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А. V. Bolsinov, V. S. Matveev 

SINGULARITIES OF MOMENTUM MAPS OF 
INTEGRABLE HAMILTONIAN SYSTEMS 
WITH TWO DEGREES OF FREEDOM 

§1. INTRODUCTION 

Let (M4 ,w) be a symplectic manifold. A Hamiltonian system 

(9/7 
i* = (sgrad НУ = ^'-^ 

is called integrable, if there exists a function / which is constant on the 
integrale trajectories of the system and functionally independent with 
H (i.e., the differentials df and dH are independent almost everywhere). 
The function / is called an additional integral. 

The mapping F = (H, f) : M 4 —> M2 is called the momentum mapping 
of the integrable Hamiltonian system. The foliation of the manifold M 4 

into connected components of level surfaces of the momentum mapping 
F is called a Liouville foliation. We will assume that for any a and b the 
common level surface Я _ 1 ( а )П / _ 1 (6 ) is compact. According to the well-
known Liouville theorem [1], any non-singular fiber of this foliation is a 
two-dimensional torus (Liouville torus). The solutions of our equation 
on each of these tori are periodic or conditionally periodic winding. If 
the Hamiltonian system is non-resonant then the Liouville foliation does 
not depend on the choice of the additional integral / . 

Definition 1.1. A set U С M 4 is called saturated, if it consists of the 
whole fibers, that is, for any x G U the fiber of the Liouville foliation 
through x belongs to U. 

Definition 1.2. A simple closed curve С С M 4 is called critical, if at 
any its point the vectors sgrad H and sgrad / are tangent to C. 

Lf sgrad H ф 0 on С we supply С with the orientation induced by 
sgrad H. Otherwise we leave С nonoriented. 

Definition 1.3. Two saturated sets V and V are called topologically 
equivalent, if there exists a homeomorphism т : V —> V which preserves 
the Liouville foliation structure (i.e., taking fibers to fibers) and takes 
critical curves to critical curves, preserving their orientations. 
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The aim of this paper is to describe the topological structure of in-
tegrable Hamiltonian systems in saturated neighborhoods of singular 
points of the momentum map. A similar problem was formulated by 
S. Smale in his well-known paper [2]. The papers [3, 4] by L. M. Ler-
man, Ya. L. Umanskii are also devoted to this problem. Many effects 
that appear at singular points of a momentum map were discovered 
by M. P. Kharlamov in his analysis of concrete integrable problems in 
rigid body dynamics [5], see also [6-8]. Besides, many papers have been 
devoted to the investigation of the local structure of momentum map 
singularities [9—11]. 

Moreover, the analysis of singular points is useful because of the fol­
lowing problem. Suppose A is a regular value of H and the restriction of 
/ to the isoenergy surface Qh = {H = A} is a Bott function. A complete 
topological invariant of such objects was constructed in [12-16]. Accord­
ing to [16], the topology of an integrable Hamiltonian system on Qh can 
be coded in the form of the so-called marked molecule W*(Q3, H). 

The calculation of marked molecules for concrete examples of inte­
grable Hamiltonian systems is not an easy problem, and the analysis 
of saturated neighborhoods of singular points can be very helpful here. 
Actually, the problem of describing the topological structure is close to 
the following question. 

Let Qh = {H = A} be an isoenergy surface of an integrable Hamil­
tonian system and W*(Qh,H) the corresponding molecule describing 
the topology of the Liouville foliation on Qh . The question is : what is 
happening to the molecule W* {Qh, H) when the energy level A changes? 
Usually ho £ M. can be a "bifurcation value" (in other words, W* (Qh0, H) 
changes when the energy level passes through Ao) in. the two follow­
ing cases: 1) the level {H = Ao} contains a critical point xo at which 
dF = 0, 2) the additional integral / : Qh0 —> M is not a Bott function, in 
other words, in Qh0 there is a degenerate critical manifold of / . Thus, 
to understand how the molecule changes we should first find out what 
happen near critical points and degenerate critical manifolds. 

§2. BASIC NOTIONS AND THE STATEMENT OF THE PROBLEM 

Let x = sgradH(x) = w~1(dH(x)) be an integrable Hamiltonian 
system on a symplectic manifold (M4,u),f : M4 -» К an additional 
integral, i.e. {# , / } = sgrad Я (/) = 0, and F = (tf, / ) : M4 - • M2 

the corresponding momentum map. By L{x) we denote the fiber of the 
Liouville foliation passing through x 6 M 4 or, which is the same, the con­
nected component of the inverse image Р_1(Р(х)), containing x. Since 
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the flows sgrad H and sgrad / commute we can define the Poisson action 
of the Abelian group K2 on M 4 , generated by flowing along the vector 
fields sgrad H and sgrad / : 

Ф : ffi2 - * Diff ( M 4 ) . 

