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Å. Ï. Äàâëåòÿðîâà, À. À. Æóêîâà, À. Â. Øóòîâ (ã. Âëàäèìèð)

Àííîòàöèÿ

Îáîáùåííûå ÷èñëà Ôèáîíà÷÷è
{
F

(g)
i

}
, îïðåäåëÿåìûå ñ ïîìîùüþ ðåêóððåíòíîãî ñîîò-

íîøåíèÿ
F

(g)
i+2 = gF

(g)
i+1 + F

(g)
i ,

è íà÷àëüíûõ óñëîâèé F
(g)
0 = 1, F

(g)
1 = g îïðåäåëÿþò ñïîñîá ïðåäñòàâëåíèÿ íàòóðàëüíûõ

÷èñåë â âèäå æàäíîãî ðàçëîæåíèÿ

n =

k∑
i=0

εi(n)F
(g)
i ,

îïèñûâàåìîãî ïðè ïîìîùè åñòåñòâåííûõ óñëîâèé íà εi(n). Â ÷àñòíîñòè, ïðè g = 1 ïîëó÷àåì
õîðîøî èçâåñòíóþ ñèñòåìó ñ÷èñëåíèÿ Ôèáîíà÷÷è. Ðàçëîæåíèÿ, ïîëó÷àåìûå ïðè g > 1
áóäåì íàçûâàòü ïðåäñòàâëåíèÿìè íàòóðàëüíûõ ÷èñåë â îáîáùåííûõ ñèñòåìàõ ñ÷èñëåíèÿ
Ôèáîíà÷÷è.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ìíîæåñòâ F(g) (ε0, . . . , εl), ñîñòîÿùèõ èç íàòó-
ðàëüíûõ ÷èñåë, èìåþùèõ çàäàííîå îêîí÷àíèå ïðåäñòàâëåíèÿ â îáîáùåííîé ñèñòåìå ñ÷èñ-
ëåíèÿ Ôèáîíà÷÷è. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ òåîðåìà ãåîìåòðèçàöèè, îïè-

ñûâàþùàÿ ìíîæåñòâà F(g) (ε0, . . . , εl) â òåðìèíàõ äðîáíûõ äîëåé âèäà {nτg}, τg =
√
g2+4−g

2 .
Áîëåå ñòðîãî, äëÿ ëþáîãî äîïóñòèìîãî îêîí÷àíèÿ (ε0, . . . , εl) ñóùåñòâóþò ýôôåêòèâíî âû-
÷èñëèìûå a, b ∈ Z òàêèå, ÷òî n ∈ F(g) (ε0, . . . , εl) òîãäà è òîëüêî òîãäà, êîãäà äðîáíàÿ
äîëÿ {(n+ 1)τg} ïðèíàäëåæèò îòðåçêó [{−aτg}; {−bτg}]. Ðàíåå àíàëîãè÷íàÿ òåîðåìà áûëà
äîêàçàíà àâòîðàìè äëÿ êëàññè÷åñêîé ñèñòåìû ñ÷èñëåíèÿ Ôèáîíà÷÷è.

Â êà÷åñòâå ïðèëîæåíèÿ ðàññìàòðèâàåòñÿ ðÿä àíàëîãîâ êëàññè÷åñêèõ òåîðåòèêî-÷èñëî-
âûõ çàäà÷ íàä ìíîæåñòâàìè F(g) (ε0, . . . , εl). Â ÷àñòíîñòè ïîëó÷åíû àñèìïòîòè÷åñêèå ôîð-
ìóëû äëÿ êîëè÷åñòâà ÷èñåë èç äàííûõ ìíîæåñòâ, ïðèíàäëåæàùèõ çàäàííîé àðèôìåòè÷å-
ñêîé ïðîãðåññèè, äëÿ êîëè÷åñòâà ïðîñòûõ ÷èñåë èç çàäàííîãî ìíîæåñòâà, äëÿ êîëè÷åñòâà
ïðåäñòàâëåíèé íàòóðàëüíîãî ÷èñëà â âèäå ñóììû çàäàííîãî ÷èñëà ÷èñåë èç äàííûõ ìíî-
æåñòâ, à òàêæå äëÿ ÷èñåë ðåøåíèé àíàëîãîâ çàäà÷ Ëàãðàíæà, Ãîëüäáàõà è Õóà-Ëîêåíà íàä
äàííûìè ìíîæåñòâàìè.

Êëþ÷åâûå ñëîâà: îáîáùåííûå ñèñòåìû ñ÷èñëåíèÿ Ôèáîíà÷÷è, òåîðåìà ãåîìåòðèçàöèè,
ðàñïðåäåëåíèå ïî ïðîãðåññèÿì, ïðîáëåìû ãîëüäáàõîâà òèïà.

Áèáëèîãðàôèÿ: 33 íàçâàíèé.
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GEOMETRIZATION OF THE GENERALIZED

FIBONACCI NUMERATION SYSTEM WITH APPLICATIONS
TO NUMBER THEORY

E. P. Davlet'yarova, A. A. Zhukova, A. V. Shutov (Vladimir)

Abstract

Generalized Fibonacci numbers
{
F (g)i

}
are de�ned by the recurrence relation

F
(g)
i+2 = gF

(g)
i+1 + F

(g)
i

with the initial conditions F
(g)
0 = 1, F

(g)
1 = g. These numbers generater representations of

natural numbers as a greedy expansions

n =

k∑
i=0

εi(n)F
(g)
i ,

with natural conditions on εi(n). In particular, when g = 1 we obtain the well-known Fibonacci
numeration system. The expansions obtained by g > 1 are called representations of natural
numbers in generalized Fibonacci numeration systems.

This paper is devoted to studying the sets F(g) (ε0, . . . , εl), consisting of natural numbers with
a �xed end of their representation in the generalized Fibonacci numeration system. The main
result is a following geometrization theorem that describe the sets F(g) (ε0, . . . , εl) in terms of

the fractional parts of the form {nτg}, τg =
√
g2+4−g

2 . More precisely, for any admissible ending

(ε0, . . . , εl) there exist e�ectively computable a, b ∈ Z such that n ∈ F(g) (ε0, . . . , εl) if and only
if the fractional part {(n+ 1)τg} belongs to the segment [{−aτg}; {−bτg}]. Earlier, a similar
theorem was proved by authors in the case of classical Fibonacci numeration system.

As an application some analogues of classic number-theoretic problems for the sets
F(g) (ε0, . . . , εl) are considered. In particular asymptotic formulaes for the quantity of numbers
from considered sets belonging to a given arithmetic progression, for the number of primes
from considered sets, for the number of representations of a natural number as a sum of a
predetermined number of summands from considered sets, and for the number of solutions
of Lagrange, Goldbach and Hua Loken problem in the numbers of from considered sets are
established.

Keywords: generalized Fibonacci numeration system, geometrization theorem, distribution
in progressions, Goldbach type problem.

Bibliography: 33 titles.

Ââåäåíèå

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü
{
F

(g)
i

}
, îïðåäåëÿåìóþ ñ ïîìîùüþ ðåêóððåíòíîãî ñîîòíî-

øåíèÿ
F

(g)
i+2 = gF

(g)
i+1 + F

(g)
i , (1)

ãäå i > 0, è íà÷àëüíûõ óñëîâèé F (g)
0 = 1, F (g)

1 = g, ïðè g = 1, 2, 3, . . ..
Èçâåñòíî, ÷òî ëþáîå öåëîå íåîòðèöàòåëüíîå n ìîæåò áûòü ðàçëîæåíî â ñóììó ðàçëè÷íûõ

÷èñåë
{
F

(g)
i

}
[8]

n =

k∑
i=0

εi(n)F
(g)
i , (2)
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ãäå ε0(n) ìîæåò áûòü ðàâíî 0, 1, . . . , g−1, à εi(n), ñîîòâåòñòâåííî, 0, 1, . . . , g, ïðè i = 1, 2, . . . , k,
ïðè÷åì åñëè εi+1(n) = g, òî εi(n) = 0 ïðè âñåõ 0 6 i 6 k − 1. Ðàçëîæåíèå (2) íàçîâåì
ïðåäñòàâëåíèåì n â îáîáùåííîé ñèñòåìå ñ÷èñëåíèÿ Ôèáîíà÷÷è.

Äëÿ ïðîèçâîëüíîãî íàáîðà (ε0, . . . , εl) òàêîãî, ÷òî åñëè εi+1(n) = g, òî εi(n) = 0 ïðè âñåõ
0 6 i 6 l − 1, îïðåäåëèì ìíîæåñòâî

F(g) (ε0, . . . , εl) = {n ∈ Z : n ≥ 0, ε0(n) = ε0, . . . , εl(n) = εl} .

Ìíîæåñòâà F(g) (ε0, . . . , εl) ïðåäñòàâëÿþò ñîáîé ìíîæåñòâà öåëûõ íåîòðèöàòåëüíûõ ÷èñåë,
ó êîòîðûõ ôèêñèðîâàíû l + 1 ïîñëåäíèõ öèôð ðàçëîæåíèÿ â îáîáùåííóþ ñèñòåìó ñ÷èñëåíèÿ
Ôèáîíà÷÷è.

Ìíîæåñòâî F(g) (ε0, . . . , εl) ÿâëÿåòñÿ ïðèìåðîì òàê íàçûâàåìîé êâàçèðåøåòêè. Â ïîñëåäíèå
ãîäû ïîÿâèëîñü ìíîãî ðàáîò, ïîñâÿùåííûõ ðåøåíèþ ðàçëè÷íûõ òåîðåòèêî-÷èñëîâûõ çàäà÷
íàä êâàçèðåøåòêàìè [13], [15], [16], [19], [20], [24].

Â ÷àñòíîñòè, Â. Ã. Æóðàâëåâ â ðàáîòå [17] ðàññìîòðåë ìíîæåñòâî F(1)(0) è ðåøèë íà ýòîì
ìíîæåñòâå áèíàðíóþ àääèòèâíóþ çàäà÷ó, à òàêæå ïîëó÷èë îöåíêè òðèãîíîìåòðè÷åñêèõ ñóìì
ïî ýòîìó ìíîæåñòâó. Ìåòîä Â.Ã. Æóðàâëåâà îñíîâûâàëñÿ íà èñïîëüçîâàíèè òàê íàçûâàåìîãî
◦-óìíîæåíèÿ Ôèáîíà÷÷è�Êíóòà�Ìàòèÿñåâè÷à [21], [22], [2] è íà ñóùåñòâîâàíèè ñïåöèàëüíîãî

îòîáðàæåíèÿ δ èç ◦-êîëüöà Ôèáîíà÷÷è â êîëüöî Z
[
1+

√
5

2

]
. Ïîçäíåå È. Ê. Øâàãèðåâà [23],

èñïîëüçóÿ ýòîò ìåòîä, ðåøèëà áèíàðíóþ àääèòèâíóþ çàäà÷ó íà ìíîæåñòâå F(1)(0, . . . , 0) äëÿ
ëþáîãî ÷èñëà íóëåé.

Íîâûé ïîäõîä ê ðåøåíèþ ðÿäà òåîðåòèêî-÷èñëîâûõ çàäà÷ íàä ìíîæåñòâîì F(1) (ε1, . . . , εl)
ïðåäëîæåí â ðàáîòå Å. Ï. Äàâëåòÿðîâîé, À. À. Æóêîâîé, À. Â. Øóòîâà [12]. Ýòîò ìåòîä
îñíîâàí íà ãåîìåòðèçàöèè ñèñòåìû ñ÷èñëåíèÿ Ôèáîíà÷÷è è ïîçâîëèë ðåøèòü ðÿä çàäà÷, â
òîì ÷èñëå àääèòèâíóþ çàäà÷ó, çàäà÷ó Ëàãðàíæà î ÷åòûðåõ êâàäðàòàõ, òåðíàðíóþ ïðîáëåìó
Ãîëüäáàõà íà ìíîæåñòâå F(1) (ε1, . . . , εl).

Ðàññìîòðèì ôóíêöèþ χ(n), îïðåäåëÿåìóþ êàê

χ(n) = {(n+ 1)τg} ,

ãäå {x} � äðîáíàÿ ÷àñòü ÷èñëà x, à τg � ìåíüøèé êîðåíü óðàâíåíèÿ τ2g + gτg − 1 = 0, ò.å.

τg =

√
g2+4−g

2 . Îïðåäåëèì ìíîæåñòâî

X (ε0, . . . , εl) = {χ(n) : n ∈ F(g) (ε0, . . . , εl)}.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà î ãåîìåòðèçàöèè.
Òåîðåìà 2. Äëÿ ëþáûõ íàáîðîâ ε0, ..., εl, ñîñòîÿùèõ èç öåëûõ ÷èñåë îò íóëÿ äî g′, ãäå

g′ = g − 1 ïðè i = 0, è g′ = g ïðè i > 1, òàêèõ ÷òî åñëè εi+1(n) = g, òî εi(n) = 0 ïðè âñåõ
0 6 i 6 l − 1, ìíîæåñòâî X (ε0, ..., εl) åñòü îòðåçîê [{−aτg}; {−bτg}], ãäå a, b � ýôôåêòèâíî

âû÷èñëèìûå öåëûå ÷èñëà, òàêèå ÷òî 0 6 a, b < F
(g)
l + F

(g)
l+1.

