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We consider a weighted LP space L?(w) with a weight function w. It is known that the Haar system H,,
normalized in L* is a greedy basis of L”, 1 < p < co. We study a question of when the Haar system H;
normalized in LP(w) is a greedy basis of LP(w), 1 < p < co. We prove that if w is such that H,’ is a
Schauder basis of L”(w), then H,) is also a greedy basis of L”(w), 1 < p < co. Moreover, we prove that
a subsystem of the Haar system obtained by discarding finitely many elements from it is a Schauder
basis in a weighted norm space LP(w); then it is a greedy basis.

1. INTRODUCTION

We discuss greedy bases in different Banach spaces. In Sections 2 and 3 we consider weighted L?
spaces LP(w). We prove in Section 2 that for some weights w the Haar system and its biorthogonal
system form a bidemocratic pair for LP(w). This result, combined with known results, implies that
the Haar system is a greedy basis of LP(w). In Section 3 we consider some subsystems of the Haar
system and prove that if those subsystems are Schauder bases in a space LP(w), then they are
greedy bases. We begin with a general introduction to the subject.

Let X be an infinite-dimensional separable Banach space with a norm ||-|| := ||-||x and let
U= {11}32, be a normalized basis for X (||¢%|| = 1, k € N). For a given f € X we define the best
m-term approximation with regard to ¥ as follows:

om(f) == om(f, ¥)x = bl,?f\ = btk

keA X

where the infimum is taken over coefficients by and sets A of indices with cardinality |[A| = m.
There is a natural algorithm of constructing an m-term approximant. For a given element f € X
we consider the expansion

F=Y ()
k=1

e call a permutation p, p(j) = kj, j = 1,2,..., of the positive integers decreasing and write
pe D(f)if
lek, ()] > lew, (F)] > - e
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GREEDY BASES IN L? SPACES 189

In the case of strict inequalities here D(f) consists of only one permutation. We define the mth
greedy approximant of f with regard to the basis ¥ corresponding to a permutation p € D(f) by

the formula

G (f) == Gn(f,¥) == Gn(f, ¥, p) = chj (f)wk]

=1

It is a simple algorithm which describes a theoretical scheme for m-term approximation of an
element f. This algorithm is known in the theory of nonlinear approximation under the name of
Thresholding Greedy Algorithm (TGA). The best we can achieve with the algorithm G, is

If = Gm()llx = om(f, ¥)x,

or a little weaker

If = Gm(H)lx < Com(f, ¥)x

for all f € X with a constant C' independent of f and m. The following concept of a greedy basis
was introduced in [4].

Definition 1.1. We call a basis ¥ a greedy basis if for every f € X there exists a permutation
p € D(f) such that

with a constant C' independent of f and m.

The reader can find a discussion of greedy bases in [5; 10; 11; 12, Ch. 1].

In Section 2 we study a question of when the Haar system is a greedy basis for a weighted
space LP(w). Afterwards in Section 3 we study a similar question for some subsystems of the Haar
system. Let w be a nonnegative integrable function on [0, 1]. Define for 1 < p < oo

1 1 1
11,0 = / F@Pw(@)de,  (f.g) = / J@gle)dz, (. gh = / f(@)g(@)u(z) de.
0 0 0

Let A be a collection of all dyadic intervals of [0, 1],
A={Iclo1: I=[2"1-1),2""), n=0,1,..., I=1,...,2"} U{[0,1]}.
For an interval [ = [27"(l — 1),27"]) define
I =[27"(1-1),27"(1 - 1/2)), I =[27"(1-1/2),27"1).

Denote

w(l) = / w(z) dz.
I

We now discuss weights from Muckenhoupt’s dyadic class A](Dd). For 1 < p < oo define wy(z) :=

w(z)~ Y@=, We say that w € A}(,d) if there exists a constant B(p) > 0 such that for any dyadic
interval I we have

w(Iyw, (1P~ < Bp)|IP. (L1)

Let H = {ht}32, be the Haar system in its natural enumeration. In some cases we are interested
in identifying Haar functions by their support, except for the function ho(z) = 1 if = € [0,1]. For any
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190 K. KAZARIAN, V.N. TEMLYAKOV

I € A denote by hy, hy(z) =1ifx € Iy, hy(x) = —-1ifx € I_ and hy(z) =0if x € I° =[0,1] \ I,
the corresponding Haar function normalized in L*°. Haar functions normalized in the space LP(w)
are denoted as follows:

HY, = w(I)~YPh; and Hy, = w(I) " Phy.