By 0(x) we denote the orbit of this action through x 6 M 4 . It is well 
known tha t the orbit O(x) must be homeomorphic to one of the following 
manifolds: M ^ M 1 ^ 2 ^ 1 , S 1 x Шг,Т2 = S1 x S1. 

Let K\ = {x G M4\ikdF(x) < 2} be the set of critical points of the 
momentum map, S = F(K) be the bifurcation diagram. In general, sin­
gularities of the momentum map can be rather complicated. Therefore, 
first of all we describe non-degenerate orbits. 

Let us consider a point XQ £ К such tha t rkdF(xo) — 1. Let dH(xo) ф 
0 (the case df ф 0 is analogous). It is clear that in this case the orbit 
0(XQ) is one-dimensional, and XQ is critical for the restriction of / to the 
level surface {H = H(xo)}. 

Def in i t ion 2 .1 . We call the one-dimensional orbit 0{XQ) non-degene­
rate if the rank of the Hessian of the function / | ,H_H/ -o at the point 
XQ is equal to 2. This condition means exactly that locally 0(XQ) is a 
non-degenerate critical submanifold of the function f restricted to the 
level {H = H(x0)}. 

C o m m e n t a r y . This definition corresponds to the notion of the Bott in­
tegral introduced by A. T. Fomenko [12]. But sometimes non-degeneracy 
of orbits is defined in another way (see, for example, [3, 4]). By our def­
inition non-degeneracy means tha t the orbit is elliptic or hyperbolic. 
According to [3, 4] the so-called parabolic orbits are also considered as 
non-degenerate ones. 

P r o p o s i t i o n 2 .1 . ([3, 11]) Let O(x0) be a non-degenerate one-dimen­
sional closed orbit and dh(xo) ф 0. Then there exists a tubular neigh­
borhood U of 0(XQ) such tha t 

(1) there exists a pair (A, (i) G H 2 such that (XdH + fidf) = 0; 
(2) the set U П К — P is a smooth symplectic submanifold in M 4 ; 
(3) the function H : P —»• Ж has no singularities and stratifies P 

into one-dimensional closed non-degenerate orbits, in particular, P и 
S1 x (0,1) ; 

(4) the image of P under the momentum map is a smooth curve 
F(P) С Е. 
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Consider p £ A'i such that rk(cLF(p)) = 0. Recall tha t the Poisson 
bracket {, } allows to define the structure of a Lie algebra on the space 
of symmetric bilinear forms Sym(Tp*M4®T*M4) in the following natural 
way. If gi and g2 are two smooth functions having singularities at p G 
M 4 , then we put by definition 

[d29i(p),d2g2(p)} = d2{g1}g2}(p). 

It is easily seen that the Lie algebra defined on Sym(Tp* M4 ® T* M 4 ) by 
operation [, ] is isomorphic to the symplectic Lie algebra sp(2,M). Since 
/ and H commute, the Lie subalgebra Ь / , я generated by d2f(p) and 
d2H(j>) is commutative. 

D e f i n i t i o n 2 .2 . [3] T i e singular point p G К is called non-degenerate 
if LftH is a Cartan subalgebra. 

Remark . Everywhere below, speaking about non-degenerate criti­
cal points we mean the points p G К such that xk(dF(p)) = 0. If 
ik(dF(p)) = 1 then we speak about degeneracy or non-degeneracy of 
the one-dimensional orbit 0(p). 

The local structure of singularities of a momentum m a p F = (H, f) : 
M4 —+ M2 at non-degenerate singular points has been explored in the 
paper by L. M. Lerman and Ya. L. Umanskii [3]. Recall briefly some 
basic results from [3], which we will need below. 

Let XQ G M4 be a non-degenerate critical point of F and LJJJ the 
Car tan subalgebra generated by d2f(xo) and d2H(xo). It is known that 
there are four different types of Cartan subalgebras in the real Lie algebra 
sp(2,M) (see [18]). In accordance with this we can distinguish four types 
of non-degenerate critical points: a) center-center, b) center-saddle, c) 
saddle-saddle and d) focus-focus. 

