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IF’EOMETPU3AIINA OBOBINIEHHBIX CUCTEM

CUNCJIEHNYA ®UBOHAYYN N EE ITPNJIO2KEHN A
K TEOPUN YUCEJI!

E. TI. TaBnersiposa, A. A. ?Kykosa, A. B. Illyros (r. Baagumup)

AnHOTanuga

006061eHHbIE Yncia PuboHadUM {Fi(g)}, OTIPEIETISIEMBIE € TIOMOIIBIO PEKYPPEHTHOTO COOT-

HOIIIEHU ST . " .
9) _ g g
Fify = gFiy + 1577,
¥ HAYAJbHBIX YCJIOBHI Fég ) = 1, Fl(g ) = g OIPEIENIAI0T CIIoco0 IMPEeCTABICHAA HATYPATbHBIX

9UCEeT B BUIE YKAIHOTO PA3IOKEHU

OIUCHIBAEMOTrO IIPU MOMOIIIU €CTECTBEHHBIX yCI0Buii Ha £;(n). B yacraocTu, npu g = 1 mosyuaem
XOPOIIIO U3BECTHYIO cuctemy cuucienns Pubomauun. Pazmoxkenus, mosydaembie mpu g > 1
OyIeM HA3bIBATH MPEICTABICHUIMH HATYPAJTbHBIX YUCET B OOODOITEHHBIX CHCTEMAX CUMC/ICHIUS
OuboHaTYN.

Hacrosmas pabora mocBsmena n3yIeHni0 MHOKECTB F@) (€0y.--,€1), COCTOANMX U3 HATY-
PATBHBIX YKCeN, IMEIOIINX 3aJaHHOe OKOHYAHWE ITPEeICTABICHNS B 0DOOIIEHHOH crcTeMe CUnC-
smernst @ubonagan. OCHOBHBIM PE3YIHTATOM PAOOTHI SBJISETCS TEOPEMA T€OMETPU3AINN, OIU-

\Vg3+4—g

ceiBatommas muoxkectsa F(9) (g, ..., &) B TepMuHax APOOHLIX M0MEH BUIA {nry}, 79 = 5
Boiiee crporo, ajist 11060ro A0myCTUMOr0 OKOHYaHus (£, - . ., &) CyMECTBYIOT 3D HEKTUBHO BbI-
anciuMeie a,b € 7 takume, uro n € F) (gq,... ¢;) Torma m TOMBKO TOrIa, KOrma ApobHAs
nons {(n + 1)7,} npunagnezkur orpe3ky [{—ar,}; {—b7,}]. Panee ananornunas teopema 6bL1a
JIOKA3aHa aBTOPAMHU [IJIsl KJIACCHYECKOH cuctembl cuncienus Pubonaddn.

B kauecTBe MpuIIOXKEHUS PACCMATPUBAETCS PNl AHAJIOTOB KJIACCUIECKUX TEOPETUKO-UHCIIO-
BBIX 33724 HaJ MHOKecTBamu F(9) (€0, -.,€1). B wacTHOCTH NIOMTYyYeHbI acuMmnTorudeckue hop-
MYJIBI JJIs KOJIMYEeCTBA YUCEN W3 JAHHBIX MHOXKECTB, MIPUHAJIEXKAINNX 33 IaHHON apudMeTnde-
CKOIl TIporpeccuu, Jjisi KOJTUYIECTBA MPOCTHIX YUCEs U3 33aHHOTO MHOXKECTBA, JJIs KOJTHIECTBA
[IPE/ICTABJIEHUI HATYPAJIHHOTO YUC/IA B BUJE CYMMbI 33JaHHOTO YUCJIA YUCEJ U3 JTAHHBIX MHO-
2KeCTB, a TaKzKe Jjisd 4ucesi perennii anasoros 3aaa4 Jlarpamnxka, [onbnbaxa u Xya-Jlokena naz
JTAHHBIMA MHOYKECTBAMU.

Karoueevie caosa: 0boOIEHHDbIE cHCTeMbI cuuciennst @uboHayq«uu, TeopeMa reoMeTpHU3alnm,
pacipeaeieHne mo MPOrpecCcusiM, MpodaeMbl TOIbI0AaX0BA THUIIA.

Bubauoepagus: 33 nazBanuii.

!PaBora BemosHena mpu wacTmanoi ommepxke PO®U, rpant N 14-01-00360-a
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GEOMETRIZATION OF THE GENERALIZED
FIBONACCI NUMERATION SYSTEM WITH APPLICATIONS
TO NUMBER THEORY
E. P. Davlet’yarova, A. A. Zhukova, A. V. Shutov (Vladimir)

Abstract

Generalized Fibonacci numbers {F (g)i} are defined by the recurrence relation

F(92 — gFL(-ﬁ)l F(g)
with the initial conditions Fég) =1, Fl(g) = g. These numbers generater representations of

natural numbers as a greedy expansions

n*Ze:Z F(g)

1=0

with natural conditions on €;(n). In particular, when g = 1 we obtain the well-known Fibonacci
numeration system. The expansions obtained by g > 1 are called representations of natural
numbers in generalized Fibonacci numeration systems.

This paper is devoted to studying the sets F(9) (€0, . - -,&1), consisting of natural numbers with
a fixed end of their representation in the generalized Fibonacci numeration system. The main
result is a following geometrization theorem that describe the sets F(9) (g, ..., &;) in terms of

the fractional parts of the form {n7,}, 7, = ¥—=— 2+4 ¢ More precisely, for any admissible ending
(€0, .. .,¢€1) there exist effectively computable a, b € Z such that n € F) (g, ..., ¢) if and only
if the fractional part {(n + 1)74} belongs to the segment [{—ar,}; {—b7,}]. Earlier, a similar
theorem was proved by authors in the case of classical Fibonacci numeration system.

As an application some analogues of classic number-theoretic problems for the sets
F) (gg,...,&) are considered. In particular asymptotic formulaes for the quantity of numbers
from considered sets belonging to a given arithmetic progression, for the number of primes
from considered sets, for the number of representations of a natural number as a sum of a
predetermined number of summands from considered sets, and for the number of solutions

of Lagrange, Goldbach and Hua Loken problem in the numbers of from considered sets are
established.

Keywords: generalized Fibonacci numeration system, geometrization theorem, distribution
in progressions, Goldbach type problem.

Bibliography: 33 titles.

BBenenne

PaccemoTrpum mocmenoBaTesbHOCTD {Fi(g)}, oIpeiessIeMyIo C IOMOIIBIO PEKYPPEHTHOTO COOTHO-

ImIeHmuda

i+2 T i+1

rie ¢ > 0, 1 HagaJbHBIX YCJIOBHUH F( 9 =1, Fl(g) =g, opug=1,2,3,....
N3BecTHo, uTo J11060€ 11€710€ HEOTPUTIATETHHOE 1 MOYKET OBITH PA3JI0KEHO B CyMMY Pa3IMYHBIX
(9)
qHCest {FZ 8]
k

n=> en)F?, (2)

1=0
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rae o(n) moxer 6biTh pasro 0,1,...,9—1, a g;(n), coorsercreenno, 0,1,...,g, mpui=1,2,... k,
npudeM ecau €i41(n) = ¢, 10 €;(n) = 0 upm Becex 0 < ¢ < k — 1. Pazmoxenne (2) mazoBem
mpejcTaBaeHneM n B 006001eHHol cucTemMe cunciaenns PuboHaTIN.

s mpowssosbHOTO Habopa (gq, ... ,&;) TaKOro, 9ro ecau €;41(n) = g, 7o £;(n) = 0 mpu Beex
0 <7<l —1, openenM MHOYXKECTBO

F9 (go,....e) ={ne€Z:n>0,e(n)=co,...,cn) =¢}.

Meuoxecrsa F(9) (€0, - - -,€1) UPEACTABAAIOT COOON MHOXKECTBA LE/IbIX HEOTPULATE/IbHBIX YUCEI,
y KOTOPBIX (PUKCUPOBAHEI | + 1 mocaeaunx mudp pasiokerus B 0000IEHHYI0 CUCTEMY CIUCICHUST
Qubouauan.

Muozxectso F(9) (€0, ... ,€]) SABJISIETCST TPUMEPOM TaK HA3bIBAEMON KBa3upereTku. B mocsenane
TOJIBI TTOSIBUJIOCH MHOTO paboT, TMOCBSIIEHHBIX PEIEHUI) PA3JIUIHBIX TEOPETUKO-TUCIAOBBIX 3314
Ha1 KBaswmperterkamu [13], [15], [16], [19], [20], [24].

B uacruocru, B. I. 2Kypasses B paore [17] pacemorpen muoxecrso F(D(0) u perrmr ma stom
MHOXKECTBe DUHAPHYIO aIUTUBHYIO 3329y, & TAKXKe MOJIYIUJI OIEHKH TPUTOHOMETPUIECKUX CYyMM
o sTomy MHOXKecTBY. Meton B.I. 2KypaBieBa 0CHOBLIBAJICS Ha HWCIOIbL30BAHNN TAaK HAa3BIBAEMOTO
o-ymuoxenns Pubonauun—Kunyra—Maruscesuuaa [21], [22], [2] # na cymecTBOBanuM CHEnUAILHOIO

orobpakenns § um3 o-Koabla PuboHaIIM B KOJIBIO Z [%} IMosnuree U. K. Illsarupesa [23],

HCIIOMB3YST 9TOT METOJ, PeIiIa GUHAPHYIO aJIITHBHYIO 3aady Ha Muoxectse F((0,...,0) mms
JII06OT0 YnCIIa HyJIE.

HoBwrit moaxom K permenno psiaa TEOPETHKO-INCIOBBIX 33024 HAT MHOXKECTBOM F) (€1y...,€1)
npeyoked B pabore E. II. Hasmersiposoii, A. A. 2Kykosoit, A. B. Ilyrosa [12]. DToT Meron
OCHOBaH Ha TeoOMeTpU3anuur CHUCTEMbl CUUCJICHWUA cDI/I6OH&LILH/I 1 TIO3BOJIUJI PEIIUTH PAS 3ada4, B
TOM YHCJIe JJUIATHBHYIO 3ajady, 3ajady Jlarpamzxka o JeTblpex KBaJjpaTaX, TEPHAPHYIO MpodJeMy
Tonbabaxa na muoxecrse F( (e, ..., &).