Òåîðåìà î ãåîìåòðèçàöèè ïîçâîëÿåò ñâåñòè ðåøåíèå òåîðåòèêî-÷èñëîâûõ çàäà÷ íàä ìíî-
æåñòâîì F(g) (ε0, . . . , εl) ê ðåøåíèþ çàäà÷ íàä ìíîæåñòâàìè {n : {nτg} ∈ I} äëÿ íåêîòîðûõ
ýôôåêòèâíî âû÷èñëèìûõ èíòåðâàëîâ I.

Îòìåòèì, ÷òî ìíîæåñòâî îòðåçêîâ X (ε0, ..., εl), ãäå ε0, ..., εl, ïðîáåãàÿ âñå äîïóñòèìûå íàáî-
ðû íóëåé è åäèíèö, ïîðîæäàåò ðàçáèåíèå Til(l) îòðåçêà [0; 1], íàçûâàåìîå ìîäèôèöèðîâàííûì
ðàçáèåíèåì Ôèáîíà÷÷è. Ñîîòâåòñòâóþùèå ðàçáèåíèÿ è èõ ïðèëîæåíèÿ ê çàäà÷àì ðàâíîìåðíî-
ãî ðàñïðåäåëåíèÿ äðîáíûõ äîëåé ëèíåéíîé ôóíêöèè ðàññìàòðèâàëèñü â ðàáîòàõ [14], [25]�[27],
[30]�[32], [5]. Ýòè ðàçáèåíèÿ òàêæå òåñíî ñâÿçàíû ñ òàê íàçûâàåìîé ãèïîòåçîé Øòåéíãàóçà,
óòâåðæäàþøåé, ÷òî äëÿ ëþáîãî öåëîãî N è èððàöèîíàëüíîãî α òî÷êè {iα}, ãäå 1 ≤ i ≤ N ,
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ðàçáèâàþò èíòåðâàë (0; 1) íà èíòåðâàëû íå áîëåå, ÷åì òðåõ ðàçëè÷íûõ äëèí [4]. Â äàííîé
ñòàòüå èñïîëüçóåòñÿ òîò æå ïîäõîä, ÷òî è â [12].

Ðàáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â �2 äîêàçûâàåòñÿ ðÿä ñâîéñòâ îáîáùåííûõ ñè-
ñòåì ñ÷èñëåíèÿ Ôèáîíà÷÷è è ôóíêöèè χ(n), íåîáõîäèìûõ â äàëüíåéøåì. Â �3 äàåòñÿ îïðåäå-
ëåíèå ìîäèôèöèðîâàííûõ ðàçáèåíèé Ôèáîíà÷÷è è äîêàçûâàþòñÿ èõ îñíîâíûå ñâîéñòâà. Â �4
ìû äîêàçûâàåì òåîðåìó ãåîìåòðèçàöèè. Íàêîíåö, �5 ïîñâÿùåí ïðèëîæåíèÿì òåîðåìû ãåî-
ìåòðèçàöèè ê ðåøåíèþ ðÿäà òåîðåòèêî-÷èñëîâûõ çàäà÷ íàä ìíîæåñòâîì F(g) (ε0, . . . , εl). Â �5
ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

1) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ êîëè÷åñòâà ÷èñåë èç F(g) (ε0, . . . , εl), íå ïðåâîñõîäÿùèõ
N ;

2) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ êîëè÷åñòâà ÷èñåë èç F(g) (ε0, . . . , εl), íå ïðåâîñõîäÿùèõ
N è ïðèíàäëåæàùèõ çàäàííîé àðèôìåòè÷åñêîé ïðîãðåññèè;

3) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ êîëè÷åñòâà ïðîñòûõ ÷èñåë èç F(g) (ε0, . . . , εl), íå ïðåâîñ-
õîäÿùèõ N ;

4) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ðåøåíèé àääèòèâíîé çàäà÷è n1+n2+ . . .+nm = n
â ÷èñëàõ èç F(g) (ε0, . . . , εl);

5) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ðåøåíèé çàäà÷è Ëàãðàíæà î ÷åòûðåõ êâàäðàòàõ
n21 + n22 + n23 + n24 = n â ÷èñëàõ èç F(g) (ε0, . . . , εl);

6) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ðåøåíèé òåðíàðíîé ïðîáëåìû Ãîëüäáàõà p1+ p2+
p3 = n â ïðîñòûõ ÷èñëàõ èç F(g) (ε0, . . . , εl);

7) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ðåøåíèé çàäà÷è Õóà�Ëîêåíà p21 + . . . + p25 = n â
ïðîñòûõ ÷èñëàõ ñ óñëîâèåì p2i ∈ F(g) (ε0, . . . , εl);

8) àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ êîëè÷åñòâà ÷èñåë èç F(g) (ε0, . . . , εl), íå ïðåâîñõîäÿùèõ
N è ÿâëÿþùèõñÿ çíà÷åíèÿìè çàäàííîãî ìíîãî÷ëåíà ñ öåëûìè íåîòðèöàòåëüíûìè êîýôôèöè-
åíòàìè.

1. Îáîáùåííûå ñèñòåìû ñ÷èñëåíèÿ Ôèáîíà÷÷è

×èñëî τg =
√
g2+4−g

2 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ τ2g + gτg − 1 = 0.
Ïðèìåíÿÿ ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè è ðåêóððåíòíîå ñîîòíîøåíèå (1) ìîæíî äîêà-

çàòü ñëåäóþùåå ïðåäëîæåíèå.

Ïðåäëîæåíèå 1. Äëÿ ëþáîãî íàòóðàëüíîãî i ñïðàâåäëèâî ðàâåíñòâî

F
(g)
i = τ−1

g F
(g)
i−1 + (−τg)i .

Ïðåäëîæåíèå 2. Äëÿ ëþáîãî öåëîãî íåîòðèöàòåëüíîãî n, ïðåäñòàâèìîãî â âèäå (2),
èìååò ìåñòî ðàâåíñòâî

[(n+ 1)τg] =
k∑
i=0

εi(n)F
(g)
i−1,

çäåñü [x] � öåëàÿ ÷àñòü îò ÷èñëà x.

Äîêàçàòåëüñòâî. Ïðåîáðàçóåì (n + 1)τg, èñïîëüçóÿ ïðåäñòàâëåíèå (2) è óòâåðæäåíèå
ïðåäëîæåíèÿ 1. Èìååì

(n+ 1)τg = τg

k∑
i=0

εi(n)F
(g)
i + τg = τg +

k∑
i=0

εi(n)τg

(
τ−1
g F

(g)
i−1 + (−τg)i

)
=

= τg +

k∑
i=0

εi(n)F
(g)
i−1 +

k∑
i=0

(−1)i εi(n)τ i+1
g =

k∑
i=0

εi(n)F
(g)
i−1 + r(n),
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ãäå r(n) = τg +
k∑
i=0

(−1)i εi(n)τ i+1
g .

Ïîêàæåì âíà÷àëå, ÷òî r(n) < 1:

r(n) 6 τg + ε0(n)τg + ε2(n)τ
3
g + ε4(n)τ

5
g + . . .+ ε2[ k2 ]

(n)τ
2[ k2 ]+1
g 6

6 τg + (g − 1)τg + gτ3g + gτ5g + . . .+ gτ
2[ k2 ]+1
g = 1− τ2[

k
2 ]+2

g < 1.

Óáåäèìñÿ òåïåðü, ÷òî r(n) > 0

r(n) > τg − ε1(n)τ2g − ε3(n)τ4g − ε5(n)τ6g − . . . > τg − gτ2g − gτ4g − gτ6g − . . . = 0.

Òàêèì îáðàçîì ïîëó÷àåì, ÷òî 0 6 r(n) < 1, ïîýòîìó

[(n+ 1)τg] =

[
k∑
i=0

εi(n)F
(g)
i−1 + r(n)

]
=

k∑
i=0

εi(n)F
(g)
i−1 + [r(n)] =

k∑
i=0

εi(n)F
(g)
i−1.

Â ðàçëîæåíèè (2) çàìåíèì F
(g)
i íà F (g)

i+1 è ïîëó÷èì íîâîå íàòóðàëüíîå ÷èñëî −→n , ïðåäñòà-
âèìîå êàê

−→n =
k∑
i=0

εi(n)F
(g)
i+1, (3)

ãäå åñëè εi+1(n) = 1, òî εi(n) = 0 ïðè âñåõ 0 6 i 6 l − 1, íàçûâàåìîå g-ñäâèãîì Ôèáîíà÷÷è
÷èñëà n.

Ïðåäëîæåíèå 3. Äëÿ ëþáîãî öåëîãî íåîòðèöàòåëíîãî n ñïðàâåäëèâî ðàâåíñòâî

−→n = gn+ [(n+ 1)τg] .

Äîêàçàòåëüñòâî. Ïðåîáðàçóåì ðàçíîñòü −→n − gn ñ ïîìîùüþ ïðåäñòàâëåíèÿ (2) è (3)

−→n − gn =

k∑
i=0

εi(n)F
(g)
i+1 − g

k∑
i=0

εi(n)F
(g)
i =

=
k∑
i=0

εi(n)
(
F

(g)
i+1 − gF

(g)
i

)
=

k∑
i=0

εi(n)F
(g)
i−1.

Èñïîëüçóÿ ïðåäëîæåíèå 2, ïîëó÷àåì −→n − gn = [(n+ 1)τg] èëè
−→n = gn+ [(n+ 1)τg].

Ïóñòü ôóíêöèÿ χ(n) = {(n+ 1)τg}, ãäå {x} � äðîáíàÿ ÷àñòü ÷èñëà x. Çíà÷åíèÿ ôóíêöèè
χ(n) ðàâíîìåðíî ðàñïðåäåëåíû ïî èíòåðâàëó (0; 1), òàê êàê ñîãëàñíî òåîðåìå Âåéëÿ ïðè ëþáîì
èððàöèîíàëüíîì α ïîñëåäîâàòåëüíîñòü {αn}, ãäå n = 1, 2, . . ., ðàâíîìåðíî ðàñïðåäåëåíà ïî
ìîäóëþ 1 è {αn} = 0 òîëüêî ïðè n = 0.

Ïðåäëîæåíèå 4. Äëÿ ëþáîãî n ñïðàâåäëèâî ðàâåíñòâî

χ (−→n ) = 1− (g − 1 + χ(n)) τg.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ χ(−→n ) = {−→n τg + τg}, ïîýòîìó âîñïîëüçîâàâøèñü ïðåä-
ëîæåíèåì 3, íàõîäèì

χ (−→n ) = {(gn+ [(n+ 1)τg]) τg + τg} = {(gn+ 1)τg + [(n+ 1)τg] τg} .
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Çíàÿ, ÷òî [x] = x− {x}, èìååì

χ (−→n ) = {(gn+ 1)τg + ((n+ 1)τg − {(n+ 1)τg}) τg} =

= {(gn+ 1)τg + (n+ 1)(1− gτg)− {(n+ 1)τg} τg} =

= {−(g − 1)τg − χ(n)τg} = {− (g − 1 + χ(n)) τg} .

Ñîãëàñíî îïðåäåëåíèþ χ(n) ∈ (0; 1), ñëåäîâàòåëüíî, g−1+χ(n) ∈ (g−1; g) è (g − 1 + χ(n)) τg ∈
∈ ((g− 1)τg; gτg) ⊂ (0; 1). Êðîìå òîãî èçâåñòíî, ÷òî åñëè 0 < x 6 1, òî {−x} = 1−{x}, ïîýòîìó

χ (−→n ) = {− (g − 1 + χ(n)) τg} = 1− (g − 1 + χ(n)) τg.