T h e o r e m 2.1 (Lerman , U m a n s k i i [3]). Let x0 G M4 be a non-
degenerate critical point of the momentum map F = (H,f). Then in 
some neighborhood of XQ it there exists a canonical coordinate system 
(pi,qi,P2, Ч2) such that the functions H and f have the following form: 

1) t i e center-center type 

H = ho + (pl + q^Ht + (p2 + ql)H2 

f = fo + (pl+q2
1)Fl + (p2 + q2)F2 

2) t i e saddle-center type 

H = h0+ pifli tfi + {p\ + q2
2)H2 
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f - fo+ PiqiFi + (p2 + 92)^2 

3) the saddle-saddle type 

H = h0+ PiqiHx + p 2 ?2#2 

/ = /0 +PiqiF1 -\-p2q2F2 

4) the focus-focus type 

H = h0+ Р Ш #11 + Pi 92 #12 + P29l#21 + P2?2#22 

/ = fo + PiQiFn + piq2Fi2 + P2qiF2i + P2q2F22 

where Hi,Hij, F(,Fij are smooth functions and 

#11(2:0) = #22(2:0),-^11(2:0) = F22(x0), 

#12(2:0) = -#21(2:0), ^12(2:0) = -F2i(x0), 

#1(2:0)^2(2:0) - H2(x0)F1(x0) ф 0, 

#11(2:0)^12(2:0) - #12(2:0)^11(2:0) ф 0. 

Corol lary 2.1 ([3]). Let XQ 6 M 4 be a non-degenerate critical point 
of the momentum mapping F of saddle-saddle, saddle-center or center-
center type, К be the set of critical points of F. Then there exists a 
neighbourhood U(xo) of the point XQ such that 

1) K\ П U(xo) = Pi U ?2, where Pi and P 2 are two-dimensional sym­
plectic submanifolds which intersect transversally at the point x0; 

2) all one-dimensional orbits lying in Pi and P2 are non-degenerate. 

Def in i t ion 2 .3 . Consider four integrable Hamiltonian systems (with 
noncompact fibers) on the symplectic space ffi4 with the standard form 
и = dpi Л dqi + dp2 Л dq2, generated by the Hamiltonians 

1) Hc = pf + q\ (center-center case), 
2) Hs = piqi (saddle-saddle case), 
3) He = piqi + p\ + q\ (center-saddle case), 
4) Hf = piqi +P292 (focus-focus case). 

The additional independent integrals for these systems are 
/ e = P i + З 1 + Р 2 + Й , 
fs = P l ? l + P 2 ? 2 , 
fcs = Piqi - (p\ + ql), 
fj = piq2 + P 2 9i, respectively. These systems together with their 

additional integrals are called canonical systems for critical points of 
center-center, saddle-saddle, center-saddle and focus-focus type respec­
tively. 

file://-/-p2q2F2
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Corollary 2.2. l e t x0 6 M 4 be a nondegenerate critical point of the 
momentum mapping F. Then there exists a neighborhood UXo and a 
homeomorphism r : UXo —»• M4 such that 

1) r taies fibers of F to those of the canonical system which has the 
same type as the point XQ has, 

2) т preserves the orientation of critical curves by sgrad ff. 

Definition 2.4. A smooth curve 7( t) in Ж2 is called admissible if the 
following conditions hold. 

1) 7 intersects E transversaiiy. 
2) If A is a point of intersection then critical points in F~l(A) form 

a collection of non-degenerate orbits. 
3) For any point of intersection A there exists a neighborhood V\ 

such that ИП£/д can be represented as a graph of some smooth function 
ofH. 
Proposition 2.2. Let j(t) be an admissible curve. Then its preimage 
Q1 = F _ 1 (7) is a smooth three-dimensional submanifold in M 4 and the 
function / 7 : Q7 —> Ж defined by j(f7(x)) = F(x) is a Bott function, i.e. 
its critical points form non-degenerate critical submanifolds. 

Following the papers [15, 16], for each admissible curve j(t) we can 
define marked molecule W*(Q-(), which describe the structure of the 
Liouville foliation on the "isoenergy surface" Q1 = F _ 1 (7 ) . One can 
easily see that a continuous deformation of the curve 7(2) within the 
class of admissible curves does not change the structure of the Liouville 
foliation on Q7 and, consequently, the molecule W*(Q-/). 

Definition 2.5. A point у £ £ is called an isolated singular point of 
E if the preimage F~x(y) contains at ieast one critical point and any 
circle 7f of a sufficiently small radius e with the center at this point is 
admissible. 

Definition 2.6. Let у be an isolated singular point of E. The marked 
molecule W*(QJe) for some small circle j e with center у is called the 
circle molecule and denoted by W*{y). 

Bifurcation diagrams of classical integrable systems have simple struc­
ture near their isolated singular points ( Figures la, 16, lc, Id correspond 
to center-center, center-saddle, saddle-saddle and focus-focus cases re­
spectively). We will assume below that near singular points the bifurca­
tion diagram looks like the figures la, 16, lc or Id. 

Now we are able to formulate the main question we are interested in. 
Our aim is to describe the topological structure of the Liouville foliation 



60 А. У. BOLSINOV, V. S. MATVEEV 

Fig. 1. 

on some saturated neighborhood of isolated singular points and to show 
how the circle molecule can be constructed. 

