BO3pacTaioT 110 yCJI0BUIO.
Paccmorpum smmneitnyio dopmy Li(a) = v, L(a). Ee Boicora pasua Hy = 7, Hy
yJIOBJIETBOpsieT HepasencTBy Hy > Hy.
[To yciosuio Teopemsl, B unrepsaie (a(Hy),b(Hy)) cymecTByer mpocToe Iucyio
Pk TAKoe, 4TO

| Lk (@) > 11 ™ (8)

upuueM, Beugay (7), 9MCJIO D OTJIMYHO Pi,...,Pk—1. Tak kak Li(a) = v L(a) u
v € N, u3 (8) ciuemyer HepaBeHCTBO

_ —ry
|L(@) | > Py
OTKY/la B BUJIy CJEJAHHBIX MPEAIOJI0KEHUN, Oy InM

L@, >p, "l =1,... k. 9)
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PaccmorpuMm Temeph mponsBeieHme

k
[In" (10)
1=1

u BeiGepem uucsio N € N Tak, urobel uncio Ni! nemwrocs wa wucio (10).
[Tpenmonoxkum, ato a; € &, UMeeT BHJ

(o)
a; = E ann!, a,; €{0,1,...,n}i=1,....n
n=1

n 0003HAYNM
Ni,

aiN, = E an,m!. (11)
n=1
BBujy CBOHCTB p - aJudyecKoro HOpMHUpPOBaHUs U HepaBeHcTB (9), ajis Beex | =
1,...,k BBIDOJIHSIETCS HEPABEHCTBO

L@ )l > 1" (12)

Kpowme toro u3 (11), (5) crenyer uro L(ay,) € Z.
Onenum onpenenentoe paperctBoM (1) paccrostaue p(L(ay, ), 0). 113 HepaBeHcTs
(12) cnemyer, uro L(ay,) He geaurcst HU HA OJHO U3 4ducen p,', i =1,... k.
[Tosromy u3 (2)caeayer, uro ecan m € N geaurtcst XoTsi ObI HA OJHO W3 YHCEJT
pi,i=1,...,k, 10
dm(L(an,),0) = 1.
3HaYNUT,
_ 1
p(L(aNk),O) > Z 2_mv (13)
mEMk
1€, KaK onpeeeno B (hopMyJIupOBKe TEOPEMbl, MHOKECTBO My cocrout n3 duce
M, KOTOpBIE JeJsATCs XOTst Obl Ha OJHO U3 duces p;', i = 1,..., k.
Taxk kak M1 D My nns moboro k u Tak Kak npu k — 00

L(ay,) — L(a)

B KOJIbIle B, 10 onpejieeHnio (3) moiydnm, 9To HepaBeHCTBO (6) 1 CJieJ0BaTEJbHO,
Teopema, JTOKa3aHbl.

SAMEYAHUE 1. IIpasyto wacmov nepaserncmea (13) mootcro npedemasumo, Kax
PASHOCTD 0BYT YUCEN, NPUMEM YMEHDULAEMOE YUCAO Npedcmasaaem coboti cymmy
BCET 2E0MEMPUMECKUT NPOPECCUT], 3HAMEHAMEN KOMOPLLT Nnpedcmasastom coboti
wucno 2, 6036edeHH0E 6 Cmenens, PasHYI0 NPOUIEGEIEHUI) HEUEMHO20 YUCAA PA3AUY-
nolx muootcumenet euda p,t, i = 1,..., k. Bunumaemoe wucao umeem anaso2u -
HY0 CMPYKMYPY, HO CMENEHL YUCAG 2 PABHA NPOU3BEIEHUNO YeMH020 YUCAAL MAKUL
MHOoAUCUMENEU.
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TEOPEMA 2. Ilycmo cywecmsyem Hy makoe, wmo daa a06020 omauumnozo
om. mootcoecmeeno2o nyas mnozounena P(T) = P(xy,...,xy,) cmenenu d no co-
soKYNHOCU nepemernur u ewcomvs H, ydosaemesoparowed ycaosuto H > Hy,
cywecmeyem unmepsan (a(H),b(H)), a(H) < b(H), a(H),b(H) - eospacmarousue
dynryuu u cyuecmeyem npocmoe wucao p, p € (a(H),b(H)) maxoe, wmo

P @), >y

npu nexomopom 1(p,d, H) € N . Tozda cywecmsyem nocaedosamesvrocms wucen
Hy, H, € N, nocaedosamensvbHocms npocmuir “Uces P U Nociedosamesvhocmo
wucen 1 = r(pr, d, H,) maxue, wmo paccmosanue p(P(a),0) ydosaemeopaem nepa-

G6EHCMBY
p(P@.0)> 3 5 (19

meM

ede M = J,2 | My, a mmoocecmso My, cocmoum us HAMYPAALHYL “UCEN, KOMOPbLE
deasmesn xoma 6w, na 00no u3 wuces py', 1 =1,... k.

JI0Ka3aTebCTBO TEOPEMbI 2 COBIAJIAET C JIOKA3ATENILCTBOM TeOpeMbl 1, B KOTO-
pom Bce Besedunn L(a), L(ay,) 3amenensi, coorsercreenno na P(a), P(ay,), uro
U JI0Ka3bIBaeT HepaseHcrso (14).
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