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1. Imtroduction and Summary. In this paper the m-decision problem

(m>2) and, in particular, the problem of testing composite hypotheses,
applied to stochastic processes, are treated. After briefly discussing the
available work on the subject, a unified and extended presentation of it is
given in Section 2. Then Sections 3 and 4 are devoted to the {reatment of
the m-decision problem and related questions. These results are briefly illu-
strated for a process in the last section.

A systematic attack on the inference problem for processes has started
with the fundamental work of Grenander [9], where he has investigated the
testing problem for simple hypotheses and made a more extensive treatment
of the estimation problem. There are, however, only a few attempts in this
direction later on. Those papers on this topic, from the view-point of proces-
ses, that may be mentioned here are [8], [21] and {16]; and from a different
point [7]. (See also [2] and {11]). The testing problems for processes may
be classified broadly into two groups: (a careful, up-to-date and general
discussion and the philosophy of the testing problem may be found in [13])
(i) those for processes with known continuous covariance functions, and
(ii) those for processes whose finite dimensional distributions have some
«smoothness» properties. Most of the work referred to above falls into the
first group. Section 2 below contains a discussion of problems related to,
and an extension of, the first group. In the 3rd and 4th sections, the second
group of problems will be examined. Other aspects of inference theory
will be treated subsequently in this series (e. g., cf. [18]).

2. Second Order Processes: The testing problem for processes under the
first group, called the «second order processes» here, will be discussed in
this section. First a somewhat general (abstract) form of the type of Neyman-
Pearson Lemma will be given. A particular extension of the latter is con-
tained in [9]. Though a special case is used in the sequel, the general sta-
tement will be of interest in certain classificatory and other problems. It
also gives more insight into restrictions usually imposed on such results in
the ordinary case.

Let (S, ©)be a measure space where S is a point set, which may be con-
sidered as the space of all possible outcomes of an experiment, referred to
as «sample space», and € is a o-field of subsets of S. Let p and v be
countably additive vector measures defined on & and taking values in a
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Banach (or B—) space %. In what follows, these measures will be assumed
to have finite semi-variation over S. (The semi-variation of w is |u|(E) =

S (E)
i=1

finite disjoint measurable partitions {E;} of E and |a;|<C1 are arbitrary.
Here || || denotes the norm in #.) Let these measures p, v be ordered as
follows. For A, B in &, p(4)> u(B) whenever x*u(4) > x*n (B) for all ele-
ments x* in the positive cone of the conjugate space Z*. Clearly this is a
well-defined partial ordering. Also v<€u will be written if for any N in
S, |n|(N)= 0 implies | v|(N)= 0. It is evident that other partial orderings
may be used, and the following results can be seen to hold in those order-
ings as well. (In this paper, «measure» is always used synonymously with
«countably additive set function».)

Definition. A vector measure p on &, taking values in a B-space £
will be said to belong to a class ¥ if the following is true: For a scalar
measure A on & such that A (E;) =0 implies u(E,) = 0 (null element of Z%),
then || u(E)|| < KM (E) for some constant K and all E,, E in &. (0 <K < ).

Theorem 1. Let p and v be two countably additive vector measures of
finite semi-variation on S and taking values in a reflexive B-space %.
If v<Zp and v, n are in €, then, given e in %, there exists a set E in
© such that w(E) =e and, for any other set F in @ satisfying w(F)=e,
v (E) > v (F). (Also, see note at the end of the paper.)

Remark: It may be of interest to note that if w and v on & are any
-two measures with values in a reflexive B-space ¥ having finite total varia-
tion, then the conclusion of the above result holds, where v < .

Proof: Since u and v have finite semi-variations, there "exist [inite
positive measures A; and A, on & such that A, (A;) = 0 and Ay (4,) = 0 imply
that [p](4;) =0=|v|(As), 4;, 4, in &. Because of the fact v<<p, it may be
assumed, for conveunience, that A, = A, (= A say). Now, A is a countably
additive linite (o-finiteness is sufficient) positive measure, dominating p and v,
and one may use an abstract form of the Radon-Nikodym (R-N) theorem
(see [15], p. 130) provided it is shown that

{M‘Ee@, O<k(E)} and {%}Ee@, O<7»(E)}

= sup , E in &, ‘where the supremun is taken relative to all

A (E)

..are «N, compact» or equivalently sequentially compact in the Z* topology
(cf. [15], p. 112). It is suificient to consider one of these sets, say, the
first. Since X is a reflexive B-space, the required condition is equivalent to the
boundedness of the set [6]. But the membership of p in ¥ ensures that
ii(lbp)\/HOM(E) [l /M(E)< oo, so that the required set is bounded, as was to be

proved. Hence by the abstract R-N theorem, there exist measurable separably

valued and integrable functions f(s) and g(s) on S to & such that, for A4,
B, in G,

w(d) = Fs)dn(s), vB) = [ g(s)dr(s). (1)

A B
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The integrals are Bochner-integrals. Since f(s) and g(s) are well-defined
elements of %, there exists a bounded linear operator I'(s) on ¥ into itself
such that g(s)=TI'(s)f(s). Define the set E as,

= {s:T($)f () <g (), I'(9) = K} @)

where the inequality is understood in the sense defined previously, and where
K is a bounded linear operator that does not depend on the points s of S.
It is easy to see that E is in & since f(s), g(s) are measurable. Now
choose K such that p(E) = e. This is possible. In fact, if there is «inequality»
one can obtain an equality by excluding a conveniently chosen subset of E
retaining all the properties. (i. e. the classical modification can be made).