§3. SADDLE-SADDLE CASE 

The aim of the following two sections is to classify top'ologically inte-
grable Hamiltonian systems in saturated regular neighborhoods of sin­
gular fibers containing one or several focus-focus or saddle-saddle points. 

Definition 3.1. Let a saturated open set U4 С M4 satisfy the following 
conditions. 

(1) The bifurcation diagram of U4 consists of a pair of tranversally 
intersecting curves (the point of intersection being denoted by A); each 
of this curves on theplaneM2(H, f) is the graph ofsomesmooth function 
/ = / ( # ) . 

(2) The preimage F г(А) of A is connected. 
(3) Any critical point from U4 is nondegenerate, F~1(A) contains one 

or several saddle-saddle points. 
(4) U4 is a regular neighborhood of F~l(A). 

Such sets are called saddle neighborhoods. 

Lemma 3 .1 . The singular fiber F~X(A) is a 2-dimensional CW-complex 
whose sells are all orbits of the Poisson action Ф. 

This lemma was proved, for example, in [20, 21]. 
Plan of the proof. 
Suppose that the closure v of a two-dimensional orbit v contains a 

saddle-saddle point. Then the orbit v is homeomorphic to R2. 
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Recall that we denote the set of critical points of M 4 by K. 
Consider G = К Г\ F~1(A). One can see that G is a 1-dimensional 

CW-complex and each cell of G is an orbit of Ф. 
Let С be the union of G and such 2-dimensional orbits that attached 

G. The above statements imply that С is CW-complex, each cell is an 
orbit. 

The proof is completed because it is evident that С is a compact set. 
Note that the vector field sgrad H has no singularities on edges of C. 

Hence we can naturally orient the edges of С by sgrad H • Thus if we 
have a saddle neighborhood we can naturally construct CW-complex С 
with an oriented 1-skeleton. 

Definition 3.2. CW-complex С with the orientation on its 1-skeleton 
is called the saddle complex of the saddle neighborhood. 

Let us recall the definition of an atom introduced in [16]. 

Definition 3.3. An atom is a pair (B2 ,G) where B2 is a two-
dimensional surface, G is a graph, embedded in B2 such that 

(1) Each vertex ofG has degree 0,2 or 4. 
(2) The subtraction B2\G is a collection of rings 5 1 x l . 
(3) There exists a decomposition of rings of B2\G into two classes 

(positive and negative) such that any edge ofG attached to one positive 
and one negative ring. 

(4) G is a connected set on each connected component of B2. 

Usually vertices of G with degree 2 are called and denoted by stars. 
Unlike the original definition we do not require here the connectedness 

of the surface B2 in the definition of the atom and we assume that 
the decomposition of B2\G into positive and negative rings is fixed. In 
section 8 we deal with connected atoms. 

Lemma 3.2. KDU4 is a pair of transversally intersecting 2-dimensional 
smooth surfaces, each of which has a natural structure of atoms (Bw, Gw) 
and (Bb,Gb), where Gw = Bw П F~\A), Gb = Bb П F'^A). 

This lemma becomes evident if we consider the local structure of the 
set K. 

Definition 3.4. The pair of atoms (Bw,Gw),(Bb,Gb) is called the L-
type of the saddle neighborhood. 

It is clear that the L-type and saddle complex С are both topological 
invariants of saddle neighborhoods. But there are examples of nonequiv-



62 А. V. BOLSINOV, V. S. MATVEEV 

alent saddle neighborhoods with the identical L-types and different com­
plexes, or, conversely/with the identical complexes and different L-types. 

Definition 3.5. The triple [C,(BW,GW), (Bb,Gb)}, where С is the sad­
dle complex and the pair {{Bw ,GW), (Bb,Gb)) is the L-type of the saddle 
neighborhood is called the CL-type of the saddle neighborhood. 

Note that Gw П Gb consists of saddle-saddle points. 
Let [C, (BW,GW), (Bb,Gb)} and [C, (BW,GW), (Bb, Gb)] be CL-types of 

saddle neighborhoods U4 and U4 respectively. 

Definition 3.6. CL-types [C, (BW,GW), (Bb,Gb)] and [C, (BW,GW), 
(Bb,Gb)] are called equivalent if there exists a homeomorphism X : С U 
Bw U Gb - • С U Bw U Въ such that X(C) - С and X preserves the 
orientation of edges of С. 

Theorem 3.1. CL-type is a complete topological invariant of saddle 
neighborhoods (i.e., two saddle neighborhoods are topologically equiva­
lent if and only if their CL-types are equivalent). 

