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U TEOPEMA IN'YPEBUYA
ONg TONEPAHTHbIX MPOCTPAHCTB
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CapartoBckuil rocy4apCTBEHHbIA YHUBEPCUTET,
Kahepa KOMMbKTEPHON anrebpbl 1 Teopum Yncen
E-mail: NebaluevS|@yandex.ru, SusinMN@mail.ru

B cTaTbe NocTpoeHo ToNepaHTHOE PaccioeHme MyTeii ¢ ToNepaHTHO
CTArMBaEMbIM NPOCTPAHCTBOM PACCNOEHIS! U C MOMOLLbHO TOHHOIA ro-
MOTOMMYECKOI OCNE[0BATENLHOCTY Y TOMONOrMHECKOI CEKTpab-
HOI MoCneA0BaTeNbHOCTY TONEPAHTHOrO PACCNIOeHNS OKaA3bIBAET-
Cs1 TONePaHTHbI aHanor Teopembl M'ypesiya.

KntoyeBble CNoBa: TONepaHTHbIE NPOCTPAHCTBA, TONEPaHTHbIE pac-
CMOEHUSI, TONEPAHTHBIE FOMOTONYECKIE TPYNMbI, FPYMMbI FTOMOMIO-
FAA, CreKTpanbHble MOCNELOBATENLHOCTU TONEPaHTHBIX Paccnoe-
HUiA, Teopema ypeBuya.
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Tolerant Bundle of Ways and Gurevich’s Theorem for Tolerant
Spaces

S.I. Nebaluev, M.N. Susin

Saratov State University,
Chair of Computer Algebra and the Theory of Numbers
E-mail: NebaluevSI@yandex.ru, SusinMN @ mail.ru

In the article the tolerant bundle of ways with tolerant collapsible
bundle space is constructed and the tolerant analogue of the
Gurevich’s theorem is proved by means of exact homotopic sequence
and homology spectral sequence of tolerant bundles .

Key words: tolerant spaces, tolerant bundles, tolerant homotopic
groups, homology groups, spectral sequences of tolerant bundles,
Gurevich’s theorem.

TosepaHTHbBIE MpOCTpaHCTBA ObLIX OMpefeseHbl 3UMaHoM [1] W B HacTosilllee BpeMsi HHTEPIPETHPYIOTCS
Kak HauboJsee o0las MaTeMaTH4ecKast MOZie/1b IOHATHSl CXOXKEeCTH, [I03BOJISAIOILas 3aMeHsATh HellpepPbIBHOCTD
B Pa3/IMUHBIX pas3fie/lax MaTeMaTHKH U ee NPUJIOKeHHH.

Onpenenenue 1. Tosepanmmuoim npocmparcmeom HasbiBaeTcsi napa (X,7), COCTOsIIIAs W3 MHOXe-
ctBa X ¥ pedyieKCHBHOTO M CHMMETPHYHOro GHHApHOro OTHOIIeHHs 7 € X X X, Ha3bIBaeMOTr0 OTHOIIEHHEM

TOJIEPAHTHOCTH.

Orob6paxenne f : (X,7) — (Y,0) TosepaHTHBIX MPOCTPAHCTB HA3BIBAETCS MOAEPAHMHbIM, €CIH U3
TOJIEPAHTHOCTH Z17x2 (3TO 03HauaeT (z1,x2) € T) caenyet f(x1)0f(x2).

Jns kaxnoro n € N o6o3nauum yepes (I,,,1,) U HA30BEM MOAEPAHMHOLM OMPEIKOM IJWHBI T ToJe-
paHTHOE NPOCTPaHCTBO, B KotopoM I, = { £| k=0,n}, £, L & k-1 <1.

n

Onpenenenne 2. Tonepanthsie otobpaxkenus fo, f1: (X, 7) — (Y, 0) Ha3BIBAIOTCS MOAEPAHMHO 20MO-
MOnHbvIMU OMHOCUMenvbHo noomuoxnecmsa A C X u obosHadatores fo~fi(rel A), eciu HallpyTes 4ncio
n € N u TosepanTHoe otobpaxenue F': (X x I, 7 X v,,) — (Y,0), Takue 4to

(VzeX)

F(x,O) = fO(I)v F(I, 1) = fl(z);

(FoeX)Vk=0mn) F (:17 5) — fola).

