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O HYJISIX IPOU3BOIHON PAIIMOHAJLHOM
PYHKIIUN Y1 KOMHBAPUAHTHDIX
MOOMNPOCTPAHCTBAX OIEPATOPA
CIBUTA B ITIPOCTPAHCTBE BEPITMAHA

§1. KPUTUUECKME TOYKU PALIMOHAJBHOW ®YHKIWUU

KRaaccuueckada teopema ['aycca yTBep:kAaeT, YTO eCaU BCe KOPHU
KOMILJIEKCHOT'O MHOT'OUJIEHA JIeKAT B MOJYIIJIOCKOCTH, TO U BCE KOPHU
€ro MPOM3BOMHON JIeKAT B TOU e MOJNYIIIOCKOCTH. AHAIOrOM 5TOM
TEOPEMBbI JJIA PAIMOHAILHON (YHKIMU r CIYKUT Teopema Youma |1,
ri. 4], onuceiBaolas MHOMKECTBO HA IJIIOCKOCTH, B KOTOPOM MOLYT
JeKaTh HYJIU [POU3BOAHON 1| B IPEMIIOTOMKEHUM, YTO HY U (YHKIUU
7 JIeKaT B OJHOW MHOJNYMJIIOCKOCTHM, & IOJI0Ca B HEKOTOPOW Apyroi
nogymiaockocTr. OKa3bpBaeTCA, OAHAKO, UTO HE3ABUCUMO OT PACIIO-
JIOKEeHNA MOMI0COB QYHKIUM 7, MOYKHO KOe-UTO CKa3aTb O pPacIoo-
sxenun Hyneid Gyurimu 7. OCHOBHBIM Pe3yJbTATOM CTAThU ABJIACTCHA
cieayolias TeopeMa.

Teopema 1. (i) Hyems r(z) = p(2)/q(z), degp > 1, - payuonasvnas
dynxyug, ece nyau komopol aexcam 8 3aMrRymMod noaynaockocmu H,
a me noawca, komopuie aemcam e H, geasiomes npocmusmu. Tozda no
kpatinell Mepe odun noav npoussoduoti r' aemcum e H.

(i) Jag awbwnz wamypaasuunzs vucea n,m (n > 1) cywecmeyiom esa-
UMMO NPOCMbLE MHOZOUAEHBL P, € RNpocmuiMu Hyagmu, degp = n,
deg ¢ = m maxue, wmo Pynkyug v = p/q umeem ece HyAU 8 3AMKHYMON
noaynaockocmu H, a ee npouseodnas r' umeem poeno odun noav 8 H.

fcHO, UTO TeopeMa ocraeTcAa cnpaBeANMBOH mMpM 3aMeHe B Qop-
MyJIUPOBKe MOJNYIIOCKOCTH Ha Kpyr. O6osHauuMm depes W(q,p) =
p'q — p¢’ BpoHCcEKman MHorouseHoB ¢ u p. Torga mepBylo 4acTh Teo-
peMbl 1 MokHO HepedopMyINpoBaTh TakK.

Pa6ora uactuuno nomnepskana rpaitom PO®PU No. 99-01-00103 u rpanToM
“Benymue nayunbre mkoab” No. 00-15-96022.
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Caencreme 1. Fcau ace myau odnozo u3z Mmuozouaenos p, Wiq,p)
(degp > 1) aeacam e noaynaockocmu H, mo no xpafinedd mepe odun
HOAb OPY2020 MHOZOMAEHA Aexwcum & H .

Knaccuueckas teopema ['pefica yTBep:kaaeT, YTO TaKUM Ke, KaK B
crnencTBumU 1, cBOMCTBOM 061aAaI0T Maphl AMOIAPHBIX MHOTOUJIEHOB
(em. [2, v, 4]) nam [3, ormen 5, rar. 2]). OTMeTnM, UTO B HAIIEM CITY-
qae mapa p, W(g,p) 6yner anonsproii aummb npu degp = degq = 2.
[MosToMy cBolicTBa AMOJIAPHBIX MHOTOYJIEHOB, BHITEKAIONIAE U3 TEO-
pembl I'peiica, mepenocarca ua mapsl p, W(q, p). Hanpumep,

Caencreme 2. Fcau ece koprnu muozousena p (degp > 1) aeaucam o
gunykaom muoxcecmee A, a ece xopuu eponcxuana W(q,p) aexcam e
sunyKaoM MHoxmcecmee B, mo nepecevenue AN B nenycmo.