Ïðåäëîæåíèå 5. Äëÿ ëþáîãî öåëîãî íåîòðèöàòåëüíîãî n è öåëûõ 0 6 t 6 g − 1 è
0 6 h 6 g − 1 ñïðàâåäëèâû ñîîòíîøåíèÿ

χ (−→n + t) ∈ (1− (g − t)τg; 1− (g − t− 1)τg) , (4)

χ
(−−−→−→n + t+ h

)
∈
(
g − t− (g2 − gt− h)τg; g − t+ 1− (g2 − gt+ g − h)τg

)
, (5)

χ
(−→−→n + h

)
∈
(
g − (g2 − h)τg; g + 1− (g2 + g − h)τg

)
, (6)

χ
(−→−→n + g2

)
∈ (0; 1− gτg) , (7)

χ

(−−−−→−→−→n + g2 + h

)
∈
(
g + 1− (g2 + g − h)τg; 1− (g − h− 1)τg

)
. (8)

Äîêàçàòåëüñòâî. Çíà÷åíèÿ ôóíêöèè χ(n) ðàâíîìåðíî ðàñïðåäåëåíû ïî èíòåðâàëó (0; 1),
ïîýòîìó

g − 1 + χ(n) ∈ (g − 1; g), (g − 1 + χ(n)) τg ∈ ((g − 1)τg; gτg),

1− (g − 1 + χ(n)) τg ∈ (1− gτg; 1− (g − 1)τg).

Âîñïîëüçóåìñÿ óòâåðæäåíèåì ïðåäëîæåíèÿ 4 è ïîëó÷èì

χ (−→n ) ∈ (1− gτg; 1− (g − 1)τg) . (9)

Ðàñïèøåì ïî îïðåäåëåíèþ

χ (−→n + t) = {(−→n + t+ 1) τg} = {χ (−→n ) + tτg} .

Ó÷èòûâàÿ (9), ïîëó÷èì

χ (−→n ) + tτg ∈ (1− (g − t)τg; 1− (g − t− 1)τg) .

Óáåäèìñÿ, ÷òî χ (−→n ) + tτg ∈ (0; 1). Äëÿ ýòîãî ââåäåì äâå ôóíêöèè l(t) = 1 − (g − t)τg è
r(t) = 1− (g− t− 1)τg. Òàê êàê l′(t) = r′(t) = τg > 0, çíà÷èò ôóíêöèè l(t) è r(t) âîçðàñòàþò íà
îòðåçêå [1; g− 1], òî l(1) = τ2g + τg > 0 � íàèìåíüøåå çíà÷åíèå l(t), à r(g− 1) = 1 � íàèáîëüøåå
çíà÷åíèå ôóíêöèè r(t) íà óêàçàííîì îòðåçêå. Ñëåäîâàòåëüíî, ñîîòíîøåíèå (4) äîêàçàíî.

Ðàññóæäàÿ àíàëîãè÷íî, ïîëó÷àåì îñòàëüíûå óòâåðæäåíèÿ ïðåäëîæåíèÿ 5.

Ïóñòü n ïðåäñòàâèìî â âèäå (2). Îáîçíà÷èì Fj(i) = {n : εi(n) = j},
−−−→
Fj(i) = {n : εi+1(n) = j},

←−−−
Fj(i) = {n : εi−1(n) = j}, ãäå j = 0, 1, . . . , g′. Çäåñü è äàëåå áóäåì ïîëàãàòü g′ = g − 1 ïðè i = 0
è g′ = g ïðè i > 1.
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Ïðåäëîæåíèå 6. Äëÿ ëþáîãî i > 0 è j = 0, 1, . . . , g′ ñïðàâåäëèâî ðàâåíñòâî

Fj(i+ 2) =

(
g−1⋃
t=0

(−−−−−−→
Fj(i+ 1) + t

))
∪
(−−−→−−−→
Fj(i) + g2

)
. (10)

Äîêàçàòåëüñòâî. Âíà÷àëå äîêàæåì, ÷òî(
g−1⋃
t=0

(−−−−−−→
Fj(i+ 1) + t

))
∪
(−−−→−−−→
Fj(i) + g2

)
⊆ Fj(i+ 2). (11)

Ïóñòü n ∈ Fj(i + 1), ò.å. εi+1(n) = j, òîãäà åñëè n′ = −→n , òî εi+2(n
′) = j, ò.å. n′ ∈

−−−−−−→
Fj(i+ 1),

òàê êàê ñîãëàñíî îïðåäåëåíèþ
−−−−−−→
Fj(i+ 1) = {n′ : εi+2(n

′) = j}, ïðè÷åì ε0(n
′) ìîæåò áûòü ðàâíî

îäíîìó èç ÷èñåë 0, 1, . . . , g − 1.
Òàêèì îáðàçîì, ðàçëîæåíèå ÷èñëà n′ óäîâëåòâîðÿåò óñëîâèÿì ðàçëîæåíèÿ (2) ñ äîïîëíè-

òåëüíûì óñëîâèåì εi+2(n
′) = j, ò.å. n′ ∈ Fj(i+ 2).

Ïóñòü òåïåðü n ∈ Fj(i), ò.å. εi(n) = j. Åñëè n′ =
−→−→n , òî εi+2(n

′) = j, ò.å. n′ ∈
−−−→−−−→
Fj(i), òàê

êàê
−−−→−−−→
Fj(i) = {n′ : εi+2(n

′) = j}, ïðè÷åì âûáðàâ ε0(n
′) = 0, à ε1(n

′) = g, òî ïîëó÷èì ÷èñëà

n′ ∈
−−−→−−−→
Fj(i) + g2, ó êîòîðûõ âûïîëíåíû óñëîâèÿ ðàçëîæåíèÿ (2). Òåì ñàìûì ïðÿìîå âêëþ÷åíèå

(11) äîêàçàíî.
Äîêàæåì îáðàòíîå âêëþ÷åíèå. Ïóñòü n ∈ Fj(i+ 2), ò.å. εi+2(n) = j. Ðàññìîòðèì äâà ñëó÷àÿ:

ε1(n) = s, ãäå 0 6 s 6 g − 1, èëè ε1(n) = g.

Åñëè ε1(n) = s, ãäå 0 6 s 6 g−1, òî ÷èñëî n′ =←−n òàêîâî, ÷òî ε0(n′) = s, ò.å. n′ ∈
←−−−−−−
Fj(i+ 2) =

= {n′ : εi+1(n
′) = j}. Ïîýòîìó äëÿ ÷èñëà n′ âûïîëíåíû óñëîâèÿ ðàçëîæåíèÿ (2).

Åñëè æå ε1(n) = g, òî ñîãëàñíî ñâîéñòâàì ðàçëîæåíèÿ (2) ε2(n) = 0. Ïîëîæèì n′ =
←−←−n ,

òîãäà n′ ∈
←−−−−−−←−−−−−−
Fj(i+ 2), ãäå

←−−−−−−←−−−−−−
Fj(i+ 2) = {n′ : εi(n′) = j}, ïðè÷åì ε0(n

′) = 0, ò.å. n′ óäîâëåòâîðÿåò
óñëîâèÿì ðàçëîæåíèÿ (2).

Òàêèì îáðàçîì,

Fj(i+ 2) ⊆

(
g−1⋃
t=0

(−−−−−−→
Fj(i+ 1) + t

))
∪
(−−−→−−−→
Fj(i) + g2

)
.

Èç ñïðàâåäëèâîñòè âêëþ÷åíèé â òó è äðóãóþ ñòîðîíó ñëåäóåò, ÷òî ðàâåíñòâî (10) âûïîë-
íÿåòñÿ.

Îáîçíà÷èì ÷åðåç Xj(i) çàìûêàíèå ìíîæåñòâà çíà÷åíèé ôóíêöèè χ(n), ãäå n ∈ Fj(i), òî
åñòü Xj(i) = {χ(n) : n ∈ Fj(i)}, ãäå j = 0, 1, . . . , g′.

Ïðåäëîæåíèå 7. Ïðè ëþáûõ öåëûõ íåîòðèöàòåëüíûõ i ñïðàâåäëèâî ðàâåíñòâî

Xj(i+ 2) =

(
g−1⋃
t=0

(1− (t+Xj (i+ 1)) τg)

)
∪ τ2gXj (i) , (12)

ãäå j = 0, 1, . . . , g′. Áîëåå òîãî, ìíîæåñòâà Xj(i) ñîñòîÿò èç êîíå÷íîãî ÷èñëà îòðåçêîâ.

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ èíäóêöèåé ïî i. Âíà÷àëå ðàññìîòðèì ñëó÷àé i = 0.
Åñëè j = 0, òî ïî îïðåäåëåíèþ X0(0) = {χ(m) : m ∈ F0(0)}. Î÷åâèäíî, ÷òî ÷èñëî m ∈ F0(0)

ìîæíî ïîëó÷èòü äâóìÿ ñïîñîáàìè: m = −→n è m =
−→−→n + g2, ãäå n ∈ Z, n > 0.
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Ïðèìåíèì ñîîòíîøåíèÿ (4) ïðè t = 0, (7) è ïîëó÷èì

X0(0) ⊆ χ (−→n ) ∪ χ
(−→−→n + g2

)
∈ (1− gτg; 1− (g − 1)τg) ∪ (0; 1− gτg) ⊆

⊆ (0; 1− (g − 1)τg) .

Â ñèëó òåîðåìû Âåéëÿ ìîæíî óòâåðæäàòü, ÷òî X0(0) = [0; 1− (g − 1)τg].
Åñëè 1 6 j 6 g−1, òî ìíîæåñòâîXj(0) = {χ(m) : m ∈ Fj(0)}. Ëþáîåm èç Fj(0) ìîæåò áûòü

ïîëó÷åíî ñ ïîìîùüþ g-ñäâèãà Ôèáîíà÷÷è è äîáàâëåíèÿ íàòóðàëüíîãî ÷èñëà j, ò.å. m = −→n + j,
ãäå n ∈ Z, n > 0.

Òàêèì îáðàçîì, ïîëüçóÿñü (4), èìååì

Xj(0) ⊆ (1− (g − j)τg; 1− (g − j − 1)τg)

è, ñëåäîâàòåëüíî, â ñèëó òåîðåìû Âåéëÿ Xj(0) = [1− (g − j)τg; 1− (g − j − 1)τg]. Î÷åâèäíî,

÷òî
g−1⋃
j=0

Xj(0) = [0; 1].

Ïóñòü i = 1, òîãäà åñëè j = 0, òî X0(1) = {χ(m) : m ∈ F0(1)}. ×èñëî m èç ìíîæåñòâà

F0(1) ìîæåò áûòü ïîëó÷åíî îäíèì èç ÷åòûðåõ ñïîñîáîâ: ëèáî m =
−→−→n , ëèáî m =

−→−→n + h, ëèáî

m =
−−−−→−→−→n + g2, ëèáî m =

−−−−→−→−→n + g2 + h, ãäå 1 6 h 6 g − 1, n > 0 è n, h ∈ Z, ïîýòîìó

X0(1) ⊆ χ
(−−−−→−→−→n + g2

)
∪

(
g−1⋃
h=0

(
χ
(−→−→n + h

)
∪ χ

(−−−−→−→−→n + g2 + h

)))
.

Èñïîëüçóÿ ñîîòíîøåíèÿ (6) è (8), ïîëó÷àåì

X0(1) ⊆

(
g−1⋃
h=0

((
g − (g2 − t)τg; g + 1− (g2 + g − h)τg

)
∪

∪
(
g + 1− (g2 + g − h)τg; 1− (g − h− 1)τg

)) )
=

=

g−1⋃
h=0

(
g − (g2 − h)τg; 1− (g − h− 1)τg

)
.

Ïîëüçóÿñü ðàâíîìåðíîñòüþ ðàñïðåäåëåíèÿ çíà÷åíèé ôóíêöèè χ(n), ìîæåì çàïèñàòü

X0(1) =

g−1⋃
h=0

[
g − (g2 − h)τg; 1− (g − h− 1)τg

]
.

Åñëè 1 6 j 6 g − 1, òî ñîãëàñíî îïðåäåëåíèþ Xj(1) = {χ(m) : m ∈ Fj(1)}, ïîýòîìó åñëè

m ∈ Fj(1), òî m =
−−−−→−→n + j èëè m =

−−−−→−→n + j + h, ãäå 1 6 h 6 g − 1, n > 0 è n, h ∈ Z. Ïðèìåíÿÿ
(5), èìååì

Xj(1) ⊆

(
g−1⋃
h=0

χ
(−−−−→−→n + j + h

))
∈

∈
g−1⋃
h=0

(
g − j − (g2 − gj − h)τg; g − j + 1− (g2 − gj + g − h)τg

)
.
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Â ñèëó òåîðåìû Âåéëÿ ìîæíî óòâåðæäàòü, ÷òî

Xj(1) =

g−1⋃
h=0

[
g − j − (g2 − gj − h)τg; g − j + 1− (g2 − gj + g − h)τg

]
.

Åñëè æå j = g, òî ìíîæåñòâî Xg(1) = {χ(m) : m ∈ Fg(1)}. Âñå ÷èñëà m, ïðèíàäëåæàùèå
Fg(1), ïîëó÷àþòñÿ òîëüêî îäíèì ñïîñîáîì m =

−→−→n + g2, ãäå n ∈ Z, n > 0. Ñîîòíîøåíèå (7)
ïîçâîëÿåò ïðèéòè ê âûâîäó, ÷òî

Xg(1) ⊆ χ
(−→−→n + g2

)
∈ (0; 1− gτg) .