Ecau B Onpene/IeHuu 2 umeeM n = 1, TO TOJIepAaHTHAsA TOMOTOIIHMSA HAa3bIBAETCA ﬂpOCﬂ'lOli W 3alluCblBaeT-
e fo = fi(rel A), a ecin A =0, To 3anucsiBaetcs fo ~ fi.

Onpenenenne 3. TosepanTHoe otobpaxenue p : (E,7) — (B, 7T) Ha3blBaeTCsl MOAEPAHMHBIM PACCAOE-
Huem, ecnd AJst Jo6oro npocrpanctsa (Y, 60) u m06bIX TONEPAHTHBIX OTOGPAXKEHHH

F:(Y x1I,, 0xu,)— (B,1),

fro(Y,0) = (E,7)

takux, uto F(y,0) = pof'(y), y € Y, cyiectByer TosiepaHTHOE oTobpaxkenue F’ : (Y xI,,,0x¢,) — (E,T),

takoe uto F'(y,0) = f'(y) u po F' = F.

PaccmarpuBaemoe fajiee ToJiepaTHOE MPOCTPAHCTBO TOJEPAHTHBIX MyTell mpoctpaHctBa (X, T) ¢ mpo-
eKIL1eld KOHEYHOH TOYKH YAOBJIETBOPSIET OINpEAEe/EeHHI0 3 ¢ TOYHOCTBIO O HECYLIEeCTBEHHOI0 H3MeHEeHHs

HavyasbHOl (yHkunu f’(y).

Onpenenenue 4. Torepanmuoim nymem Oaunot n € N B mpocTpaHcTBe (X, 7) Ha3blBaeTCst TOJIEPAHTHOE

oTOOpaXKeHUe wy, :

(Ln,tn) — (X, 7). Toukn w,(0), wy(1) € X Ha3bBAOTCS HAYAJOM ¥ KOHLOM MYTH W,.

Eciu w,(0) = w, (1) = 2o, TO w,, Ha3bBaeTCs MeTJIEeH B TOUKE Xg.
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Ins nytelt wy,, w), B npoctpaHcTBe (X, 7), Y KOTOPHIX wy, (1) = w),(0), onpeneseH nyTh wy, * w,,, IJHUHBI

n + m, TaKOH 4To
Wy * W, ( k > _JWn (%)v k=0,n,
M\ n4+m w! (@) , k=n,n+m.

m \ m

Onpenenenne 5. Snemenmaproin 3samedrenuem 6 mouke £k = 0,n, TonepantHoro mytu
Wn t (In, tn) — (X, 7) HasbiBaeTcst TosepaHTHBIN NyTh w(k)(wy) @ (Int1,tnt1) — (X, 7), Tako# 4TO

L\ fen ). =0
Vi=0nF1) plk)(wn =93, (L FrLaTl
( n+1) p( )(W)<n+1> {Wn<l_71)’ l=k+1,n+L

O6o3naunm vepe3 P(X,x() — MHOXKECTBO TOJEPAHTHBIX MyTed B (X, T) ¢ HayajoM B Touke xg € X.

Onpepenenune 6. [lyti w,, w), € P(X,x0), Tie s ONpeleJeHHOCTH cYuTaeM n < m, Ha3blBAOTCH
3-MOAEPAHMbIMU, €CJIH BBHIOJHSAOTCS cienymoure cBofictBa: 1) w), = (1(0))™ ™ (v),), 2) wn = v,

B rosepantHom mpoctpancte (P(X,xq), 3) OyneM paccMaTpUBaTh MOANPOCTPAHCTBO TOJIEPAHTHBIX Ie-
tenb (X, ), ) ¢ Q(X,z9) = {wn € P(X,20) | wn(0) =wn(1) =20}, noxnpocTpaHcTBo myTeil orpa-
HuueHHOl anuHbl (Par(X, xo), ) ¢ Py (X, x0) = {wn € P(X,2z0) | n < M}, M € N, noanpocTpaHcTso
nocrosuubix myteit (CP(X, zg),5) ¢ CP(X,x0) = {e, € P(X,z0) | (Vk=0,n) e, (&) =20} .