Tocae Mmoero gormnana [4] Ha koHepenimn B uiore 2000 1. B OneH-
ce yJyacTHUK KoHpepeHmrn X. Byd¢ mrobeszHo coobmmi MHe o cie-
Ayioliel mepedopMyIUpoBKe IepBoil yacTu Teopemel 1, mpuueM oH
HAIlleJ] ¥ ApYyToe ee A0Ka3aTenbcTBO [B].

CnencrBue 3. Ilycmb r — payuonasvnoe omoopaxncenue chepwt Puma-
na. Feau ece wyau (uwau ece noawnca) omobpancenud r aexcam € 3d-
MEHRYMOM Kpy2e D, mo D codepxcum roms 6bt 00HY KPUMUNECKYIO MOY-
KY OMOoOpaANCenus r.

31ech oA KPUTUUECKUMM TOYKAMU 0TOBpamKeHusa r = p/q MBI 110-
HIMaeM KOHeYHble Hyam BpoHckmana W(¢,p) W TOURy oo, ecin oHa
ABJAETCA HYJIEM WU TMOJTIOCOM IJA r KPAaTHOCTU Goubliie, YeM 1.

lokaszaTenbcTBO TeopeMbl 1 oTimoxkum g0 §3, a celidac mpuBemgeM
mpugokeHe TeopeMbl 1 K 3a7ave U3 TeOPWUM MPOCTPAHCTB bBeprma-
Ha, KOTOpad M MOCIYXKMIIA UCXOJHON TOUKOW HACTOAIIET0 MCCIIeNo-
BaHUA.

§2. KOWHBAPUAHTHBIE MOANMPOCTPAHCTBA
ONEPATOPA CIBUTA B MMPOCTPAHCTBE BEPTMAHA

Chopmynupyem abCcTpaKTHYIO 3a7ady I HEKOTOPOIO T'MILGep-
ToBa MpocTpaHcTBa X QYHKIMHA, aHAJTUTAYECKAX B € TUHUIHOM KPYTe
D, D ={z:|z2] < 1}, a 3arem npumenum Teopemy 1 [js pelieHus
®TOW 3ajaum, B ciydae, KoTJa X ABIAETCA MpocTpaHcTBoM bep-
rmana. [lyctes omepatop casura M,, M,f = zf, meiictByer B X,
I — KOHeUYHOMEPHOE MHBAPUAHTHOE MOANPOCTPAHCTBO COMPAKEHHOTO
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onepatopa M}, dimI = n. Ecan f — snemenTt u3z I, To 4YTO MOMK-
HO cKa3aTb o umcie Hyseidr ¢yurimum f B kpyre D7 Jlerko Buuersh,
uro BocmpousBoamne Anpa kx(z) ((g,kx) = g(A), g € X) apaaiorcs
co6CTBEHHBIMUM BEKTOpaMU ollepaTopa M| a BoclpousBogAIme Aapa
JIJIA TP OM3BO AHBIX kg\m) ((g, kg\m)) =g (X), g € X) sBasiorcsa KopHe-
BbIMU BekTopamu omepatopa M. CuenoBaTenbHo, IpocTpaHcTBO [
ABIAETCA JTUHEWMHOW 06O0NIOYKON COAEPKANMUXCA B HEM BOCIIPOM3BO-
JAIMNX Aaep, To ecTh ecan f € I, To f = Z?Il ¢jky, (¢ coorBercTBY-
IOMMMA M3MEHEHUAMU, eciu [ COAEPHEUT KOPHEBBIE BEKTOPHI.)