Pacemorpum dbynkimio x(n), onpegensemMmyro Kak

x(n) =A{(n+ 174},

rae {x} — npobHas 9acTh 4GmWCIa &, & Ty — MEHBIIMI KOPEHb yPaBHEHHS 792 + g7y —1 =0, Te.

_ Voitig
Tg =95 - mpegejinM MHOXKECTBO

X (g0,-..,8) ={x(n) :n € FO (gg,...,&)}.

OCHOBHBIM PE3YJIBTATOM PabOThl ABJIACTC CACAYIOMAA TEOPEMA O M€OMETPUSAIIIN.

TEOPEMA 2. Jlasa 110661 1ab0po6 €q, ..., €], COCMOAUUT U3 UCABT “uUces om nyas 0o g, 2de
d=9g—1npui=0,ug =g npui>1, makuz wmo ecau g;41(n) = g, mo g;(n) = 0 npu ecex
0 <i<1l—1, muosicecmeo X (g, ...,€1) ecmv ompesor [{—aty}; {—b7y}], 2de a,b — afppexmusno

BHNUCAUMBIE Yeable wucaa, maxue wmo 0 < a, b < Fl(g) + Fl(g)

+1-
Teopema 0 reOMETPH3ALMU MO3BOJISIET CBECTH DEIIEHHe TeOPETUKO-9UCIOBBIX 3339 HAJ MHO-
wectBom F) (eq,..., &) x pememmo 3amas maj MuoxkectBamu {n : {n7,} € I} 11 HEKOTOPBIX

3 GHEKTUBHO BBIYUCINMBIX THTEPBAJIOB 1.

Ormernm, uro MHOKECTBO 0TPe3KOB X (€0, ..., €]), THE 0, ..., £, NPOHETast BCE JOILyCTUMBIE HAOO-
poI HyJieit u eananl, nopoxkjaaer pasbuenne Til(l) orpeska [0; 1], HazbiBaemoe MOaNbUIMPOBAHHBIM
pasbuenunem Pubouauyuu. CooTBETCTBYIONNE PA3bUEHNs U UX TPUIOKEHNA K 3a/1a9aM PaBHOMEPHO-
r0 pacnpejiesenus ApobHbIX Jgoiedi arnHelHol dyHKIMKM paccMarpuBaanch B padorax [14], [25]-[27],
[30]-132], [5]. DTu pasbumenns TakKe TECHO CBSI3aHBI ¢ TaK Ha3biBaeMoit rumores3oii [lreiinraysa,
yTBepKparomieit, aro s joboro mnesoro N u upparponaibaoro « toukn {ia}, rae 1 < i < N,
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pasbusator muarepsan (0;1) Ha mHTepBanbl He Gosee, YeM Tpex pasauuHbX Juud [4]. B nanaoi
CTaThe UCIOIB3YeTCsT TOT Ke MOIX0/, 9To u B [12].

Pabora opranuzoBana caepyommum obpazom. B §2 jgokazbiBaercs psij CBOHCTB 000DIIEHHBIX CH-
crem cuncyenuss Pubonaaun u Gyurum x(n), HeobxoauMex B nasabHeiinem. B §3 maercs ompee-
JieHne MoanduIupoBaHHbIX paszouenuii Pubonaudn u JOKA3BIBAOTCSI UX OCHOBHBIE cBoOlicTBa. B §4
MBI JIOKa3bIBAEM TeopeMy reoMerpusalnu. Hakower, §5 MOCBSINEH TPUIOKEHUSIM TEOPEMBI TE0-

METDPH3AIMH K PEIICHIIO PSIa TeOPETHKO-UHCIOBbIX 3a1ad HaJ MHOKecTBOM F(9) (€0,...,1)- B §5
TOJTy9eHbI CJACAYIONMNE Pe3yIbTAThHI:

1) acumnroTndeckas dbopMyIa 11 Kommdectsa ancerx u3 FO) (eg,... g;), He TPEBOCXOISNIIX
N;

2) acuMmrorrueckas (opMyIa I KoamdecTsa gucen u3 FUO) (gq,..., &), He TPEBOCXOIIIIX
N u npuHa IeKAMUX 3aJaHHON apudPMETHIeCKOi Iporpeccuu;

3) acuMnTOTHIECKAsT hOPMYJIa 7151 KOTHYecTBa IpocThix wncesn u3 FY) (gq, ..., &), He mpesoc-
xomsrux N;

4) ACHMIITOTHYIECKAA (hOpMyIIa JI/Id INC/Ia, PEIIeHn QI iUTHBHON 30249 N1 + N2+ ...+ Ny = N
B wnctax m3 FO) (e, ..., &);

5) acumnTorndeckast hOpMyJsia s IUCIa PEmennii 3a1aan Jlarpanka 0 9eThIPEX KBAJAPATAX
n? +n% 4+ n? +n? = n B unciax uz F9 (g, ..., );

6) acumnrornaeckast GopMysIa IS GUCIa Perenunii TepaapHoit mpobaembr Lombabaxa py + po +
p3 = n B mpocTex uncaax m3 FO) (eq,...,¢));

7) acummroTyeckas bopMyTa [ ancaa permenuit sagaun Xya—JIokena p? 4+ ...+ p: = n B
IPOCTBIX YUCJIAX C YCJIOBUEM p7 € F©) (e, ...,e1);

8) acumnrormueckas GOpMyna JIS KOJUIECTBA, YUCENT N3 F(9) (€0y---,€1), HE IPEBOCXOIAIINX
N 7 GBIAOMAXCA 3HATCHUSIMHA 33 TAHHOTO MHOTOUIEHA C TIEIBIMU HEOTPUTIATETHHBIME KO3 DUTIm-
CHTaMU.

1. Ob6o00I11IeHHBIE cucTeMBI cuncjgeHus PudboHaddn

Vg*+i—yg

_ 2 _
Hucno 7y = = dABJIg€ICs pelleHneM ypasHeHust 7, + g7 — 1 = 0.
ITpumensis MeTO MATEMATUIECKON MHIYKIIUU U PEKypPpPeHTHOe cooTHomenue (1) MOKHO JoKa-
3aTh CJeAYIONIee MpeaIozKeHue.

IIPEASIOXKEHUE 1. Jlas 4106020 HAMYPAALHOZ0 1 CNPABEJAUBO PABEHCINEO

Fz‘(g) = TglFi(g)l + (=)

I[IPEAJIOKEHUE 2. [asa 4106020 44020 HEOMPUYAMEALHOZO N, NPedcmasumozo 6 sude (2),

UMEETT, MECTMO PABEHCIMEO
k

(n+ 1)) = Y ei(n)FY),

=0
adecwv [x] — yeaan wacmov om wucaa x.

JOKABATENLCTBO. IIpeobpaszyem (n + 1)1, ncrnons3yst npejacrasienne (2) n yTBepKIeHne
mpeioxenns 1. Nmeem

k k

(n+1)71y =14 Zéi(n)Fi(g) + Ty =74+ Zzsi(n)Tg <Tg_1Fi(,g)1 + (-Tg)i> =
i=0 =0

k k
=7+ > aFY + Y (~) el = e()FY) + r(n),
0

i=0 = =0
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k . X
rae 7(n) = 74+ Y (=1) ei(n)mi .
=0

IMokaxxem BHagase, 4yTo 7(n) < 1:

2[k]41
r(n) < 7y +eo(n)ty + Eg(n)ng + 84(n)7'§’ + ..+ 52[5}(71)7'9[2] <
2[k] 41 2[k]42

<719+ (9 — 1)Tg+g7'§+g7'§ +...+g7'g[2]+ =1 —Tg[2]+ < 1.

Yb6emumcs Temeps, ato r(n) = 0
r(n) =1y — 51(n)7g2 - 53(1@)7’3 - 55(71)7'96 — 2Ty — ng2 - gT;L - ng —...=0.
Takum 06pazom nonayqaem, uro 0 < r(n) < 1, nosromy
k k
[(n+ 1)) = [Z e FY) +r(n)| = Y e FS + [r(n)] = Y e F
=0 =0

(9)

(9) -
B pasnoxennn (2) savenny F;? na Fy{| u 1mojyanM HOBoe HaTypajlbHOE YUCIO 11, IPeJICTa-

k
=Y e EY, (3)
1=0

rae ecin €,41(n) = 1, 1o g;(n) = 0 mpu Beex 0 < ¢ < [ — 1, HaseBaemoe g-capurom PuboHaTIN

BHUMO€ KaK

HucJa 1.

IIPEAJIOXKEHUE 3. Jlas 4106020 4eA020 HEOMPUUAMEAHO20 T CNPABEIAUBO PAEEHCNEO

= gn +[(n+1)7y].

JTOKABATEJBLCTBO. [IpeoGpasyeM pasHOCTb T/ — gn ¢ IOMOIIBIO IIPEICTABICHI (2) u (3)

k k
W —gn = Zaz(n)Fz(f)l - gZai(n)Fi(g) =
i=0 i=0
k k
— Z i(n) (F;(ﬁ)l '(9)) — Zei(nﬂy(g)
i=0 1=0

Ucnomsys npeoxkenue 2, noyuaem 1 — gn = [(n 4 1)7,] w7 = gn + [(n + 1)7,].

Iycts dbynkmus x(n) = {(n + 1)74}, rae {a} — npobHas JacTs uncra x. 3HaveHns GyHKINN
X (n) paBHOMepHO pacnpesesensl 1o uuTepsaiy (0; 1), Tak kak corsacHo Teopeme Beiisa npu s06om
UPPAIMOHATILHOM (¢ [OCIEJ0BATELHOCTh {an}, rae n = 1,2,..., paBHOMEPHO DACIpeJIeIeHa 1Mo
moaynto 1 u {an} = 0 Toabko npu n = 0.

