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KOHTUHYAJILHBIE MHTETP AJIBI
B HEKOMMY TATUBHON KBAHTOBOM MEXAHUKE

PaccmoTpeno pacmuperue (efHMaHOBCKOTO MHTErPAJIA [0 TPAEKTOPUAM Ha KBAHTOBYIO
MEXaHUKY C HEKOMMYTATUBHLIMU IPOCTPAHCTBEHHLIMU KoopmuHaTamu. IIpemnoxken coor-
BETCTBYIOIIMIA ()OPMAIN3M I HEKOMMYTATUBHON KJIACCUYECKON IMHAMUKU, CBSI3AHHON C
KBAIPATUYHLIMIY JIArPAHKAAHAMY (FAMIIBTOHUAHAMH). B 0CHOBE MCHOIL3yeMoro nomxona
JIEKUT TO 0OCTOATEILECTBO, UTO KBAHTOBO-MEXAHNIECKAS CHCTEMA C HEKOMMY TATUBHEIM KOH-
(pUry pAMOHHBIM IPOCTPAHCTBOM MOXKET DBITH PACCMOTPEHA KaK APYras () (eKTUBHAS CUC-
TeMa ¢ KOMMYTHPYOMAMYI IPOCTPAHCTBEHHLIMY KoopauHaTaMu. [IoCKoIbKY KOHTHHYAID-
HEBIM MHTErpaJ B CIydYae KBALAPATUYHEIX JIAUPAHKMAAHOB BEIUNCIIIETCS TOYHO U CYIIECTBY-
et obmas GopMyna Ui aMIIATYIL BEPOATHOCTY, JAHHOE MCCJIELOBAHIE OF DAHNIMBAECTCS
9TUM KJIACCOM JarpaHkuanos. Halinena o6mas cBa3b MeX Iy KBaAPATUYHLIMY JIAr DAHKI-
aHAMJ B KOMMY TATABHOM M HEKOMMY TATHBHOM PEXKUMAX, X IPEACTABIEH COOTBETCTBY FOIII
HEKOMMY TATUBHEIM KOHTUHYAILHEI nHETerpat. Jlius nimocrpanny JaHHOrO0 MeTONa IPUBO-
IATCA IBE KBAHTOBO-MEXaHUYECKHe CUCTEMEl Ha HEKOMMYTATUBHON IIIOCKOCTH: YaCTHIA B
HMOCTOSIHHOM II0JIE€ ¥ TAPMOHUYECKUH OCHUILIATOD.

KnroueBrle citoBa: (elfHMaHOBCK U MHTErPAJ [I0 TPAEKTOPISIM, HEKOMMY TATUBHAS KBAHTOBAS Me-
XaHWKAa, CUCTEMEI C KB, IPATUYIHLIMY JIAT DAHXKAAHAMMA.

1. BBEAEHWE

Y3Ke B TPUANATEIE TOABI IPOIILIOrO BEKa B MOMCKAX MOAX0IA K PEIIEHNIO IIPODIeMbI YIbTpar-
¢uoneroBeix pacxommocteii ['eitzenbepr u lllpemnHrep BrICKa3a/11 TPEIOTIOKEHIE O TOM,
YTO MPOCTPAHCTBEHHO-BPEMEHHBIE KOOPIUHATEL MOI'YT OBITH B3AMMHO HEKOMMY TATUBHBIMU.
O mnako nepsoie pabOTLI HA 9Ty TEMY MOSBUIINCH B KOHLE COPOKOBLIX FOIOB (CM., Hanpumep, [1],
[2]), v aumL COyCTs IATBAECST JIET B PA3JIMYHLIX KBAHTOBLIX TEOPUSX BO3HUK CEPLE3HDIN UH-
Tepec K HEKOMMYTATUBHOCTU. B yacTHOCTH, B OCIeAHee BPEMSI HEKOMMY TATUBHOCTE MHTEH-
CUBHO U3y4Yanach B CTPyHHON/M-Teopun, KBAHTOBOR TeOpUM MO U KBAHTOBOW MEXAHUKE

(0630p HEKOMMY TATUBHOM TEOPUU OIS 1 HEKOTOPLIX POACTBEHHLIX BOIPOCOB CM., HAIPUMED,

B [3]).

*Institute of Physics, University of Belgrade, Belgrade, Serbia and Montenegro. E-mail:
dragovich@phy.bg.ac.yu

TFaculty of Mathematics, University of Belgrade, Belgrade, Serbia and Montenegro. E-mail:
zrakic@matf.bg.ac.yu
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KOHTUWHYAJIbBHBIE MUHTEIPAJIbI B HEKOMMYTATHBHOM KBAHTOBOW MEXAHUKE 481

Béanmas yacth nCCaenoBaHnii OTHOCUTCA K HEKOMMY TATUBHON TEOPUU MOJIS, BKJIIOUAS
ee HEKOMMY TATHUBHOE PACIIMPEHre Ui cTadaapTHoi monenu [4]. TlockonbKy KBaHTOBA Me-
XaHUKA MOXKET PACCMATPUBATLCSA KAK ONHOYACTUYHLI HEPEJIATUBUCTCKUAN CEKTOD KBAHTO-
BOI TEOPUU MOJIs, BAXKHO U3YUYNTH €€ HEKOMMYTATUBHBIE ACIEKTHI, BKIIOUAs CBA3L MEKIY
ODBLIVHBIMU 1 HEKOMMY TATUBHLIMU pekuMamu. st TOro uroOnl TpemioRnThL HEKOTOPLIE
BO3MOXKHBIE (JEHOMEHOJIOTMUIECKYE IIPOBEPKY HEKOMMY TATUBHOCTH, B OCHOBHOM PACCMATPH-
BaJIACh HEKOMMY TaTuBHAs KBaHTOBas Mexanuka (HKKM) 3apsokennoit yacTuusl B IOCTOSAH-
HLIX MATHATHOM U 3JIEKTPUUECKOM MOJISIX B IBYMEPHOM M TPEXMEPHOM IIPOCTPAHCTBAX (CM.,
HanpuMep, [5] 1 IPUBENEHHYIO TaM JIUTEPATYDY ).