Let F in © beany other set with the property that p(F) = e. Then for a
fixed but arbitrary x* in the positive cone of %*, one has, (see [6] for the
properties of the integral used here)

x*v(E)::x*ﬂg(s)dx(s) — { xgane + Sx*g(s)d')»(s)}

E—EF

> | wKi@dre)+ ng(s)dm—x*K | foar e+ [re@ane
EF

E—EF F—EF

ince K is bounded and \ f(s)dA(s) = p(E — EF) = p(F — EF),

E—EF

= *Kf(S)dMS)Jr\xg(S)d?»(S) (T (5 (s)dnis) + § g (s)dh (s>

F—EF F—EF EF

> SFx*g(s)dx(s>+§Fx*g(s)dx(s> Sg(s)dm v, (3

Since this is true for all x* in the positive cone, v(E) > v(F), as was to be
proved. :

If all the integrais appearing above are considered as Rickart ?”-integrals
(see [20]), and noting that the only properties of A(s) used are the posi-
tivity and o-finiteness where A dominates both p and v, the above
demonstration shows that the following slightly more general version of ths
above result obtains. Thus,

Theorem 1’: Let p and v be two countably additive vector measures des.
fined on the same measure space (S, ©) taking values in an arbitrary B-space
X. If there exists a positive o-finite measure ) on & which dominates -
and v (i.e., for Ain &, A(A) = 0 implies w(A) and v(A) are null elements
of %) and that v<<p in the sense that for any A in &, p(A) is null imp-
lies v(A) is null, then there exists a set E in © such that p(E)=e for a
given e in %, and, for any F in @ with n(F)=e, v(E)> v (F).

Remark: The condition v<< p may also be omitted in both statements
of Theorems 1 and 1/, since p and v can be decomposed into absolutely
continuous and singular parts using again some results of Rickart ([20], p. 60,)
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but the proofs and even certain parts of the statements become more in-
volved. However, in this more general case also, it suffices to consider first
that part of the sample space, say A, where the singular part of v (relative
to ) vanishes and replace E and F above by EA and FA. The Theorems
1 and 1’ remain valid since the singular part of v has «u-measure zero».

In the particular case when p is a scalar and v is a (finite) vector, the
above results reduce to the classical case of the Neyman-Pearson Lemma
{cf., [13], p. 83).

A special case of the above Theorem 1 will be used in the theorem to
be proved below which unifies and completes the results on the second order
processes. It will be convenient to state two subsidiary results before the
theorem is proved.

Let {X(¢), t¢ T} be a second order process with zero mean function and
a covariance function r(s, f) which is positive definite and continuous in
both variables s, ¢ in T, a finite interval. Then by the well-known Karhunen
representation one has

X (t) = § M2 Z00; () (4)

=1

where, in (4), equality holds in the sense of the limit in mean for each ¢
in T, and where Z; are mutually uncorrelated and orthogonal random varia-
bles (r. v. 's). Here {;({)} and {\;} are the normalized eigenfunctions and
-eigenvalues of

0@ =1{r6 HeE)ds )
T

Lemma l: Let X,(f) = Y A "*Zp(f), and (X (), t¢T} be a second
=1
order process with zero mean function and continuous covariance function as
above. If t,<t,<... <ty is an arbitrary finite set of t's in T, then the
joint distribution of (Xa(t)), ..., Xn(te) converges, as n—> oo, to that of
(X (), ..., X (&) at all continuity points of the latter.

Proof: The statement, in a slightly stronger form, can be proved simply
as follows. The representation (4) states that X, (f)— X (¢), for each fixed ¢,
in the mean as n—oo. Let #,..., f; be as in the statement. Then
(Xa(t), - .., Xa(te)) converges in distribution to (X (#), ..., X (t))if, and

k

only if, for any real vector (ay, ..., a), Eaan(l‘l-) so converges to

i=1

k k n k
SlaX(t) (e, e g (14, p. 340) But S aXa.(t) = S 472 ) ¢;(t) =
i=1 i=1 i=1 i=1
=3 A2Z9;(a), say, and>) ¢j (@2, < oo since, by Mercer’s theorem,

=1

=1
oo h

Zcp',z- (t)A" is a uniformly convergent series. It follows that the r. v. 2 X
j=1

=1
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XZi9;(a) hj_l/"’ converges in the mean, and hence in distribution, to a r. v.