Çíà÷åíèÿ χ(n) ðàâíîìåðíî ðàñïðåäåëåíû ïî óêàçàííîìó ïðîìåæóòêó, ïîýòîìó

Xg(1) = [0; 1− gτg] .

Íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ, ÷òî
g⋃
j=0

Xj(1) = [0; 1].

Âñå îñòàëüíûå Xj(i), ãäå i > 2 è j = 0, 1, . . . , g ìîæíî íàéòè, ïîëüçóÿñü óòâåðæäåíèåì
ïðåäëîæåíèÿ 6, ñîãëàñíî êîòîðîìó

Xj(i+ 2) =

{
χ(m) : m ∈

(
g−1⋃
h=0

(−−−−−−→
Fj(i+ 1) + h

))
∪
(−−−→−−−→
Fj(i) + g2

)}
.

Åñëè m ∈
−−−−−−→
Fj(i+ 1)+ h, òî m = −→n + h, ãäå n ∈ Fj(i+ 1), è 0 6 h 6 g− 1, à åñëè m ∈

−−−→−−−→
Fj(i) + g2,

òî m =
−→−→n + g2, ãäå n ∈ Fj(i).

Ïî îïðåäåëåíèþ

χ (−→n + h) = {χ (−→n ) + hτg} è χ
(−→−→n + g2

)
=
{
χ
(−→−→n )+ g2τg

}
,

çíà÷èò ïðèìåíèâ ïðåäëîæåíèå 4, ïîëó÷èì

χ (−→n ) + hτg = 1− (g − h− 1 + χ(n)) τg ⊂ (0; 1)

è
χ
(−→−→n )+ g2τg = (g + χ(n)) τ2g + g2τg ⊂ (g; g + τ2g ),

ïîýòîìó χ (−→n + h) = 1− (g − h− 1 + χ(n)) τg, à χ
(−→−→n + g2

)
= (χ(n)) τ2g , ñëåäîâàòåëüíî,

Xj(i+ 2) =

(
g−1⋃
h=0

(1− (g − h− 1 +Xj (i+ 1)) τg)

)
∪ τ2gXj (i) =

=

(
g−1⋃
t=0

(1− (t+Xj (i+ 1)) τg)

)
∪ τ2gXj (i) .

Ïðåîáðàçîâàíèÿ 1− (g − t+Xj (i− 1)) τg è τ2gXj (i− 2) ïåðåâîäÿò îòðåçîê â îòðåçîê. Ìíî-
æåñòâà Xj (1) è Xj (0) � ýòî îòðåçêè, ñëåäîâàòåëüíî, ïðè ëþáîì íàòóðàëüíîì i ìíîæåñòâà
Xj(i) � îáúåäèíåíèå êîíå÷íîãî ÷èñëà îòðåçêîâ.
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2. g-ðàçáèåíèÿ Ôèáîíà÷÷è

Ïóñòü èìååòñÿ íåêîòîðîå ðàçáèåíèå R(i) îòðåçêà [0; 1] íà ÷àñòè, äëèíû êîòîðûõ ðàâíû l1
è l2, ïðè÷åì òàêîâû, ÷òî gl1 < l2 è (g+1)l1 > l2. Ââåäåì äâà ïðåîáðàçîâàíèÿ B1 è B2 äàííîãî
ðàçáèåíèÿ.

Ïðåîáðàçîâàíèå B1(R(i)) ñîñòîèò â îòêëàäûâàíèè g ðàç îò ëåâûõ êîíöîâ îòðåçêîâ ðàçáè-
åíèÿ R(i) íàèìåíüøåãî èç îòðåçêîâ ýòîãî ðàçáèåíèÿ. Â ðåçóëüòàòå ïîëó÷àåì íîâîå ðàçáèåíèå
R(i+ 1), íà÷èíàþùååñÿ ñ íàèìåíüøåãî èç îòðåçêîâ ðàçáèåíèÿ R(i) è èìåþùåå áîëüøåå ÷èñëî
îòðåçêîâ.

Ïðè âûïîëíåíèè ïðåîáðàçîâàíèÿ B2(R(i)) îò ïðàâûõ êîíöîâ îòðåçêîâ ðàçáèåíèÿ R(i) îò-
êëàäûâàåòñÿ g ðàç íàèìåíüøèé èç îòðåçêîâ ðàçáèåíèÿ R(i). Ïîëó÷åííîå ðàçáèåíèå R(i + 1)
áóäåò èìåòü áîëüøå îòðåçêîâ, ÷åì R(i), ïðè÷åì êðàéíèì ïðàâûì îòðåçêîì ðàçáèåíèÿ áóäåò
íàèìåíüøèé èç îòðåçêîâ ðàçáèåíèÿ R(i).

Îïðåäåëèì ïðåîáðàçîâàíèå l + R(i), ãäå l = 1, 2, . . . , g, êàê ñäâèã âñåõ îòðåçêîâ ðàçáèåíèÿ
R(i) íà l åäèíèö âïðàâî.

Òàêæå ââåäåì ïðåîáðàçîâàíèå 1−R(i), çàêëþ÷àþùååñÿ â îòêëàäûâàíèè îò åäèíèöû âëåâî
îòðåçêîâ ðàçáèåíèÿ R(i), íà÷èíàÿ ñ êðàéíåãî ëåâîãî.

Ïðåäëîæåíèå 8. Ïóñòü R(i) íåêîòîðîå ðàçáèåíèå îòðåçêà [0; 1] íà ÷àñòè, äëèíû êî-
òîðûõ ìîãóò áûòü òîëüêî l1 è l2, ïðè÷åì gl1 < l2, à (g + 1)l1 > l2, òîãäà

B1 (1−R(i)) = 1−B2 (R(i)) è B2 (1−R(i)) = 1−B1 (R(i)) .

Äîêàçàòåëüñòâî. Äîêàæåì ñïðàâåäëèâîñòü ðàâåíñòâà

B1 (1−R(i)) = 1−B2 (R(i)) .

Ïðåîáðàçîâàíèå B1 (1−R(i)) ñîñòîèò èç äâóõ áîëåå ïðîñòûõ ïðåîáðàçîâàíèé. Â ðåçóëüòàòå
âûïîëíåíèÿ 1 − R(i) ïîëó÷èì ðàçáèåíèå, ó êîòîðîãî ïîðÿäîê ñëåäîâàíèÿ îòðåçêîâ îáðàòíûé
ê R(i), à äëèíû îòðåçêîâ òå æå. Çàòåì îñóùåñòâëÿåì ïðåîáðàçîâàíèå B1. Â èòîãå ïîëó÷èì,
÷òî îò âñåõ ëåâûõ êîíöîâ îòðåçêîâ ðàçáèåíèÿ 1−R(i) îòëîæåí g ðàç íàèìåíüøèé èç îòðåçêîâ
ðàçáèåíèÿ R(i).

Ïðè îñóùåñòâëåíèè ïðåîáðàçîâàíèÿ 1−B2 (R(i)) ñíà÷àëà îò ïðàâûõ êîíöîâ îòðåçêîâ ðàç-
áèåíèÿ R(i) g ðàç îòêëàäûâàåòñÿ íàèìåíüøèé èç îòðåçêîâ, à çàòåì ìåíÿåòñÿ ïîðÿäîê ñëåäî-
âàíèÿ îòðåçêîâ íà ïðîòèâîïîëîæíûé. Òàêèì îáðàçîì, ïîëó÷èì òî÷íî òàêèå æå îòðåçêè, êàê
è â ðåçóëüòàòå ïðåîáðàçîâàíèÿ B1 (1−R(i)).

Ïðåäëîæåíèå 9. Ïóñòü R(i) íåêîòîðîå ðàçáèåíèå îòðåçêà [0; 1] íà ÷àñòè, äëèíû êî-
òîðûõ ìîãóò áûòü òîëüêî l1 è l2, ïðè÷åì gl1 < l2, à (g + 1)l1 > l2, òîãäà

B1 (l +R(i)) = l +B1 (R(i)) è B2 (l +R(i)) = l +B2 (R(i)) .

Äîêàçàòåëüñòâî. Óáåäèìñÿ â ñïðàâåäëèâîñòè ðàâåíñòâà

B1 (l +R(i)) = l +B1 (R(i)) .

Ïðåîáðàçîâàíèå B1 (l +R(i)) ñîñòîèò èç äâóõ ïðåîáðàçîâàíèé. Ïðè âûïîëíåíèè l+R(i) âñå
îòðåçêè ðàçáèåíèÿ R(i) ñäâèãàþòñÿ íà l âïðàâî, ïîýòîìó ïîðÿäîê ñëåäîâàíèÿ è äëèíû îòðåçêîâ
ó ðàçáèåíèé l + R(i) è R(i) îäèíàêîâûå. Çàòåì äåëàåì ïðåîáðàçîâàíèå B1. Â èòîãå ïîëó÷èì,
÷òî îò êàæäîãî èç ëåâûõ êîíöîâ îòðåçêîâ ðàçáèåíèÿ l + R(i) g ðàç îòëîæåí íàèìåíüøèé èç
îòðåçêîâ ðàçáèåíèÿ R(i).

Âûïîëíÿÿ ïðåîáðàçîâàíèÿ l+B1 (R(i)) âíà÷àëå îò ëåâûõ êîíöîâ îòðåçêîâ ðàçáèåíèÿ R(i)
g ðàç îòêëàäûâàåòñÿ íàèìåíüøèé èç îòðåçêîâ, à ïîñëå ýòîãî ïðîèñõîäèò ñäâèã âñåõ ÷àñòåé
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ðàçáèåíèÿ íà l åäèíèö âïðàâî. Çíà÷èò â ðåçóëüòàòå ïîëó÷èòñÿ òàêîå æå ðàçáèåíèå êàê è ïîñëå
âûïîëíåíèÿ ïðåîáðàçîâàíèÿ B1 (l +R(i)).

Ðàññìîòðèì ðàçáèåíèå Til(1), ñîñòîÿùåå èç g + 1 îòðåçêà:[
0; τ2g

]
,
[
τ2g ; τg + τ2g

]
,
[
τg + τ2g ; 2τg + τ2g

]
, . . . ,

[
(g − 1)τg + τ2g ; 1

]
.

Èíäóêòèâíî îïðåäåëèì ðàçáèåíèå Til(i + 1), ïîëó÷àåìîå èç ðàçáèåíèÿ Til(i) ñ ïîìîùüþ ïðå-
îáðàçîâàíèÿ B, çàäàâàåìîãî ñëåäóþùèì îáðàçîì:

B (Til(i)) =

{
B1 (Til(i)) , åñëè i− íå÷åòíîå,
B2 (Til(i)) , åñëè i− ÷åòíîå.

Ðàçáèåíèÿ Til(i) íàçûâàþòñÿ ìîäèôèöèðîâàííûìè ðàçáèåíèÿìè Ôèáîíà÷÷è. Âïåðâûå îíè áû-
ëè îïðåäåëåíû äðóãèì ñïîñîáîì â ðàáîòå [33] ïðè èçó÷åíèè ïðîáëåìû Ãåêêå�Êåñòåíà, çàêëþ÷à-
þùåéñÿ â ïîëó÷åíèè ÿâíûõ îöåíîê îñòàòî÷íîãî ÷ëåíà ïðîáëåìû ðàâíîìåðíîãî ðàñïðåäåëåíèÿ
äðîáíûõ äîëåé ëèíåéíîé ôóíêöèè äëÿ ìíîæåñòâ, íà êîòîðûõ äàííûé îñòàòî÷íûé ÷ëåí èìååò
ïîðÿäîê O(1) (ìíîæåñòâàõ îãðàíè÷åííîãî îñòàòêà).

Ïðåäëîæåíèå 10. Ðàçáèåíèå Til(i) ñîñòîèò èç îòðåçêîâ òîëüêî äâóõ äëèí τ ig è τ
i+1
g .

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ èíäóêöèåé ïî i. Ðàçáèåíèå Til(1) ñîñòîèò èç g îòðåçêîâ
äëèíû τg è îäíîãî äëèíû τ2g .

Ïðåäïîëîæèì, ÷òî ðàçáèåíèå Til(i) ñîñòîèò èç îòðåçêîâ äëèíû τ ig è τ
i+1
g . Íàéäåì äëèíû

îòðåçêîâ ðàçáèåíèÿ Til(i+1) = B (Til(i)). Ïðåîáðàçîâàíèå B ñîñòîèò â îòêëàäûâàíèè îò îäíîãî
èç êîíöîâ äëèííûõ îòðåçêîâ ðàçáèåíèÿ Til(i) g îòðåçêîâ íàèìåíüøåé äëèíû, ò.å. äëèíû τ i+1

g .
Ïðè ýòîì îòðåçîê äëèíîé τ ig ðàçîáüåòñÿ íà g + 1 îòðåçêîâ: g îòðåçêîâ äëèíîé τ i+1

g è îäèí
îòðåçîê äëèíû τ ig − gτ i+1

g = τ ig(1− gτg) = τ i+2
g , ÷òî è òðåáîâàëîñü äîêàçàòü.