Hamomaum, uto mns omucanus D-MepHOR KBAHTOBO-MEXaHUYECKOW CUCTEMBI HEOOXOmM-
MO MCHOJL30BATEL ruiin0epToro mpoctpanctso Lo (RP). B o6nramoii kpanToBOil Mexanuke
(OKM) K/1acCH4eCKIIM KaHOHITIECKUM IEPEMEHHBIM T, Pj COOTBETCTBYIOT 3PMUTOBLI Ollepa-
TOPHI £, Pj B IPOCTPAHCTBE Lo(RP), ynosnersopsiomme KOMMY TAIMOHHBIM COOTHOMIECHASM
Teiizenbepra

[ii‘k,ﬁ]]zlh(sk], [ii‘k7i]]:07 [ﬁlﬁﬁj]zo, k:]:172::D (1)

B 6ompmmmcTse cayuaes B HKKM coorromenus [#y, pj| = ihdyj COXpAHAIOTCA, OIHAKO
IPETONAraeTCS HEKOTOPOE BLITIOIHEHNE COOTHOMeH M (£, 5] # 0 u [P, P;] # 0. 3mecn Mut
paccmarpuBaeM Haubosiee mpocTyio u 0onrunyo HKKM, KoTopas OCHOBLIBAETCS HA CJIEIy-

romeit anredpe:
[E,D5] = ifdyj, [Tk, ;] =ih0;, [Pk, Ds] =0, (2)

rae © = () aHTECHMMMeTPIYHAA MATPHUIIA C MOCTOAHHLIMU 3JIEMEHTAMI.
Iz Toro utobn Haiitu snementr ¥ (x, t) rumnbeprosa npocrparctsa B OKM, 06brano
ucnoJsb3yercs ypasaerue [lpemusrepa

L 0 o~
ih —9(x,t) = HV(xz,t).
ot
Onnako cymecTByer Apyroi noaxon, OCHOBAHHLIN HA (eAHMAHOBCKOM METOIE MHTEMPUPOBA-
HUA [0 TPAeKTopusM [6]

(=') ;
K", "5 1) = /( exp (500l P 3)

z’)

rne K(z",t";2' t') sanpo yamraproro onepatopa ssosommu U (), neficTByomero Ha yHK-
v ¥ (z, ) B ipocrpanctse Lo (RP). dyuxmmonan

1"

S[q]:/t L(g,q,t)dt

/

ecTn neticteue Ha TpaexkTopuy g (t) mis knaccuueckoro garpasxuana L(q, ¢, t), az” = q(t"'),

z' = q(t') xomeunas u HAuanLHAA TOukK. Bemmauma K (', t"; 2, 1") nssecTHa TakKe KAk

AMIVINTYda BEPOATHOCTU IIEPEXOOa KBAHTOBOM YaCTUILI U3 TOYKN .’IZI B MOMEHT BDpEMEHU tl B

5 Teoperuueckas n maremarudeckas ¢usuka, T. 140, Ne 3, 2004 r.



482 B. IPATOBUY, 3. PAKIIY

IPYTYIo TOUKy &'/ B MOMEHT BpemeHu ¢’ 1 TeCHO CBA3aHa ¢ KBAHTOBO-MEXaHIMUECKUM TPOTa-
ratopoM u (yuxuumeii [puna. Harmamaoiii cmbica unTerpana B gopmyie (3) 3akmouaerca
B TOM, UTO KBAHTOBO-MEXaHUYECKAA YaCTULA MOXKET PACIIPOCTPAHATLCA U3 TOUKN .'L', B TOY-
Ky 2’/ 10 BECKOHEUHOMY MHOKECTBY COCIMHSAIONMX ST MBE TOUKY TPACKTOPUH 1 HEOOXOMM-
MO CYMMHPOBATDL AMILIATYALI BEPOATHOCTH [0 BCEM TUM TPACKTOPUsAM. Takmm 00pasom,
(heMHMAHOBCKUI MHTErPAJI IO TPAEKTOPUAM NPEIIOIArAeT KOHTUHYAILHOE ((yHKIMOHAIL-
HOE) CyMMUPOBAHME OTAEJLHO B3ATLIX aminTyn nepexona exp((i/h)S[q]) no Bcem Bo3amoxk-
HDLIM HEMPEPLIBHLIM TPAEKTOPUAM, cBAzbBatommM touku &’ = q(t') uz” = q(t").
KonTnayasnHbiil nHTErpast, B ero Haubosee o0meil (popMyInpOBKe, BKIIIOYAET UHTENPH-
poOBaHMe TIO TpaeKTopuaM B (azosoM npoctpanctBe R2P = {(p,q)} ¢ dpuxcupopasEbIMT
KpaﬁHI/IMI/I TOYKaMMA .'L', n .'L',/ n 683 OFpaHI/ILIeHI/Iﬁ Ha HAYAJILHLIE 1 KOHEYHLIE 3HAYEHUA M-

IIyJILCOB, T.€.