IIPEIJIOYKEHUE 4. Jlas 4106020 N cNpasediuso paseHcmeo

X(T)=1-(9—1+x(n) 7

JIOKA3ATEJBCTBO. [lo ompenenenuto X(ﬁ)

JIOJKEHHUEM 3, HAXOUM

{ T Ty + Ty}, HOSTOMY BOCIOIB30BABIINCE IPEJI-

X (W) ={(gn+[(n+1)7g]) 7y + 79} = {(gn + D)7y + [(n + 1)7g] 74} .
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Buast, uro [z] =z — {z}, numeem
X (1) = {(gn + D1y + ((n+ 1)y —{(n+1)79}) 79} =

= {(gn + 1y + (n+1)(1 - g7g) — {(n+ 1)7'9}7'9} =
={-(g—D7g—x(n)7g} ={- (g =1+ x(n)) 74}

Coryacuo onpenenennto x(n) € (0; 1), cregosarensro, g— 1+ x(n ) (9g—Lig)u(9g—1+4+x(n)) 14 €
€ ((g—1)14;979) C (0;1). Kpome Toro ussecrno, uro ecu 0 < x < 1, 1o {—z} = 1 — {z}, mosromy

X(M)={-(g—1+x(n) g} =1—(9—1+x(n) 7

TIPEIJIOXKEHUE 5. Jlaa mobozo ueno2o neompuuamenvtoeo n u yeanz 0 < ¢t < g—1 u
0 < h<g—1 cnpasedausv, cOOMHOWEHUA

X (T +1) € (1= (g—t)rg;1— (g —t — 1)7y), (4)
x(ﬁ—l—h E(g—t—(°—gt—RN1s9—t+1—(g°—gt+g—h)7y), (5)
X %;Jrh) (9— (9" =139+ 1~ (9% + 9 —h)7g) (6)

X @; + gz) € (031~ gry), (7)
X(%ng+h>€(g+l(92+gh)fg;1(gh1)Tg)- (8)

JOKA3ATEJLCTBO. 3uavenus HyHKINM X (n) paBHOMEPHO pacipeeaensr o natepsaiy (0;1),
MO3TOMY

g—1+x(n) €(g—1Lig), (9—1+x(n) 7€ ((9—1)7g:97),
1-(g—1+x(n)1ge (1 —g1y;1— (9 —1)1y).

Bocmonb3yemMces yTBepKIeHNEM TPEJIOKEHNS 4 1 Oy IuM

X () € (1= grg1—(g—1)ry). 9)

Pacnummem mo ompenesrennto

X(T+t)={(7 +t+1)7,} = {x (W) +tr,} .

Yunteisast (9), mosyanm

X (W) +trg e (1—(g— )51 — (g —t —1)7y).

Véeammvcst, 1aTo Y (7) + t1y € (0;1). Hust sroro sBegem ase dbynkmmn [(t) =1 — (g — )7y n
r(t) =1—(9—t—1)1y. Tak xak I'(t) = r'(t) = 7y > 0, 3waunr dyuknun [(t) u r(t) Bo3pacTaoT Ha
orpeske [1;9 —1], To I(1) = 77 + 74 > 0 — nanvensmee 3uauenne [(t), a r(g—1) = 1 — nanGonpmee
sravenne ¢yHkpn r(t) Ha ykazaxaoM orpeske. CregoBarTenbHo, cooTHONEHNE (4) TOKa3aHO.

Paccy»xk/jast aHAJIOIMYHO, [OJIy4aeM OCTAIbHbIE yTBEPIKICHUSI Hpe,ZLJIO)KeHI/IH 5.

Ilycts n npencrasumo B Buge (2). O6oznaunm Fj(i) = {n: ¢;(n) = j}, F;( i) = {n:eiy1(n) = j},
F;i(i)={n:ei-1(n) =4}, tme j =0,1,...,4¢". 3necs u nanee 6y;:eM noarate ¢ =g — 1 npu i =0
ng =gupui>l.
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IIPEAJIOYKEHUE 6. Jlas amobozo i >0 u j=0,1,...,9 cnpasedauso pasencmeo
g—1
Fj(i+2):<U<IF(z+1 +t>) (F §+g). (10)
t=0

JIOKABATEJILCTBO. Buagase moxkakem, 910

(U(F (i+1 +t>> <ﬁ+g)CF (i +2). (11)

t=0

Mycre n € Fj(i + 1), e gi41(n) = j, Torma eciu n' = 7, 10 gi49(n’) = j, re. n' € Fj(i + 1;,
Tak Kak coracuo oupegenennio Fj(i + 1) = {n' : g;40(n’) = j}, upuuem go(n’) moxer 6birs pasHo
omaoMmy m3 uncen 0,1,...,9 — 1.

Takum 06pa3oM, pa3ToKeHue Iucaa n' yIOBIETBOPSIET YCJIOBAAM pas/iokenus (2) ¢ gomoHu-
TeJIbHBIM yeuoBueM €;42(n’) = j, ne. n’ € Fj(i + 2).

IIycts renmeps n € Fj;(i), Te. gi(n) = j. Ecim n' = %;, 1o gi42(n') = j, Te. n' € Fj(i;, TaK
kak IF;(i) = {n':e;12(n') = j}, mpuuem BriGpas £o(n') = 0, a £1(n') = g, To moryuu™m wHCIA

n' € F;(i) + g%, y KOTOpbIX BBIIOJIHEHb! ycioBus pasiozkenns (2). Tem camMbIM IpsiMoe BKJIOUEHHE
(11) noxasano.
Joxaxem obparnoe Br/odenue. ITycrs n € Fj(i + 2), re. g,42(n) = j. Pacemorpum fBa ciryvast:
eiln)=s,tme0<s<g—1, mwme(n) =g.
/ / / .
Ecimei(n) =s,rme 0 < s < g—1, 1o uncao n' = 7 Taxomo, uto £o(n )=s,re.n €eF;(i+2)=
={n':eip1(n) = j}. Hosromy st ancia n’' BBHITOJHEHBI YCIOBUS Pa3IoKeHust (2).

Ecau xe €1(n) = g, 1o coracuo cpoiicream pasnoxenust (2) eo(n) = 0. Honoxkum n' = %,
Vi
2

2
torma n' € Fj(i+2), e F;(i +2) = {n’ : g;(n’) = j}, mpuaem go(n’) = 0, T.e. n’ ynosrersopser
yCJIOBUSIM pazJioxkeHust (2).
Takum obpazowm,

Fi(i+2)C (U(F (i+1 +t>> (ﬁw)

t=0

13 cnpaBeimBOCTH BKJIFOUEHHH B Ty M APYTYIO CTOPOHY CIeayer, uTo pasencTso (10) BwImos-
HSAETCA.
O6oznaunm uepes X (i) 3aMbIKaHUe MHOXKecTBa 3HadeHuit dynkimu x(n), rae n € F;(i), To

ectb X;(1) = {x(n) :n € F;(@)}, me j =0,1,...,¢

IIPEAJIOXKEHUE 7. [lpu 410061 YeADIT HEOMPUYAMEADHBIT T CNPAGEIAUBO PABEHCMEO

g—1
X;(i+2) = (U 1-(t+X; (¢+1))Tg)> UT2X; (i), (12)
t=0
20e 7 =0,1,...,¢". Boaee mozo, muosicecmea X;(i) cocmoam u3 KoHEuHO20 YUCAG OMPE3KOS.

JIOKABATEJIBCTBO. Bocmoabs3yemca munyknueit mo ¢. Buagame paccmorpum ciaygait ¢ = 0.

Ecmn j = 0, To o ompenenennio Xo(0) = {x(m) : m € Fo(0)}. OgeBunno, aro ancio m € Fy(0)

ﬁﬂm:n—l—gz,meneZ,nQO.

MOYKHO TIOJIyYHUThH JIByM# Criocobamu: m =
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ITpumenum coorromenus (4) upu t = 0, (7) u nosydum

X0(0) € x () U (7 +67) € (1 = 9751 — (g~ 1)) U (051 — ) €

C(0;1=(9—1)7g).

B cuny reopemsr Beiinsa moxkuO yrBepxKaars, uto Xo(0) = [0;1 — (g — 1)7y].

Ecmm 1 < j < g—1, o muoxectBo X;(0) = {x(m) : m € F;(0)}. JIro6oe m u3 F;(0) mozkeT 6BITH
TTOJTYI€HO € MOMOITBI0 g-caBura Pubonadan u q06aBIEHNS HATYPAJTHHOTO TUCTA J, T.€. M = w + 7,
rmen € Z,n = 0.

Taknm 06pazom, nob3ysach (4), nmeem

X0 A= (g—i)rgs1 = (9 -7 —1)7g)
U, CJIeJ0BATeIbHO, B cuay Teopemsl Beitng X;(0) = [1 — (9 —j)74:1 — (9 — j — 1)74]. Ouenuano,
g—1
gro (J X;(0) = [0;1].
=0

j:
Iycrs @ = 1, Torma ecom j = 0, ro Xo(1) = {x(m): m € Fo(1)}. Yucno m u3 mHOKECTBA

Fp(1) moxkeT GBITH MOTYUIEHO OJHUM U3 YeThIpEX crocobos: mmubo m = 1, aubo m = 1 + h, aubo
R ey

E 7

m=mn+¢g?>, mbom=1+g>+h el <h<g—1,n>0un,hecZ, nosromy

s (Tr)o (U (7o or(Fed o))

h=0
Ucnonbsyst coornomenus (6) u (8), noayuaem

g—1

Xo(1) € (U ((9- (> =759 +1 = (> + g = )7y U
h=0

U(g—i-l—(g?—i—g—h)Tg;l—(g—h—l)Tg))> _

g—1

= - (g1 —(g—h—-1)7).
h=0

[Top3ysich pABHOMEDPHOCTBIO pACIpeieeHns 3HadeHuil byHKImn X (n), MOKEM 3aIricaTh

g—1

Xo(l) = U [Q — (92 - h)7g§ 1- (g —h— 1)7—9] :
h=0

Ecmm 1 < j < g — 1, 10 cormacHo onpenenenmo X;(1) = {x(m):m € F;(1)}, nosromy ecmu
—~——

meFj(l),Tom:ﬁ>+jHﬂMm:W>+j+h,me1<h<g—1,n>0mn,hEZ.HpHMeHﬂH
(5), mmeem

X;(1) € (Ux(_ﬁJrh)) €
h=0

g—1
clJW@-i-("—gi-Wrg9—+1-(*—gj+g—Nh)7).
h=0
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B cuny teopembr Beiliig MOXKHO yTBEDPXKIATH, UTO

g—1
X =Ulg-i—-("—9i—hrgs9—i+1— (9" —gi+9—h)7y] .
h=0

Ecmm xe j = g, o mHOKecTBO X¢(1) = {X(m) : m € Fy(1)}. Bee umcma m, npurajiexarme

F,(1), nomyuatorest ToibKo ojtauM criocobom m = 1 + g%, tae n € Z, n > 0. Coornomrenne (7)
IIO3BOJISET OPHUITH K BBEIBOLY, 9TO

X4(1) C x (%; + 92) € (0;1—gry).