B npocteiiimeM caydae, kKorga X ecTh HpocTpaHcTBO Xapad H2,
[ KOMHBApUWAHTHOTO moampoctpancTBa [, dim] = n, umeem [ =
Ko = H?*SOH?, rae © — npoussenenne Busmke ¢ n mymsavm {2 }7_, .
Torma Bratouenue f € I o3Havaer, UToO

Ny @)
f_gl—ékz_pz)’

e ¢ — IPOU3BOJBHBIA MHOTOUNEH, deg ¢ < n, a HyJIU MHOTOYIIEHA P

HaxoaATcA B D_ = {z : |z| > 1}. OueBnano, B 9ToM ciydae UHCIO
HyJlei MHOTOUJIEHa ¢ B KPYTe MOKeT NMPUHMMAThH J1060€e 3HaUeHre OT
0 mo (n—1).

Hycrs X = L%(D) sBasercsa npocrpancTBoM Beprmana, To ecTb
9T0 — IPOCTPAHCTBO aHaJUTUYeCKUX B D QyHKIWHA, 1JI8 KOTOPBIX

£ = [ 1f(2)[Pdms < o0,
/

e ms — HOpMUpOBaHHasA Maockad Mepa JlebGera. Torma

(m+ 1)lz™

ka(z) = _ kf\m)(z) = W

(1—2Az)2’
O6osnaunm uepes Z(f) MHOxecTBO Hyieit GpyHEIIN f.

Teopema 2. (i) Feau I ecmy unsapuanmuoe noonpocmpancmeo one-
pamopa M} pasmeprnocmu n, n > 1, f — nexomopuil saemenm uz I,
mo

0 < card(Z(f) ND) < 2n— 3.

(il) dag awbozo m, 0 < m < 2n — 3, nafdidymed uneapuanmmoe noo-
npocmpancmeo I pasmepnocmu n u saemenm f uz I, dag xomopozo

card(Z(f)ND) = m.
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Bocmnonb3oBaBiich BEIpaskeHeM AApa beprmMana A TPOU3BOIb-
HOM oJHOCBA3HOM o6iacTU dUepes KOHGOPMHOe oTobpaskeHUe 2Toi
objacTy Ha KPpYT U Anpo BeprMana AjdA Kpyra, MOIydnNM

CaencrBue 4. /lag awboi odnocessnoll obaacmu G ¢ epanuyed, co-
cmosugedl boaee wem uz 00noll mouxu, wucao nysell & G auneiinol Kxom-
bunayuu n (n > 1) gdep Bepeamana Moucem npuMUMAamy 3HAYENUT oM

0 do 2n — 3.

JlokazaTesnbcTBO TeopeMbl 2. BMecto kpyra D yano6uee 6yner pac-
CMOTPETh HWKHIOW moaymnockocts C_ = {z:Imz < 0}. Torma

f_;(z—zk)z’

rae z; € C4 = {z : Imz > 0}. Ecan nomnpocrpanctBo I comepKUT
Y KODHEBBIE BEKTOPHI, TO €CTh B CyMMe /UlA f BCTPEYAIOTCA U Cila-
raemble Buaa cx(z — z;)~ "™, m > 2, To cTeneHb YMCAUTENA Apobu f
OyleT MeHbINe, 4eM (2n — 2), TOSTOMY MOMKHO MPEINOTORNTH, 4TO
BCe TOUKU {2} }}_; PA3iIMUIHBL. 3aMeTUM, 4TO

Z—Z
k=1 k p

f(z) = —Zn: o /:<2)/, Z(p) C Cy.

To caenctBuio 1 mo KpafiHell Mepe oaWH HOJB BpoHCcKuana W(q,p)
ekt B Cy m, spaunt, card(Z(f)NC_) < 2n — 3.

HoraskeM myHKT (i1) mHyKIMeHd mo n. Jlndn = 2 gerko yKas3aThb Ju-
Helinble KOMOMHAIMMY, BOBCE He MMEIOIMe HyJIei, a Takke JTUHEAHbIe
roMOuHaImy, nMmelomue oaue Hoib B C_ . Ilycts mua (n — 1) yrBep-
#aenue BepHo. V3 myHKTa (ii) TeopeMbl 1 ciienyer, 4To CyIIECTBYIOT
B3aMMHO TIpOCTHIE MHOTOUJIEHEI p, ¢, degp = n, degq = n — 1, Takme,
aro Z(p) C Cy, card(Z(W(q,p))NCy) =1, rae C; = {z :Imz > 0}.
Tak rak deg W(q,p) = 2n—2, 10 card(Z(W(q,p)NC_) = 2n — 3. Ana-
J0TMYHO, BEIOpaB ¢, degq = n — 2, MOJIyYnM JUHEAHYIO KOMOMHAIINIO
n agep Beprmana ¢ (2n —4) mynaamu B C_ | ecam ke 0 < m < 2n— 5,
TO TI0 MHAYKIMOHHOMY TIpealloo:KeHnIo Hainercsa saement f, f € 1,
dim7 = (n — 1), Takoii, uro card(Z(f)NC_)=m. O