(") omi [
Kt ) = [ e (T (piix — H(p,q,1)] dt) DyDy. ()
(z') t/

OmHako Ui raMAIILTOHUAHOB, KOTOPBIE ABJIAIOTCA KBAIPATUYHLIMU [0 UMITYJILCAM D, TIO-
JIMHOMAMU, MOXKHO, MCTIOJBL3YA TayCCOBLI MHTErPAJILI, OCYIIeCTBUTL B IBHOM BUIE UHTETPU-
POBAHME MO TEPEMEHHLIM —00 < P < +00, M COOTBETCTBY FOIIMA KOHTUHY AJILHBIA MHTErPaJI
cBenercs K Buay (3) (cM. IpHIIOXKeHue).

151 KBAOPATWYHDIX JIATPAHKUAHOB (PeHMAHOBCKMIT MHTErPAJ MO TPAEKTOPUAM MOKET
OLITL BLIUMCIIEH AHAJIUTUYECKU (CM., HAapuMep, KHUT'Y [7] u cTaTnio [8]), 1 TouHOe BhIpake-

HME OJ151 aMITJINTY AL BEPDOATHOCTY IMEET B

1 028 271 —
K(I/I,t//;mlatl) — W det, <—W) eXp<TS(m//7tll;fEI7t/)), (5)

rme S(z',t";2',t') metictBue mua xknaccuueckoit Tpaektopumn. Bemwumma K(z' ;2! 1)
MOZKeT OBITE OIPENesIeHA yPABHEHNEM

(2" ") = / K", ¢";2' #) (2’ ¢') da’, (6)

1 (peAHMAHOBCKMII MHTErPAJI IO TPAEKTOPUAM MOXKHO PACCMATPUBATL KAK METO €€ BLIUNC-
JIeHW .

ITomumo cBOErO PyHIAMEHTAILHOIO 3HAUEHHS B 00IIEM (JOPMAJIM3ME KBAHTOBOM TEOpNHM,
MeTOI KOHTHUHYAJILHOT'O MHTErPAJIA ABJIAETCSA TOAXOIAIIM UHCTPYMEHTOM BLIUKCJIEHVA KBAH-
TOBBIX (pa3. C 9T0l LEebIo OH OTUACTY PACCMATPUBAJICA B HEKOMMY TATUBHOM IJIOCKOCT 115
ap¢exta Aaponosa Bowma[9] [11] 1 mia KBAHTOBOH CHCTEMBI BO BPAIIAIOIIEHC CUCTEME KO-
opaunart [12]. Haw nonxon Bkitouaer B cebst 9TU U BCEBO3MOXKHLIE PYIUE CUCTEMBL € KBA -
PATUYHLIMU JIar DAHKUAHAMY (FaMUJILTOHUAHAMY) (OTHOCUTESILHO TPEX APYIUX HOAXOAOB K
(elirmanoBckomy KoHTHHYanbHOMY nHTerpasty B HKKM cm. [13]-[15]). Tpyzasocts npu He-
MIOCPEACTBEHHOM 0D00IIEHNY 0OBIMHOTO KOHTUHYAJILHOTO nHTerpaJa ua caydait HKKM Bwi-
3BaHa HAJIMUMEM HEONDENEJCHHOCTU KOOPMMHAT &' 1 2’/ HAYAILHOrO U KOHEYHOTO MOJIOKE-
HU. DTH KOOPIMHATLI HE MOIYT OLITL CTPOrO (PUKCUPOBAHLL, HOCKOJILKY A}, A’I‘; > hy;/2
u Az)/ Az’ > hflk;/2 B cu1y KOMMYTAIMORHLIX COOTHOMIEHNI (2).
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B pasnesie 2 MBI HaUHEM € KBAAPATUYHOIO JIar PaHKuaHa, KOTopoiit cesazad ¢ OKM, u naii-
[IEM COOTBETCTBYIONWIM KBAAPATUYHBIA FAMUJIBTOHNAH. 3aTEM MBI BBEIEM KBAHTOBBIA ra-
MUJILTOHVAH C HEKOMMY TUD Y IOIINMU IIPOCTPAHCTBEHHLIMY KOOPAMHATAMY 1 Hp806pa3yeM ero
B 3()()eK TUBHBIN FAaMUJILTOHUAH, COOTBETCTBY IOV KOOPIUHATEI KOTOPOro KOMMY TUPYIOT. C
9TOM meanio 3aMeTnM, uTo anrebpa (2) omepaTopoB &y, P; MOXKET OLITL 3aMEHEHA SKBUBA-
JIEHTHO# anrebpoti

[k, Pj] = ihdrj,  [dk, 451 =0,  [Pr,pj] =0 (7)
€ TIOMOIILIO JIMHEAHOTO TPE0OPa30BAHMS
T =Gk — %—1)37 (8)