Plan of the proof. Let CL-types [C, (Bw, Gw), (Bb, Gb)] and 
[C, (Bw, Gw), (Bb, Gb)] be equivalent. We can extend the homeomor­
phism X to that between U4 and U4 so that the new homeomorphism 
X we obtain preserves the fibers and the orientation of critical circles by 
the vector field sgrad#. 

First we extend X to the homeomorphism between some spherical 
neighborhoods of saddle-saddle points. We can do it in such a way that 
this homeomorphism preserves fibers. Indeed, each saddle neighborhood 
has the same topological structure near saddle- saddle points. Denote 
the result of such extension by X\. 

Then we extend Xi to a homeomorphism between a regular neighbor­
hood of edges (denote it by X-i) and finally we extend X2 to a homeo­
morphism between a neighborhood of the 2-cells, see [21] for details. 

§4. FOCUS-FOCUS CASE 

Definition 4.1. A saturated open set U4 С М4 is called a focus neigh­
borhood if the following conditions hold. 

(1) The bifurcational diagram ofU4 consists of a single point (denoted 
by A). 

(2) The preimage F 1(A) is connected. 
(3) Any critical point of U4 is nondegenerate. 
(4) U4 is a regular neighborhood of F~1(A). 
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It is evident that all critical points of U4 have a focus-focus type. 

Definition 4.2. Tbe number of critical points in the focus neighborhood 
is called the weight of the focus neighborhood. 

Theorem 4 .1 . The weight is a complete topological invariant of a focus 
neighborhood (i.e., two focus neighborhoods are topologically equivalent 
if and only if their weights are equal). 

Plan of the proof. First, we describe the topological structure of 
F-\A). 

Let S\,S2, • • • ,Sn be 2-dimensional spheres. It is useful to suppose 
that index belongs to Zn , so (n — 1) + 1 = 0. Choose two points A( 
and Bi on each sphere Si and glue A; and Bj+ifor any i. As a result we 
obtain some topological space V. 

Definition 4.3. V is called an n-chain. 

Lemma 4.1. [21] Let the weight of the focus neighborhood be equal to 
n. Then the preimage F~1(A) is the n-chain. 

Then, if U4 and U4 are focus neighborhoods with equal weights then 
their singular fibers are homeomorphic. If we stepwise extend this home­
omorphism to a homeomorphism between some sufficiently small spher­
ical neighborhood of vertex, next to a homeomorphism between some 
neighborhoods of the union of this vertex and their neighboring "rings" 
Rland R2, then to some neighborhood of the union R1 U R2 and vertices 
that touched Д1 and R2 and so on we obtain homeomorphism between 
Ui and U2 • It is evident that on each step we may choose an extension 
in such a way that it preserves the Liouville fibers. 

§5. ADMISSIBLE C L - T Y P E 

Let [C, (BW,GW), (Вь, Gb)] be the CL-type of some saddle neighbor­
hood. Suppose that Gw is colored in white, Gj is colored in black. 

Definition 5.1. Let [C,(Bw,Gw),(Bb,Gb)} be the CL-type of some 
saddle neighborhood. We say that a 2-ceii W С С is a square if the 
following conditions hold. 

(1) W is a quadrangle. 
(2) Tie opposite sides of W are colored in the same colors: two in 

white, two in black. 
(3) The opposite sides of W have parallel orientation (see Fig. 2). 
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. _ 0 t t га с t L ve 

) 

1 r e p e L1 e и t 
Fig. 2. 

A square is shown in Fig. 2. Two of its sides are called repellent, 
another two sides are called attractive (see Fig. 2). 

Sometimes we will assume that every square has the same canonical 
linear structure as the square {0 ^ x ^ 1 , 0 ^ у ^ 1} has. 

Property 1. Each 2-cell of the saddle complex С (with colored 1-
skeleton Ci) is a square. 

Let P be a vertex of C. 

Property 2. Some neighborhood of P is homeomorphic to the direct 
product of two pairs of intersecting segments (i.e, of two crosses). If we 
assume that one of these pairs is black, another is white and the rays of 
these crosses are oriented as in Fig. 3, we can choose this homeomorphism 
in such a way that it will preserve color and orientation. 

+ 
Fig. 3. 

t -

This property is evident. 
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Corollary. Each edge of С is a result of attaching together of 4 sides 
of the squares. 

Let G be the critical graph of the atom (B2,G) (B2 may be noncon-
nected, the decompositions of B2\G into positive and negative rings is 
fixed). 

Let ei, ег be the edges of G with the common vertex Q. 

Definition 5.2. The angle (e\,e2)q is called positive if there exist a 
positive ring R2 such that (R2 П UQ) D [(ei U e2) П UQ] for any neigh­
borhood UQ ofQ. 