Or1MmeTuM, 4TO KOHeUHBbIE JUHEeHHbIe KoMOuHaIMU Anep Beprmana
usyuarorca B [6] B cBaA3M ¢ mpobieMoil GpakTopU3alMU B IPOCTpPaH-
ctBe BeprMana.
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§3. JIOKA3BATEJIBCTBO TEOPEMBI 1

Jemma. IIyemy g(z) = 2" +an_12" " +...+ag — Mrozowaen, ace nyau
komopozo aexmcam ¢ Cy, moeda ay/ag € C;.

JoxkazatesnbcTBo demmbl. O603HaUMM 4epes ci,...,C, HYJIW MHO-
rouiteHa g(z). Torma

aOI(—l)ncl...Cn, al:(_l)n_lznck’ Z_;:_Zci
j=1"

j=1 k=1
k#j

Ecau ag # 0, To meMMa cripaBeaamBa u ipu 3amene Cy ma Cy .

HokaskeMm TyHKT (1) TeopeMbl 1 A MOMYIITOCKOCTH Cy. Ecom y
MHOT'OYJIEHA p €CTb HOJNb KPATHOCTUA GOJbINe, UeM OAWH, TO BTOT Ke
HOJIb GyaeT HydeM BpoHCkmana W(g,p), MOSTOMY MOMKHO CUMTATH,
4TO BCE HYyJW TOJMHOMA p pa3nauubbl. CpenaeM JUHEWHYIO 3aMeHY
TTepeMeHHBIX B MHOT'OYJIeHAaX P W ¢ TaK, 4YToOLI OAWH W3 HyJleili MHO-
roujieHa p COBIAJI C HAYaJOM KOOPJWHAT, & OCTaJbHbIE €0 HYJIM
OCTaJIUCh B @+. Bynem cumtaTh, uTO cTapimme Kos(QUIIMEHTHE MHO-
TOYJIEHOB p U ¢ paBHBI eauauile. O6o3HaunM

p(z) = 2" 4. Faxzi+arz, W(g,p)=(n—m)z"T" " 4 4 biz4bo.

Tak Kak p u ¢ B3auMHO mpocTh, To ¢(0) # 0,

W (g, p)(0) = (p'q — ¢'p)(0) = p'(0)¢(0) = a14(0),
(W(q,p))'(0) = (p"q = q"p)(0) = p"(0)q(0) = 2a2¢(0).

C apyroii croponst W(q,p)(0) = by, W'(q,p)(0) = by. CaenoBareinb-
"o, b1 /by = 2as/a;. Ilo nemme as/ay € Cy. JlomycTuM, 4To Bce HYJIH
BpoHckuaHa W(q,p) nexar B C_, Torga mo gemme by /by € C_, uro
HEBO3MOXKHO. 3HAYMT X0TA Obl 0JKH HOJb BpoHCcknana W (g, p) moma-
gaer B Cy.

Ina jporasareibcTBa HyHKETa (i) 6ymAeM HCHOMB30BATH CHEIYIO-
muii (cMm. Hamp. [7, Ta. 9]) pesynbTar, M3BECTHBIA U3 airebphl.