2
[IPUYEM UMITYJILCHI D), HE TIPETEPIIEBAIOT N3MEHEHUH, 8 110 IOBTOPSIOMIEMYCS UHAEKCY j OAPa-
3yMeBaercs cymmupoBanue. biaromaps npeoGpasosanuio (8) HKKM, orseuaromasn kiac-
crueckoMy (pa30BOMY TPOCTPAHCTBY C TOUKaMu (P, T), MOXKET PACCMATPUBATLCA KAk
OKM na mpyrom $azoBom mpoctpascTse (p, q). Takum 06pazoM, B ¢-IPEACTABIEHUN Py, =
—ih(0/0qk) B popmynax (7) u (8). AnbTepHATHBHLIA CIOCOD HAXOXK ACHMST KOMMY TATUBHO-
IO aHAJIOra KBAHTOBO-MEXAHUYECKON CUCTEMBI Ha, HEKOMMY TATUBHOM IIPOCTPAHCTBE COCTOUT
B UCIOJIL30BaHUN *-npoussenenus Moitana [2] B ypasnenuu [IIpemusarepa. Takoe pacemor-
PEHVE DKBUBAJIEHTHO 3aMeHe norenumasna V() ¢ ncnons3oBanuem npeodbpaszosanust (8) [16].
B macrosmeit pabore MbI OrpaHIYMMCST PACCMOTPEHUEM JIATPAHKUAHOB, KBAAPATAYHBIX 10
nepemeHHBIM g 1 §. [lepexons 0T HOBOro raMmiIL TOHMAHA K JIArPAHKUAHY, MBI HALneM 3 dex-
TUBHBIN JIArPAHKUAH, OTHOCSIIUAACS K CUCTEME C HEKOMMY THPY FOIIMU IIPOCTPAHCTBEHHBIMI
xoopamHaTamu. B pazmesne 3 Mbl mamrm o0myio (OpMyIy s KOHTUHYAJILHOIO MHTErPAJIa,
BBIPAXKEHHYIO B TEPMUHAX KJIACCUYIECKOrO NeACTBUS [IJIs HEKOMMY TATUBHBIX KBAIPATUYHBIX
JarpaHkuaHoB. B pasmene 4 comep:kaTcs BLIBOALI M KPATKOE OOCYKIEHNE PE3yILTATOB. B
MPUJIOKEHNY TOKA3AH MePEXOA OT KOHTUHYAJILHOIO MHTErPAJIa B (DA30BOM IMPOCTPAHCTBE K
OOLIMHOMY (PeIIHMAaHOBCKOMY MHTEIDAJLY B KOOPAMHATHOM IPOCTPAHCTBE /I KBAAPATUYHBIX
FaMIJILTOHUAHOB B ODIIEM CIyJae.

2. KIIACCUYECKAA INMHAMWKA
HA HEKOMMYTATNUBHLIX ITPOCTPAHCTBAX

Haunem ¢ paccMOTpeHMA KIIaCCUYECKO CUCTEMDI, ONICLIBAEMON KBAAPATUYHLIM JIarPaH-
JKMAHOM, HauboJiee 00Imuit BUI KOTOPOrO B TPEXMEPHOM TPOCTPAHCTBE €CTh

L(i,z,t) = (a, &) + (Bz, &) + (yx,z) + (0, &) + (9, x) + ¢, 9)

rze (-, - ) 0603HaUAET OOBLIYHOE CKAJIAPHOE IPOU3BENECHNE. DJIIEMEHTLI MATPUL

o= (FMau). 8= 7= (T50).

2 K 2 M

BekTOpoB § = (J;(t)), n = (Ni(t)) n ckansp ¢ = (P(t)) MOryT GBLITL HEKOTOPBLIMU AHAIATHU-
YecKUMHA (yHKIWAMY OT BpeMeHn . MaTpuiia o sBisercsa HeBeIpoxk neHHoi (det a # 0). Uc-
[OML3ys COOTHOmernA p; = OL/0&;, j = 1,2, 3, 3armmmenm & B Buzne & = a"l(p—pr—26)/2.

5*



484 B. IPATOBUY, 3. PAKIIY

Torzma cooTBeTCTBY FOImMIA Kaaccuueckuii ramuiantounad H (p, ¢, t) = (p, &) — L(%, z,t) cra-

HOBUTCS TaKXKE KBAAPATUYHLIM, T.€.

H(p,z,t) = (Ap,p) + (Bx,p) + (Cz,x) + (D,p) + (E,x) + F, (10)
rie
a=to, po_lig C=1gTa"15-»,
! 1 12 411 (11)
D= —501715, E = §6T0fl(5 -n, F= ZéToFl(s — @,

vanexc T 0603HAUAET ONEpaIro TPAHCIOHUPOBAHUA. 3amMeTuM, uto Matpuinl A u C' cum-
merpuurnst (AT = A u CT = O), Tak kax cuvmerprunnt o u y. TTOCKOMILKY J1arpamsu-
au L(&,x,t) vesoipoxkaen (det a # 0), o u ramuiabToruan H (p, x,t) Takxke HEBLIPOK IEH
(det A # 0). U3 (11) cnenyer, uro oGpaTHOE OTOOPAIKEHNE NAETCA TEMU KE COOTHOIMIEHWA-
MHU.

B ciygae HEKOMMYTATUBHEIX IPOCTPAHCTBEHHLIX KOOPIMHAT [Zg, & 5] = ihf j, MX MOKHO
3aMEHUTL, UCTIONL3yA npeobpasosanue (8). Herpymmo nposepurs, uro §;, i = 1,2,3, cyTn
B3aMMHO KOMMY TUDPYIOIIME ONEPATOPLI (HO HE KOMMY TUPYOMIKE C OEPATOPAMU UMITYJILCOB,
T.€. [quﬁ]] = ’Lh(;kj)

IIpoKBaHTOBAB HEBLIPOK AEHHLIA KBAAPATUYHLIA ravuinbToHuad (10) u ucnonn3osas 3a-

MeHy KOOpmHAT (8), MBI CHOBA MOJIyYaeM KBA APATUYHBIA KBAHTOBLIA T'aMUIILTOHUAH
Hg(p,q,t) = (Aap,p) + (Beq,p) + (Ceq,q) + (Dg,p) + (Eg, q) + Fp, (12)

rae

1 1 1
Ag:(A—ZB®+Z®BT—ZG)C®>, By = B+ 0OC,
1
Cop = C, Dg:D+§G)E, Ey=E, Fy=F

s nocTaTouHO MAMLIX 6 ; 9TOT FraMUIILTOHMAH TaKKe HeBLIPOK IeH.