W3 onpenenenus 6 nerko nosnyuuts ycjaosue tonepantHoctH B (C'P(X, xg), ») :

(V en,em € CP(X,x0)) ensem.

Teopema 1. [as awbozo M € N npocmparncmso (Par(X,xg), %) sA845emca MOAEPAHMHO CMAcU-
8aeMbIM.
Jloka3areascTBo. HenocpencTBeHHOH npoBepkol y6exnaeMcsi, UTo 0TOOpaKeHust

l k -
FZPM(X,(E()) X Ipp —>PM(X7:170)7 F(wn,M> (E) = § Wn (%), lSn, kJZO,’I’L—l7
wn(”;l), I[<n, k=n-—1In,

GZCP]\4(X7"L‘0) X11—>CPM(X7$0), G(En,l):

OCYLIECTBJAKT TOJIEpaHTHBIE TOMOTOIIHUH

F . 1P (X,20) ~ p(rel CPy(X,x0)), G: LePa (X,20) ~ CONStey,

rie ¢ : Py(X,x0) — CPy(X,z9) C Py(X,z0), ©(wn) . conste, : CPy(X,z0) — {e1} C
C CPy(X,xp), conste, (€,) = 1. OTcroga caenyet, uto otobpaxenue F *« G : Py (X, x0) X Inj11 —
— Py (X, zp), Takoe 4TO

o
(o) - {120

M+1 Glep,l—M), I =MM-+1,

OCYIIECTBJIAET TOJepPaHTHYyI0 roMoTonuo F + G : 1p, (x,z,) ~ const.,, conste, (w,) = e1. O
Teopema 2. /laa npoussorvrozo moseparnmuoco npocmparcmea (X, ) npocmparncmeo (P(X, xg), )
umeem mMpusuUALbHble 8 NOLOHCUMEAbHBIX PASMEPHOCMAX MOAEPAHMHbLE 20MOMONUYECKUE U 20MOA0U-
yeckue epynnol:
(Vi 2 1) m(P(X,20)) =0, Hi(P(X,x0)) = 0. (1)

Hoxka3areancrBo. YrBepxaenue (1) ciemyer us tepembl 1 (cm. Takxke [2, 3]) u Toro ¢akra, uTo
P(X,(ﬂo) = U PM(X,x()), (V m € N) PM(X,IC()) C PN]+1(X,$O). O
M>1
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Teopema 3. Toaepanmroe omobpascerue, 3adasaemoe Gopmyroil p(wm) = wn(1), s64s5emes mosre-
PAHMHLLM KBABUPACCAOCHUEM, 8 CMbICAE, YMO 045 4106020 npocmparcmea (Y, 0) u a06bLx moseparmuoLx
omobpasceruil

F: (Y xI,,0xu,)—(X,7), (Y, 0) — (P(X,x0), %),

makux umo F(y,0) = po f'(y), cywecmsyem morepanmuoe omobpaxcerue
F: (Y xI,,0xu,)— (P(X,xg), »),

makoe umo po F' =F, F'(y,0) = (f'(y)) * en.

Croem xeasupaccaoenus p Had moukot xog € X asasemcs npocmpancmeo p~(xg) = (X, xo), ).
A ecau npocmparcmeo (X,T) asasemcs AuneliHo c8a3HuiM U 00HOc8a3HuiM (m.e. m(X) = 0), mo
MOAEPAHMHOE KBASUPACCAOCHUE D UMEem AUHELHO C8s3Hble 6a3Yy U CAOL.

HokasatenbcrBo. [lepBasi uacTh TeopeMbl JoKa3biBaeTcsi aHajornuHo teopeme 1 [4]. Tlpu nokasaredib-
CTBE BTOPOH YaCTH HCIOJb3YIOTCS T€ XKe PACCyKIeHHsl, UTO U MPH J0Ka3aTebCTBe mpensoxkenus 1 [4]. O

Teopema 4. /lrs aunelino c8s3H020 moaeparmuozo npocmpancmea (X, T) umeromes ciedyroujue
U30MOPPU3MbL MOLCPAHMHBLY 2OMOMONULECKUX SPYNN:

(Vi >2) m(X) = m-1(QUX, 20)), (2)

omkyoa, 8 wacmuocmu, caedyem kommymamusrocmo epynn m; (X, xg)), i > 1.