Ilpemmoxenume. ITycms u(x),v(x) — sewecmeennbie 83aUMHO NPOCNBLE
Mmuozousens, f(z) =u(z) +iv(z),

ni(f) = card(Z(f)NCy), na(f) =card(Z(f) NC-).
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Tozda ny(f)—na(f) = —I(u,v), 2de I(u,v) — undexc MHOZOUAENE U OM-
HOCUMEAbNO U, PasHbi pasHocmu wucaa Kopued u nepgozo muna om-
Hocumeavno v (xg — Kopeny nepsozo muna, ecau u(xg) = 0, u(x) - v(x)
MEHTEM 3HAK € MURYCA HA NAOC NPU Neperode wepes Tg) U YUCAL KOP-
Hefl w emopozo muna (rg — Kopewy emopozo munda, ecau u(zg) = 0,
w(z) - v(x) MenTEM 3HAK ¢ NAVCE KA MUHYC NPU Neperode wepes Xp).
Hnoexe I(u,v) snuucagemed ¢ nomousio obobuennozo pada llmypaa:

fOIU, flzva fj:fj+1gj+1_fj+2a jIO,l,...,k’—Q, fk‘:COHSta

a umenno, I(u,v) = V(u,v;—oc0) — V(u,v;+00), 2de V(u,v;x) — wucao
nepemen snaxoe e pade Ilmypma {fj(x)}fzo.

ITprcTynmMM K MOCTPOEHWIO B3aMMHO TTPOCTHIX MHOTOUJIEHOB P, ¢ C
npocTeIME HyAMu, deg p = n, deg ¢ = m, n > 1, Tarux, uro ni(p) = n,
n1(Wi(q,p)) = 1. 3adurcupyem n,n > 1, BeibepemM n pasiudHEIX Be-
[IECTBEHHBIX YNCEI L1, L, . .. , Ln, HOTOKAM g(2) = (2—21) ... (T—2y,),
p(z) = g(z) — dag’'(2), e a > 0, mapamerp a BBIGepeM moToM. Hy-
M MHOTouJIeHa p(z) HENPEPHIBHO 3aBUCAT OT HapaMeTpa &, BhIGe-
PEM @ HaCTOJNBKO MaJIbIM, YTOOEI HyJW MHOTOUYJEHA p OLIIM 6JIM3KA
K TOYKaM &1,...,&Lp, ObLIM pasiauudel U p(i) # 0. MHorodmeHE! ¢
6ymeM CTPOUTDH MO MHAYKIMM o cTermenu m. Jas m = 1 momosknm
q(z) = z —i. Torma

Wi(g,p) =92 —g—ig +a(—g" —izg" +ig).
IMoacunraem umncio wyneid B Cy y muorousnena f = g—z¢ +ig’. Hua
napel ¢,¢ wveem V(g,¢';—o0) = n, V(g,9';+00) = 0. Pax Itypma
s napel (g — ¢'x), ¢’ ormmuaerca ot pana Ulrypma amna naper g, ¢’
TONBKO MepBbIM diemerToM. Crapiinii KoopQUIMeHT MHOTOUJIEHA
(9—9g'z) pasen (1—n), 1 —n < 0. CaemgoBarenrHo, V(g—g'z,¢'; —o0) =
n—1, V(g — ¢z, ¢;+0) = 1, ni(f) — n2(f) = —(n — 2). 3naunr
n1(f) =1, na(f) = n — 1. Boibepem mapaMeTp ¢ HACTOIBKO MAJBIM,
uTo6bl KOPHU BpoHCkKMaHa W (g, p) ocTanmch B TeX e TMOIYMI0CKO-
crax C_, €y, uro u y maorounena f. Torma ny(W(q,p)) = 1.

IormycTyM, 9TO TIOCTPOEH HOPMaJU30BaHHEIA MHOTOUIIEH ¢, deg ¢ =
m, takoit, uro n1(W(q,p)) = 1. llpeamonoxmum, uto m £ n—1, m # n.
Byem nckaTh MHOTOUIEH ¢1 cTenenn (m+1) B Bume ¢1(z) = q(z)(ez+
i), ¢ > 0, mapameTp ¢ BeIGepeM mozke. Mmeem

pg=:"""+ g1, deggi <m+n,
Wi(g,p)=(n—m)z" "1 4 gy degga<m+n—1,
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32 .
Wi(q1,p) = (ez +9)W(q,p) — epg =