YU T00LI BLIMMCIATL KOHTUHYAJILHLIE MHTEMPAJIBL I BLIMIEYTIOMAHY THIX CUCTEM, HEOOXO-
MBI KJIACCAYECKUE JIATPAHKUAHBL. SICHO, YTO TPOU3BOJIBLHOMY KBAAPATUYHOMY KBAHTOBO-
My TaMIJILTOHUAHY MOYKHO COMOCTABUTDL KJIACCUYECKUI TaMUILTOHUAH, 3aMEHUB OMEePATO-
PLI HA COOTBETCTBYIOINE KJIACCAUECKUE TIEPEMEHHLIE. 3aTeM, UCIOL3YA YPABHEHUA () =
OHy/Opk, k = 1,2, 3, MOXKHO nepefiTi 0T TAKOIO M'aMUJILTOHUAHA OOPATHO K COOTBETCTBY-
IOIIEMY JIarPAHKIAHY

LB(‘Lq:t) = <p:q> —Hg(p,q,t), (14)

rIe B IpPaBol YaCTH CHOEJAHA 3aMEHA P — Ag_l(q' — Bgq — Dg)/2. B cyumoctu, Hama unes
3aKJIYaeTCA B TOM, ‘-ITOGLI HaﬁTI/I CBsA3L MEXK Y JIar' DaHXKMAaHAMY HEKOMMY TATUBHLIX 1 CO-
OTBETCTBYIOLMIMX KOMMY TATUBHLIX KBAHTOBO-MexaHndeckux cucteM (¢ § = 0). D10 o3navaer,
UTO Hy?KHO HAATU KOMIIO3MIMIO Caenyommx Tpex orobpaxennii: Lg = (p o 1) o ¢)(L), roe
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Ly = ¢(Hy), Hg = Y(H) nu H = (L) (3n€ch nCnonn3yercs ToT PaKT, YTo ¢ eCTh UHBOJIIO-
TuBHOE 0TOGpazkeHue, 3anannoe popmynamu (11), a 1) samaercsa gopmynamu (13)). Bouee
TO4HO, ecam narpanxkuan L(E, z,t) 3aman popmysoit (9) n

Lo(q,q,t) = (agq,q) + (Beq, ) + (764, 9) + (I6,q) + (ne,q) + P4,

TO COOTHOIIIEHUA Me)KI[y KOS[i](i]I/ILlI/IeHTaMI/I JIanaH}KI/IaHOB IMEIKOT B
1 1 -t
ag = [a_l -3 (@BTa_l — a_lﬁ®> + 0490 — Z@BTa*B@} ,
1
Bo = g (a‘lﬁ - EGBTa‘lﬁ + 2(97),

Vo = <5T01_1 + %5Ta_lﬂ® - 27@)(1.9 (oz_lﬂ — %@BTa_lﬁ + 2@7> —

] =

1
- _BTa_1B+’Y7
4
8o = ag <a15 - é@ﬁToﬂa + @n>,

ng = %(ﬂTal + %61104715@ — 27@)(19 <a15 — %@BToFl(s + @7}) —

- %BTailts-i_n:
1 -1 Loar, —1 L,
(;59:1 3y, @ 5—596 a” "6+ On —Z<a 3,8) + ¢.

fAcno, uTO TN POPMYJILI BECEMA CJIOKHLI M YTO HAXOXK IEHME SIBHBLIX TOYHLIX COOTHOLIE-
HUIT MEXK Iy 9JIEMEHTAMI MAaTPUIL B ODIIEM CJIy4ae MpencTaBiiseT cobol OUeHh TPYAHYIO 3a-
nmauy. Omaako coornomenws (15) BECHMa NOE3HLI BO BCEX YACTHBIX CIydasax. K Boimeynoms-
HYTBIM KJIACCUYECKUM aHAJIOraM KBAAPATUYHLIX [AMIJILTOHMAHOB U JTarDAHKIAHOB MOMKET

OLITL IIPMEHEHA OODLIUHAS TEXHUKA KJIACCUYECKON MEXaHUKNA.

3. HEKOMMYTATVUBHBIE KOHTUHYAJILHBIE NHTEI'P AJIbI

XO0Ts pe3yJsIbTaTHI IPEIBIIYINero Pa3nesia ObIIu MOy YeHb! 718 TPEXMEPHOI'O IPOCTPAHCT-
Ba, OHM CIPABEJIMBLI IIJIs1 IPOCTPAHCTBA IPOU3BOALHOM padmeproctu D. Ecim n3secren sa-
rpanxuad (9) nanre6pa (2), TO MOXKHO II0JIy YU THL COOTBETCTBY IO 5 ()€K TUBHLIN J1arpaH-
JKUAH, TPUTOMHBIA [J1f KBAHTOBAHUSA MOCPEACTBOM KOHTUHYaJLHOrO uHTerpaJsa B HKKM.
Ucnonnzys ypasaenus Ditnepa—Jlarpamxa