k
which may be identified with > a;X (£). Q. E. D.
i=1

From the above it is seen that, since the a;’s are arbitrary, the finite
idimensional distributions Fy,,.. ¢ (x1, ..., xz) of (X (), ..., X(f)) satisfy
the compatibility conditions. It follows that these distributions determine a
probability measure on the Borel field generated by the X (¢)’s, and that,
by the classical Kolmogorov theorem [5], there is a unique extension of this
measure which is equivalent to the original probability measure of the X-pro-
cess. On the other hand, by the Karhunen representation theorem, the distri-
bution of any finite set of Z; of (4) is determined by the probability measure
of the X-process. The measure on the Borel field generated by these Z; can
in turn be extended uniquely to the infinite dimensional case. Thus there is
a one-to-one correspondence between the probability measures on the X-pro-
cess of the second order and the probability measures determined by the
nfinite set of {Z;}, where the latter are taken as the coordinate variables.
This discussion may be summarized as follows:

Lemma 2. Let {X (f), t<T} be a second order process with mean function
zero and a continuous covariance function, and with the representation (4).

If P is a probability measure on the X-process and P™ is that generated
by the {Z;} of (4), then there is a one-to-one correspondence between these
measures (i. e. P« P%).

As seen from the preceding discussion, the Lemmas 1 and 2 are conse-
quences of the representation of the process, but the explicit statements
given here are useful (and needed) in the hypothesis testing problem. In what
follows, the P measures will be referred to as the correspondence measures
of the P’s.

Theorem 2. Let {X;(t), t=T, i =0,1,..., k} be second order processes
with known continuous covariance functions r; (s, t) and mean functions m;(t),
where T =1la, b] is a finite interval. If P;<<P,y, i=1,...,k, then there
exists a most powerful critical region in the sample space of the X;(t) pro-
cesses, based on one realization, to test the hypotheses

Hy:P; =Py, vs. H:P;==P,, at least one i,i=1, 2,...,k. (6)

In the above statement, the most powerful critical region based on one
realization means the following: Given an &>>0, there exists a measurable
subset E in the sample space S such that P,(E) =€, and il E* is any other

k k

measurable subset of S with P, (L") = e, then ¥ x;P;(E) > S PAE?), where
. [=1 =1

x; are non-negative real numbers for i = 1,..., k. This E can be approxi-

mated by a sequence of regions (measurable sets) with the same properties,

each of which is constructed using the observations on the process; i. e,

with one observation on X (f) for t<T, it is required to determine whether
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Xy () (or Py) is the correct one. The construction of E is contained in the
proof below.

Proof: The existence of such a region will follow on an application of
Theorem 1 above. For this, it suifices to observe that, under the hypothesis,
v and p of that theorem may be identified here with the k-vectors (Py, ...
wo oy Pp) and (P, ..., Pg) respectively. (Of course in that theorem v and
need not be finite dimensional). Now, it is not difficult to see that the fol-
lowing region is equivalent to (2) of Theorem 1:

k
B - {m N <cJ o

=1
where [;(w) are the R-N derivatives of P; relative to Py, and where ¢ is a
constant adjusted to satisfy P,(E) = ¢ (>0 given). To complete the proof,

it is to be shown that, when X;(¢), ¢ in T, is observed, the f;(w), and hence E,
can be approximated.

By hypothesis X;(f) has the representation (cf. (4)), (taking m; (f) =0, for
convenience)

Xit) = D Z@t )2, i=0,1,...,k (8)
r=1

In view of Lemmas 1 and 2, one may consider the correspondence measure

P;°, instead of P;, in the construction of E, where the {Zﬁ} are taken as
the coordinate variables of the infinite dimensional Cartesian space. For any

n, consider the r. v.’s (Zf, e, Z’,'l) and the probability measures generated
by them, say P7?. (i. e, Pr are the restrictions of P to the Borel fields
generated by these n r. v.’s.). For simplicity, assume that Zh i=0,1,...
., k, are defined on the same w-space. Otherwise the following argument
will be applied to the unique induced measures P? of the (real) n-dimensi-
onal Borel sets A given by
PHA)y = PH(Z (@), ..., Z) = A, i=0, 1,..., k. )
Let f; be the R-N derivative of the absolutely continuous part of P}
relative to Pg. By hypothesis, and Lemma 2, one has P2 Py. Setting
I/ =7 @, ..., 29), it} follows by a theorem of Andersen and Jessen [l},
that I} — ;° with (PY°) probability one and that 1;° is the R = N derivative
of P;”relative to P;°. Moreover, the singular part of P} relative to P; converges
to zero a. e. (P7). The same conclusion may also be inferred by noting that
{— 17, 1<{i<{ oo} is a semi-martingale. The required approximate region is

k
now obtained by setting E'" = { Hl?< cn], where {{c,} is an appropriate
i=1
sequence of constants. This completes the proof.
Remarks. 1. The absolute continuity of P; relative to P, (hence
PP Py) may be dropped, but the demonstration becomes more complicated.
In particular, then, the remark after Theorem 1’ has to be used in the above



288 ‘ M. M. Rao

construction. The occurrence of singular part and its role makes the treat-
ment somewhat intricate.

