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Cubupcrui MaTeMaTHYECKHH Ky pHasl
Maii—murons, 1994. Tom 35, Ne 3

YK 515.143

FOMOTONWUYECKWUA AHANOT
TEOPEMbI XENNN N CYLWLECTBOBAHWNE
KBASUHENOABWXHbLIX TOYEK

10. I'. Huxonopos

B nmaHHo#t paboTe OokKa3aH rOMOTONMMUECKMUIl aHajJor M3BeCTHoOM Te-
opeMbl XeJsM 0 BHINYKJIbIX MHoXxkecTBax B R". Cpeau pa3HooGpa3HBIX
MPHJIO’KEHUM — [I0Ka3aTeNbCTBO CYIIECTBOBAHUA KBa3MHENOABUAKHBIX 110
Yaamy (cM. [1, c. 63]) Touek a1A HEKOTOPOro KJACCa TOMOJOTMUECKHX MPO-
CTPAHCTB.

Bynem o6o3nauaTh uepe3 S' u B' cOOTBETCTBEHHO i-MepHYIO chepy U

i-MepHBI# wap, uepe3 Simg = [Py, Ps, ..., Px] — (k — 1)-MepHbI#i cuMniekc ¢
BepmIMHaMu Py, P, ..., P, uepe3 [P.~,,P,-,, ..., Pi,] — nmoacruMniekc ¢ Bepuu-
Hamu P, P;,,..., F;,.

Ilycte T — Tomosorudueckoe npocrpaHcTBo. [lanee 6ynmeM cuuTaTh,
uto 7_1(T) = 0 o3HauaeT HenmycToTy npocTpaHcTBa T, npn i > 0 paBeHCTBO
#7i(T) = 0 o3nauaet, uTo A1060€e HelnpepbIBHOE 0T06pa.x<erme U3 i-MepHoil
coepnl B T nponosKaeTca A0 HenpepbiBHOro oTobpaskenus (i + 1)-MepHoro
wapa (S* oToskaectBaserca c rpanuueit B*!). B cooTBeTcTBMM C 0GlLe-
npuHAToH TepMuHosorueit npu mo(T) = 0 6ynem HasbiBaTh T aunedno ceds-
notm, ipu 71 (T) = 0 — o0dnoces3nuM.

Teopema 1. ITycte T — TomoJiorudyeckoe MpocTPAHCTBO, M MycThb Aj,
Az, ...,Ar — oTKpbITBble MHOX@ecTBa B T,

Wk-z(AlUAzlJ"‘UAk):()y wk-,-g(A,-,ﬂ---ﬂA;,):O

k
npus=1,...,k—1. Torna (| A; # @.
i=1

Ilna noka3saTenbcTBa ®TOM TeopeMbl HaM MOHaA06MUTCA 04HO U3 ClIel-
ctBuit nemmnl Inepuepa (cMm. [2, c. 505]).
Ipennoxenue. ITycte Simp NOKpHIT 3aMKHYTBIMM MHOKeCTBaMH B,

k
Bs,...,By, npuuem [P;,,...,P;] C B;, U---UB;,. Torna () B; # @.

i=1

k
Honyctum, uro [\ Ai = @. Ioab3ysace romeoMmoppHocTsIO [Py, ..., P;,]
i=1
u B*"! a Takke ycNOBMAMM Ha FOMOTONMYECKME KJIAcCChl, HETPYIHO IIO-
CTPOMTH 110 MHAYKUMU HemnpepbiBHoe oTobpaskenue f : Simgy — T co caeny-
IOIIMMM CBOMCTBaMM:

f(Slmk)CUAn (P, PDC ) A
i=1 i¢{i1,.ris}

npu s = 1,...,k — 1. PaccMoTpum MmHoxecTBa B; = Sim; \ f~1(4;), Bi —
3aMKHyTble MHOKecTBa B Simg. JlokaxeM, uto [P;,,...,P;,] C B;; U---U B;,
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npu s = 1,...,k — 1. Honyctum npOTMBHoe I'lyCTb z€ [P, .  Plunz¢
B;, U ---UB.. Ho B TakoM canyuae f(:z:) € Ai, N---N 4A;,, kpoMe ToOro, mo

nocrpoenuio f(z) € N AT e ﬂ B; # @, 4yero He MOXeT GbITh.
ig{ilv i } i=1

Takske Jerko 3aMeTUThb, uTo Simg C U B;, nnaue 6b1710 6B ﬂ A; # 2. Tlo-
i=1 i=1
kpbITMe Simg MHoOkecTBaMu B; yAoBIETBOpACT ycnosva Npe 10O KEeHNA.