A.S. Krantsberg [6] proved that the condition w € AJ(Dd) is a necessary and sufficient condition
for the Haar system H to be a basis of LP(w), 1 < p < oco. In [2] it was pointed out that the
condition w € A](Dd) guarantees that H is an unconditional basis of LP(w), 1 < p < co. In this paper
we prove that the condition w € A;d) implies that H is a greedy basis of LP(w), 1 < p < oc.

It was proved in [9] that the Haar basis H, normalized in L” is a greedy basis of LP, 1 < p < 0.
The following characterization theorem of greedy bases is from [4].

Theorem 1.1. A basis is greedy if and only if it is unconditional and democratic.

We now give the definitions of unconditional and democratic bases.

Definition 1.2. A basis ¥ = {}}2; of a Banach space X is said to be unconditional if, for
every choice of signs § = {0}72,, 0, = 1 or =1, k = 1,2,..., the linear operators My n, N € N,
defined by

oo N
Moy, N ( > am/}k) = arbii
k=1 k=1

are uniformly bounded from X into X.

Definition 1.3. We say that a basis (system) U = {4} }72, is a democratic basis (system,)
for X if there exists a constant D := D(X,¥) > 1 such that, for any two finite sets of indices P
and @ with the same cardinality |P| = |Q], we have

Ui,
Z vkl x

keP

<D

Y,
2 Tkl (1.2)

ke@Q

In [1] bidemocratic bases have been studied (see Section 2 below for a discussion). Observe that
if w is a weight function and w,, 1 < p < oo, is integrable, then the Haar system H is a complete
minimal system in LP(w) and its biorthogonal system Hj, = {h}}?2 is defined by the following
equations:

1
hi(x) = hi(z), kE=0,1,....

w(z)

We will use also the notation

hi(x) = mln(l‘), IeA.

In Section 2 we prove that the pair of biorthogonal systems (H,H;)) is bidemocratic for LP(w) if
and only if w € AI(,d). Having in mind that for w € A;d) the Haar system is an unconditional basis
for LP(w) by Theorem 1.1, we get that H is a greedy basis of LP(w), 1 < p < co. We can use the
above results to construct for any 1 < a < b < 0o a system of functions which is a greedy basis
of L? if and only if p € (a,b). Note that for 1 < p < oo a system ¥ = {9 }72, is a basis of LP(w)
if and only if W¥ := {¢pw!/P}?° | is a basis of L.

For 1 < r < oo let M,,(z) = 2" for x € [0,1] and n = +1. Tt is easy to check that

vp(x) = MP (z) € A](Dd) if pe[l,r) and v, ¢ AW f p > r and up(z) == MY, (x) € A}(,d) if and
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GREEDY BASES IN L? SPACES 191

only if p € (-£5,00). Define M*(z) = M_; y(z)(2z) if € [0,1/2] and M**(z) = M;, o (22 -1)
if x € (1/2,1]. Then the following result holds.
Proposition 1.1. For any r > 1 the system {M_1,hy}3, is a greedy basis in LP if and

only if p € (1,r). For any v’ > 1 the system {M , hi}72,, 7 = T,’"—_,l, is a greedy basis in LP if and
only if pe (r',00). For 1 <a <b< oo the system {M“’bhk}i"zo 1s a greedy basis in LP if and only
if p € (a,b).

2. THE HAAR SYSTEM IN LP(w)
We will say that the weight function w(x) satisfies condition (D)) if there exists C'(p) > 0 such

that for any sequence of dyadic intervals J = {J}32, C A, Jo D J1 D ..., |Jx| = 27%, and for
any m € N
m w(Jm)>1/p
< C(p). 2.1
k20< s ») (21)

Assume that the weight function w(z) satisfies the following condition: For any I € A we have
w(l) < qu(l),  w(l}) < qu(l) (2:2)

with some ¢ € (0,1) independent of I; then evidently w(x) satisfies condition (D)) for any p > 0.
By the Holder inequality we get that for any interval J

w(Jywy ()P~ > |7, (2.3)

Inequality (1.1) implies that for any I € A

w(ly) » w(l-) »
oy STB. S 2B (2.4)
Indeed, by (1.1) we have
w(l (P~ < BIIP,  w(l w1 ) < B(p)|IP. (25)

Combining (2.5) and (2.3) with J = I, and J = I_, we obtain (2.4).
It is easy to see that inequalities (2.4) imply (2.2). Thus any w € A](Dd) satisfies (2.2). It is easily

checked that if w € A](Dd)7 then w), € A](;,i).
Following [1] we denote

i,
ll9r]l x

P (N) = || > llvellx vk

keP

©(N) = sup
|P|=N

)
keP X X*

and will say that a pair (¥, ¥*) of biorthogonal systems ¥ = {¢;,}22, C X, ¥* = {¢;}72, C X* is
bidemocratic for X if there exists C' > 0 such that for any N € N
P(N)e"(N) < CN. (2.6)