Ïðåäëîæåíèå 11. Äëÿ ëþáîãî i > 1 ñïðàâåäëèâî ðàâåíñòâî

Til(i+ 2) =

(
g−1⋃
t=0

(1− (t+Til(i+ 1)) τg)

)
∪ τ2gTil(i). (13)

Äîêàçàòåëüñòâî. Ïðèìåíèì èíäóêöèþ ïî i. Ïðè i = 1 ðàçáèåíèå Til(1) ñîñòî-
èò èç g îòðåçêîâ äëèíû τg è îäíîãî îòðåçêà äëèíû τ2g : [0; 1− gτg], [1− gτg; 1− (g − 1)τg],
[1− (g − 1)τg; 1− (g − 2)τg], . . . , [1− gτg; 1] èëè

Til(1) : [0; 1− gτg] , [1− sτg; 1− (s− 1)τg] , ãäå 1 6 s 6 g. (14)

Ïî îïðåäåëåíèþ Til(2) = B (Til(1)) = B1 (Til(1)). Åñëè îò ëåâûõ êîíöîâ îòðåçêîâ ðàçáèåíèÿ
Til(1) îòëîæèòü ïî g îòðåçêîâ äëèíîé τ2g , òî êàæäûé èç äëèííûõ îòðåçêîâ äàííîãî ðàçáèåíèÿ
ðàçäåëèòñÿ íà g + 1 îòðåçêîâ, èç êîòîðûõ g èìåþò äëèíó τ2g è îäèí τ3g , à èìåííî: [0; 1− gτg],[
1− sτg + (p− 1)τ2g ; 1− sτg + pτ2g

]
,
[
1− sτg + gτ2g ; 1− (s− 1)τg

]
, ãäå 1 6 s 6 g è 1 6 p 6 g.

Â ñâîþ î÷åðåäü Til(3) = B (Til(2)) = B2 (Til(2)), ïîýòîìó îòëîæèâ îò ïðàâûõ êîíöîâ îò-
ðåçêîâ ðàçáèåíèÿ Til(2) g ðàç îòðåçîê ìåíüøåé äëèíû, ðàâíîé τ3g , ïîëó÷èì ðàçáèåíèå Til(3):[
0; 1− gτg − gτ3g

]
,
[
1− gτg − lτ3g ; 1− −gτg − (l − 1)τ3g

]
,
[
1− sτg + (p− 1)τ2g ; 1− sτg + pτ2g − gτ3g

]
,[

1− sτg + pτ2g −lτ3g ; 1− sτg + pτ2g − (l − 1)τ3g
]
,
[
1− sτg + gτ2g ; 1− (s− 1)τg], ãäå 1 6 s 6 g,

1 6 p 6 g è 1 6 l 6 g.
Âîñïîëüçóåìñÿ ðàâåíñòâàìè τ3g = −g +

(
g2 + 1

)
τg è τ2g = 1 − gτg è ïðåîáðàçóåì êîíöû

îòðåçêîâ ðàçáèåíèé Til(2), Til(3) ê âèäó a− bτg. Â òàêîì ñëó÷àå

Til(2) : [0; 1− gτg] , [p− (pg − g + s)τg; p+ 1− (pg + s)τg] ,
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[
g + 1−

(
g2 + s

)
τg; 1− (s− 1)τg

]
; (15)

Til(3) :
[
0; g2 + 1−

(
g3 + 2g

)
τg
]
,
[
gl + 1−

(
g2l + l + g

)
τg; gl − g + 1−

−
(
g2l − g2 + l + g − 1

)
τg
]
,
[
p− (pg − g + s)τg; g

2 + p+ 1−
(
g3 + pg+

+g + s) τg] ,
[
gl + p+ 1−

(
g2l + pg + s+ l

)
τg; gl − g + p+ 1−

(
g2l + pg−

−g2 + l + s− 1
)
τg
]
,
[
g + 1−

(
g2 + s

)
τg; 1− (s− 1)τg

]
, (16)

ãäå 1 6 s 6 g, 1 6 p 6 g è 1 6 l 6 g.
Çíàÿ âèä ðàçáèåíèÿ Til(1) (14) íàõîäèì

τ2gTil(1) :
[
0; g2 + 1−

(
g3 + 2g

)
τg
]
,[

sg + 1−
(
sg2 + s+ g

)
τg; sg − g + 1−

(
sg2 − g2 + s+ g − 1

)
τg
]
,

ãäå 1 6 s 6 g. Çàìåíÿÿ ïåðåìåííóþ s íà ïåðåìåííóþ l, óáåæäàåìñÿ, ÷òî τ2gTil(1) ÿâëÿåòñÿ
÷àñòüþ ðàçáèåíòèÿ Til(3).

Ïðèìåíÿÿ ðåçóëüòàò (15) ïîëó÷àåì

g−1⋃
t=0

(1− (t+Til(2)) τg) :
[
g + 1− (g2 + t+ 1)τg; 1− tτg

]
, [pg + s+ 1−

−
(
pg2 + sg + p+ t+ 1

)
τg; pg − g + s+ 1−

(
pg2 − g2 + sg + p+ t

)
τg
]
,[

s− (sg − g + t+ 1) τg; g
2 + s+ 1− (g3 + sg + s+ t+ 1)τg

]
, (17)

ãäå 1 6 s 6 g, 1 6 p 6 g è 0 6 t 6 g − 1.
Ïîêàæåì, ÷òî ïîëó÷åííûå îòðåçêè ýêâèâàëåíòíû îòðåçêàì ðàçáèåíèÿ Til(3), çàïèñàííûå

â (16). Çàìåíèì â (17) âñå p íà l, à s íà p èìååì[
g + 1− (g2 + t+ 1)τg; 1− tτg

]
, [gl + p+ 1−

−
(
g2l + pg + l + t+ 1

)
τg; gl − g + p+ 1−

(
g2l − g2 + pg + l + t

)
τg
]
,[

p− (pg − g + t+ 1) τg; g
2 + p+ 1− (g3 + pg + p+ t+ 1)τg

]
,

ãäå 1 6 l 6 g, 1 6 p 6 g è 0 6 t 6 g − 1. Çàòåì çàìåíÿåì t íà s − 1 è ïîëó÷àåì îòðåçêè,
ñîâïàäàþùèå ñ ÷àñòüþ îòðåçêîâ (16).

Òàêèì îáðàçîì, ñïðàâåäëèâî ðàâåíñòâî

Til(3) =

(
g−1⋃
t=0

(1− (t+Til(2)) τg)

)
∪ τ2gTil(1).

Ïðåäïîëîæèì, ÷òî òîæäåñòâî âåðíî ïðè i = m, ò.å.

Til(m+ 2) =

(
g−1⋃
t=0

(1− (t+Til(m+ 1)) τg)

)
∪ τ2gTil(m). (18)

Ïóñòü i = m+ 1, òîãäà ñîãëàñíî îïðåäåëåíèþ Til(m+ 3) = B (Til(m+ 2)), ãäå B = B1 èëè
B = B2. Âîñïîëüçóåìñÿ ðàâåíñòâîì (18) è çàïèøåì

Til(m+ 3) = B

((
g−1⋃
t=0

(1− (t+Til(m+ 1)) τg)

)
∪ τ2gTil(m)

)
.
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Äëèíû îòðåçêîâ ðàçáèåíèé 1 − (t+Til(m+ 1)) τg è τ2gTil(m) ñîãëàñíî ïðåäëîæåíèþ 10
ðàâíû τm+2

g è τm+3
g . Ïîñëå âûïîëíåíèÿ ïðåîáðàçîâàíèÿ B äëèíû îòðåçêîâ ñòàíóò τm+3

g è τm+4
g .

Ïðåîáðàçîâàíèå B ñîñòîèò â îòêëàäûâàíèè íàèìåíüøåãî èç îòðåçêîâ îò îäíîãî èç êîíöîâ

îòðåçêîâ ðàçáèåíèÿ

(
g−1⋃
t=0

(1− (t+Til(m+ 1)) τg)

)
∪ τ2gTil(m). Î÷åâèäíî, ÷òî

B

((
g−1⋃
t=0

(1− (t+Til(m+ 1)) τg)

)
∪ τ2gTil(m)

)
=

=

(
g−1⋃
t=0

B (1− (t+Til(m+ 1)) τg)

)
∪B

(
τ2gTil(m)

)
.

Âîñïîëüçóåìñÿ ïðåäëîæåíèÿìè 8 è 9, è ïîëó÷èì

B (1−(t+Til(m+ 1))τg)=1− (t+B (Til(m+ 1)))τg=1− (t+Til(m+ 2))τg

è
B
(
τ2gTil(m)

)
= τ2gB (Til(m)) = τ2gTil(m+ 1).

Òàêèì îáðàçîì, íàõîäèì, ÷òî

Til(m+ 3) =

(
g−1⋃
t=0

(1− (t+Til(m+ 2)) τg)

)
∪ τ2gTil(m+ 1).

Ðàññìîòðèì ðàçáèåíèå T (i) îòðåçêà [0; 1] íà îòðåçêè âèäà [{−aτg}; {−bτg}], ãäå a, b � öåëûå
íåîòðèöàòåëüíûå ÷èñëà, îïðåäåëÿåìûå ïî ñëåäóþùåìó ïðàâèëó:

a = m, ãäå 0 6 m < F
(g)
i−1 + F

(g)
i ;

ïðè i � ÷åòíîì:

b =

{
m+ F

(g)
i−1, åñëè 0 6 m < F

(g)
i ,

m− F (g)
i , åñëè F

(g)
i 6 m < F

(g)
i−1 + F

(g)
i ,

ïðè i � íå÷åòíîì:

b =

{
m+ F

(g)
i , åñëè 0 6 m < F

(g)
i−1,

m− F (g)
i−1, åñëè F

(g)
i−1 6 m < F

(g)
i−1 + F

(g)
i .

Åñëè b = 0, òî îòðåçîê èìååò âèä [{−aτg}; 1].

Ïðåäëîæåíèå 12. Ðàçáèåíèÿ Til(i) è T (i) ñîâïàäàþò ïðè âñåõ i ≥ 1.

Äîêàçàòåëüñòâî. Âíà÷àëå óáåäèìñÿ, ÷òî äëèíû îòðåçêîâ ðàçáèåíèÿ T (i) ðàâíû τ i+1
g è

τ ig.

Ïðè i � ÷åòíîì îòðåçêè áóäóò äâóõ âèäîâ
[
{−mτg}; {−

(
m+ F

(g)
i−1

)
τg}
]
, ãäå 0 6 m < F

(g)
i , è[

{−mτg}; {−
(
m− F (g)

i

)
τg}
]
, ãäå F (g)

i 6 m < F
(g)
i−1 +F

(g)
i . Äëèíû ýòèõ îòðåçêîâ ðàâíû äëèíàì

îòðåçêîâ
[
0; {−F (g)

i−1τg}
]
è
[
0; {F (g)

i τg}
]
, ñîîòâåòñòâåííî.

Ëåãêî óáåäèòüñÿ, ÷òî
{
(−1)i F (g)

i τg

}
= τ i+1

g , ïîýòîìó äëèíû óêàçàííûõ îòðåçêîâ ðàâíû{
−F (g)

i τg

}
= τ ig è

{
F

(g)
i τg

}
= τ i+1

g , ïðè÷åì îòðåçêîâ äëèíû τ ig â ðàçáèåíèè T (i) âñåãî F
(g)
i−1, à
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äëèíû τ i+1
g , ñîîòâåòñòâåííî, F (g)

i . Â ñëó÷àå íå÷åòíîãî i àíàëîãè÷íî ïîëó÷àåì îòðåçêè òîëüêî
äâóõ äëèí τ i+1

g è τ ig â òåõ æå êîëè÷åñòâàõ.
Ðàññìàòðèâàÿ êîîðäèíàòû êîíöîâ îòðåçêîâ ðàçáèåíèé T (i) è T (i + 1), óáåæäàåìñÿ, ÷òî

âñå êîðîòêèå îòðåçêè ðàçáèåíèÿ T (i) ñòàíîâÿòñÿ äëèííûìè â ðàçáèåíèè T (i+ 1). Êàæäûé èç
äëèííûõ îòðåçêîâ ðàçáèåíèÿ T (i) ðàñïàäàåòñÿ íà g + 1 îòðåçêîâ: îäèí êîðîòêèé è g äëèííûõ
ðàçáèåíèÿ T (i+ 1), ïðè÷åì ïðè i íå÷åòíîì ñëåâà áóäåò êîðîòêèé, à ïðè i ÷åòíîì � ñïðàâà.