Buauenus y(n) paBHOMEPHO PACIPeIeseHbl TI0 YKa3aHHOMY TPOMEKYTKY, TI09TOMY

Xg(1) =[0;1 — g7g] .

g
Henocpeacrsennoit nposepkoii ybexmaemcs, aro |J X;(1) = [0;1].
J=0
Bce ocrambuele X;(i), rme @ > 2 u j = 0,1,...,9 MOXKHO HafiTH, IIOJIb3YACH yTBEPXKICHIEM
1pe;jiozKeHus 6, COryiacHO KOTOPOMY

Xj(i+2)—{x(m)im€ <U(F (141 +h>>U<F:§+g>}

h=0

Ecnnme]ﬁ’j(i+1;+h, Tom =T +h, rnen € Fj(i+1),n0<h<g—1, aeanmEFj(i;%—g?,
tom =1 + g% rae n € F;(i).
Tlo ompenenenmio

(@ +h) = (@) + i) u x (7 +e?) = {x(7) +* )
SHAYNAT OPUMEHUB IIPeIJIOXKeHne 4, IOy IHM

X () +h1g =1~ (9—h—1+x(n))7, C (0;1)

X (ﬁ> + %19 = (g+x(n) 70 + 9°74 C (g:9 + 72),

nostomy X (7 4+h) =1—(g—h— 14 x(n)) 7, a x (%; + gQ> = (x(n)) 72, cnenosaresbio,

g—1
X](’L—f‘2): <U (1—(g—h—1+Xj(i+1))Tg)> UTng(i):

h=0

g—1
= (U (I-(t+X;(+ 1))7'9)) UngXj (7).
t=0
Ipeobpazosarms 1 — (g —t + X; (1 — 1)) 7y m Tng (i — 2) nepeBoJgAT OTPE30K B 0TPe30K. MHo-
xecrBa X (1) m X; (0) — 5T0 oTpe3KH, CIe0BATENBHO, IPU JII000M HATYPAJIBHOM i MHOKECTBA,
X;(i) — obbeanHeHIe KOHETHOTO MHACIA OTPE3KOB.



FEOMETPU3AIINA OBOBITEHHBIX CUCTEM CHUCJ/IEHUA PUBOHAYYNA ... 97

2. g-pa3ouenusa PuboHaATIN

[Iycrb mmeercs mekoropoe pazbuenne R(i) orpeska [0;1] Ha 9acTu, JUIMHBI KOTOPBIX PABHBI
u ly, npuaem Takossl, uto gly < lo u (g + 1)l1 > ly. Beenem apa npeobpasosanust By u By njanHOrO
pazbuenms.

ITpeobpazosanme Bi(R(i)) cOCTONT B OTKIAABIBAHUU ¢ Pa3 OT JIEBBIX KOHIIOB OTPE3KOB pas3Ou-
ennst R(i) HAaMMEHBIIEr0 U3 OTPE3KOB 9TOr0 pazbuenusi. B pesysnbrare moaydaeM HOBOE pazOueHne
R(i+ 1), HaunHaOIIEECsT ¢ HANMEHBIIETO 13 0TPe3KOB pasbuernst R(i) n mMeroree GoJIbIee THCIO
OTPE3KOB.

IIpn BeimosHenun npeobpasopanust By(R(i)) oT IpaBeIX KOHIOB OTpe3KOB pasbuenns R(i) oT-
KJI3IbIBAETCS ¢ pa3 HauMeHbImil 13 orpeskos pasbuenus R(i). [onygennoe pasbuenne R(i + 1)
Oyzer uMerhb GOJIbINE OTPE3KOB, UeM R(1), IpudeM KpaillHUM MpaBBIM OTPE3KOM pa3bueHust Oyaer
HAaMMEeHbIIni 13 oTpe3koB paszbuenus R(i).

Omnpenenum mpeobpaszosanue [ + R(i), rme | = 1,2,..., g, KaK CABUT BCEX OTPE3KOB pa30MeHMst
R(i) na | enunann Bupaso.

Takzke BBeJieM mpeobpasoBanue 1 — R(7), 3aK/II0UAOIIEECd B OTKJIAIBIBAHAN OT €JIUHUAIBI BIE€BO
oTpe3KoB pasbuennst R(i), HauMHas ¢ KpaiiHero JeBoro.

[IPEJVIOXKEHUE 8. IIycmwv R(i) mexomopoe pasbuenue ompesxa [0;1] wa wacmu, daunse xo-
mopux mozym boimov moavko li u la, npuvem gly < la, a (g+ 1)l1 > la, moeda

Bi(1—-R(i) =1— By (R(1)) U By (1 —R(i)) =1— B1 (R(1)).
JTOKABATEJILCTBO. /lokakeMm CrpaBeInBOCTh PABEHCTBA
Bi (1= R(i)) = 1— By (R(i)) .

ITpeobpazosanme By (1 — R(i)) cocrout u3 AByX 60Jiee IpOCThHIX TpeobpasoBanuii. B pesyabrare
BuimosiHeHnst 1 — R(i) momyaumM paszbuenne, y KOTOPOTO MOPSOK CIOBAHIS OTPE3KOB OOPATHBIN
K R(i), a JyiMHBI OTPE3KOB Te Ke. 3aTeM OCyIecTBIseM npeobpasosanue Bi. B mrore mosyunw,
YTO OT BCEX JIEBBIX KOHIOB OTPE3KOB pasbuenus 1 — R(i) 0TI0KeH g pa3 HAMMEHBIHI U3 OTPE3KOB
pasbuenus R(i).

ITpu ocymecrsaenun npeobpazopanus 1 — By (R(i)) cHagana OT npaBbix KOHIOB OTPE3KOB pas-
ouennsa R(i) g pa3 OTKJIAIBIBACTCS HAMMEHBINHH 3 OTPE3KOB, & 3aTeM MEHSIETCH TOPSIIOK CJIeI0-
BaHWA OTPE3KOB HA IMPOTUBONOIOXKHBIM. Takum 00pa30M, mOJIyIuM TOYHO TAKHE K€ OTPE3KM, KaK
u B pe3ynbraTe npeobpasosanus B (1 — R(1)).

IMMPEAIOXKEHNE 9. ITyemv R(i) mexomopoe pasbuenue ompesra [0;1] wa wacmu, daunve xo-
mopuix mozym 6oums moavko i u la, npuuem gly < la, a (g+ 1)1 > la, moada

B; (I+ R(i)) =1+ B (R(7)) u By (I+ R(i)) =1+ B (R(3)) .
JIOKABATEJBCTBO. YbenmMmcst B CIPABEIINBOCTHA PABEHCTBA
By (I+ R(i)) =1+ By (R(7)) .

ITpeobpazosanue B (I + R(i)) cocrout u3 aByx npeobpazosanuii. [lpu Beimosnenun [+ R(7) Bce
orpesku pasbuenuns R(i) casurarorcs Ha | BUPABO, HO3TOMY MOPAJIOK CIEA0BAHKS U JIJIMHBI OTPE3KOB
y pasbuenwnii [ + R(i) n R(i) ogunakoBble. 3aTeMm jperaeM mpeobpasosanne Bi. B nrore momyunm,
YTO OT KazK/JIOT0 M3 JIEBbIX KOHIIOB OTPE3KOB pasbumenns | + R(i) g pa3 OT/I0XKeH HANMEHBIIHHA 13
oTpe3koB pasbuennst R(i).

Beimostasist ipeobpasosanus [ + By (R(7)) BHaUase OT J€BBIX KOHIIOB OTPe3K0oB pa3buenust R(7)
g pal3 OTKJIaJbIBACTCH HAUMEHBIINN 13 OTPE3KOB, a IIOCJIE ITOTO IMPOHUCXOAUT CABUT BCEX qacTen
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pazbuenus Ha | eJIMHUI] BIPAaBO. SHAYUT B pe3y/ibTare MOJIy4YnTCa TaKoe ¥Ke pasObueHne Kak 1 mocje
BBIIIOTHEHNUST TTpeobpasosanus By (I + R(1)).
Pacemorpum pasbuenne Til(1), cocrosimiee n3 g + 1 orpeska:

[0;792] , [792;79 —|-7'92] , [Tg +Tg2;2Tg +Tg2] Y [(g - 1)1y —}—7'92;1] .

Uunykrusno onpepenumM pasduenne Til(i + 1), momyuaemoe u3 paszouenus Til(i) ¢ momomsio mpe-
obpazoBanusa B, 3a7aBaeMOro CJIEAYIOMMIM 00Pa30M:

o By (Til(i)), ecnum i — HederHoe,
B (Til(z)) = g )
By (Til(z)), ecam i — gerHoe.

Paz6uenns Til(i) mazpsatorcs mogudurmpoantbivu pastuennavu Oubonauun. Bunepseie oan Obi-
JIH OIpeJIe/IeHbI ApyTruM criocoboM B pabore [33]| mpu u3ydennu npobsemsbl L'ekke—Kecrena, 3ax/oua-
oIefics B 1IOJIyYeHNN SBHBIX OLEHOK OCTATOYHOT'O YJIE€HA 1IPODJIeMbl DPABHOMEPHOIO PACIIPE/Ie/IeHNs
JPOOHBIX J10J1elt JTuHEHHON (DYHKIUHU JIJIsi MHOYKECTB, Ha KOTOPBIX JIAHHBIA OCTATOYHBIH UJI€H UMeeT
nopsiiok O(1) (MHO)KECTBAX OrPAHUYEHHOIO OCTATKA).

MMPEANIOXKEHNE 10. Pasbuenue Til(i) cocmoum us ompesxos moavko 06yx daun 7'; u T;Jrl.

JOKA3ATEJILCTBO. Bocmosbsyemest muaykiueit mo . Pas6uenne Til(1) coctout u3 g orpeskon
JUIAHBL Tg U OIHOTO JIJINHBI 7'92 .

IMpeanonoxum, uro paséuenne Til(i) cocTouT U3 OTPE3KOB JJIMHBL 7‘; n T;H. Haiinem nywab
orpeskoB pasbuenus Til(i+1) = B (Til(¢)). Ilpeobpazosanue B cOCTOUT B OTK/IAALIBAHAE OT OHOTO

U3 KOHIIOB JIJTMHHBIX 0Tpe3KoB pasbuennst Til(i) g OTpe3KOB HAMMEHbIIEN JIJIMHBL, T.€. JITHHBI 7';+1.