0Ly d OLg

MOYKHO HOJIY YT KJIACCHIECKY 0 TPACKTOPUIO ¢k = Gk (1), COSMMHAIONIY 10 32 TAHHBIE HAUAIIL-
uywo ¢’ = q(t') mxoreunyio x’/ = ¢(t'") Toukn. Jlna 3To# K1aCCUUECKON TPAEK TOPHY MOKHO

BBIUMCJIUTEL OEHACTBUE ”
t

§0($//7t//;wlit/) = / Lg(q.7q7 t) dt'

t/
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Kontrayasmawiii narerpan 8 HKKM saBisercs npsambiv aramorom sesmamsst (5) v nosryda-

€TCs C TOMOIIBIO 3aMEHBI
Kt 2 ) — Ko, t";2,t), S’ t";2',t') — Se(a”,t";2",t').
IIpuBenem 3mech nBa mpuMepa mis caydasa D = 2.

3.1. Yactuna B moCTOAHHOM moJie. Jlarpankuas Ha KOMMY TATHBHOM KOH(QUT'Y DaLX-
OHHOM IIPOCTPAHCTBE UMEET BULI

L(%,z) = 5(:6% + x%) —MmT1 — N2T2. (16)

Cootsercreyomme namube cyts a = (m/2)I, =0, y=0, § =0, n* = (=1, —n2),
¢ =0,rme ] emmnnunas (2 x 2)-marpuna. Ucnonnays obuwe popmysnot (15), serko Haxomm

mb mb?

—(=n2,m), me =1, ¢g=—(n7+n3).

m
ag =51 By=0, 79=0 & == 2

2
Jlarpanxwuan Lg(q, ¢, t) umeet Bun

m . ) me , . . mé>
Lo = — (4 +d3) + —(mdo — m2d1) — ma1 — 12q2 + —— (07 +13).

2 2 8
YpaBuenus SﬁnepafﬂarpamKa mgy = —n1, MGz = —12 JAIOT PELICHNS
qi(t) = 7)21 +tCs + C1, ga(t) :—7722— +tDs + D1,

rne C1, Co, D1 u Dy — KOHCTAHTDI, KOTOPBIE NOJIZKHBI OBITL ONpenesens: u3 ycuosuii ¢1 (0) =
i, u(T) =2, ¢2(0) =z}, q2(T) = z4. Ilocae HAXOK IEHNA COOTBETCTBYIOIIMX KOHCTAHT

nMeeM

oy M2 (] niT oy M 1 it .
q;(t) = 25— 5 t+t(T(a:J—:U )+2m). qi(t) = — t—l—T(az -z’ )—}-%, j=1,2.

Knaccuueckoe neiictBue nveer B

_ T
So (e, T/, 0) = So{(af — a0 + (o — 4)%] = S lm (e +20) + molatd + o)) +
mo 3 mb2T
+ 7[771(55/2/ —zy) — 2z —a1)] — m(’?% +13) + T(’?% +13).

OkoHYATEIILHO Oy YaeM

1 2
Ko(z",T;2',0) = —h%exp(ﬂSg(az” T; x' 0)) = Ko(z",T;2',0)x

2mi mé 0T
<exp( 20 g = a3) (ot — )+ 2 G 48] ). ")

rae anpo Ko (z”,T; ', 0) ceazano ¢ narpamkuanom (16). CaenoBaTennbHo, pasauaue 3aKTio-
YAETCA TOJLKO B ()A30BOM MHOMKUTEJC. 3aMETUM, UYTO MMEET MECTO CJIeyIOIIee COOTHOTITE-
Hue:

T 1
ICg(a:”7T;a:’70):lCo(:U"—l—%Jn,T;a:’70>, J= (_01 0). (18)



KOHTHVHYAJIbBHBIE MHTEIPAJIbI B HEKOMMY TATUBHOM KBAHTOBOW MEXAHUKE 487

3.2. T'apMoHUYecKU OCHAIIAATOP. KOMMYTATUBHEIN MarpaHKnaH B TaHHOM CIydae

MEET B
mw2

Lii, ) = 5 (# +3) — (o} +a3), (19)
umbiuveem o« = (m/2)1, B =0, v = —(mw?/2)I, 6 =1 =0, ¢ = 0. Ucmom3ya popmy-
st (15), serko Haxomum

m2w?6

m
agZ—I, BBZ JT7 79:_—17 69:779:07 ¢9:07
2K 2K

rne £ = 1+ m2w?6? /4.

CoOTBeTCTBY IO HEKOMMY TATUBHBIN JIATDAHKUAH IMEET BULI

2

. . mw
(Go2q1 — d1g2) — T(Q% +43). (20)

2,2
9, M w0

Lo(d,q) = 5— (G5 + d3) + 5

2K

N3 (20) nomyuaem ypasrenus ditnepa—Jlarpanxa
G —mwbis +w’qr =0, G2+ mw?hiy +wga = 0.

3aMeTuM, 9TO 9TU yPABHEHUA OOPA3yIOT CBA3AHHYIO CUCTEMY MU()(epeHIMAILHLIX Y PABHE-
HUIA BTOPOrO NMOPAIKa, 60Jee CI0XKHYIO, ueM B KomMmyTaTuBHOM ciyuae (6 = 0). lammyio
CUCTEMY ypaBHEHUI MOXKHO IPeoOPa30BaTh K BULY

q§4) +w?(2 + m2w292)qg2) +whg =0 q§4) +w?(2+ m2w202)q£2) +wigz = 0.