HdoxkasatenbcTBo. Jl/if TONEPAHTHOrO KBA3HPACCIOEHHSI p M3 TeOpeMbl 3 MMeeTcsl Takas »Ke TOYHas
FOMOTOIMYECKAs MOC/E0BATENBHOCTh, KaK [JIs1 JI000r0 TOJEepaHTHOro paccioeHus (cm. [3, Teopema 9]).
3HauUT, TOYHA CJEAYIOLIasi OCAeI0BATENbHOCTb TONEPHATHBIX TOMOTOMHUYECKUX TPYIIIL:

C = Wl(Q(X, (Eo)) — m(P(X,xO)) — 7T1(X) — 7TZ',1(Q(X7ZL'O)) — 7T7;,1(P(X, xo)) — ... .

TouHoCTb 3TOH MOCJE0BATENBHOCTH BMeCTe C TEOPeMOi 2 1aloT M30MOpGHU3MEl (2), U3 KOTOPBIX CJefyeT
yTBepXKzeHHe 0 KoMMyTaTHBHOCTH (cM. [3]). O
3ameuanue. YcioBHe JMHERHOH cBsi3HOCTH npocTtpaHcTBa (X, 7) B TeopeMe 4 He SIBASIETCSH CYLLECTBEH-
HBIM M HY?KHO JIMIUb IJIsi TOTO, YTOObl He MMETb OrpaHHueHHE, CBI3aHHBIX C OTMEYEHHOH TOUKOH.
Teopema 5. Ecau 045 aunelino ¢853H020 u 00HOCBA3HO20 npocmparncmea (X, T) umeem

(Vi=1p—1) HiX)=0, 3)

moeda
(Vi=1,2p—3) Hi(QX,x9)) = Hit1(X). (4)

IokasatenbctBo. [Ipy HalIMX yCIOBHSIX, COMVIACHO TeOpeMe 3, UMEeTCsl TOJIePaHTHOE KBa3HpacCloeH e
p: (P(X,x0),2) — (X,7) ¢ nuHeliHo cBsisHbIMM Gaszoit (X, 7) u caoem (Q(X,xg), ). Kak u B obliem
cnyyae (cm. [5, Teopembl 1, 3, 5]) m/Ist 9TOrO TONEPAHTHOrO KBA3HUPACCIOEHHSI CYLIECTBYeT COMOJIOTHYe-
CcKasi CreKTpaJsbHast nocjenoBarebHoCcTh Jlepe — Ceppa, nMeroliast Kiaaccuueckuil Bun. Takas TosepaHTHast
nocJsenoBatesbHOCTb Jlepe — Ceppa, NpU yCJIOBHH OTHOCBSIZHOCTH 71 (X ) = 0, MOPOXKAAET TOYHYIO FOMOJIO-
rudeckyto nocienoBatesbHocts Ceppa ([6, ra. III, § 4, npena. 5])

Hyyq—1 (X, w0)) — Hptq—1(P(X,20)) = Hpyq—1(X) = Hpiq—2(Q(X,20)) — -+ —

— Hy(X) — H1 (X, z0)) — H1(P(X,20)) — H1(QX,z0)) — 0, (5)
rae HatypajbHoe uucao g Takoso, uto (V i = 1,q—1) H;(Q(X,z0)) = 0. Uz (5), (1), (3) caenyer,
yto ¢ > p — 1. Otcloza, elle pas Bocrnosb3oBaswuck (5) u (1), monyuaem (4). O

Caenyroiias TeopeMa siBJASETCS TOJEPAHTHBIM aHaJ0rOM TeopeMbl I'ypeBuua.

Teopema 6. Ecau (X, T) — Aunelino c8a3H0e moiepanmuoe npocmpancmeo u 0as i = 1,n — 1 umeem
mi(X)=0,moorni=1,n—1 Hy(X)=0um(X)=H,(X).