2. The condition P> Py’ is a restriction on the class of covariance
functions allowed (i. e. on the class of the «second order processes»). The
simplest case where this is satisfied (in fact P/<< Py, all n), is when all
ri(s, 1), i =0, 1,..., k, have the same (normalized) eigenfunctions but
possibly different sets of eigenvalues. In [8], the authors gave a similar result
as above. However, they did not freat the singular cases occurring in
the proof nor did they point out the possibility that the {Z:} may appear on
different o-spaces for different i.

3. If P} and Py have densities, gjf and g7, relative to, say, Lebesgue

measure, then in the proof above [ may be taken as gr/gr. 1t is also clear

that Theorem 2 is true for processes other than the «second order», but the
construction of E given above will no longer hold.

3. Another Approach. If the covariance function of the process is not
known, then the procedure of Section 2 is not applicable. Also, as noted
by Grenander [9], for composite hypotheses numerous difficulties show up
in applying the above methods. Therefore, another approach to the problem
will be presented here. Some preliminary results of this section were announ-
ced earlier in [17].

Let {X (f), T} be a (real) stochastic process, where T is a linear Borel
set which, for simplicity, will be taken as an interval on the real line.
For any n, let its ordered points be written as ¢, <f,<...<t, which are
in D, a dense subset of T (relative to a given topology). To avoid uninteres-
ting details, the finite dimensional distributions of the process will be assu-
med to be absolutely continuous with respect to u, the Lebesgue measure.
Let fi, .. ¢, (%1 ..., %4 0), or fru(x, 0) for short, be the finite dimensional density
functions, for each n, which depend on 6==(0,,..., 6:), k& being indepen-
dent of n (this will be relaxed later). Suppose that the testing problem
-consists of the hypotheses
' Hy:0=o0, vs. H:0 = o, (10)

‘based on one realization, where w, and o, are closed bounded and disjoint
sets such that each is a connected subset of the (real) k-dimensional Cartesian
space. It must also be assumed that the hypotheses are distinct, as otherwise
the problem has no content. The hypotheses H, and H, are distinct means
the following [4): Let P, be the probability measure of the process under
consideration for every 0 in Q = o, - @,. Then there exists a measurable set
E in the sample space such that for all 6, in @, and 6, in o,, Py, (E)== Py, (E).

The problem as stated in (10) is too general for a solution, and the
following conditions (not the best possible), on f,(x, 8), will be assumed.

Condition 1. For each n, the carriers of f,(x, 0) remain invariant for
all 6 in Q, and the functions f, are Baire densities in x for each 6 and
jointly measurable in both x and 6 relative to the product o-field of the x

and 0-spaces. [PeZ 1, 0=Q.].
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Condition 2. For each x, f,(x, 8) is a continuous function of .
Condition 3. If £(0) is any probability measure on the Borel field of
Q which assigns positive probability to both @, and o, then

fra (x, 0) an(xy 6) dE (6) — fx (x, 6) an+1(x» 6) d& (9), (11)

a a

for all 6 in @, and all n>>0, is either non-negative or non-positive.

Now the solution of the testing problem for the hypotheses (10) can be
given as follows: (hereafter, dense=dense denumarable).

Theorem 3. Let {X (f), t =T} be a real separable stochastic process without
fixed points of discontinuity (relative to Py, 8 in Q), and with the finite
dimensional density (n) functions f,(x, 0) satisfying the Conditions 1 — 3.
Then, relative to any given a priori probability distribution & (0) on Q satis-
fying Condition 3, there exists an essentially unique Bayes solution for
testing the distinct hypotheses (10) on the basis of a set of sufficiently large
number of observations on the process at t; of D, a dense subset of T.
Moreover, the class of all Bayes solutions of this problem is a complete class.

Remark: In the hypothesis testing problems, it is usual and convenient
to take the loss functions, associated with the Bayes procedures, to be simp-
le, i. e. of (0, 1) type. Only obvious modifications are needed for the general
cases of interest, as may be seen, for instance, in the next section. The
terminology of the theorem, as always in the paper, is standard ([5], [22)).

Proof: Let n be any positive integer, and f, (x, 6) be the corresponding
finite dimensional density function (w) of the process. If §(6) is an a priori
distribution on Q, as in the theorem, then, for any f,(x, ) satisfying the
Conditions 1 and 2, it follows that ([22], p. 132) there exists a Bayes solution
relative to §(0) if, and only if, the following rule holds:

Accept H, if gfn(x, 6) d& (6) > an(x, 0) d& (6), (2

a r

Accept H, if the reverse inequality obtains.

Because of Condition 2, equality in (12) holds only on a set which has the
«f X E»-measure zero, so that the Bayes solution, for any given n, is essenti-
ally unique.

Denote the leit and right sides of the inequality of (12) by g2 (x) and g7 (x).
To prove the theorem one has to show that, under the hypothesis, the Bayes
rule (12) can be used for any n (large) observations on arbitrary dense sets
D in T. It should be noted that, because of the inequality in (12), the proof
gets involved and the extra hypothesis in the theorem is here used to circum-
vent it. Now, for a fixed g, define the r. v.