Pemennve aTux ypaBHeHUi IMeeT BUI

g1 (t) =C1 COS(ylt) + Cs sin(ylt) + Cs COS(yQt) + Cy sin(ygt),

. . 1)
g2(t) = D1 cos(y1t) + Dasin(y1t) + Ds cos(yat) + Da sin(yat),

rae y; = (mbw? + 2w\/k ) /2, y2 = (Mw? — 2w+/k ) /2. Tpebysa BLIMOMHEHNA mA(epeH -
AJILHBIX CBsI3el MexK Iy g1 U g2, TIOJTydaeM CJeayIolme COOTHOIeH Mexk 1y KoHcTanTamu C
uD: Dy = Cy, Dy = —Cy, D3 =Cy, Dy = —C3. U3 ycnosuii q1(0) = =7, q1(T) =z,
q2(0) = 24, ¢2(T) = 24 monyuaem
1
Cr = 5[:61 + zhctg K — (x4 cos A + zf sin A) cosec K|,

1
Cy = 5[:6,2 —z) ctg K + (27 cos A — 24 sin A) cosec K|,
!

1
Cs = 5[:61 —zhctg K + (xf cos A + z sin A) cosec K|,

1
Cy = 5[:6'2 + 2} ctg K — (2 cos A — 24 sin A) cosec K],

rne cosec K = 1/sin K u K = w\/kT, A = mfw?T/2.
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IMoacrasass monyYeHHY IO BBIIIE KAACCUYECKYIO TpaekTopuio B (20), Haxomim

2
Lo(4, @) = g (@} + 04?) cos(2u/mt) + (o7 + o) x
X cos(2w\/k(T —t)) — 2 cos(2wv/k(T —t))((z} 2y + zhzd) x
x cos A + (z7xh — zizd) sin A)). (22)

COOTBeTCTByIOH.[ee KJIACCUYECKOE MeMCTBUE NUMEET BUI

Se(z",T;2',0) = w;nﬁ((rf + a2+ 2%+ ah?)cos K —
—2(x) 2 + 2bal)) cos A + 2(z 2l — zhal) sin A), (23)
Yl OKOHYATENILHO TI0JIy9aeM
Ko(z"”,T;2',0) = %ﬁ exp(?gg(a:’ﬂT;az’,O)). (24)

3aMeTuM, YTO B 9TOM CJIydae He TaK IPOCTO HANTH COOTHOLIEHE MeK Iy SAPAMU IJLS Fap-
MOHWYECKMX OCHUJLIATOPOB B KOMMyTaTUBHOM (f = () M HEKOMMYTATMBHOM peKmMax. A

VIMEHHO, B KOMMyTaTUBHOM caydae (6 = 0 u k = 1) Mpl nmeem

mw

So(a", T;a',0) = —__
So(a™, T, 0) 2sin(wT)

(27 + a5 + 27% + 252) cos(wT') — 2(zy 2} + whay)]

U, CIeN0BaTEJILHO,

1 mw )

2
Koz T:2'.0)= ——— —_—
o(#", T;4',0) ih|sin(wT)|eXp< h

gg(m“,T;ml,O)).

4. SAKJIFOUUTEJIBHBIE SAMEYAHWUA

N cnonn3ys npeobpa3oBadue Il HEKOMMY TUDY FOIIUX KOOPIMHAT £ f, B KBAAPATUYHOM I'a-
MWJILTOHVAHE, MBI CHOBA IIOJIyYaeM KBaﬂpaTHqHLIﬁ TaMWJILTOHVAH, HO C KOMMY TUD Y FOIINMN
[NPOCTPAHCTBEHHLIMU KOOPIMHATAMU (k. 17151 TOro 4ro0nl NPUMEHNTDL (eHHMAHOBCKUIL KOH-
THUHYAJILHBIA MHTErPAJI, MBI BLIBEJIM COOTBETCTBYIOMNI 3((EKTUBHLIA KBAAPATUYHLIA J1a-
IPAHKUAH U CBA3b Koo ¢uumreHToB (15) B HekoMMyTaTUBHOM pexume (6 # 0) ¢ aHaIOrmd-
HLIMU KOd(umenTamu B KoMmmyTatuBHOM pexknme (6 = 0). Iepexon or ramuianToHnaHa K
JIArPAHIKUAHY OCYIIECTBIAETCA C IOMOMILIO 00BIUHON (opmyant (14). Hamomumm, 9to 9TOT
MIEPEXO MOXKET OBLITL TAKIKE OCYIIECTBJIEH B PE3yJILTATE UHTEMPUPOBAHUS 110 UMITYJILCAM B
(ha30BOM IIPOCTPAHCTBE KOHTUHYAJILHOIO MHTErpaJa (CM. npuioxkenue u pabory [12]). Ilo-
CKOJILKY Ham narpanxkuad Lg (¢, q,t) KBaapaTUUHLIA, MOXKHO UCHOIL30BATL ODIIEe aHAIIM-
TUYECKOE BBIDAYKEHUE Isl (PeHMAHOBCKOIO KOHTUHYAILHOrO uHTerpana (5). Ammmryast
BEPOATHOCTY HA HEKOMMYTATUBHOM IJIOCKOCTY BLIUMCIIAKOTCA ISl YACTULLL B OCTOAHHOM
nose (17) u rapmMoEMYecKoro ocumATopa (24).
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Ormerum, uto anredpa HKKM suaa

. . 1 . . . .
[Za, D8] = Zh<5ab - Zeacgcb): [Za,2b] = ihbab,  [Da,Db] = ihoap (25)

C IOMOIIBIO JINHEMHOTO Pe0OpPa30BAHNUSA

iaZQa_aakab: ﬁa:];a"f‘o-aqub (26)
TaKKe MOKET OBIThL CBeneHa K oOnranoi anrebpe [eiizenbepra (1) mis onepaTopos (g, kp.
B mBymeprOM ciyuae Mol uMeeM 0.0 = —0004p, 1 910 maer [T, pp] = ih(1 + 00 /4)dqp
(cm. rakxke [17]). s HEKOMMYTATUBHOIO ()a30BOrO HPOCTPAHCTBA (25) U KBAAPATUYHBIX
JIATPAHKUAHOB MOYKHO OCYMIECTBUTDL MPOLEAYPY, AHAJOTMYHYIO ONACAHHON B MPEILILY X
pasnenax.