Evidently we have

Remark 2.1. If a pair (¥, U*), where ¥ C X and U* C X* of biorthogonal systems is
bidemocratic for X, then

limksup Vel x ¥kl x- < C.
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192 K. KAZARIAN, V.N. TEMLYAKOV

It is proved in [1] that a bidemocratic basis is a democratic basis. The above definition of
bidemocratic system is given for minimal systems which are not necessarily bases. However, the
proof given in [1]| for bases also works in our case of minimal systems. Hence, we skip the proof of
the following

Proposition 2.1. Let (U, ¥*), where ¥ C X and V* C X*, be a pair of biorthogonal systems
that is bidemocratic for X. Then the system W is democratic for X.

We prove the following result.

Theorem 2.1. Let 1 <p < oo and let w be a weight function so that w, € LY. Then the pair
of biorthogonal systems (H,H.,) is bidemocratic for LP(w) if and only if w € A;d).

Proof. Suppose that (H,H)) is bidemocratic for LP(w). Then, writing conditions (2.6) for
N =1, we find that for any I € A

1/p 1/p'
Jurre@a| ([ Pew e e | <o
T T
where 1/p + 1/p’ = 1. Tt is easily checked that the above inequality is the same as (1.1) with

B(p) = CP. Hence the necessity is proved. The proof of sufficiency begins with the following
lemma.

Lemma 2.1. Let 1 <p < oo, w satisfy condition (D)) and
fi=Y_ Hf, |P*| = N. (2.7)
IepP*

Then
||f||p,w < Cl(p)Nl/p-

Proof. We prove this lemma by induction. For N = 1 it follows from normalization of the
system {H}’)} in LP(w). Suppose that the statement of Lemma 2.1 holds for |[P*[ = N —1. We
will prove it for |P*| = N. We have

1

115 = |

0

> Hf(x)

IepP*

P L P
w(z) dz < /( $ w(I)l/p\hI(:c)\) w(z) da.

0 \lepP

Let Iy € P* be one of the intervals of minimal length. Denote Py := P*\ {Ip}. If [N J = @ for
all J € Py, then

<1+ Ci(p)’(N —1) <Ci(p)’N

pw

> HP,

Jepy

1flIpw =1+

provided C;(p) > 1.

Assume now that there are intervals J € P} such that Ip NJ # @. Our assumption that I
has the minimal length implies that Iy C J. Let I € PJ, k =1,...,s, be such that Iy C I} and
|Io| < |I1| < ... <|Is]. Then for z € Iy we have

< S w(Ie) V< w(i)- Ve S (L) 1/p<c Io)~/? 2.8
HEE SRR ;(m) < Clp)w(o) ™. (2.8)
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GREEDY BASES IN L? SPACES 193

Let fi:= f — HJ ,. Inequality (2.8) implies

1
/ (@) Pulz) dz = / @) Pulz) dz + / @) Pu(z) de < Cp)P + / (@) Pu(a) de
0 I

[0,1\Io 0
<O+ Cip)"(N —1) < Ci(p)’N
provided Ci(p) > C(p). O

We have not included the first Haar function in the sum f in order to avoid complicated notation.
Evidently Lemma 2.1 is true if in the sum f we have the term H{,.

Remark 2.2. If condition (2.1) holds for any sequence of dyadic intervals except for a fixed
sequence of dyadic intervals 7 = {I;}32, C A, I D 11 D ..., [I}] = 27F then the assertion of
Lemma 2.1 holds if P*NZ = @.

By Lemma 2.1 we have

Soar| <ap)N. (2.9)

IepP*

P’ wp
In order to prove inequalities (2.6) for the Haar system in the space LP(w), we write

> il b > wdVPII Ry

keP IepP*

= D 11 w (D) Pw, (VP HY®,
IeP*

’ ’
p,w pywp

P ,wp

< B 1/1?02 Z H

IepP*

i

’
pywp

where the last inequality follows by (1.1) from the well-known fact about the unconditional bases
(see, e.g., |7, p. 19]) and from the above cited result (see [2]) that the Haar system is an unconditional
basis for the space L' (w,) with unconditional basis constant Ca(p'). By (2.9)

> lkllpw

keP

< B(p)PCy (p )NV

p’,w
Hence, by Lemma 2.1 we finish the proof. [

Theorem 2.1 and Proposition 2.1 imply

Corollary 2.1. Let 1 < p < oo and let w € AJ(Dd). Then the Haar system H normalized
in LP(w) is a democratic system of LP(w).