Èòàê, èìååì

T (i+ 1) =

{
B1 (T (i)) , åñëè i− íå÷åòíîå,
B2 (T (i)) , åñëè i− ÷åòíîå.

Äëÿ äîêàçàòåëüñòâà ïðåäëîæåíèÿ îñòàåòñÿ ïðîâåðèòü, ÷òî Til(1) = T (1) è âîñïîëüçîâàòüñÿ
èíäóêöèåé ïî i.

Äîêàçàííîå ïðåäëîæåíèå îçíà÷àåò, ÷òî ðàçáèåíèÿ Til(i) ïîëó÷àþòñÿ ñäâèãîì êëàññè÷åñêèõ
ðàçáèåíèé Ôèáîíà÷÷è, îïðåäåëåííûõ â [14].

3. Òåîðåìà î ãåîìåòðèçàöèè

Òåîðåìà 1. Ìíîæåñòâî X0(i), ãäå i > 0, ñîñòîèò èç âñåõ êîðîòêèõ è òàêîãî æå ÷èñëà
äëèííûõ îòðåçêîâ ðàçáèåíèÿ Til(i + 1), ïðè÷åì êàæäûé êîðîòêèé, îáúåäèíÿåòñÿ ñ èäóùèì
âñëåä çà íèì äëèííûì. Ìíîæåñòâî Xj(i), ãäå 1 6 j 6 g − 1, ñîñòîèò èç âñåõ (j + 1)-ûõ
äëèííûõ, èäóùèõ ïîñëå êàæäîãî êîðîòêîãî îòðåçêà ðàçáèåíèÿ Til(i+ 1). Ìíîæåñòâî Xg(i),
ñîñòîèò èç âñåõ îñòàâøèõñÿ îòðåçêîâ ðàçáèåíèÿ Til(i+ 1). Ïîðÿäîê îòñ÷åòà îòðåçêîâ ïðè
÷åòíûõ è íå÷åòíûõ i: ïðè ÷åòíûõ � ñëåâà íàïðàâî, à ïðè íå÷åòíûõ � ñïðàâî íàëåâî.

Äîêàçàòåëüñòâî. Ñîãëàñíî ïðåäëîæåíèþ 10, ðàçáèåíèå Til(i) ñîñòîèò èç îòðåçêîâ, äëèíû
êîòîðûõ ðàâíû τ ig è τ

i+1
g . Îáîçíà÷èì ÷åðåç L(i) îáúåäèíåíèå äëèííûõ îòðåçêîâ, à ÷åðåç S(i) �

îáúåäèíåíèå êîðîòêèõ îòðåçêîâ ðàçáèåíèÿ Til(i). Î÷åâèäíî, ÷òî äëÿ L(i) è S(i) ñïðàâåäëèâû
ðàâåíñòâà àíàëîãè÷íûå òîæäåñòâó (13).

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ïðîâåðÿåòñÿ, ÷òî òåîðåìà 1 âåðíà ïðè i = 0 è i = 1. Â
ñèëó ðàâåíñòâ (12) è (13) ïîëó÷àåì, ÷òî òåîðåìà âåðíà ïðè ëþáûõ i.

Â ïðåäñòàâëåíèè (2) çàôèêñèðóåì ïåðâûå l+ 1 çíà÷åíèé εi, ò.å. ε0, ..., εl. Îáîçíà÷èì ÷åðåç
F(g) (ε0, ..., εl) ìíîæåñòâî öåëûõ íåîòðèöàòåëüíûõ ÷èñåë, ó êîòîðûõ ôèêñèðîâàíû çíà÷åíèÿ
ε0(n) = ε0, ..., εl(n) = εl.

Ïóñòü X (ε0, ..., εl) � çàìûêàíèå ìíîæåñòâà çíà÷åíèé ôóíêöèè χ(n) ïðè n ∈ F(g) (ε0, ..., εl).
Î÷åâèäíî, ÷òî ìíîæåñòâîX(ε0, ..., εl) ÿâëÿåòñÿ ïåðåñå÷åíèåì ìíîæåñòâXj(i), ãäå i = 0, 1, . . . , l,
à j = 0, 1, . . . , g′, ò. å.

X (ε0, ..., εl) =

l⋂
i=0

Xj(i), ãäå j =


0, åñëè εi = 0,
1, åñëè εi = 1,
. . .
g′, åñëè εi = g′.

(19)

Òåîðåìà 2. Äëÿ ëþáûõ íàáîðîâ ε0, ..., εl, ñîñòîÿùèõ èç öåëûõ ÷èñåë îò íóëÿ äî g′,
ãäå g′ = g − 1 ïðè i = 0, è g′ = g ïðè i > 1, òàêèõ ÷òî åñëè εi+1 = g, òî εi = 0 ïðè âñåõ
0 6 i 6 l − 1, ìíîæåñòâî X (ε0, ..., εl) åñòü îòðåçîê [{−aτg}; {−bτg}], ãäå a, b � ýôôåêòèâíî

âû÷èñëèìûå öåëûå ÷èñëà, òàêèå ÷òî 0 6 a, b < F
(g)
l + F

(g)
l+1.

Äîêàçàòåëüñòâî. Ñîãëàñíî (19) X (ε0, ..., εl) � ýòî ïåðåñå÷åíèå ìíîæåñòâ Xj(i), ãäå
i = 0, 1, . . . , l, à j = 0, 1, 2 . . . , g′, ÿâëÿþùèõñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà îòðåçêîâ ðàçáè-
åíèÿ Til(l + 1). Ñëåäîâàòåëüíî, X (ε0, ..., εl) ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå êîíå÷íîãî ÷èñëà
îòðåçêîâ ðàçáèåíèÿ Til(l + 1). Äîêàæåì, ÷òî X (ε1, ..., εl) ñîñòîèò èç îäíîãî îòðåçêà.



102 Å. Ï. ÄÀÂËÅÒßÐÎÂÀ, À. À. ÆÓÊÎÂÀ, À. Â. ØÓÒÎÂ

Ïîäñ÷èòàåì êîëè÷åñòâî âîçìîæíûõ êîìáèíàöèé ε0, ..., εl, òàêèõ ÷òî åñëè εi+1 = g, òî εi = 0,
ãäå 0 6 i 6 l − 1, à j = 0, 1, . . . , g′. Êîìáèíàöèÿ, äàþùàÿ íàèìåíüøåå èç âîçìîæíûõ ÷èñåë,
ñîñòîèò èç âñåõ íóëåé, ò.å. εi = 0 ïðè âñåõ 0 6 i 6 l. Êîìáèíàöèè, äàþùèå íàèáîëüøåå èç
âîçìîæíûõ íàòóðàëüíûõ ÷èñåë ïðè ÷åòíîì è íå÷åòíîì l ðàçëè÷íû.

Åñëè l ÷åòíîå, òî ε0 = g − 1, ε2 = ε4 = ... = εl = g, ε1 = ε3 = ... = εl−1 = 0; åñëè l
íå÷åòíîå, òî ε0 = ε2 = ε4 = ... = εl−1 = 0, ε1 = ε3 = ... = εl = g. ×èñëà, ñîîòâåòñòâóþùèå ýòèì
êîìáèíàöèÿì, ïîäñ÷èòàåì, èñïîëüçóÿ (1). Ïðè l ÷åòíîì:

gF
(g)
l + gF

(g)
l−2 + . . .+ gF

(g)
2 + (g − 1)F

(g)
0 =

(
gF

(g)
l + F

(g)
l−1

)
− F (g)

l−1+

+
(
gF

(g)
l−2 + F

(g)
l−3

)
− F (g)

l−3 + . . .+
(
gF

(g)
2 + F

(g)
1

)
− F (g)

1 + (g − 1)F
(g)
0 =

= F
(g)
l+1 − F

(g)
l−1 + F

(g)
l−1 − F

(g)
l−3 + F

(g)
l−3 − . . .− F

(g)
1 + (g − 1)F

(g)
0 = F

(g)
l+1 − 1;

ïðè l íå÷åòíîì:

gF
(g)
l + gF

(g)
l−2 + . . .+ gF

(g)
3 + gF

(g)
1 =

(
gF

(g)
l + F

(g)
l−1

)
− F (g)

l−1+

+
(
gF

(g)
l−2 + F

(g)
l−3

)
− F (g)

l−3 + . . .+
(
gF

(g)
3 + F

(g)
2

)
− F (g)

2 +
(
gF

(g)
1 + F

(g)
0

)
− F (g)

0 =

= F
(g)
l+1 − F

(g)
l−1 + F

(g)
l−1 − F

(g)
l−3 + F

(g)
l−3 − . . .− F

(g)
2 + F

(g)
2 − F (g)

0 = F
(g)
l+1 − 1.

Òàêèì îáðàçîì, íàèìåíüøåå èç ÷èñåë ìíîæåñòâà F(g) (ε0, ..., εl) � ýòî íîëü, à íàèáîëüøåå

F
(g)
l+1 − 1. Âñå ïðîìåæóòî÷íûå êîìáèíàöèè (ε0, ..., εl) òàêæå çàäàþò íàòóðàëüíûå ÷èñëà, ñëå-

äîâàòåëüíî, èìååòñÿ F
(g)
l+1 ðàçëè÷íûõ ìíîæåñòâ F(g) (ε0, ..., εl), è êàæäîìó èç ýòèõ ìíîæåñòâ

ñîîòâåòñòâóåò ñâîå X (ε0, ..., εl). ßñíî, ÷òî ìíîæåñòâà, ñîîòâåòñòâóþùèå ðàçëè÷íûì íàáîðàì
(ε0, ..., εl) ïðè ôèêñèðîâàííîì l íå ïåðåñåêàþòñÿ. Ñëåäîâàòåëüíî,

⋃
X (ε0, ..., εl) äîëæíî ñîäåð-

æàòü íå ìåíåå ÷åì F
(g)
l+1 îòðåçêîâ.

Â õîäå äîêàçàòåëüñòâà ïðåäëîæåíèÿ 12 áûëî ïîêàçàíî, ÷òî â ðàçáèåíèè T (l + 1) èìååòñÿ

F
(g)
l êîðîòêè è F (g)

l+1 äëèííûõ îòðåçêîâ. Ñîãëàñíî òåîðåìå 1 ìíîæåñòâàXj(i), ãäå j = 0, 1, . . . , g′,
ñîñòîÿò èç îòäåëüíî ñòîÿùèõ äëèííûõ îòðåçêîâ è òîëüêîX0(i)� ýòî ìíîæåñòâî âñåõ êîðîòêèõ,
îáúåäèíåííûõ ñ òàêèì æå êîëè÷åñòâîì äëèííûõ îòðåçêîâ, ðàñïîëîæåííûõ ðÿäîì ñ êîðîòêèìè.

Ýòî îçíà÷àåò, ÷òî îáùåå êîëè÷åñòâî îòðåçêîâ, ñîîòâåòñòâóþùèõ ÷èñëó ðàçëè÷íûõ ìíî-
æåñòâ X (ε0, ..., εl) ðàâíî F

(g)
l+1.

Ñîãëàñíî ïðåäëîæåíèþ 12 ðàçáèåíèÿ Til(l + 1) è T (l + 1) ñîâïàäàþò, ïîýòîìó êîëè÷åñòâî

êîìáèíàöèé
l⋂

i=0
Xj(i) ðàâíî F

(g)
l+1 îòðåçêàì, ÿâëÿþùèõñÿ íåïåðåñåêàþùèìèñÿ ÷àñòÿìè ðàçáèå-

íèÿ T (l+1). Ñëåäîâàòåëüíî, êàæäîìó èç ìíîæåñòâ X (ε0, ..., εl) ñîîòâåòñòâóåò â òî÷íîñòè îäèí
îòðåçîê, êîíöû êîòîðîãî ñîâïàäàþò ñ òî÷êàìè ðàçáèåíèÿ T (l).

4. Òåîðåòèêî-÷èñëîâûå ïðèëîæåíèÿ

Ïóñòü AN � ÷èñëî íàòóðàëüíûõ ÷èñåë n, ìåíüøèõ èëè ðàâíûõ N , òàêèõ ÷òî âñå ÷ëåíû
ïîñëåäîâàòåëüíîñòè {nα} ïðèíàäëåæàò îòðåçêó [a; b], ò.å.