Y= Yoy e, Xa) = g7 (X)/g8 (x). (13)

It will be shown that the non-negative r. v. ’s Y, converge to a r. v. Y,
as n—>oo, and that the latter does not depend on D. Because of the separa-
bility of the process and Condition 1, the X(f;) can be taken as coordinate

4 Teopusi BOPOATHOCTEH H ee mNpHMeHeHHs, Ne 3
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variables in infinite dimensional space ([5]; [21], p. 561) for the purposes of
the proof here. Moreover, the conditional density of x(f.y,) relative to
X (tl) = X; is )

frta (/%15 oy Xny 0) = faqa (X1, oo s Xny X5 0)/fn (Xq, ..oy Xn; 6) (14y

for 6 in Q. Hence for 6 in g,

8nty (X1 ey Xy X)

E{Ynpi/xy, oy Xn) = S frta (%/%y5 ..o, Xp; 6)dp(x)

Enp1 (1, vy Xy X)
g:l-l—l (Xl’ wee sy Xnv X) d Y (15)
X) = n X ’
S g‘,ll (le ey Xﬂ) M( ) ( )

for all n, by Condition 3 and Tonelli’s Theorem, [6]. The inequality in (15)
is reversed if (11) is non-positive. Now, from (15) it follows that

E{Yn+1|Y1,..., Yn}>yf1 (16)

with probability one (Py, 8in ©g), so that {V,, n>1} or {—VY,, n>1} is
a semi-martingale according as the inequality (15) or its reverse obtains. But
for 6 in w,, one has for all n, since

gn ()-f, (x, 6)

d ,
) [ (x)

E(Y,) = S S

(Ewndzm <1, (%)

(0]
a

If {Y,, n, > 1} is a semi-martingale, then {E (Y,)} forms an increasing sequence

([5], p- 354 and p. 324), since Y, is non-negative, of non-negative and

measurable 6-functions. By monotone convergence theorem and (x) it follows

that 1im E (Y,,) = K (8), say, exists and is finite a. e. (§). Since w, is bounded
n—00

and E(0) is arbitrary, subject only to Condition 3, one concludes that K(6)<(l
for all 6. Hence by the semi-martingale theorem lim Y, =Y exists with

n—co

probability (Py, 0 in ®,) one and E(Y.)<{K. The same conclusion obtains,
more easily, if {—Y,, n> 1} is a semi-martingale as noted below. However,
{Vn, 1<<n< oo} may not be a semi-martingale but this is not essential.
It will now be shown, under the hypothesis of the theorem, that K<T1.
From this fact and Condition 2, the uniqueness of the Bayes solution in the
general case follows. It should be noted that, since the process has no fixed
points of discontinuity and since limY, exists (as just shown) for every
such {t;} sequence, the limit must be independent of the {#;} involved and
the limits Y, obtained for each set D of T, are equal with probability one.

First consider the simpler case, i. e, when the reverse inequality holds
in (15). Then {—Y,, n>> 1} is a semi-martingale and by the corresponding
theorem ([15], p. 354 and p. 324) {E(Y,)} forms a non-increasing sequence
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and since by (12) E(Y,)<1, and lim Y, = Y exists, E(Y) <{lim E (Y ,)<1.

Thus the uniqueness of Bayes solution is immediate in this case. Next
suppose that the inequality (15) holds as stated, so that {Y,, n>1} is
a semi-martingale. It is to be shown that Yo, <1, with (Pg, 0 in ®,) proba-
bility one, in this case also.

Suppose, if possible that Yo =1 on a set of positive (fx§)— measure.
Since Y, does not depend on the f;-sequence, consider a particular {f;} sequ-
ence which is ordered so that #;<#;,. For each 0 in @, and any n, the
densities f,(x, ) form a martingale on the o-finite space (S, p) according
to a result of Andersen and Jessen ([1], p. 8) where the increasing sequence
of associated Borel fields are those generated by the (X, ..., X,), (here
X; = X (). Then by a limit theorem in {1}, f.(x, 0) converges a. e. (u).
This limit cannot be zero. If it were, since the original {f;} is arbitrary,
fa(x, 6)—0, a. e. (un) for every such sequence, and hence P, is singular
relative to u, contradicting the assumption that Ps<<p. Hence f,(x, 8)—
—f(x, ) C>0) a. e. (w). This together with the supposition at the begin-
ning of this paragraph implies that

\ PoEyder @) =  PoE)de* @) (+%)
ma mf‘ .

for every a priori £* on Q and E(C S. But this (x%) cannot hold since it
contradicts a theorem of Berger and Wald [4], because the hypotheses (10)

are distinct. (In [4], the result is stated for finite dimensional sample space,
but, as seen in the proofs, this restriction is nof used and the result is valid

for the infinite dimensional case also). Hence Y, =1 on aset of positive
measure is impossible. Combining the different parts of the argument above,
one can conclude that Yo, <1 with probability one (P, 0 in og) in all cases.
Thus the Bayes solution given by (13) is unique, proving the first part.
Since o, and o, are closed bounded disjoint sets and because of Conditions
1l and 2, it follows, by a result of Wald (j22], Theorem 5.6) that the
class of Bayes solutions given by (12) is a complete class. Q. E. D.