IIpn sTom oTpesox jymHON T, pasobberca Ha g + 1 OTPE3KOB: ¢ OTPE3KOB JUIMHOM Té“ W OINH
OTPE30K JJIUHbL T, — ngZH = 7';(1 —gTy) = 9”“2, 9TO U TPeOOBAIOCH TOKA3ATh.
ITPEOAIOXKEHUE 11. Jlas ar0b6020 i > 1 cnpasedauso pasencmeo
g—1
Til(i +2) = (U (1 — (¢t + Til(i 4 1)) Tg)> U 2 Til(4). (13)
t=0
JIOKABATEJLCTBO. Ilpumenum wmaayknmio 1o 4. Ipu ¢ = 1 pasbumenme Til(1) cocro-

HT U3 ¢ OTPE3KOB JUIMHBI T, W OJHOTO oTpeska jummubl 72: [0;1 — g7,], [1—g7g51 — (9 — 1)1y,

g
1—(9g—17g51 = (9 —2)7g], ..., [1 — g74; 1] mumm
Til(1) : [0;1 —g7g],[1 —s79;1 = (s —1)74], 1He 1<s85<g. (14)

ITo ompenenenmo Til(2) = B (Til(1)) = By (Til(1)). Eciu or s1eBbIX KOHIOB OTPE3KOB pa3bueHmst
Til(1) 0T/10KKTH 110 g OTPE3KOB JJIUHO 7‘3, TO KK bl M3 JIMHHBIX OTPE3KOB JAHHOTO pas3buenns
pasjenurcs Ha g + 1 0OTPe3KOB, U3 KOTOPLIX ¢ UMEIOT JIJTHHY 792 U OJIUH 7'93, a mmenno: [0;1 — g7y,
[L—smg+(p— D721 — sty +pr2], [L—smg+ 97231 — (s — )7y, me 1< s<gunl<p<yg.

B cBorw ouepens Til(3) = B (Til(2)) = Ba (Til(2)), mosroMy OTI0KUB OT TPABBIX KOHIIOB OT-
peskos pazbuenns Til(2) g pas orpe3ok MeHbIIel JIMHBI, PABHON 793, noayanm pasouenune Til(3):
[0; 1—g71y — ng’], [1 — g7y — ng; 1— —gry— (I — 1)7'5’], [1 — 51+ (p— 1)Tg2; 1—s7y +p7'g2 - ng’],
[1 — 5Ty —|—pTg2 —ng’; 1—s74 —|—pTg2 — (- 1)73], [1 — 5Ty —|—g73; 1—(s=1)14), tie 1 < s < g,
l<p<gml<i<y.

Bocnoab3yemcest paBencTBaMu Tg?’ = —g+ (92 + 1) Ty U Tg2 = 1 — g7y u npeobpasyeM KOHI[bI
orpeskos pasbuennit Til(2), Til(3) k Buny a — b7ry. B rakom ciryqae

Til(2) : [0:1 —g7g],[p— (Pg— g+ )70+ 1 — (pg + 5)74] ,
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[9+1— (9% +5) i1 — (s = )] 5 (15)
Til(3) : [059> +1— (¢° +29) 7], [gl + 1= (¢°l+ 1+ g) 759l —g + 1—
—(Pl=+l+g=1) 7], [p—(pg =g+ 9)7:9° +p+ 1~ (¢° +pg+
+g+8) 7], [gl+p+1— (¢l +pg+s+1) 159l —g+p+1— (g°l + pg—
—PHl+s—1)1g] [g+1— (P +s) g1 — (s — 1)7g] (16)
riel<s<g, 1<p<gnl<i<y.
3nas Bus pasouenms Til(1) (14) maxozm

T2Til(1) : [059% +1— (¢° +29) 7o),

[sg—l—l—(sg2+s+g)7'g;3g—g—|—1—(592—g2+s+g—1)79],

e 1 < s < g. 3aMmensdsd nepeMeHHYI0 S Ha [epeMeHHY0 [, yOexk1aeMcsi, 94To TQQTil(l) ABJISIETCS
yacrbio pasbuentust Til(3).
[Tpumensiss pesynbrar (15) moaydaem

g—1

U(l—(t—i—Til(Z))Tg):[g+1—(92+t+1)Tg;1—tTg],[pg+s+1—

t=0
2 ) 2 2

—(pg +sg+p+t+1)7'g,pg—g+s+1—(pg —-g +sg+p+t)rg],
[s—(sg—g+t+1)Tg;92+s+1—(g?’—i—sg—i—s—i—t—i—l)Tg], (17)

rmel<s<g, l<p<gnl<i<g-1L
ITokazkem, ITO MOJIyUeHHBIE OTPE3KH SKBUBAIEHTHBI OTpe3kaM pasbmennst Til(3), 3ammcamubie
B (16). Bamennm B (17) BCe p Ha [, a s HA p UMeeM

[g+1— (P +t+ D)7yl —try] ,[gl +p+1—

—(Pl+pg+l+t+1) 19l —g+p+1—(g*l—g* +pg+1+t)7],
p—(pg—g+t+1)15:8° +p+1—(¢° +pg+p+t+1)7,

tme 1 <I1<g,1<p<gn0<t<<g—1 3arem 3amensem t HA s — 1 U TOJyIaeM OTPE3KH,
COBIIQIAOIINE C TACThIO OTPe3KoB (16).
Taxkum 0bpazom, cipaBeInBO PABEHCTBO

g—1
Til(3) = (U (1 — (t+ Til(2)) Tg)> U 2 Til(1).

t=0
IIpeamonoxxum, 9TO TOXKAECTBO BEPHO TIPU ¢ = M, T.€.

g—1

Til(m + 2) = (U (1 — (t+ Til(m + 1)) Tg)> U T, Til(m). (18)

t=0

ITycrb @ = m + 1, Torga cormacuo onpenenennto Til(m + 3) = B (Til(m + 2)), tne B = By nin
B = Bs. Bocmonp3yemcst papencrBoM (18) u 3anmiem

g—1
Til(m +3) = B ((U (1— (¢ + Til(m + 1)) Tg)> U TjTﬂ(m)> .

t=0
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Jonupr orpeskos pastuenmit 1 — (¢ + Til(m + 1)) 7y m 7. Til(m) cornacuo npeanoxenuro 10

pasuer 752 u 7743, [loce Boinomenns npeobpasosanns B 1mmib orpeskos cranyt 7, w7,

[IpeobpazoBanme B cOCTOMT B OTKJIAJbIBAHUN HAMMEHBITEr0 U3 OTPE3KOB OT OJHOTO M3 KOHIIOB
g—1

OTPE3KOB pasbuenust < U (1 —(t+ Til(m + 1)) Tg)> U 72 Til(m). Ouesumio, 4ro
t=0

-1
B ((gU (1 — (t+ Til(m + 1)) Tg)> U ngTil('m)> =

t=0

-1
= (gU B(1—(t+ Til(m+1)) rg)> U B (77Til(m)) .

t=0

Bocnonb3yemca npemioxkennavu 8 u 9, u moaydnm

B(1—(t+Ti(m+1))7g)=1—(t+ B (Til(m +1)))7y=1 — (t + Til(m + 2))7,

B (r2Til(m)) = ;B (Til(m)) = 7, Til(m + 1).
Takum 06pa3om, HAXOAUM, ITO

g—1
Til(m + 3) = (U (1—(t+ Til(m+2)) Tg)) U TQQTil(m +1).
t=0

Paccmorpum pas6uenne T'(i) orpeska [0; 1] va orpesku Buna [{—aty}; {—b7,}], Tne a, b — mesble
HEOTPULATE/IbHBIC YUCJIA, OIPEAEIISEMBIE 110 CJEAYIOIEeMY IPABIILY:

a=m, time 0<m< Fi(f)l + Fi(g);

pu ¢ — YEeTHOM:

)

b— m—%—F@D eciu O<m<Fi(g),
m — F;(!])7 ecIIn F‘z(g) <m< F;(i?)l + F‘i(g)’

TP ¢ — HEYETHOM:

b— m—I—Fi(g), ec/In 0<m<Fi(f)l,
m — Fi(f)l, ecJn Fi(f)l <m< Fi(f)l + Fi(g).
Ecmu b = 0, T0o orpe3ok mmeer Bux [{—aty};1].

IIPEANIOKEHUE 12. Pasbuenusa Til(i) u T'(i) cosnadarom npu ecex i > 1.

JOKA3ATEJIbCTBO. Buagasne ybenumcst, 9To JiuHBl 0Tpe3KoB pasbuenus 1'(i) paBHBI T;H
7
g

n

TTpu i — weTHOM OTpe3KM OYIyT ABYX BUIOB [{—ng}; {- (m + Fi(f)1> Tg}:| ,rme0 < m < Fi(g), i

{{—ng}; {- (m - Fi(g)> Tg}] , TJIe Fi(g) <m < FZ.(;")I + Fl-(g). JIMHBL 9TUX OTPE3KOB PABHBI JIJTHHAM

OTPE3KOB [O; {—Fi(f)l'rg}] u [0; {Fi(g)’l'g}}, COOTBETCTBEHHO.

Jlerko ybeauTnest, 9TO {(—1)’ Fi(g)Tg} = gi“, [O3TOMY JIJTMHBI yKa3aHHBIX OTPE3KOB PaBHLI

{—Fi(g)rg} = Tg n {Fi(g) Tg} = Tg+1, MpUYeM OTPE3KOB JTHHDI Tg B pas6uenun 1'(i) Bcero Fi(f)l, a
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JTAHBT ng+17 COOTBETCTBEHHO, Fl.(g). B ciayuae mHedeTHOTO ¢ aHATOTMYHO MOTYyYaEM OTPE3KU TOJBKO
JTBYX AJIMH T;H n Tg B TeX 2Ke KOJIMIeCTBaxX.

Paccvarpupast KoopauHaThl KOHIOB oTpe3koB pasbuennit T'(i) u T'(i + 1), ybexkpaemcsi, 910
BCe KOPOTKHe OTpe3kn pasbmennst 1'(i) craHoBsarcs qymHHBIME B pasouennn 1'(i + 1). Kax st u3
JTMHHBIX OTPe3KOB pasbuenus T'(1) pacmagaercd Ha g + 1 OTPE3KOB: OJMH KOPOTKUI U ¢ JTHHHBIX
pasbuenust T'(i + 1), npudeM Ipu ¢ HEYETHOM ¢JieBa OyJeT KOPOTKHii, a IPH i YeTHOM — CIIpaBa.