AN = ♯ {n : 1 6 n 6 N, {nα} ∈ Ia,b} ,

ãäå Ia,b = [a, b].
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Â ñèëó òåîðåìû Âåéëÿ äëÿ ëþáîãî èððàöèîíàëüíîãî α ñïðàâåëèâà àñèìïòîòè÷åñêàÿ ôîð-
ìóëà

AN = (b− a)N + o(N). (20)

Âî ìíîãèõ ñëó÷àÿõ îñòàòî÷íûé ÷ëåí àñèìïòîòèêè (20) ìîæåò áûòü óëó÷øåí. Â ÷àñòíîñòè,
åñëè α � èððàöèîíàëüíîñòü ñ îãðàíè÷åííûìè íåïîëíûìè ÷àñòíûìè ðàçëîæåíèÿ â öåïíóþ
äðîáü, òî [18], [3]

AN = (b− a)N +O(lnN). (21)

Êðîìå òîãî, èçâåñòíà òåîðåìà Ãåêêå [1], óòâåðæäàþùàÿ, ÷òî åñëè äëÿ äëèíû èíòåðâàëà Ia,b
ñïðàâåäëèâî âêëþ÷åíèå b− a ∈ Z+ αZ, òî

AN = (b− a)N +O(1). (22)

Îáîçíà÷èì ÷åðåç AN (ε0, . . . , εl) � ÷èñëî íàòóðàëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ N , ó êîòî-
ðûõ â ïðåäñòàâëåíèè (2) çàôèêñèðîâàíû ïåðâûå l + 1 çíà÷åíèé ε0, . . . , εl, òî åñòü

AN (ε0, . . . , εl) = ♯
{
n : 1 6 n 6 N,n ∈ F(g) (ε0, . . . , εl)

}
.

Òåîðåìà 3. Äëÿ ëþáîãî íàòóðàëüíîãî N ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

AN (ε0, . . . , εl) = cN +O(1),

ãäå c � ýôôåêòèâíî âû÷èñëèìàÿ êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò (ε0, . . . , εl).

Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìå 2, åñëè n ∈ F(g) (ε0, . . . , εl), òî

χ(n) ∈ [{−aτg}; {−bτg}] = Ja,b,

ïðè÷åì a, b � ýôôåêòèâíî âû÷èñëèìûå öåëûå íåîòðèöàòåëüíûå ÷èñëà. Ñëåäîâàòåëüíî,

AN (ε0, . . . , εl) = ♯ {n : 1 6 n 6 N,χ(n) ∈ Ja,b} .

Ïîñêîëüêó äëèíà èíòåðâàëà Ja,b ïðèíàäëåæèò Z + αZ, ó÷èòûâàÿ îïðåäåëåíèå χ(n) è òåî-
ðåìó Ãåêêå (22), èìååì

AN (ε0, . . . , εl) = |Ja,b|N +O(1).

Îòñþäà ïîëó÷àåì óòâåðæäåíèå òåîðåìû ñ êîíñòàíòîé

c = |{−aτg} − {−bτg}|.

Ñëåäñòâèå 1. Ïóñòü ρ (ε0, . . . , εl) � ïëîòíîñòü ðàñïðåäåëåíèÿ ÷èñåë ìíîæåñòâà

F(g) (ε0, . . . , εl)

íà ÷èñëîâîé ïðÿìîé, òîãäà

ρ (ε0, . . . , εl) =

{
τ lg, åñëè εl = 1,

τ l+1
g + τ lg, åñëè εl = 0.

Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèþ ïëîòíîñòü ðàñïðåäåëåíèÿ ìíîæåñòâà òî÷åê íà
÷èñëîâîé ïðÿìîé � ýòî

ρ (ε0, . . . , εl) = lim
N→∞

AN (ε0, . . . , εl)

N
.
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Âîñïîëüçóåìñÿ óòâåðæäåíèåì òåîðåìû 3 è çàïèøåì

ρ (ε0, . . . , εl) = lim
N→∞

|{−aτg} − {−bτg}|N +O(1)

N
=

= |{−aτg} − {−bτg}|+ lim
N→∞

O(1)

N
= |{−aτg} − {−bτg}|.

Ðàçáèåíèå Til(l+1) ñîñòîèò èç F (g)
l êîðîòêèõ è F (g)

l+1 äëèííûõ îòðåçêîâ. Â õîäå äîêàçàòåëüñòâà

òåîðåìû 2 áûëî ïîêàçàíî, ÷òî êîëè÷åñòâî ðàçëè÷íûõ êîìáèíàöèé
l⋂

i=0
Xj(i) ñîâïàäàåò ñ F

(g)
l+1

îòðåçêàìè, äàþùèìè ïðè îáúåäèíåíèè îòðåçîê [0; 1]. Ñëåäîâàòåëüíî, F (g)
l îòðåçêîâ ðàçáèåíèÿ

Til(l + 1) ÿâëÿþòñÿ ñîñòàâëÿþùèìè ÷àñòÿìè îòðåçêîâ, ñîâïàäàþùèõ ñ ÷èñëîì âîçìîæíûõ

âàðèàíòîâ
l⋂

i=0
Xj(i).

Ñîãëàñíî îïðåäåëåíèþ ìíîæåñòâî X0(l) ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå êîðîòêèõ è ñòî-
ÿùèõ ðÿäîì ñ íèìè äëèííûõ îòðåçêîâ ðàçáèåíèÿ Til(l+1), äëèíû êîòîðûõ ðàâíû τ l+2

g + τ l+1
g ,

à ìíîæåñòâà Xj(l), ãäå j = 1, 2, . . . , g � îáúåäèíåíèå äëèííûõ îòðåçêîâ ðàçáèåíèÿ Til(l + 1),
äëèíû êîòîðûõ ðàâíû τ l+1

g .
Îáîçíà÷èì ÷åðåç As,qN (ε0, . . . , εl) � ÷èñëî íàòóðàëüíûõ ÷èñåë, ìåíüøèõ èëè ðàâíûõ N ,

ïðèíàäëåæàùèõ ìíîæåñòâó F(g) (ε0, . . . , εl) è ÿâëÿþùèõñÿ ÷ëåíàìè àðèôìåòè÷åñêîé ïðîãðåñ-
ñèè st+ q, ãäå s, t ∈ N, q ∈ Z, 0 6 q 6 s− 1, òî åñòü

As,qN (ε0, . . . , εl) = ♯
{
n : 1 6 n 6 N,n ∈ F(g) (ε0, . . . , εl) , n = st+ q

}
.

Òåîðåìà 4. Äëÿ ôèêñèðîâàííîãî s è ëþáîãî íàòóðàëüíîãî N ñïðàâåäëèâà àñèìïòîòè-
÷åñêàÿ ôîðìóëà

As,qN (ε0, . . . , εl) = ρ (ε0, . . . , εl)
N

s
+Ol

(
ln
N

s

)
.

Äîêàçàòåëüñòâî. Çíàÿ, ÷òî óñëîâèå n ∈ F(g) (ε0, . . . , εl) ýêâèâàëåíòíî òîìó, ÷òî χ(n) ∈
∈ Ja,b, è âîñïîëüçîâàâøèñü ïðèíàäëåæíîñòüþ n àðèôìåòè÷åñêîé ïðîãðåññèè st + q, ìîæíî
óòâåðæäàòü, ÷òî

As,qN (ε0, . . . , εl) = ♯ {t : 1 ≤ st+ q 6 N, {(st+ q + 1)τg} ∈ Ja,b} .

×èñëî τg =

√
g2+4−1

2 � êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü, çíà÷èò ÷èñëà τ ′g = sτg è τ ′′g =
= (q + 1)τg, ãäå s, q ∈ N, òàêæå ÿâëÿþòñÿ êâàäðàòè÷íûìè èððàöèîíàëüíîñòÿìè.

Ïóñòü A′
N =

{
n : 1 6 n 6 N,nτ ′g + τ ′′g ∈ Ja,b

}
. Ñîãëàñíî òåîðåìå Ëàãðàíæà ðàçëîæåíèå

êâàäðàòè÷íîé èððàöèîíàëüíîñòè â öåïíóþ äðîáü ÿâëÿåòñÿ ïåðèîäè÷åñêèì, âîçìîæíî ñ ïðåä-
ïåðèîäîì. Ýòî îçíà÷àåò, ÷òî íåïîëíûå ÷àñòíûå ðàçëîæåíèÿ êâàäðàòè÷íîé èððàöèîíàëüíîñòè
â öåïíóþ äðîáü îãðàíè÷åíû. Ïîýòîìó, â ñèëó (21),

A′
N = |{−aτg} − {−bτg}|N +Ol(lnN).

Èç íåðàâåíñòâ 1 6 st + q 6 N ïîëó÷àåì 1 6 t 6 tmax, ïðè÷åì
[
N
s

]
6 6 tmax 6 N

s , òàê êàê
0 6 q

s < 1.

As,qN (ε0, . . . , εl) = A′
tmax

= |{−aτg} − {−bτg}|
N

s
+Ol

(
ln
N

s

)
.

Äàëåå îñòàåòñÿ âîñïîëüçîâàòüñÿ ðàâåíñòâîì

ρ (ε0, . . . , εl) = |{−aτg} − {−bτg}| . (23)
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Ïóñòü π (ε0, . . . , εl;n) � êîëè÷åñòâî ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ n è ïðèíàäëåæàùèõ
ìíîæåñòâó F(g) (ε0, . . . , εl), à π(n) � êîëè÷åñòâî ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ n.

Òåîðåìà 5. Ìíîæåñòâî F(g) (ε0, . . . , εl) ñîäåðæèò áåñêîíå÷íî ìíîãî ïðîñòûõ ÷èñåë. Áî-
ëåå òîãî

π(ε0, . . . , εl;n) = ρ (ε0, . . . , εl)π(n)(1 + o(1)).

Äîêàçàòåëüñòâî. Ïóñòü pn � n-å ïðîñòîå ÷èñëî. Ñîãëàñíî òåîðåìå È. Ì. Âèíîãðàäîâà
[7] äëÿ ëþáîãî èððàöèîíàëüíîãî α ïîñëåäîâàòåëüíîñòü {pnα} ðàâíîìåðíî ðàñïðåäåëåíà ïî
ìîäóëþ îäèí, òî åñòü

♯{n : pn 6 N, {pnα} ∈ [a; b]} = (b− a)π(n)(1 + o(1))

äëÿ ëþáîãî îòðåçêà [a; b] ∈ [0; 1). Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü {χ(pn)} òàêæå ðàâíî-
ìåðíî ðàñïðåäåëåíà íà ïðîìåæóòêå [0; 1) â ñèëó èððàöèîíàëüíîñòè τg.

Èçâåñòíî, ÷òî χ(n) ∈ Ja,b, åñëè n ∈ F(g) (ε0, . . . , εl). Çíà÷èò, åñëè p ∈ F(g) (ε0, . . . , εl), òî
çíà÷åíèÿ ôóíêöèè χ(p) = {(p+ 1)τg} òàêæå ïðèíàäëåæàò Ja,b, îòêóäà, ñ ó÷åòîì ðàâíîìåðíîé
ðàñïðåäåëåííîñòè è ðàâåíñòâà (23), íåìåäëåííî âûòåêàåò òðåáóåìûé ðåçóëüòàò.

Îáîçíà÷èì ÷åðåç sm (ε0, . . . , εl;n) ÷èñëî ðåøåíèé óðàâíåíèÿ

n1 + n2 + . . .+ nm = n, (24)

ãäå ni ∈ F(g) (ε0, . . . , εl), i = 1, 2, . . . , l.

Òåîðåìà 6. Ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

sm (ε0, . . . , εl;n) = cm (ε0, . . . , εl, {nτg})nm−1 +Om,l
(
nm−2 lnn

)
,

ãäå cm (ε0, . . . , εl, δ) � íåêîòîðàÿ ýôôåêòèâíî âû÷èñëèìàÿ ôóíêöèÿ.

Äîêàçàòåëüñòâî. Ïóñòü rm (α, I1, . . . , Im, n) � ÷èñëî ðåøåíèé óðàâíåíèÿ (24) ñ äîïîëíè-
òåëüíûì óñëîâèåì {niα} ∈ Ii, ãäå Ii � íåêîòîðûé èíòåðâàë, i = 1, 2, . . . ,m.

Â ðàáîòàõ [28], [29] ïîëó÷åíà ñëåäóþùàÿ àñèìïòîòè÷åñêàÿ ôîðìóëà

rm (α, I1, . . . , Im, n) = cm (I1, . . . , Im, {nα})nm−1 +Om
(
nm−2∆(α, n)

)
, (25)

ãäå cm (α, I1, . . . , Im, δ) � ïåðèîäè÷åñêàÿ, ñ ïåðèîäîì îäèí, ôóíêöèÿ, âû÷èñëÿåìàÿ ïî ôîðìóëå

cm (I1, . . . , Im, δ) =
1

m− 1

ˆ

Im(δ)

cm−1 (I1, . . . , Im−1, x) dx.