Let a square хау* belong to C. We will say that the edge x corresponds 
to the edge у along the edge a. 

P r o p e r t y 3. Suppose that the edge x corresponds to x\ along a, the 
edge у corresponds to y\ along a, and A\ and Ai are the vertices of 
the edge a. Then the angles (х,у)л and (ж1,У1)лг are simultaneously 
positive or nonpositive. 

Definition 5.3. The triple [C,(Bw,Gw),(Bb,Gb)]t where С is a finite 
CW-complex with oriented 1-skeleton, (Bw, Gw) and (Вь, Gb) are atoms, 
Cf\Bw — Gw,CnBb = Gb, is called an admissible CL-type if it satisfies 
the properties 1, 2 and 3. 

§6. REALIZATION THEOREMS FOR 
SADDLE AND FOCUS NEIGHBORHOODS 

Theorem 6.1. For any natural number n there exists a focus neighbor­
hood with the weight n. 

Theorem 6.2. For any admissible CL-type [C, (Bw, Kw), (Вь, Кь)] 
there exists a saddle neighborhood with CL-type [C, (Bw, Kw), (Вь, Кь)]-

Proofs. Let us suppose that quadruple (A4,ui,H,f) sets an integrable 
Hamiltonian system (here (AA, w) is a symplectic manifold, Я is a Hamil­
tonian and / is an additional integral), we do not require the compactness 
of fibers. Suppose that a discrete group G acts on the manifold A and 
preserves the symplectic form w, the hamiltonian H and the additional 
integral / . It is clear that (A4/G,w, H, f) sets an integrable Hamiltonian 
system. 

To prove the theorems 1, 2 we will construct the integrable Hamil­
tonian systems (F,u>, H, f) and (S, u>, H, F) and two systems of discrete 
groups FG — {Gi}(i = 1,2,...) and SG = {Ga} (« runs over the set of 
all admissible CL-types) such that 
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(F/G{,uj, H, / ) is a focus neighborhood with the weight i, 
(S/Ga,uj, H, F) is a saddle neighborhood with the Cl-type a. 

The construction of the integrable Hamiltonian system (F,u,H,f) 
and the system of groups FG. It is known that there exists a focus 
neighborhood (F,w,H,f) with weight 1. For example, the focus-focus 
point appearing in the famous Lagrange case in rigid body dynamics has 
such a neighborhood. It is easy to see that the fundamental group TTI(F) 
is Z. Indeed, the singular fiber of this system is the deformation retract 
of F. The singular fiber is a 1-chain, so its fundamental group is Z. 

Let (F,p) be the universal covering of F and / = p*(f),H = 
p*(H),uj=p*(Z). 

Note that the group Z acts on F as the fundamental group of the base. 
This action preserves H,f,w. Let Gi be the subgroup of Z, generated by 
the number i. By definition, put FG = {G,}(i = 1,2,.. .). 

To complete the proof of the theorem 1, it is sufficient to note that 
(F/Gi,u, H, / ) is a focus neighborhood with the weight i. 

The construction of the integrable Hamiltonian system (S,u>,H,f) 
and the system of groups FS. Let (P2, K) be an atom (possibly 
nonconnected). Mark (for example, by arcs) all the positive angles of 
the graph K. One can see that the graph К and marked positive angles 
define the atom (P2, K) uniquely. Therefore, CL-type is defined uniquely 
by the saddle complex С and marked positive angles. 

Let [C,(BW, Кт),(Вь, Кь)] be an admissible CL-type. 

Definition 6.1. The saddle complex С together with coloring of the 
edges of its 1-skeleton (as above, see the previous section) and mark­
ing positive angles is called the marked complex of the CL-type 
[C,(Bw,Kw),(Bb,Kb)}. 

So, if we prove that for any marked complex C* there exists a saddle 
neighborhood with the marked complex C* we have proved Theorem 2. 

Let C* and C | be marked complexes (possibly, infinite). 

Definition 6.2. A cell mapping -d : C{ —> C^ is called a right mapping 
if the following conditions hold. 

(1) д preserves color and orientation. 
(2) If an angle (e\,e2)A is positive, then the angle («?(ei), ^(ег))#(л) 

is positive too. 
(3) J? is a linear mapping on the cells of C{. 



SINGULARITIES OF MOMENTUM MAPS 67 

Lemma 6.1. Let C* be a simply connected marked complex, C[* an 
arbitrary marked complex, a £ C*,ai £ CJ their 2-cells. Then there 
exists a unique right mapping к : С* —> Cjf such that /c(a) = a\. 