3HauuT, CylLIeCTBYeT TOUKaA & € ﬂ B;, Ho Torna f(z) ¢ U A;, @To poTHBO-
i=1 i=1

k k
peunt Tomy, urto f(Simg) C |J Ai. CaenmoBarenbHo, nomymeHnue (| A; =

i=1 i=1
HEBEPHO.

N3 Teopemsbl 1 HenmocpenCTBEHHO MOJyUYaeM

Caencreue 1. Ilycte T — 0OHOCBA3HOE TOMOJOrMYeCcKoe IIPOCTPaH-
cTBO, A1, A2, A3 — OTKpBITBIE JIMHEHHO CBA3HbIe MHOKecTBa B 1T ¢ Hemy-
CTBIMM nonapHbIMU niepecedyeHuaMu, T C AjUAUA3. Toraa AjNAsNAs # 2.

Caencreme 2. Ilycre T — J10KaJbHO JIMHEHHO CBA3HOE M OAHOCBA3HOE
TOII0JIOrMYecKoe IpOCTpaHCTBO, A U B — cBA3HbIe OTKPBITblE MHOMECTBA
B T Takme, uto ANB = &; T\ A u T\ B — cBA3Hble MHOKecTBa. Torna
T\ (AU B) — cBA3HOE MHOXECTBO.

HOKA3ATEJNLCTBO. Ecnu T He ABJIsAeTCA CBA3HBIM, TO, NockoybKy T\ A
u T\ B — cBA3Hble MHOKECTBA, JIETKO MOJYyUUTh, UTo A 1 B — enuHCTBEH-
Hble KoMInoHeHTHI B T, 1 B aToM cayuae T\(AUB) = &. Ilycte T — cBA3HOE
npoctpancTBo. llonyctum, uto T \ (AU B) HecBA3HO, Toraa CyumecTBYIOT
Helepecekatommecs MHoxkecTBa C; U Cp Takue, UTo T\ (AUB) C C1UCy;
nprui=1,2 (T\(AUB))NC; # @. Jlerko BUOETb, YTO CPeaX KOMIIOHEHT
CBA3HOCTU MHOKecTBa C; CyIIECTBYeT KOMIIOHEHTA, IIepeceKalomadaca Kak
¢ A, Tak u ¢ B (unaue nub6o T\ B, n16o T\ A 661110 661 HecBA3HBIM). O6o3Ha-
UMM OZIHYy M3 TaKMX KOMIOHeHT uepe3 C;. PaccmoTpum MHoXkecTBa: A —
o6'’beslMHEHNE A U BCEX OTJIMYHBIX OT Cy xommnonent Cy un Cj, Iepecekalo-
miMxcA c A; B— o6 bennHenue B 1 Bcex KOMIIOHEHT, OTJIMYHBIX OT C1 M He
pomeamux B A. Tak kak T CBsI3HOE, TO B — CBA3HOE MHOMKECTBO. C2 C A
CJleIoBaTebHO, IIoNapHbIe MepeceYeHUA MHOKECTB A BucC HenycThl, 1o
MOCTPOEHUIO ANnBn Cl 2. Ho T — nokanbHO JMHeHHO CBA3HOE Mpo-
crpancTBo, 3HaunT, A, B, C; — nuHeitHo cBA3HbIE OTKPbITbIE MHO>KECTBA,
M MBI MOJIYUNJIM TpoTUBopeune co cnencreueM 1. 3uauur, T\ (AU B) —
CBA3HOE MHOYKECTBO.

HenpepbiBHOe oToGpaskenue n : T — T Ha3bIBaeTca ungoanyued, eciamn
OHO coBNanaeT co cBouM obpaTHbIM. IlycTh f — HenmpepniBHOe oToGpaske-
Hre T B ceba. Cnenysa Y namy, Ha3oBeM p € T' KBa3UHEINOABM>KHOM ToUKoOM
npeo6pa3oBaHMA f OTHOCUTENbHO HenpepbiBHOM pyHkuuu ¢ : T — R™, ecau
o(p) = ¢(f(p)). Caenyrowman TeopeMa MokKa3bIBaeT, UTO AJA ONpeaeseHHO-
ro KJjacca NpoCTPaHCTB N06ad MHBOJIOUWA 06J1a0aeT KBAa3UHENOoABUAKHOMN

TOUYKOM OTHOCUTEJILHO IIpOMU3BOJILHOI'O HengpblBHOI‘O o’ro6pa.>1<e1—ma TOIo-
JIOC'MYECKOI'o MMpOCTPpaHCTBA B IIJIOCKOCThb R-.