Remarks. 1. II o, and o, are both degenerate to one point sets, then
for any & concentrating on the two points, the above theorem reduces to the
classical case since Y, then reduces to the ordinary likelihood ratio. 2. It may
be noted that Condition 3 is a kind of «smoothing» on f,(x, 6) which
ensures that the Y, behave in a consistent manner for large n, so that the
ordinary Bayes solutions can be used. If @, has only one point, then it always
holds whatever w, is. The fact that H, is composite (o, has more than one
point) does make the problem relatively harder.

The conditions given for the above theorem, particularly the third, can
be replaced by others and, depending on their strengths, various other types
of results can be obtained. For instance, one has

Theorem 4. Let the hypothesis of Theorem 3 hold where the [, (x, 6) satis-
fy Conditions 1 and 2. Suppose there exists some probability density func-

4*
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tion h,(x), defined on the same Borel field as that of fa(x, 9), such that,
for all n, { fa(x, 0) hn " (x) dw is bounded for some oa>>1. Then, relative
to a given a priori distribution &(0) assigning positive probability to both w,
and o, there exists a Bayes solution for testing the distinguishable hypo-
theses (10) on the basis of a set of sufficiently large number of observations on the
process at t; of D, a dense subset of T.

. Proof. The proof is similar to that of Theorem 3 except for the fol-
lowing modification. Using similar notations, for any & (), as given, one has

Yo =g, (x)/g°(x) (13")
where
g (x) = byt (%) gfn (x, 0)dE(®), i =a or r.

.
z

But, for any fixed 6 in Q, the sequence {f, (x, ), (x)} forms amartingale on
(S, B, P), where the fixed probability measure P is determined by the den-
sities h,(x), and lim(f./h,) = f(x, 0), say, exists, with probability (P) one.

Since [fn/hn]®, o >1, is integrable (P) it follows that {(f./hn), 1 <Cn<Coc}

is a martingale for every 6 in Q. This implies that gs and g, converge to

g® and g', say, with probability (P) one. Since the hypotheses (10) are dis-

tinguishable Y, — Yo < 1 with probability (P) one, for all 6 in Q, as in
T heorem 3.

Without reference to the last named theorem, the conclusion can also be
reached, in view of the hypothesis here, by a theorem of Kakutani [10]
which is also true for non-independent r. v.’s as mnoted by Kraft [12].

Remarks: 1. Several problems suggest themselves from the above
treatment. It would be of interest to find conditions under which results of
the above type can be obtained if E(6), instead of being fixed, is a sequence
itself on Q.

3. In the discussion of Bayes solutions in Theorem 3 (and 4) the fact
that f, (x, 0) are densities relative to Lebesgue measure, isused in pointingout the
d istinctness of hypotheses. According to a result of Berger [3] this fact, P
being absolutely continuous relative to the Lebesgue measure for all 6 in Q,
seems to be more than merely a convenience at least when H, is also com-
posite. Further work on these points will be of great interest.

In the following section a simple extension of the results will be consi.
dered. '

4. Some Extensions: In this section the m-decision problem (m>>2) corres-
ponding to the preceding section and some related discussion will be
presented. Only a brief sketch will be given as the argument is similar.

Suppose the testing (or decision) problem consists of determining one of
the distinguishable hypotheses (extending the notion in an obvious manner)

H b=w;, =1,..., m, (17)
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based on one realization of X (7), for £ in T, where ®; are closed bounded
disjoint sets each of which is a connected subset of the k-dimensional Car-

tesian space. Let Q = @ 4 ... @p and use this Q in Conditions 1 and 2
in the following references. Consider the following:

Condition 4: If g (6) is any probability measure on the Borel field of
Q assigning positive probability to all w;, then

frta (x, 6) iwi (0) fn (%, 0) dE () — [ (%, 9),\2101- (0) faga (x, 0)dE(6) (18)
<

1s either non-negative or non-positive for all n, 0 in ®;, and all {. Here w; (0)
is a (bounded loss, or weight, function such that w;(0) =0, or a positive
function of 6, according as 0 is in ®; or not. [In Section 3, w; (6)=0, or 1.]

The following extension of Theorem 3 to the m-decision case holds:

Theorem 5. Let the hypothesis of Theorem 3 hold for the process
{X (@), t in T} with the finite dimensional densities (W), f.(x, 0) satisfying
.Conditions 1, 2 and 4. Then, relative to an a priori distribution & () and a
bounded non-negative loss function (subject to Condition 4), there exists an
essentially unique Bayes solution for the m-decision problem (17), based on
a sufficicntly large number of observations on the process at t; of D, a
dense subset of T.

Proof. For any positive integer n, the Bayes rule for this problem,
under the hypothesis, reduces to the following ([22], p. 148):

Choose H; if, and only if,

where #4, =ti(xy, ..., X) = Sw (0) fx (x, 0)dE (8). Define, as in the proof of
Q
Theorem 3,
Y =tyth, id=j, j=1,..., m. (20)

This Y./ plays the same role as Y, of (13) and, with Condition 4 here, the

remaining proof proceeds exactly on the same lines following (13). In con-

sidering bounds for E (Y%), one starts with S w; (0)E (YJ)dE(0) here. The
Q

details are omitted.