Proof. Let a' be an arbitrary 2-cell of С. Choose a path 7 on C* such 
that 

(1) 7 goes from the center of a to the center of a'. 
(2) 7 transversally intersects 1-skeleton of C* at the interior points of 

edges. 
Let ei,e2,..,e„ be the edges of C*, sequentially intersected by 7. Let 

7 go sequentially through 2-cells /?i = a, fa, Рз, ..,f3n = a>• We can 
associate the sequence of quadruples (t,-, /?;, s8-, щ) with any path, where 

ti is a coordinate of the point of intersection of ez- and 7, 
/?,-=l if е̂  is a black edge, /?,• = —1 if e; is a white edge, 
Si = 1 if the edge e; is the repellent edge with respect to /3j,s; = —1 

in another case, 
щ — 0 if e,-_i and ег- are both either repellent or attractive with 

respect to /?;,n; = —1 if /?,_i and /?,- form a positive angle and n — — 1 
in another case. 

It is easy to see that there is a path 71 on C* such that it begins 
in the center of a' and the sequence of quadruples of 71 is equal to the 
sequence of quadruples of 7. 

Let the end of jx belong to the cell a[. Construct the linear mapping 
ка1 : a\ —• ct'x preserving color and orientation. The complex C* is 
simply connected, so the definition of nai is correct. (It does not depend 
on the path.) It is evident that if two cells a\ and «2 have a common 
edge or vertex then « « J - n - = «a 2 | 5 n— • The set of mappings {ка} 
yields the mapping к we need. 

Corollary. Let C[*, C\ be simply connected. Then there exist a right 
homeomorphism between C[ and C^ . 

Consider the symplectic space ffi4 with coordinates Pi,qi,P2,42 and 
theioim dpiAdqi+dp2Adq2. Functions Я = ((px-l)2+ql)((pi + l)2+ql) 
and / = ((p2 - if + gfX(p2 + l)2 + ql) + {(Pl - If + «?)((?! + I)2 + «?) 
commute, so (Ж4 ,ш,Я,/) sets an integrable Hamiltonian system. Level 
curves of Я are shown in Fig. 4. The set S = {0 < Я < 2,0 < J-H < 2} 
is a saddle neighborhood. The marked complex C* of this neighborhood 
is the direct product of white and black figures eight curves by assuming 
that the orientation of edges and marking positive angles (by arcs) on 
figures eight curves is shown in Fig. 5. 
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Fig. 4. 

Fig. 5. 

Let (S,p) be the universal covering of S. Consider H — p*(H),f = 
p*(f),ui = p*(w). (S,u,H,f) sets an integrable Hamiltonian system 
(with noncompact fibers). Consider the marked complex of this system. 
It is the direct product of two (black and white) infinite degree 4 trees, 
for orientation and marking these trees see Fig. 6. 

Let G be the group of right automorphisms of C*. One can note that 
G is the direct product of groups of right automorphisms of the white and 
the black tree. Each of these two groups is generated by three elements 
(a,b,s, for example) with one relation: s2 = 1. Actually, such marked 
and oriented tree is the universal covering of the figure eight curve from 
Fig. 6. So the group of automorphisms includes the fundamental group 
of figure eight curve (elements a and b) and a central symmetry (s). And 
it is clear that any automorphism can be obtained as a composition of 
some elements above. 

Let G be the group of automorphisms of (S,u>, H, / ) . There exist nat­
ural homomorphism д : G —• G. Actually, the subgroup of G, generated 
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by the fundamental group of base and the symmetries relatively the 
planes (pi,qi) and (p2,9г) is exactly the group G. 

The last step. Let C\ be an arbitrary marked complex. Consider its 
universal covering (C*,p'). ( It follows the above corollary that the sim­
ply connected covering space is S). Consider the subgroup Gc- such that 
C'/Gci = CI Let 0(Gcr) = G C j . 

It is easy to see that S/Gc is a saddle neighborhood with the marked 
complex C\, so SG = { G o } and S are the objects we need. 

§7. How MANY 

Saddle neighborhoods can be algorithmically listed. This has been 
done for saddle neighborhoods with 1, 2 and 3 singular points. 

Theorem 7.1. Let n be the number of the saddle-saddle points in a 
saddle neighborhood. 

If n = 1 then there exist exactly 4 saddle neighborhoods. 
Ifn — 2 then there exist exactly 39 saddle neighborhoods. 
If n — 3 then there exist exactly 256 saddle neighborhoods. 

This theorem was proved by L. Lerman and Ya. Umanskii (n = 1), 
A. Bolsinov (n = 2) and N. Maximova (n = 3). The list of all possible 
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admissible C-L-types with one and two vertices is given in Table 1. In 
this table the positive rings on non-connected atoms are shaded, the 
horizontal sides of the squares are directed from left to right, the vertical 
ones are directed upward. The simplest atoms А, В, С, D have been 
described in [16] and we omit their description here. Some new atoms 
appearing within the framework of this theory are described in Table 2. 