Teopema 2. Ilycte T — cBA3HOe, JIOKaJbHO JMHEHHO CBA3HOE U 0OHO-
CBA3HOE TOHNOJIOrMYecKoe NPOCTPAHCTBO ¢ uHBoJaouueik . Illycts ¢ : T —
R? — nenpepeisHoe oTobpaxkenne. Tornma Haizerca Touka p € T Takas,

uto ¢(p) = ¢(n(p))-

JOKA3ATEJIBCTBO. Ecau nHBosouusa ob6iajaeT HENMOABUKHOM TOUKOMH,
TO Bce oueBUAHO. [lycTb HemoABUIKHBLIX TOUEK He cyllecrByeT. PaccMo-
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TpuM oTobpaskenue f : T — R?, f(z) = ¢(z) — p(n(z)). HomycTum, uro
yTBepKZAeHUe TeopeMbl HeBepHo, Toraa Im f C R?\ {0}. Ioxpoem R?\ {0}
OTKpHITbIMM MHokecTBaMu C1, C2, Dy, D; co cienyoUMm ycaoBUAMMU:

Ci=-C;, Dy=-D;, CiNCy=2, D NDy=2, C.-nD,- + o.

PaccMoTpM KOMNOHEHTHI CBA3HOCTU npoobpa3oB MHoxkecTtB Ch, Cs, Dy,
D; npn otobpaskenmmn f. (OBG03HAUMM MHOMKECTBO ®THMX KOMIIOHEHT Ue-
pez W. 3amernm, uTo sieMeHTHl MHoXecTBa W pazbuBaloTcA Ha mapsl
Buna (A,n(A)), rae ANn(4A) = @.

Haszosem moamHoxecTBo V C W zopowum, eciiv BBIMOJHAIOTCA CIEaY-
IOlIMe YCJIOBUA:

1) U A — cBa3HOe MHOXeCTBO,

AEM

2) n(A) ¢ V ana noboro A€ V.

Jlerko BUAETH, UTO XOPOIINE MHOMKECTBA, YIIOPALOUEHHDIE I10 BKIIOUe-
HMIO, 06pa3yloT MHAYKTUBHoe MHoKecTBo. Ilo nemme IlopHa cymecrByeT
M — MakcuMaJIbHOe Xopolllee MHOKecTBo. OueBUAHO, UTO TaKUM ke By-
net mHoxectBo N = {A € W | n(A) € M}. Tlo ycnoBuio 2 NNM = @.
IlokaxeM, uto MUN =W. llycte W\ (MUN) # @. Toraoa B cuny cBA3-

Hoctu T cymecrsyer B € W\ (M U N) Takoe, uto nubo BN ( | A) # 2,
AeM

nubo B n( U A) # &, HO B TakoM ciy4dae Jqubo M, nub6o N He ABJAeTcA
A€EN
MaKCHMaJIbHBIM X0polMM MHoxkecTBoM. CiienoBatenbHo, W = MUN. Tak
kak T cBA3Hoe, To cymecTtByeT P € M Takoe, uto P n( U A) # @, Torna
AEN

nP)ENunP)N( U A) #2. Nycts S = U A Bce koMnoHeHTHI
AeM AeN\{n(P)}
S nepecekatorcsa c f(P), tak kak |J A — cBa3sHoe MHokecTBo. CymiecTBy-
AEN

eT KoMIloHeHTa A; MHoXKecTBa S, nepecekaromasca Takxke ¢ P. Ilomoxnm
A = n(P)U(S\A4,), As= |J A. Ilo nocTpoenuio A; — cBA3HbIE, OTKPHITHIE,
AeM

nonapHo Iepecekalolneca noaMmHoxkectsa 1, T'= AjUA,UA3. B cuay no-
KaJibHOU nuHetiHOM cBA3HocTn T'  A; auvHeliHo cBa3Hble. [lpuMenssn cinen-
cTBue 1, nonyuaem, uto AjNA;NA3 # &. Tak kak A; npeacraBiaAT coboit
o6’ beAMHEHUA MONapHO He MepeceKalolMnXca ceMeicTB KoMIoHeHT n3 W,
TO CYIIeCTBYIOT TPH pa3JIMUHble KOMIIOHEHTHI U3 W, uMelolne Henycroe
oburee nepeceueHne. QueBNAHO, UTO 06pa3 obuieil TOUKA BTUX KOMIIOHEHT
JOJI’KEeH MpHUHaJeXKaTh cpa3dy TpeM M3 MHoxecTB Cp, Co, Dy, D,, uero
He MOKeT ObiTb. Mbl NPHIIIM K NPOTHBOPEUUIO M3-33a NOIYILUEHUS, UTO
Im f C R?\ {0}. Takum obpa3om, Teopema /0Ka3aHa.
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