Çäåñü Im(δ) = ιδ(Im), è ôóíêöèÿ c1 (I1, δ) çàäàåòñÿ íà ïåðèîäå [0; 1) óñëîâèÿìè

c1(I1, δ) =

{
1, ïðè δ ∈ I1,
0, ïðè δ /∈ I1,

è ∆(α, n) = O(lnn), åñëè α � êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü. Áîëåå òîãî, â ðàáîòå [29]
ïîêàçàíî, ÷òî ôóíêöèÿ cm (α, I1, . . . , Im, {nα}) ÿâëÿåòñÿ êóñî÷íûì ìíîãî÷ëåíîì ñòåïåíè m−1.
Êðîìå òîãî, ýòà ôóíêöèÿ íåïðåðûâíà ïðè m > 2.

Ïî óñëîâèþ ni ∈ F(g) (ε0, . . . , εl), òî åñòü χ(n) ∈ Ja,b. Î÷åâèäíî, ÷òî åñëè χ(ni) =
{(ni + 1) τg} ∈ Ja,b, òî {niτg} ∈ Ja−1,b−1, ïðè÷åì I = Ja−1,b−1 � íåêîòîðûé îòðåçîê íà åäè-
íè÷íîé îêðóæíîñòè.
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Ýòî îçíà÷àåò, ÷òî äëÿ íàõîæäåíèÿ àñèìïòîòè÷åñêîé ôîðìóëû äëÿ sm (ε0, . . . , εl;n) ìîæíî
âîñïîëüçîâàòüñÿ (25) â ñëó÷àå α = τg � êâàäðàòè÷íîé èððàöèîíàëüíîñòè è I1 = . . . = Im = I.
Ïîëó÷èì

sm (ε0, . . . , εl;n) = cm (I, I, . . . , I, {nτg})nm−1 +Om,l
(
nm−2 lnn

)
,

îòêóäà è ñëåäóåò óòâåðæäåíèå òåîðåìû.
Ïóñòü t (ε0, . . . , εl;n) � ÷èñëî ðåøåíèé çàäà÷è Ëàãðàíæà, ò.å. êîëè÷åñòâî ðåøåíèé óðàâíå-

íèÿ
n21 + n22 + n23 + n24 = n, (26)

ñ äîïîëíèòåëüíûì óñëîâèåì ni ∈ F(g) (ε0, . . . , εl), i = 1, 2, 3, 4.

Òåîðåìà 7. Ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

t (ε0, . . . , εl;n) = ρ4 (ε0, . . . , εl)Q(n) +Ol

(
n0,9+δ

)
,

ãäå Q(n) ïðåäñòàâëÿåò ñîáîé ÷èñëî ðåøåíèé çàäà÷è Ëàãðàíæà áåç äîïîëíèòåëüíîãî óñëîâèÿ
ni ∈ F(g) (ε0, . . . , εl), δ > 0 � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî.

Äîêàçàòåëüñòâî. Ïóñòü G(n) � ÷èñëî ðåøåíèé óðàâíåíèÿ (26) ñ äîïîëíèòåëüíûì óñëî-
âèåì a < {αni} < b, i = 1, 2, 3, 4. Â ðàáîòå [10] â ñëó÷àå êâàäðàòè÷íîé èððàöèîíàëüíîñòè α
íàéäåíà àñèìïòîòè÷åñêàÿ ôîðìóëà

G(n) = (b− a)4Q(n) +O
(
n0,9+δ

)
.

Ïî óñëîâèþ ni ∈ F(g) (ε0, . . . , εl), çíà÷èò χ(ni) ∈ Ja,b, à, ñëåäîâàòåëüíî, {niτg} ∈ I äëÿ
íåêîòîðãî èíòåðâàëà I òîé æå ñàìîé äëèíû, ÷òî è Ja,b. Âîñïîëüçóåìñÿ ïðèâåäåííûì âûøå
óòâåðæäåíèåì è ðàâåíñòâîì (23) è ïîëó÷èì äîêàçûâàåìóþ àñèìïòîòè÷åñêóþ ôîðìóëó.

Òåðíàðíàÿ ïðîáëåìà Ãîëüäáàõà ñîñòîèò â íàõîæäåíèè ÷èñëà ðåøåíèé óðàâíåíèÿ

p1 + p2 + p3 = n, (27)

ãäå n � íå÷åòíîå íàòóðàëüíîå ÷èñëî è p1, p2, p3 � ïðîñòûå ÷èñëà.
Ïóñòü ν (ε0, . . . , εl;n) � ÷èñëî ðåøåíèé óðàâíåíèÿ (27) ñ äîïîëíèòåëüíûì óñëîâèåì pi ∈

∈ F(g) (ε0, . . . , εl), i = 1, 2, 3.

Òåîðåìà 8. Ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

ν (ε0, . . . , εl;n) = Q3,1(n)σ(n, a, b) +Ol
(
n2 lnC n

)
,

ãäå

Q3,1(n) =
n2

2 ln3 n

∏
p

(
1 +

1

(p− 1)3

)∏
p|n

(
1− 1

p2 − 3p+ 3

)
,

σ(n, a, b) =
∑

|m|<∞

e2πim(τgn−1,5(a+b))
sin3 πm(b−a)

π3m3 ,

è a, b � íåêîòîðûå ýôôåêòèâíî âû÷èñëèìûå ÷èñëà èç êîëüöà Z[τg].

Äîêàçàòåëüñòâî. Â ðàáîòå [11] â ñëó÷àå êâàäðàòè÷íîé èððàöèîíàëüíîñòè α ïîëó÷åíà
àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ G3,1 � ÷èñëà ðåøåíèé óðàâíåíèÿ (27) ñ óñëîâèåì a < {αpi} < b,
i = 1, 2, 3

G3,1(n) = Q3,1(n)σ(n, a, b) +O
(
n2 lnC n

)
.



ÃÅÎÌÅÒÐÈÇÀÖÈß ÎÁÎÁÙÅÍÍÛÕ ÑÈÑÒÅÌ Ñ×ÈÑËÅÍÈß ÔÈÁÎÍÀ××È . . . 107

Ñîãëàñíî óñëîâèþ òåîðåìû pi ∈ F(g) (ε0, . . . , εl), ÷òî îçíà÷àåò χ(pi) ∈ Ja,b, à, ñëåäîâàòåëüíî,
{piτg} ∈ I äëÿ íåêîòîðãî èíòåðâàëà I. Ïðèìåíèì ñôîðìóëèðîâàííîå âûøå óòâåðæäåíèåì è
ïîëó÷èì äîêàçûâàåìóþ àñèìïòîòè÷åñêóþ ôîðìóëó.

Ïðîáëåìà Õóà�Ëîêåíà ñîñòîèò â íàõîæäåíèè ÷èñëà ðåøåíèé óðàâíåíèÿ

p21 + . . .+ p25 = n, (28)

ãäå n ≡ 5 (mod 24) è p1, . . . p5 � ïðîñòûå ÷èñëà.
Ïóñòü µ (ε0, . . . , εl;n) � ÷èñëî ðåøåíèé óðàâíåíèÿ (28) ñ äîïîëíèòåëüíûì óñëîâèåì p2i ∈

∈ F(g) (ε0, . . . , εl), i = 1, . . . , 5.

Òåîðåìà 9. Ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

µ(ε0, . . . , εl;n) = Q5,2(n)σ1(n, a, b) +Ol

(
n3/2−0,00002

)
,

ãäå Q5,2(n) � ÷èñëî ðåøåíèé çàäà÷è Õóà�Ëîêåíà áåç äîïîëíèòåëüíûõ îãðàíè÷åíèé íà p2i ,

σ1(n, a, b) =
∑

|m|<∞

e2πim(τgn−2,5(a+b))
sin5 πm(b−a)

π5m5 ,

è a, b � íåêîòîðûå ýôôåêòèâíî âû÷èñëèìûå ÷èñëà èç êîëüöà Z[τg].

Äîêàçàòåëüñòâî. Â ðàáîòå [11] â ñëó÷àå êâàäðàòè÷íîé èððàöèîíàëüíîñòè α ïîëó÷å-
íà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ G5,2(n) � ÷èñëà ðåøåíèé óðàâíåíèÿ (28) ñ óñëîâèåì
a < {αpi} < b, i = 1, . . . , 5

G5,2(n) = Q5,2(n)σ1(n, a, b) +O
(
n3/2−0,00002

)
.

Ñîãëàñíî óñëîâèþ òåîðåìû p2i ∈ F(g) (ε0, . . . , εl), ò.å. χ
(
p2i
)
∈ Ja,b, à, ñëåäîâàòåëüíî,{

p2i τg
}
∈ I äëÿ íåêîòîðãî èíòåðâàëà I. Ïðèìåíèì ñôîðìóëèðîâàííîå â íà÷àëå äîêàçàòåëü-

ñòâà óòâåðæäåíèå è ïîëó÷èì äîêàçûâàåìóþ àñèìïòîòè÷åñêóþ ôîðìóëó.
Îáîçíà÷èì ÷åðåç APN (ε0, . . . , εl) � ÷èñëî íàòóðàëüíûõ ÷èñåë, ìåíüøèõ èëè ðàâíûõ N ,

ïðèíàäëåæàùèõ ìíîæåñòâó F(g) (ε0, . . . , εl) è ÿâëÿþùèõñÿ ÷ëåíàìè çíà÷åíèÿìè ìíîãî÷ëåíà

n = P (t) ñ öåëûìè íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè, ãäå t ∈ N, P (t) =
k∑
i=0

ait
i, ai ∈ Z,

ai ≥ 0 ïðè 0 ≤ i < k, ak > 0 òî åñòü

APN (ε0, . . . , εl) = ♯
{
n : 1 6 n 6 N,n ∈ F(g) (ε0, . . . , εl) , n = P (t), t ∈ N

}
.

Òåîðåìà 10. Äëÿ ëþáîãî ôèêñèðîâàííîãî ìíîãî÷ëåíà P (t) =
k∑
i=0

ait
i ñ öåëûìè íåîòðè-

öàòåëüíûìè êîýôôèöèåíòàìè è ak > 0 è ëþáîãî íàòóðàëüíîãî N ñïðàâåäëèâà àñèìïòîòè-
÷åñêàÿ ôîðìóëà

APN (ε0, . . . , εl) ∼ ρ (ε0, . . . , εl) k

√
N

ak
.

Äîêàçàòåëüñòâî. Ïóñòü BP (N) � êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ N
è ïðåäñòàâèìûõ â âèäå N = P (t) äëÿ íåêîòîðîãî íàòóðàëüíîãî t. Ëåãêî âèäåòü, ÷òî

BP (N) ∼ k

√
N

ak
.
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Ñîãëàñíî òåîðåìå Âåéëÿ [6], äëÿ ëþáîãî ìíîãî÷ëåíà P ′(t) ñ èððàöèîíàëüíûì ñòàðøèì êî-
ýôôèöèåíòîì ïîñëåäîâàòåëüíîñòü äðîáíûõ äîëåé {P ′(t)} ðàâíîìåðíî ðàñïðåäåëåíà ïî ìîäóëþ
îäèí, òî åñòü

♯
{
t : 1 ≤ t ≤ K, {P ′(t)} ∈ I

}
∼ |I|K

äëÿ ëþáîãî îòðåçêà I ∈ [0; 1). Ñëåäîâàòåëüíî, â ñèëó èððàöèîíàëüíîñòè τg, ïîñëåäîâàòåëüíîñòü
{χ(P (t))} òàêæå ÿâëÿåòñÿ ðàâíîìåðíî ðàñïðåäåëåííîé ïî ìîäóëþ îäèí, òî åñòü

♯ {t : 1 ≤ t ≤ K,χ(P (t)) ∈ I} ∼ |I|K.

Âûáèðàÿ I = Ja,b è K = BP (N), íåìåäëåííî ïîëó÷àåì òðåáóåìûé ðåçóëüòàò.

5. Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå ïîëó÷åíà ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ïðèíàäëåæíîñòè íàòóðàëü-
íîãî ÷èñëà ìíîæåñòâó F(g) (ε0, . . . , εl). Íàéäåíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ êîëè÷åñòâà
íàòóðàëüíûõ ÷èñåë èç óêàçàííîãî ìíîæåñòâà, óäîâëåòâîðÿþùèõ òåì èëè èíûì óñëîâèÿì,
êîëè÷åñòâî ðåøåíèé çàäà÷è Ëàãðàíæà î ÷åòûðåõ êâàäðàòàõ n21 + n22 + n23 + n24 = n â ÷èñ-
ëàõ èç F(g) (ε0, . . . , εl); òåðíàðíîé ïðîáëåìû Ãîëüäáàõà p1 + p2 + p3 = n â ïðîñòûõ ÷èñ-
ëàõ èç F(g) (ε0, . . . , εl); çàäà÷è Õóà-Ëîêåíà p21 + . . . + p25 = n â ïðîñòûõ ÷èñëàõ ñ óñëîâèåì
p2i ∈ F(g) (ε0, . . . , εl).
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