IokasarenbcrBo. Uunykuus no n. pu n = 2 nas i < 2 umeem m;(X) = 0. CnenoBaresibHO, MpUMe-
usisi (1), Tonepanthyio teopemy [lyankape ([2, Teopema 2.4.3.]) u (4), monyuaem Hi(X) =0 u

mo(X) = m (QX, wo)) = H1 (X, z0)) = Ha(X).
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[Tyctp Tepema BepHa mas n

m — 1 u nycrb 7;(X)
U OpelsioKeHus MHAyKUuH chaepyet, uyto H;(QUX, xo))
>~ H, (22X, z0)). Otcrona, ncnosbays (2), mpensioxeHue

=01 ¢ =1m—1, m > 3. Torna us (2)
=0mpn 0 < i <m—1u mp(UX, z0))
UHAYKUKH U (4), moaydaem

~

T2 (X) & 70m (X, 20)) = Hin (UX, 20)) = Hppa (X)),

Tak Kak nmpu m > 3, m < 2m —2 = 2p—2. 1 no
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B cratbe npuBOAMTCS TEOpPEMA O MOMHOTE CrieLnanbHbIX BEKTOP-
CPYHKLMIA, MHALMMPOBAHHBIX MPOWN3BELEHUSMU TaK Ha3blBAEMbIX
peLueHuii Belins oudpdpepeHLManbHOro YpaBHEHS YETBEPTOrO Mo-
psaKa 1 ux MPON3BOAHBIMM Ha Mofyoc. [lokasbiBaeTcs, HTo Takme
HeNMHeliHbIe KOMBMHALWK peLueHIin Beitns u ux nponasoaHbIX 06pa-
3Y10T NMHEAHOE MOANPOCTPAHCTBO YObIBAIOWMX HA BECKOHEYHOCTH
PELIEHNIA NIMHEIRHON CUHIYNSPHOW AMAPMEPEHLNANBHON CUCTEMBI
Tnna Kamke. Ctpoutcs u uccnemyetcs GoyHKUmMs MpuHa cooTser-
CTBYIOLLEN CUHIYNSPHOI KPaeBoii 3aiadqu Ha Nonyock LNsi My4KoB
0oneparopoB, OnpeLensiownX augepeHLnanbHylo CucTemy Tna
Kamke. Mcnonb3ayst aHanMTM4eckmne 1 acuMnToTMHECKe CBOMCTBA
CpyHKLWKM ['prHa, METOAbI CNEKTpanbHOM TEOpUM ONEPATOPOB 1 TEO-
pUKM aHaNUTHECKMX CPYHKLMIA, [OKA3bIBAETCS NCKOMas Teopema o
MOMHOTE.

KnioueBble cnoBa: Teopema 0 MOMHOTE, NPOM3BELEHNS PELLIEHII
Beiing, kpaeBble 3afauu, qyHKumMs MpuHa.
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About Completeness of Products of Functions, Initiated by
Singular Differential Equations

D.V. Poplavsky

Saratov State University,
Chair of Numerical Analysis and Mathematical Physics
E-mail: poplavskydv@mail.ru

In this article we introduced the completeness theorem for special
vector-functions, initiated by products of Weil solutions of forth order
differential equation and its derivatives on the halfline. We prove that
such nonlinear combinations of Weil solutions and its derivatives
form the linear subspace of solutions, which decrease to infinity, of
linear singular Kamke-type differential system. Then we construct
and investigate Green function of corresponding singular boundary
problem for the operator-pencils, which determine Kamke-type
differential system. With help of analytic and asymptotic properties of
Green function, methods of spectral theory of operators and theory
of analytic functions we prove the required completeness theorem.

Key words: completeness theorem, products of Weil's solutions,
boundary problems, Green’s function.

Bonpocsl, cBfi3aHHBIE ¢ HCCJENOBAHHMEM IOJHOTHl NPOU3BEAEHHUH pelleHHH NuddepeHLIUaNbHbIX YpaB-
HEHHH, HOCTATOYHO YacTO BCTPEYAIOTCs B Pa3/iHUHBIX 3aJauax CleKTpaibHOH Teopuu (cM., Hamp., [1-4]).
[IpuBeneHnas B JaHHOU paboTe TeopeMa O IIOJHOTE MOXKeT ObITb MCIO/Nb30BaHa IPU UCCJeJ0BaHUH BOIIpOCa
pa3pelinMOCTH CMeLIaHHON 3aJayk Ha MOJIYoCH IJs cucTeMbl BorosiBienckoro [5].
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