In the formulation of the problem, in the previous sectior, it was assumed that, in
fn(x, 8), 6 =(01,..., 0), k is independent [of n. This may be removed as
follows. Let f,(x, 6) now stand for f,(x1,..., Xn:05,..., 0,). Since it is a
finite dimensional density of the process, it satisfies the usual compatibility
conditions, i. e., an (x, 0)dx, = fa_i(x, 6) where f,—; (x, 0) depends only on
Oy, ..., 0,y), all n. Let a<CH,; b, i =1,2,..., where — oo < a<b<oo.
For instance, here {6;} may correspond to the mean function of a process.
If 0 stands for any such {6;} sequence, then the testing problem becomes

Hyb=ow, vs. H 0= o, (109

where m, and o, are closed bounded disjoint (separable). subsets of a topolo-
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gical space (e. g., the infinite dimensional Cartesian space). Let Condition 1
‘be as given before and consider the following:

Condition 2": For each n, f,(x, 0) is jointly continuous in both x
and 0.

Conditiond’: If §,(0) is a probability distribution on Q —=a,-- w,, which
assigns positive measure to both ®, and ®,, and which satisfies the compa-
tibility conditions, i. e., lim &,(0y, ..., 8,) = &1 (04, ..., O0n—y), then

0,,—>

Futa (6, 0) {fax, ) dn(®) —Fa(x, 0) (fara(x, 0dEin®)  (11)

Oq Og

is either non-negative or non-positive for all n.

Now using conditions 1, 2',3" instead of 1, 2, 3 a result analogous to
that of Theorem 3 can be obtained by the methods used there. (See the
example in the next section.) Thus the assumptions may be altered in an
obvious manner to include different versions of the results given in Section 3,
and hence further discussion in this direction will be omitted.

In the final section illustrations and complementaries of some of the
above results will be considered.

5. Illustrations. In this section two illustrative examples of the above
results are given. They also serve to compare some results in [9] and others
{e. g., cf. [11]).

An interesting example in [9], p. 221, and several other tests based on
covariance functions of Gaussian processes led many to believe that, for these
processes, only singular tests result and hence the hypotheses H, and Hj,
based on one realization, can be distinguished with arbitrary precision. This
implies that no interesting test theory can be developed. However, the first
example here shows that this is not always the case, and interesting non-tri-
vial tests do exist, for testing the covariance functions of Gaussian processes.

Example 1. Let{X (¢), ¢ in [0,1]} be a Gaussian process with zero mean
function and the following covariance function, where 60 in it.

cosh bs cosh b (1 — )
bsinh b

» S

ry(s, £) =
o(s: 0) cosh bt cosh b (1 — s)

b sinh b

, 1<s.

That rs(s, t) is a covariance function may be seen as follows. Recalling the
well-known and simple result that any function of the form, r(s, {)=
= u[min (s, {)] v [max (s, #)], qualifies to be a covariance function if the posi-
tive functions u(s) and v(s) defined on a set T, satisfy the condition u(s)v™ (s)
is a strictly increasing function of s, it is sufficient to note that r,(s, f)
above is of this form and satisfies that condition for all & different from
zero. (If 6 =0, however, ry(s, ¢) is not a covariance function.) Denoting the
corresponding  probability = measures by P, one may now state the
hypotheses as, Hy:b = Dby (by >0), vs. H,;:b in [b, -+ ¢, B], or equivalently,
since the process is Gaussian, on the covariance function p (s, #), Hy:p (s, £) =
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= rp, (s, 1), Vs, Hy:p(s, t)y=rs(s, t) for b in [b, + &, B]. 1f b,< 0, then one
can take, for Hy, b in [B*, b,—¢] where ¢ 0. Other obvious combinations may also
be considered. It is clear that ry(s, ) above satisfies, for all b(s=0), the hy-
pothesis of Theorem 2, and the «critical region» of that theorem is obtained
thus: A straight forward computation shows that (5) with ry(s, £) as kernel
for any fixed b, has the eigenvalues A, and the normalized eigenfunctions
¢, (f) as
M =n2m®24 02, n=0,1, 2,...
Q@) =1, @, ()=V2 cosnat, n=1,2,... (20)

Hence the density functions of (9) become, on noting that the {Z;} are
independent Gaussian r. v.’s in this case,

fr=1@y,...,2)= [f[ A:; ]‘;‘ exp {“‘—i‘é 2 (7”1 —“7"?) @0

=1

=1 M
where 2¢ is the value of A for b —b,, and where E(Z;)=0, E(Z)=A"",
or A; ‘under H, and H, respectively. Since the series S E(Z}) (A — A< oo,

i=1

Z‘(M—M—’ 2 var (Z3) < oo, under both hypotheses, and Z; are independent,

i=1

it follows by Kolmogorov's theorem [5], . 108) that Zf 7\.[——7\‘? is
p
i=1

convergent with probability one (under both hypotheses) and also in the

© g
mean. Also, it is trivial to note that |] (——3) exists, so that
=1 Y M
f» — f with probability one. Hence the critical region of Theorem 2 reduces to
> Zi<K, (22)
=1

since A; — Ay = b* —b. Here, and in all such places, K, is a generic con-
stant suitably chosen. For b>>b,, since (22) does not depend on a particular
b, it is in fact a (one sided) «uniformly most powerful» (cf. [13] for an
explanation of this term) critical region.