§8. CENTER-CENTER AND CENTER-SADDLE CASES 

The aim of this section is to classify topologically integrable Hamil-
tonian systems in the saturated regular neighborhood of a singular fiber 
containing center-center or center-saddle points. 

Theorem 8.1. [4,20] Each center-center point has a saturated neigh­
borhood such that it is topologically equivalent to (114,ш, Н, / ) , where 

UA = {p\ + ql<l,Pl + ql<l}, 
H = Pi + qj, f -pl + ql + H,L0 = dp1A dqi + dp2 Л dq2. 

Definition 8.1. A saturated open set U4 С M4 is called a center-saddle 
neighborhood if the following conditions hold. 

(1) Exactly one fiber ofU4 includes zero rank points and those points 
have the center-saddle type (denote this fiber by L). 

(2) U4 is a regular neighborhood of L. 
(3) Any curve on the bifurcation diagram ofU4 can be represented as 

a graph of some smooth function ofH. The following lemma follows from 
the local structure in a small neighborhood of nondegenerate points. 

Lemma 8.1. L is a connected graph whose vertices are all of degree 4. 

Consider the set of critical points K. Let us recall that Corollary 2.1 
guarantees the existence of two critical two-dimensional manifolds P\ 
and i"2 in some neighborhood of L. It is easy to see that one of them 
(for example, F2) contains L. 

Lemma 8.2. (P2, L) is a connected atom without stars. 

Since the vector field sgrad H is not equal to 0 on the edges of L then 
we can naturally orient the edges of L. 

Definition 8.2. T ie atom (P2 , L) (together with the natural orienta­
tion on its edges) is called the L-type of the center-saddle neighborhood. 

Theorem 8.2. L-type is a complete topological invariant of center-
saddle neighborhoods (i. е., two center-saddle neighborhoods are topo­
logically equivalent if and only if their L-types are identical). 
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Definition 8.3. Let (P2,L) be an atom. An orientation of a 4-degree 
graph L is called admissible if it is induced by some orientation of bound­
aries of rings of decomposition P2\L. 

Theorem 8.3. Let (P2,L) be a connected atom without stars and the 
orientation of L be admissible. Then there exists a center-saddle neigh­
borhood such that its L-type is equal to (P2, L) with the orientation. 

Proof. It is clear that there exists a function д : P2 —+ Ш such that 
its single critical level coincides L. Consider an area form w on P 2 . It is 
evident that either sgrad (g) or sgrad (—g) orients the graph L as it is 
necessary. Consider the disc 

£»2 = { p i + 9 i < l } , 

and put V4 = D2 x P 2 , f = p\ + q2, H = ±g + f, w = dp1Adql+u.U 
is evident that {V4,w,ff, / } is an integrable Hamiltonian system with 
the desired L-type. 

§9. CIRCLE MOLECULES 

Theorem 9.1. The circle molecule of a center-center point is 

Theorem 9.2. The circle moiecuJe of a center-saddle neighborhood 
with L-type V = {P2,G) is shown in Fig. 7. 

Fig. 7. 

These theorems are evident. 
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Theorem 9.3. There exists an algorithm of construction of circle 
molecule by the CL-type. 

This algorithm has been proposed by A. Bolsinov. 
The idea of the algorithm. Consider the saddle neighborhood S from 

the proof of the Theorem 2. Cut S along the sets {| pi |< 1, q\ = 
0}>{Pi = О}. {| Р2 |< 1, 92 = 0}>{P2 = 0}. Each level becomes de­
composed into the collection of squares. The structure of the squares is 
induced by the decomposition of the saddle complex. Since the subgroup 
i?(G) preserves such squares, we see that the fibers on each saddle neigh­
borhood are decomposed in squares, and reglueing of squares comply 
with some rules of reglueing of squares of S case. Bolsinov's algorithm 
is exactly the formalization of such rules. 

The list of circle molecules of saddle neighborhoods with 1 and 2 
vertices is given in Table 1. 

Consider finally the focus-focus case. Let U be a focus neighborhood. 
The circle molecule of U is not a molecule in the usual sense because it 
has no atoms. Indeed, the preimage of a small circle on the bifurcation 
diagram is a fiber bundle over the circle whose fibers are 2-dimensional 
tori. Every such bundle can be given by a conjugacy class of 2 x 2 ma­
trices. 

Theorem 9.4. For a focus neighborhood with the weight n this hber 

bundle is determined by the conjugacy class of the matrix 

This theorem can be proved by standard methods of covering mapping 
theory. 

1 n 
0 1 
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