Democratic bases in weighted norm spaces with the weight functions satisfying the A, condition

have been studied by other authors (see, e.g., [8]).
In the introduction we have commented that if w € A,(Jd), then the Haar system H is an un-
conditional basis for LP(w). Hence, by Corollary 2.1 and Theorem 1.1 we obtain the following

result.
Theorem 2.2. Assume that w € A}(,d)7 1 <p<oo. Then H,) is a greedy basis of LP(w).

We formulate one more theorem that is a simple corollary of Theorem 2.2 and Krantsberg’s
result [6].

Theorem 2.3. Assume that a weight w is such that ‘Hy’ is a basis of LP(w), 1 < p < oco.
Then 'H,) is a greedy basis of LP(w).
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194 K. KAZARIAN, V.N. TEMLYAKOV

3. SUBSYSTEMS OF THE HAAR SYSTEM IN L?(w)

Let us consider the Haar system without the first function. We put H := {HY,, I € A}. In [2]

the class of weight functions w such that the system 7 is a basis and unconditional basis in LP(w),
1 < p < oo, was described.

Theorem 3.1. The system H is a basis in LP(w) for 1 < p < oo if and only if there exists a
sequence of dyadic intervals T = {I;,}72  C A, Ip D11 D ..., |Ix] = 27k such that

wy(If) < 400, wp(I) = +00 forall keN, (3.1)
there exists C(p) > 0 such that
w(I)w, (I~ < O(p)|IilP forall k€N, (3.2)

and for any I € A\ T inequality (1.1) holds.
The following lemma was proved in [3].

Lemma 3.1. The system H is a complete minimal system in LP(w) for 1 < p < oo if and
only if there exists a sequence of dyadic intervals T = {I}32  CA, Io D11 D ..., || = 27k such
that conditions (3.1) hold.

Let G := {gr} be the system dual to H. Let {ix}?>, be a sequence defined according to the
following rule: i = 1 if I}y is the left half of the interval I}, and iy = 2 otherwise. As it was shown
in [2],

g1, (x) = w(z) " [2Pw(I) Phy, (2) + (-1 - 2Pw(I)VP], k=0,1,2,...,

and forany I € A, [ ¢ T,
gr(x) = w(z) " w(I)P |1 hy(x).

We prove the following

Theorem 3.2. Let 1 < p < oo and let w be a weight function so that there exists a sequence
of dyadic intervals T = {Ix}2, C A, Ip D Iy D ..., |Ix| = 27%, such that conditions (3.1) hold.
Then the pair of biorthogonal systems (H,G) is bidemocratic for LP(w) if and only if there erists
C(p) > 0 such that conditions (3.2) hold.

Proof. Suppose that (H,G) is bidemocratic for LP(w). Then, writing conditions (2.6) for
N =1, for any I, € T we obtain

w(Ip) VP I Ty (I VP < C.

If I € A, I ¢7,then we find that (1.1) holds with B(p) = C? as in the proof of Theorem 2.1. For
the proof of sufficiency we denote by A; the subspace of LP(w) spanned by the system {hr,}32, C H.
Having in mind the definition of the system G, by Theorem 2.1 and Remark 2.2 we see that the
theorem will be proved if we prove the following

Lemma 3.2. The pair of biorthogonal systems ({hi, 15200 {91 }?’;o) s bidemocratic for Aj.
For the proof of Lemma 3.2 we have to prove some lemmas.

Lemma 3.3. If w is a weight function which satisfies the conditions of Theorem 3.1, then
there exists S > 1 such that for any 1 < j <k

w(Iy)
(Z5)

where C(p) > 0 is the constant from (3.2).

< C(p) - op(i+1-k) gp(i+1-Fk) (3.3)

g
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GREEDY BASES IN L? SPACES 195

Proof. In [2, (43)] it was proved that there exists S > 1 such that for any [ € N

wp(IlC)pfl

Shat Sl AN 4
wp(Ilcil)pfl 28 (34)
We have
c\1— c\1— ¢ -1
wl)  COILF w7 COILPwUD™ o oo 5™
w(l;) w(l; \ Ijt1) i\ Lja|Pwp(I; \ Ljsa)' P wp(I5)P~
By (3.4) we finish the proof. [
Lemma 3.3 yields the following assertion.
Proposition 3.1. If w > 0 satisfies the conditions of Theorem 3.1, then w € (D).
Let 0 < ki <ky<...<kpyandlet
A
() = Z — - hr,, (x). (3.5)

j 1 w(‘[kj)l/p

By Lemma 2.1 and Proposition 3.1 we have
9]l < Cr(P)NYP. (3.6)

By a well-known result from the general theory of bases, for some C > 1 we have
c < lgrllprw < C.