It is remarked that the classical results do not alwayshold when extended
to process and surprising phenomenon may take place. For instance, in [19]
(cf. Theorem 2 and its corollaries), it was noted that «unexpected distribu-
tions» such as the Cauchy distribution can occur as possible limit laws of
certain estimators, instead of the usual normal laws. The problems on par-
ticular processes present interesting studies by themselves.

Example 2. Let {X (¢), ¢ in [a, b]} be again a Gaussian process with mean
function m(f) and known covariance function e ®!*=! for all ¢ in [a, b,
—o0<a<b<{oo. The hypotheses to be tested are, H,: m (f) in &g, vs. Hy: m(f)
in o, It may be noted that the methods of the second order processes
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cannot be used directly for this example. However, the solution can be
~ given as a consequence of Theorem 3. As pointed out in Section 4, for any
t; in [a@, b), it will be assumed that there exist finite ¢, d, such that
c<<m(t;)<<d. To apply the theorem, since for all m(f) in Q(= wet ©),
P, the probability measure of the process, must be absolutely continuous
relative to the Lebesgue measure p. An additional assumption, on m(f), is
needed. For every ¢ in [a, b], m(f) satisfies a Lipschitz’s condition of order
one. It may be seen that, without some restriction on the growth of m(f),
P,, becomes singular relative to p. For any .n, let ¢;<t,<...<t, be a
set of points in D, a dense subset of [a, ], and, for convenience, denote
X ({t)=X;, e P Witt) — p; and m(t;) = m;. For the purpose of this example
the 0, and ®, of Theorem 3 (cf. Section 4) can be viewed as the required
type of sets in the Cartesian space (for each n). From hypothesis, it follows
that there exist two closest «points» in ®, and w,, in the sense of the na-
tural metric there, and let the sequence of distributions {,(6)} on Q con-
centrate on these two points with equal probabilities for convenience. With
this {€,} it is easily seen that Condition 4 and other requirements are
satisfied, and by Theorem 3 it follows that there exists a Bayes solution
unique for this problem. '

The actual test function can be calculated as follows. Let {m?}in w, and
{m;} in ®, be the «extremal» points noted above. Without any loss of gene-

rality it may be assumed that {mj} =0. If f,(x) and f;'(x) are the respec-
tive n-dimensional densities, one has (see [9], p. 228, the computations
omitted here, though not the same, are very similar to the ones there),

ALEIN [ﬁ (1—p§>]"? exp {— — o — ) —

i=1

n—

1S Ko —m — oy (X, — my)]?
> t
=1

4
2 1__9?

Since {m} =0, one gets for the «log likelihood function»,

m 2 n—1

X — X, m. . —pm
IOg n = Myx, — Z i+ i i+1 il
f?l 2 i=1 1+pi 1'—95
__;_'12—1 . (”lfﬂ—"f’"t‘ > (23)
i—1 1+p,‘ 1——pl.

Noting that the X (f)-process has no fixed points of discontinuity, and using
the hypothesis on m(f) at this point, one obtains for (23), on lettigh n— oo
in such a way that ¢#,— a and ¢,—b, after a straight but somewhat tedious
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computation, (the following stochastic are well-defined, cf. [5])
b

SO () — el 22 (me) + o] — D - - (X O 1Bm () — ¢ + cBrat —
—E§m2(t)d — fﬁgbm(t)dt—ﬂ(b—a),
4 2 4

where ¢ %is some constant related to the constant in the Lipschitz condition.
Thus the Bayes solution, which coincides with the classical one, is to accept
H, if ,

X (@)im(@)—cl + X 0) [mO)+cl+ { X O [Bm () — o+ BldE <k, (24)
for a suitably chosen k, and to reject otherwise.

It may be noted that this example reduces to that of Grenander’s if
m(f) = m, a constant, so that ¢ =0 in that case.

Note added in proof: In Theorem 1, the class ¢ is unfortunately more
restrictive than intended. The theorem is true however as stated with only
minor changes at the beginning of the proof if the reference to € is drop-
ped but the vector measures have finite total variation. The intended ver-
sion is: If u and v are vector measures of finite total variation on S to
a reflexive B — space % such that v << p, then, given e in the ranges of
i and v and the positive cone of %, there exists a measurable set E such
that (E) <C e and for any other measurable set F satisfying u(F) < p(E),
one has v(E) > v(F).

Note also that the reference to Theorem 1 in the proof of Theorem 2 is
unnecessary and actually the result of [9], p. 210, suffices. A more general
result than that given above, holding for non-reflexive spaces, is given in
the paper «Radon-Nikodym theorem for vector measures» which will appe-
ar elsewhere. Also results related to the present paper have been announced
in «Some inference theorems in stochastic processes», Bull. Amer. Math.
Soc., 69 (1963), 72—77.
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