Nrax, nmeem
B (T(i)), ecam i — HeveTHOe,

By (T'(i)), ecnmm i — deTHOe.

T(¢+1):{

s mokasareahCTBa Mpeiokenns octaeTcs mposeputhb, ato Til(1) = T'(1) u Bocmosb30BaTHCS
WHIYKITHEN 110 7.

HokazanHoe mpe/iioxkenne o3HavaeT, uro pasouenns Til(7) moay9garoTcst CIBUTOM KIACCHIECKUX
pasbuenuii Pubonauuu, onpeesaeHubx B [14].

3. Teopema o0 reomerpusanuu

TEOPEMA 1. Muoowcecmeo Xo(i), 2de i = 0, cocmoum u3 6cex KOPOMKUL 4 MAKO20 HCE HUCAG
daunnwx ompeskos pasbuenua Til(i + 1), npuuem xaxncowd wopomrkut, obsedunaemca ¢ uwOYULUM
scaed 30 num daunnsim. Mroocecmeo X;(i), 2de 1 < j < g — 1, cocmoum us ecex (j + 1)-wz
OAunHBT, UOYWUT nocae Kaxcdozo Kopomkozo ompesra pasbuernus Til(i + 1). Mnoocecmso X (i),
cocmoum u3 ecex ocmaswuxrcs ompeskos pasbuenus Til(i + 1). Hopsadok omcuwema ompesxos npu
YEMHBLT U HEYCTMHBLE 1 NPU YETNHUT — CACBG HANPABO, G NPU HEYEMHBL — CNPABO HAAEEO.

JTOKABATEJLCTBO. Cornacuo npenoxkennto 10, pazduenue Til(i) cocronT us 0TpesKos, A TuHbI
KOTOPBIX PABHDI Tg " Tgi—H. O6o3naunm depes3 L(i) obbeInHEHNE TIMHHBIX OTPE3KOB, a depes3 S (i) —
obbejuaerne Koporkux orpeskos pasbuenus Til(7). Ouesngno, aro jis L(i) u S(i) cupasemiupbl
paBeHCTBA AHAJOTIIHBIE TOXKIecTBY (13).

HemocpencrBentbiv BoraucaernemM mpoBepsercs, 910 Teopema 1 Bepua npu ¢ = 0umw ¢ = 1. B
cuay pasercts (12) u (13) mosyguaeM, 9T0 TeopemMa BEpHA TPHU JHOOBIX 4.

B npencrasnennn (2) 3adbukcupyem nepsbie | + 1 3Havenuii €;, T.e. €, ..., €. O6o3HAUNM Yepe3
F©) (g9, ...,£;) MHOMKECTBO MEBIX HEOTPHIATETLHBIX UHCET, Y KOTOPBIX (DPHKCHPOBAHBI 3HAUEHIST
eo(n) =eq, ..., g1(n) = ¢;.

Iycrs X (o, ..., £) — 3aMBIKaHIe MHOKECTBA 3HaMeHni dyskmmn x(n) opu n € FY) (g, ..., ).
OuesnaHO, 9T0 MHOXKECTBO X (€0, ..., £]) aABIsIeTCs TepecedenneM maoxkects X (i), taei = 0,1,...,1,
aj=0,1,....4, e

0, ecm ¢g; =0,
1, ecm ¢g; =1,

X (0 er) = () X;(0), tme ji = (19)

=0 / /

g, eum g =4g.
TEOPEMA 2. Jlas mobwuiz Habopoe €p, ..., €1, COCMOAWUTL U3 UCABIT “UCEA OM Hyas 00 ¢,
2de g =g—1npui=0,ug =g npui>1, maxur wmo ecau g;41 = g, mo &; = 0 npu scex

0 <i<1l—1, muooscecmso X (g, ...,€1) ecmv ompesok [{—aty}; {—b7y}], 2de a,b — afppexmusno

8VUCAUMDIE Ueavie wucaa, maxue umo 0 < a, b < Fl(g) + Fl(le.

JJOKABATENBLCTBO. Cormacuo (19) X (eo,...,e;) — 310 mepeceuenne MuoxectB X;(i), rue
i=0,1,...,01,a7=0,1,2...,¢, apaaomuxca obbeuHeHIeM KOHEUYHOr0 YUC/Ia OTPE3KOB pas3omu-
enns Til(l + 1). Cregosarensro, X (eq, ..., £;) TpeacTaBIsgeT cOOON 00beMHEHIE KOHETHOTO THCIA
orpeskos pasouenns Til(l + 1). Tokaxkewm, aro X (€1, ...,€;) COCTOUT U3 OJHOTO OTPE3KA.
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TloacunTaem KOJTMYIECTBO BOBMOXKHBIX KOMOUHAIIHU £, ..., £, TAKUX 9TO €CJIU €41 = ¢, TO €; = 0,
me 0 <i<l—1,aj=01,...,¢. Kombunanus, naromas HauMeHbIIEE U3 BO3MOKHBIX IHCE,
cocrouT u3 Bcex myJei, T.e. ¢, = 0 mpu Bcex 0 < ¢ < [. Kombunanuu, naronme wanbosibiiee u3
BO3MOXKHBIX HATYPAJTbHBIX YUCEJI IIPU Y€THOM U HEYEeTHOM [ PA3JINYHBI.

Ecmn [ wernoe, To eg = g— 1,60 = ¢4 = ... = ¢ =g¢g,61 = €3 = ... = ¢.1 = 0; ecm [
HEUETHOE, TO £g = €92 = €4 = ... = ;1 = 0, €1 = €3 = ... = gy = ¢. Yucna, cOOTBETCTBYIOIIIE STUM
KoMGuHAIMAM, TofcanTaeM, ncrnob3yst (1). Tlpn | gerHOM:

gF? + gF) + ..+ g + (g - VR = (95 + F%)) = K%+

+ (9B + ) - F%+ .+ (o + FY) - FY + (g - DEY =

= - A+ R - RO+ R~ — P+ (9~ DR = ) - 1
pu | HEYETHOM:

_plo)

) E@+ﬂ@—ﬂ@+#ﬁ—m—@”+@”—ﬂ) B -

3 I+1

TakuM 06pa30M, HaMMeHbIIee U3 drces MHOxecTBa F(9) (€0, ...,€1) — 9TO HOJIB, & HAKOOJBINIEE

Fl(f)l — 1. Bce npomexxyrounbie koMObuHamuu (o, ...,£;) TaKkKe 3a/af0T HATYPAJbHBIE YHUCJIA, CJie-
(9)

JloBaTe/IbHO, nMeeTcst I 1
coorBercrByer cBoe X (£, ...,€1). ZCHO, YTO MHOKECTBA, COOTBETCTBYIOIINE DA3JIUYHBIM HAGOpaM
(€0, ..., 1) upu dbukcuposartom [ ue nepecekatorcs. Caenosarensho, | J X (g9, ..., €1) H0KHO cozep-

Pa3JAUYHBIX MHOXKECTB F(9) (€04 -y €1), M KAXKJOMY M3 ITHUX MHOMKECTB

KaTh He MeHee JeM Fl(+)1 OTPE3KOB.

B xone mokasarenbcrBa npemioxkenns 12 O6b110 mokasano, uto B pasbuenun T'(I + 1) nmeercs
Fl(g) KOPOTKU 1 Fl(+g)1 ammHEbIx orpeskos. Cortacto Teopeme 1 muoxecrsa X;(i), rae j = 0,1,..., ¢/,
COCTOSIT U3 OTAETBHO CTOAINX JJIUHHBIX OTPE3KOB U TOJIBKO X (%) — 9TO MHOXKECTBO BCEX KOPOTKUX,
O6”be,ZLI/IHeHHbIX C TaKKUM 2K€ KOJIMYEeCTBOM JJIMHHBIX OTPE3KOB, PACIIOJIO?2KECHHBIX PAJOM C KOPDOTKHMM.

DT0 ozHauUaeT, 4TO O0Iee KOJUIECTBO OTPE3KOB, COOTBETCTBYIONMIUX UYUCIY PA3JUYHBIX MHO-

(9)
wects X (o, ..., €) paBHO F).

Cortacuo Hpe,HJIO}KeHI/HO 12 pasbuenust Til(l + 1) u T(I + 1) coBIaga0T, MOSTOMY KOJUIECTBO

KOMOUHAITIi ﬂ X (i) pasuo F, (9) rpeskan, TBITIONIIXCA HEMEPECEKAIOTIMICS 9ACTAME paste-

I+1

s T'(141). CJIQ,Z[OB&TGJH)HO KayKI0My U3 MHOKeCTB X (€o, ..., £]) COOTBETCTBYET B TOTHOCTH OJNH
OTPEe30K, KOHI[BI KOTOPOIO COBNAIAIOT ¢ ToukaMu pasbuenust T'(1).

4. TeopeTUKO-41CJI0OBble NPUJIO2KEHNUS

Ilycts Ay — 9MCIO HATYPATBHBIX UUCET 7, MEHBINUX WM PABHBIX N, TAKUX UTO BCE UJIEHBI
nocsieoBarepHOCTH {Nna} IpEHAIeRKAT OTPE3KY [a; b, T.e.

Ay =t{n:1<n <N, {na} €I},

rae Iop = [a,b].
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B cuny Tteopembr Beitis s 1106010 MppaIrmoOHAIBHOTO (v CIIPABEJIMBA ACUMIITOTAYECKasd (op-
MyJIa,

Any = (b—a)N + o(N). (20)

Bo MHOrEX cirydasix ocTaTouHbIi wiedn acuMiToTuku (20) MoxKeT ObITh yiaydiieH. B gacTHoCTH,
eC/in ¢ — HUPPAMUOHAJIHHOCTL C OTPAHWYECHHBIMU HETOJHBIMU YaCTHBIMU PA3JI02KEHUA B HEIMTHYIO
Apo6s, To [18], [3]

Ay =(b—a)N+O(InN). (21)

Kpowme roro, nuspecrrna Teopema I'ekke [1], yrBepzkpatonias, 9ro ey sl JJIMHBl MHTEPBA/IA Iy
CIIPaBELINBO BKJIOUYeHHEe b — a € Z + aZ, To

Ay = (b—a)N + O(1). (22)
Ob6o3uaunm uepes Ay (£, .. .,&) — IUCI0 HATYPATBHBIX YUCEN, HE TIPEBOCXOaanmx N, y KOTO-
pBIX B mpesncTaBiennn (2) 3aduxcupoBansl nepsbie | + 1 3Hadenuit o, . . ., £, TO €CTb

Apn (g0, ..-,€1) :lj{n: 1<n< N,neIF(g)(so,...,sl)}.
TEOPEMA 3. Jlasa 4106020 namypasvrozo N cnpasediusa aCuMnmomusbeckas Gopmyia
AN (60, . 75l) =cN + 0(1)7
2de ¢ — aPpPermueHo 6BUUCAUMAA KOHCIANMA, 3a6UCAWAA MoAvKo om (0, ..., E]).