Let {ax}72, be a sequence of positive numbers such that |[oxgr, ||, w =1, k =0,1,.... Evidently,
C™ ! < ap < C forall k.

Lemma 3.4. Let 1 < p < oo and let w > 0 satisfy the conditions of Theorem 3.1. Then for
the function ¢ defined as

N
o) = g1, (@) (3.7)
j=1
the following inequality holds:
|llyrw < Ca()NYP. (38)
Proof. By induction one can easily check that
- N |
(x) = [w(@)] | D (=) 5 w(ly,) P - 28 if welf,,
Lj=1

N
¢(x) = [w(z)] ™! (—1)i’“1w(fk1)1/p'2kl“+Z(—1)i’“fw(fkj)1/p-2kj] if @€ Ii, \ Iy 41,
L j=2

forany 1 <m <N
- N |
¢(x) = [w(@)] 7| D (=) Mw(ly,) VP - 25

Lj=m

if z¢ Ikm_lJrl\Ikm,

N
$(x) = [w(@)] ! [(=1)*mw(I, ) P 2kn 4 N (—D”iw(fkj)”fja’“f] if @€\ I,
L j=m+1

and ¢(z) = 0if z € Iy, 41.
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196 K. KAZARIAN, V.N. TEMLYAKOV

Then we have

/

p

Ik 1/p 2k wP(I]gl)

p/
IlE, <

S

/

p

1/p 9km— 1+Z Ik 1/p ok wp(Ik'm_l\Ikm—1+1)

/

N | N
+ 20 (T )P - 2Py (T \ Tiy1) + Z Z w(I )P 25wy (Tey—1 \ Ty, )

m=2|j=m
1/ 1) al N w( /P bk v
p m
Z b Z w( I 1/p $2
m=1 j=m+1
N N o )
LYo Y W) w(l, )Y@
w( w(l, )P /-1
m=2 j=m w(Ikm_l \Ikm_lJrl)
Y1y Wy )Y
+0@) 1/(p-1)"
W(Thy_y \ Ty _y41)
By Lemma 3.3 we have
N 1/p N
w(I;) ok . o g
—_— .2 m < /p km—k; 1/p ‘
Z w2 o) Z S =0 P e
J=m+1 m j=m+1
We easily estimate
w(fkmfl) 1+ w(IkmﬁH)

w(Ikm—1 \ Ikm—1+1)

<1l+ 2<km_1+1)pw(Ikmf1+l)w}7 (Ikmfl \ Ikm71+1)p—1 <1+ C(p).

(L \ D1 41)

Putting together the obtained inequalities, we obtain (3.8). [

Lemma 3.5. Let 1 < p < oo and let the weight function w > 0 satisfy the conditions of
Theorem 3.1. Then for the function 1 defined by (3.5) the following inequality holds:

[l pw > Ca(p) NP (3.9)

Proof. We have

N = (¢, )l < [ lpwlldllyw < Co@INYP [9]lpw,

which yields inequality (3.9). O
By Lemmas 3.4 and 3.5 we finish the proof of Lemma 3.2. [J
By Theorem 2.1, as in [2], we obtain the following theorem.

Theorem 3.3. Let 1 < p < oo and let Hy be the subsystem of the Haar system obtained by
deleting its first N elements. Then Hy is a greedy basis in any space LP(w) where it is a Schauder
basis.
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GREEDY BASES IN L? SPACES 197

Let Q(N) be any set of N distinct nonnegative integers and let ﬂg( ~) be the subsystem of
the Haar system obtained by deleting Haar functions with the indices Q(N). In [3]| necessary and
sufficient conditions were found on the weight function w for which the system ﬁg( N) s complete
minimal in LP(w). Those conditions can be interpreted as follows: for any Q(NV) there exist N dyadic
open intervals which are mutually disjoint and on any of those intervals w satisfies conditions similar
to (3.1). The following theorem can be proved in the same way as the above theorem with some
technical modifications.

Theorem 3.4. Let 1 < p < oo and let Q(N) be any set of N distinct nonnegative integers.
Then Ho(ny is a greedy basis in any space LP(w) where it is a Schauder basis.

Acknowledgements. The authors are thankful to the referee for useful remarks.
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