IIPNJIO2ZKEHWUE
KonTuHyanLHBIA UHTErpaJ Ha pa3zoBOM
NPOCTPAHCTBE I KBaJAPATUYHBIX rAMUJIBTOHUAHOB

[lokazkeM, YTO KOHTVHYAILHBIA MHTErpasI Ha ()a30BOM HPOCTPAHCTBE MOKET OLITL CBEIEH
K KOHTVHYAJILHOMY MHTETDAIY HA KOH(QUIYDAIMOHHOM NPOCTPAHCTBE B TOM CJIy4Yae, KOrma
ravmunnToHraH H (p, ¢, ) SBIAETCA IPOU3BONILHBIM KBAAPATIYHLIM TIOJIUHOMOM IO VIMITYJIh-
cam p. Haurem ¢ korTuRYyaLHOrO naTerpadna (4), B koropom ravunstoruas H (p, g, t) 3ana-
etcsa BerpazkerreM (10) wm (12).

Pazobbem BpemenHoi uaTepsad t/ — ¢ #a pasabie npomexytku € = (' — ') /(N + 1) n
th =t +ne, n=0,1,...,N + 1. Tlycts q(tn)T = qg‘ = (qn,17qn,27 e :Qn,D) Hp(tn)T =

pr = (Pn.1,Pn.2,- -+, Pn,D) CYTh KOOPIMHATEI M UMITYJILCHI B MOMEHT BDeMEHH t,,. MOKHO
3a1cCaTh
. N N+1 ,p
2 d
K(z",t";2',t') = lim / / eXP<iZSN> H dPqn g", (IL.1)
N—oo RDN JRD(N+1) h nel nel h
roe
N+1
Sn = Z (<pn:Qn - Qn—1> - €(<Anpn:pn> + <Bnqn7pn> +
n=1
+ <qun: qn> + <Dnapn> + <En: qn> + Fn)): (HZ)

A, By, Chn, Dy, E,uF, coorsercrytoume marpuist (det A,, # 0) 1 BEKTOPDI, 3JIeMEHTHI

KOTOPBIX B3ATLI B MOMEHT BpeMenu ¢ = t,,. Vlcnoan3ys rayccoB uHTErpast

1 o
~ VG/h)D det(—2u) exP( m 1”=“>>: (IL3)
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B KOTOPOM U — HEBBIPOXK AeHHAsS cummerpuunasa (D X D)-marpuna, a v — D-MepHBIA BEKTOD,
MOZKHO OCYIIIECTBUTEH MHTEIPUPOBAHME 110 UMIIYJILCAM U IOy YUTh

D
K", t";2',t') = lim / H d_an
N—oo JgDN (th)P det(2¢Ay,)

2mie ., _ 1. _ .
X exp( [<An1Bnqn: Bnqn> - <An IQn7 BnQn> - <An1BnQn7 Qn> +

4h,
+ (A7 G, dn) — 2(A Doy ) + 2(A Dy, Brgn) + (A1 Dy, DY) —
- 4<CnQn: Qn> - 4<En7 qn> - 4Fn]) . (H-4)

ITepenucniBas 9TO BLIPAXKEHNE B BUIE

N+1 D
Kz"”,t";2', ') = lim / det oy, x
( ’ N—oo JpDN r:LI;[ ZhF "

2mie .
X eXp(TKanQn: Qn> <BnQn7 qn> + <7nQn7 qn> +

+ <5n,qn> + <77n qn + ¢n > H dD(In (H5)

" CpaBHHUBAS IIOJIYYECHHOE BLIPpazKEHUE C MCXOOHLIM, MMEEeM

1 1

Qn = ZAnlz Bn:_iAnlBrn
1 _ 1

Tn = ZBgAnan - Cn: On = _iAnlDrn (H'6)
1 _ 1 _

Nn = EBgAnan —En,  ¢p= ZDgAnlpn — F,.

OTMeTnM, 4TO NpPUBENEHHDBIE BLIme OPMYJLI  Takye ke, Kak Gopmysnt (11), nonyuennsie
OPYTUM CIIOCOOOM.

Teneps nepexons K npeneiy N — 0o, MoxHO neperucatsh (I1.5) B Buze (3),
omi [t
K"t t) = [ exp<T / L<q,q,t>dt)7>q, (11.7)
t/
rze narpaskuad L(¢, g, t) nveer Bun (9) u

Dg = lim H diqn,

N — o0

9 D 1/N 9 D
~ e 17 =
dqn = <<zhe> deta(t )) <'Lh6) det 629 dqn

Ananurrueckoe Borancienne KoHTUHYyaanbHOro uarerpasa (I1.7) maer (5) (cm., Hanpumep,

7], [8])-
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