JIOKABATEILCTBO. Cornacuo Teopenme 2, eciu n € F) (g, . .. ,E1), TO
x(n) € {—ary}; {=bry}] = Jus:
npudeM a, b — 3¢pHEeKTUBHO BHIYUCIUMBIE TIeIble HeoTpuliaTreababie ducaa. CremnoBaresbHo,
AN (g0,...,e1) =8{n:1<n<N,x(n) € Jop}-

ITockonbKy aanHa uHTEpBaIa Jy ; TPUHALIEKAT Z + Z, yauThiBas oupeenenne X(n) u Teo-
pemy lekke (22), nmeem
An (80, ce ,8[) = ’me‘N + O(l)

Orciona moyyaeM yTBEPKIECHUE TEOPEMBI ¢ KOHCTAHTOM
¢ = [{~ary} — {~bry}l.
CHEACTBUE 1. Hycms p(gq,...,€) — NAOMHOCTNb PACIPEICAECHUA YUCES MHONCECTNEA
F(g) (50, ce ,El)
HG YUCA0GOT NPAMOT, mozda

l
T, ecau € =1,
€0y---,E1) =
p(g0,.--.e1) { TZ+1+T;, ecau g = 0.
JOKA3ATEJILCTBO. CorjlacHO OIPEIEEHHIO IOTHOCTD PACIIPEIE/IEHNsT MHOKECTBA, TOUEK Ha,
YUCJI0BOU IIPAMON — ITO

. Ay (eo,-..,€
p(so,...,sl)—]\}gnoo]\w.
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Bocmonb3yemcsa yTBepxKeHnEM TEOPEMBL 3 W 3ATUIIEM

lim [{—a7y} — {-b1}IN +0(1)
N—o0 N

= {marg) — (bl + gim P jan) - by

(9) (9)
+1

0(507-'-7@):

JUIMHHBIX OTPE3KOB. B X07e /ToKa3aTe/bCTBa,

l (9)

TeopeMbl 2 OBLTO MOKA3aHO, YTO KOJTHIECTBO pasmuanbix Kombunanuii (] X;(i) copmanaer ¢ Fy )
i=0
)

oTpe3kaMH, Jaomumu npu obbegurernu orpesok [0; 1]. CnegosarensHo, Fl(g
Til(l + 1) aBASIOTCS COCTABJSIONIUME YACTIMHU OTPE3KOB, COBIAJIAIONINX € UUCIOM BO3ZMOMKHBIX

Paztuenne Til(l+ 1) cocrout u3 F}”’ koporkux u F,

OTPEe3KOB pa3bueHms

l
BapuanTos (| X;(1).
=0

CorytacHo ompenesernto MHOXKeCTBO X(l) mpeacrasisier coboii 00beInHEHIe KOPOTKUX U CTO-

AIMUX PAJOM C HUME JIJTMHABIX 0TPe3KoB pasbuenus Til(l+ 1), 1uHBI KOTOPBIX PABHBI Té+2 + Té+17
a muoxkectBa X;(l), roe j = 1,2,...,¢9 — obbequienne JIMHHLIX 0Tpe3KoB pasbuenus Til(l + 1),
JUTMHBI KOTOPBIX PABHBI Té“.

Ob6osnaunm 1wepes ANV (€9, ...,€6) — 9UCI0 HATYDAJBLHBIX YUCEJ, MEHBIIMX WM PaBHBIX NN,
IIPUHA/JIEIKANX MHOXKECTBY F(9) (€0y.--,€1) M ABAAIOMUXCS 9jIeHAMEU apudMETHIECKONH nporpec-

cun st +q, rne s,t €eN, q€7Z,0< qg<s—1, 10 ecrb
A?{,q(gg,...,el):j:t{n:1<n<N,nE]F(g)(50,...,51),n:st+q}.

TEOPEMA 4. Jlasa durcuposarnozo s u 4106020 namypasvrozo N cnpasediusa acumnmomu-
YECKaA POPMYAA

s N N
Af@w~ﬁ0:M%wwa)s+@<ms>-

JIOKABATEILCTBO. Bmas, uro yeaosue n € F9) (g, ..., ) sxBuBanenTHO TOMY, 90 X(n) €
€ Jup, U BOCIOJIb30BABIINCE IPUHAIIEXKHOCTBIO N apHpMETHIeCKoii mporpeccuu st + ¢, MOXHO
YTBEPKIATH, 9TO

AN (g0, ) =8{t: 1 <st+q< N, {(st+q+ 1)1y} € Jap}-

A9 +4-1

Yuciio 7, = Y5 — KBaJ[PATHYHAA HPPAIMOHAILHOCTD, BHAYUT YHCIA T, = 8Ty U T, =
= (¢+ 1)1y, riie s, ¢ € N, TakKe sIBJIA0OTCH KBaIPATHIHBIME HPPAIHOHAILHOCTIMU.
Mycrs Ay = {n:1<n<N, nty + 71, € Jap}. Cormacuo reopeme Jlarpamzka pas/ioxkKeHHe

KBa/IPATUYHON UPPAIMOHAIBLHOCTH B IEMHYIO JIPO0H ABJISIETCs MEePUOIUIeCKUM, BO3MOXKHO C IPe/I-
HEPUOJOM. DTO O3HAYAET, YTO HENOJHBIE YACTHBIC PA3JI0KEHUS KBaJAPATHIHON MPPAIMOHAILHOCTH
B IIEMHYTO ApoOb orpanudensl. [Tosromy, B cury (21),

v =H{—ar,} = {=b1g}| N+ O;(In N).

N3 mepapencts 1 < st + g < N nonyuaeMm 1 < t < tygq, IPUUEM [—] < < taz < TaK Kak
0<i<l

. N N
AV (0,...,e) = A}, = [{—arg} — {-bry}| St O, <ln s) :

ﬂaﬂee OCTaeTCAd BOCIIOJIB30BATHCA PAaBEHCTBOM

p(eo,-ra) = [{—arg} = {=brg}|. (23)
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ITycts 7 (g0, . . . , €13 1) — KOJIMUIECTBO MPOCTHIX YUCET, HE MPEBOCXOMSIIAX 1 ¥ TIPUHAJICIKAIITIX
muozxecty FU) (gg,...,¢)), a m(n) — KOIHYECTBO IPOCTBIX GHCEI, HE TIPEBOCXOISIINX 7.

TEOPEMA 5. Mwuoowcecmeo F9) (€0, - .,€1) codeporcum Geckornewno mnozo npocmus wucen. bo-
AEE MO20

(0, ..., ei3m) = p(eo, ..., ) T(n)(1+ o(1)).

JIOKA3ATEJILCTBO. Ilycrs p, — n-e npocroe uncio. Cormacao Teopeme U. M. Bunorpamosa
[7] nnst mr060r0 MPPAIMOHATBHOIO (v TIOCJIEIOBATEIBHOCT {p,(r} PABHOMEPHO pacrpeiesieHa Imo
MOZIYJTIO OJIAH, TO €CTh

t{n :pn <N, {pnat € [a; 0]} = (b—a)m(n)(1 + o(1))

Juist Joboro orpeska [a;b] € [0;1). CuepoBaresbro, nociaegosareabnocts {x(pn)} Takxe pasHo-
MepHO pacrpesienena Ha mpomexyTke [0;1) B culy WppannoHagILHOCTH Ty.

Nssecrno, uro x(n) € Jap, eciu n € F©) (gg,...,&). Buaunur, ecm p € FO) (gq,....¢), 10
snadernst Gyakumm x(p) = {(p + 1)7,} Takxke npunagaexar J,p, OTKyIa, ¢ yIeTOM PaBHOMEPHOIT
DACIIPEIETIEHHOCTH U PABEHCTRA (23), HeMeJIEHHO BBITEKAeT TPeOyeMbIil Pe3y/IbTaT.

O6ozHaunm wepes sy, (€, - - -, €13 1) INCTO PEIIEHNii ypaBHEHNST

ny+ng+...+n, =n, (24)
e n; € F9 (g,...,8),i=1,2,...,1
TEOPEMA 6. Cnpasedausa acuMnmomudeckas Gopmyaa
Sm (€0,-..,€13n) = Cm (€0, - .- €1, {NT4}) nm !4 Om.1 (nm*2 lnn) ,
20e ¢, (€0, .. ,€1,0) — HEKOMOPAA IPHEKMUBHO SLMUCAUMAA PYHKUUA.

JOKA3ATEJNBLCTBO. Ilycrs 1, (a, Iy, . .., Ly, n) — uncao pemennii ypasaenus: (24) ¢ g01osiHu-
TesbHBIM yesoBueMm {n;a} € I;, rae I; — wekoropwiit narepsas, i = 1,2,...,m.
B paborax [28], [29] mosyuena caemytomast acuMToruyeckas hbopMya

P (o, Iy, Inyn) = ¢ (In, . . ., I, {na}) 0™ 1 4+ Oy, (nm_QA(a,n)) , (25)
rae ¢ (a, Iy, . .. Iy, §) — mepuogmgecKasi, ¢ NEpUOIOM OMH, (DYHKINS, BBIYUCIAEMAs 110 (DOpMyJIe

1

Cm(ll,...,_[m,(s):m

/ Cm—1 (Il, e ,Im,1,$) dx.
1m(3)

Baecy I™(8) = v5(Ip,), u dyuxiuma ¢ (I1,9) 3agaerca Ha nepuoge [0;1) yeaoBusgmu

|1, wpu 6 €1y,
ei(f1,9) _{ 0, mpu 0 ¢ I,

u A(a,n) = O(lnn), ecsim o — KBaJpaTUIHAsi UPPAIMOHAIBLHOCTEL. Bosee Toro, B pabore [29]
MOKA3aHO, 9T0 DYHKIWS Cp, (e, I1, . . ., Iy, {na}) aBagerca KycounbiM MHOTOUIEHOM cTerenn m — 1.
Kpome Toro, sta QpyHKIUS HepepbIBHA, IpA m > 2.

o ycnomo n; € F© (€0,...,€1), To ectb x(n) € Jgp. OueBugwo, uro ecam x(n;) =

{(ni + 1) 14} € Jap, T0 {ny7y} € Jo—1p—1, nupudem I = Jo_1p_1 — HEKOTOPBIHi OTPE30K Ha €/1u-
HUYHO! OKPYXKHOCTH.
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D10 03HAYAET, YTO [T HAXOXKIECHHUs] ACUMITOTHIECKONH (DOPMYJIBI ISt Sy (£, - - -, €5 1) MOXKHO
BOCIIOJIB30BATLCH (25) B cilydae o = T, — KBaJApaTUYHOI upparuonagbHocTd u Iy = ... = I, = 1.
[Tosyaum

Sm (€0y .- epn) =cm (L, 1,... 1, {nTg})nm_l + O (nm_2 lnn) ,

OTKYJIa U CJEJyET YTBEPKJIEHUE TEOPEMBI.

ITycts t (g9, .. .,€1;n) — gucao pemienuit 3aga4n Jlarpamxa, T.e. KOJIUIECTBO PEIIeHnil ypaBHe-
Hus
ni +nj +n3 +ni=n, (26)
C JIOIIOJIHUTEBLHBIM yCIoBHeM n; € F9) (€0y...,€1),1=1,2,3,4.

TEOPEMA 7. Cnpasedausa acumnmomuveckas Gopmyaa
Eo, o vzim) = o' (0,2 Q) + Oy (R4

2de Q(n) npedcmasasem coboli wucao pewenut 3adawu Jlazpanoica 6e3 oNOAHUMEABHO20 YCAOBUA
n; € F9 (eq,...,&), § >0 — npouseosvHoe NOAOAHCUMENBHOE YUCAO.

JIOKABATEJILCTBO. Ilycrs G(n) — umcsio pemennit ypasaenus (26) ¢ g0m0JHUTEIBEHBIM YCIIO-
Buem a < {an;} < b, i = 1,2,3,4. B pabore [10] B ciyyae KBaJAPATUIHON UPPAUOHATBHOCTH (¥
Hailiena acuMIToTrYecKas opmysia

Gn) = (b—a)'Q(n) + O (n0’9+5) .

Ilo yeaosuto n; € F (€0,...,€1), 3Haunr x(n;) € Jap, a, cremoBarenabno, {n;7g} € I mis
HEKOTOPro uHTepsasa I Toit »xe camoii AauHbI, 4T0 U J,p. Bocmonbsyemcs IpuBeieHHbIM BBIIIE
YTBEPKICHHEM U DABEHCTBOM (23) 1 IMOJIydnM JTOKA3bIBAEMY0 aCHMIITOTHIECKY0 OPMYITY.

Tepuapuaga mpobaema [onbadaxa COCTOUT B HAXOXKICHUU YNC/IA PEITEHUH YPABHEHUS

p1+Dp2+p3=mn, (27)

IJIe N — HEYeTHOe HATYPATLHOE YUCJIO U P1, P2, P3 — TPOCTHIE YUCIA.
ITycts v (g9, .. .,&;n) — YUCTO peleHuii ypasHeHus (27) ¢ JOMOTHUTEIBHBIM YCJIOBUEM p; €
e F9) (gq,...,e),i=1,2,3.

TEOPEMA 8. Cnpasedausa acuMnmomuueckas Gopmyaa

v(eo,...,eizn) = Qz1(n)o(n,a,b) + O (n2 In® n) ,

Q3,1(”):217:12nl;[<1+(p—11)3>n<1_pz—31p%3>’

pln

. 3
. _ sin® mm(b—a)
a(n,a, b) _ z : e27rzm(7'gn 175(a+b))7773m3 :

|m|<oo

u a, b — nexomopvie sPexmuero evuuCAUMbIE YUCAE U3 KOABYG L[Ty)|.

JJOKABATEJLCTBO. B pabore [11] B ciaydae KBaAparndHOil MPPANMOHAJIBHOCTH (v HOJIyYeHA
acuMnroTueckas dopMyina 1 G3 1 — ducia pentennii ypasrenus (27) ¢ yeaosueMm a < {ap;} < b,
1=1,2,3

Gs1(n) =Q31(n)o(n,a,b)+ O (n2 In® n).
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Cornacuo ycnosuto reopemst p; € F9) (g, ..., &), uro ozmauaer x(p;) € Ja b, &, CITEIOBATENBHO,
{pity} € I nna mexoropro unrepsama . [Ipumennm chOpMyIHPOBAHHOE BBILIE YTBEPXKIEHHEM U
HOJIYYMM JIOKA3bIBAEMYIO ACUMIITOTHYECKYIO DOPMYJLy.

TIpobrema Xya—JlokeHa COCTONT B HAXOXKICHUU YUC/IA PEITEHUI YPABHEHUST

p%—l—...—l—pg:n, (28)

rnen =5 (mod 24) u pi,...ps — OPOCTBIE YHUCIIA.
ycts p1 (g0, . . -,E3n) — 9ucao permenntt ypasaenns (28) ¢ JOMOTHATETLHBIM yCTIOBHEM pr €
eF9 (gg,...,),i=1,...,5.

TEOPEMA 9. Cnpasedausa acuMnmomudeckas Gopmyaa
w(€o, - - ei3n) = Qs2(n)or(n, a,b) + O <n3/2_0’00002> :

ede Q52(n) — wucao pewenuti 3adawu Xya—/Iokena 6e3 donosHumesvnolx ozparnuenutl na p?,

sin® wm(b—a)
wOmd

01 (nv a, b) =

Y

Z 627Tim(7'gn—2,5(a+b))
|m|<oo

u a, b — nexomopvie sexmuero evuucsUMbIE YUCAE U3 KOAYG L[Ty)|.

JTOKABATEJILCTBO. B pabore [11] B caydae KBajpaTnaHOil MPPAMOHATLHOCTH (¢ TOJIYde-
Ha acuMnOrorndeckass dopmyna qust Gso(n) — ducia permenuit ypasmenust (28) ¢ yciaoBueMm
a<{ap}<bi=1,...,5

Gs2(n) = Qs2(n)o1(n,a,b) + O (n3/270,00002> _

CoracHO YCJIOBUIO TEOPEMBI p? e FO (€0,...,€1), Te. X(p?) € Jup, a, CIenoBaTeIbHO,
{p?Tg} € I nna mexoropro warepBasiia I. [lpumenum cdhopMmymrpoBannoe B HAYAIE TOKABATETb-
CTBa, yTBEPKIEHHE U TIOIYUUM JOKA3BIBAEMYIO ACHMITOTHIECKYIO (DOPMYITY.
ObozHaunm uepes A]Ii, (€0y-.-,€) — UMUCIO HATYPAJIBHBIX UUCEJ, MEHBINIUX UM PABHBIX N,
IpUHA/IEKAIIX MHOKecTBy F(9) (€0y...,€1) U ABJSIONMUXCA WICHAMH 3HAYCHUSIMU MHOTOUIECHA
k A

n = P(t) ¢ nenbivu HeoTpunareabHbiMu Kodhdunuentamu, tiae ¢ € N, P(t) = > ait’, a; € Z,
i=0

a; > 0upu 0 <1<k, ap >0 10 ecrb

Aﬁ(go,...,e,):ﬁ{n:1gngN,neF<g>(ao,...,el),nzp(t),teN}.

k .
TEOPEMA 10. [as awboz20 dukcuposannozo muozouaena P(t) = > a;it' ¢ yeavmu neompu-
=0
yamenonoimy Koapduyuenmamu u ar > 0 u 4106020 Hamypasvrozo N cnpasedisusa acumnmom-
yeckas Gopmyaa
o N

AL (g0,...,e) ~ p(eo, ... a) {] —.
a

JOKABATE/ILCTBO. Ilyers BY(N) — KonmuecTBo HATYpalbHBEIX 9HCeN, He TpeBocxoaammx N
u npejcTaBuMbix B Buje N = P(t) mist HEKOTOPOro HaTypasabHOro t. JIerko Bujers, 4ro
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Cornacao Teopeme Beiina [6], mua roboro muorounena P’ (t) ¢ mppanuoHagbHBIM CTAPIIAM KO-
abdunuenToM mocIe10BaTeILHOCTD IpobHbIX Hosteit { P/(t)} pasHOMepHO pacipe/iesieHa mo MOyJIio
OZINH, TO €CTh

f{t:1<t<K{P{t)}el}~|IK

aust mroboro orpeska I € [0;1). CieoBarTebHO, B CHILY HPPAMOHATBHOCTH Ty, TOCIEI0BATENEHOCTD
{x(P(t))} Takke sBIsIETCS PABHOMEPHO PACIIPEIETEHHOIN 10 MOJIYIIIO OJIMH, TO €CTh

f{t:1<t< K, x(P{t)el}~|IK.

Buibupasa I = J,p 1 K = BY(N), memennenno noaydaem TpeGyeMblil pe3yIbTar.

5. 3akJ/roueHue

B macrogmeit paboTe mosydeHa reoMeTpUUIECKas WHTEPIPETANNS TPUHAIICKHOCTA HATYPATb-
HOTO umCJIa, MHOKecTBy F(9) (€0, ...,€1). Haitnmensl acumnrornaeckue hOPMYIBI JIJIs KOJTUIECTBA
HATYPATbHBIX 9UCEeT U3 YKA3aHHOTO MHOXKECTBA, YIOBJETBOPAIONINX TEM WJIM WHBIM YCIOBUAM,
KOJIMYeCTBO permenntt 3ajaam Jlarpamka o geThipex Kpajgpatax ni + n3 + n% +n?3 = n B unc-
nax u3 F) (€0, -..,€;1); Teprapuoit npobaembr Tombadaxa p; + p2 + P3 = 7N B NPOCTBIX YUC-
nax uz FO) (€0 ...,€1); 3amaan Xya-Jlokena p% + ...+ pg = 7 B IIPOCTBIX 4YHUCJAX C YCJIOBUEM
pzz S F(9) (60, e ,EZ).
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