_ . mtn—1 . on—m 9(z)
=¢z (n—m—l)<z+z(n_m_1)€—|—zm+n_1—I—EC ,

degg<m+n—1c€C. Takrkak m#n, m#£n—1, 1o

n—m . n—m
>0, zp=-—1

3 zOEC_.
n—m-—1

(n—m— 1)’
Bribepem £ HaCTOMBKO MaJbIM, YTOOBI caMblii GOJBINTON MO MOIY-
MO KopeHb BpoHCkmaHa W(qy,p) Obln GAM30K K zp, a OCTAJbHBIE
KOpHM BpoHckmana W(qy,p) 6bliu Obl GIM3KKA K KOPHAM BPOHCKHA-
Ha W(q,p) n nexkanm 681 B Tex ke moaynnockoctax Cp, C_, uro u
ropan W (g, p). Torma ni(W(q,p)) = n1(W(q,p)) = 1.

Fcmm m = n — 1, To monoskum q; = q + p. Torma degq; = n,
Wi(q1,p) = Wi(g,p).

Tem cambBIM Teopema moKa3aHa UIA BCeX Tap n, M, IS KOTO-
peix m < n. Ocranoch TOJIBKO MOCTPOUTL MPUMEP MHOTOUJIEHOB
p,q, degp = n, degqg = n 4+ 1. 3amerum, 4TO ecaW MHOTOYIIE-
HBL p, ¢, degp = n, degq = m obGmanaror cpoiictBamu ni(p) = n,
n1(Wi(q,p)) = 1, 1o Takumu ke cBolicTBaMm 06IaAAI0T MHOTOYIIEHB]
p1(z) = 2"p(=1/2), ¢1(2) = z2™q(—1/z). Tlo morazaHHOMY, CyIIECTBY-
10T MHOTOYJIEHE! p, ¢, degp = degq = n+1, ana koropeix ni(p) = n+1,
n1(Wi(q,p)) = 1. flcHo, uTo yTBepsKAEHNE TEOPEMBI O 3aMKHY TOM IO~
JIYTIIIOCKOCTY SKBUBAJEHTHO YTBEP:KIEHNIO 06 OTKPBITON MOJyTIIOC-
koctu. [loaToMy, He yMaIAa 0BIMHOCTH, MOMKHO CUMTATEL, YTO OWH W3
HyJleli MHOTOYJIeHa P COBIaAaeT C HavaJ oM KOOPAUHAT, a OCTaJbHbIE
aexar B Cy. Hosomum py = 2" Hp(=1/2), ¢1 = 2"Tq(—1/2). Toraa
degpi = n, degqr = n+1, ni(p1) = n, mi(W(p1,q1)) = mi(W(p,q)) = 1.
(I

Sameuanme 1. Ananor Teopembl Youma [1] o Hy#sAX NpousBoaHON
panroHanabHON (QYHKINM cIIpaBeIJWB U JJA IPOU3BOIHON MpoU3Be-
JeHnsA AByX MHoro4diieHoB. [IpocTefimme mpuMepbl MHOTOUJIEHOB P, q,
degp =2, degq = 1, mokaswBaT, 4TO B TeopeMme | HeNb3sA 3aMEeHUTH
OTHOIIIEHME MHOT'OUJIEHOB Ha UX IIPOM3BEJIEHUE.

3ameuanue 2. B Tteopeme 1 ycamoBue, uTo moaroca QYHKIUM 7, HO-
magatonie B H | MOJBKHBI OBITH TPOCTHIMU, ABJAETCA CYIECTBEHHBIM.
Bass, manpumep, p = (z — i)(z — 2¢), ¢ = (¢ — 3i)?, noayumum npous-
BoaHYIO 1, He umerorntyto Hyseit B Cg .
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Brio 6br mHTEPECHO M AJA APYTUX TUIbOEPTOBBIX TPOCTPAHCTB
aHAJIUTUYECKNX PYHKIMIA B KPYTe U B IPYTUX 00JIACTAX UCCITIEA0BATD
BOIIPOC O BO3MOKHOM YHKCJIIe HY el JTUHENHOT KOMOUHAIIMN N BOCIIPO-
U3BO AANMUX AAED, B 9ACTHOCTH, JIA BECOBBIX MpocTpaHcTB Beprmana
¥ JUiA pocTpaHcTB BeprMana B MHOTOCBA3HBIX 067aCTAX.

B szakatouenue npuHoty 6aarozapaocth ['. Hlammpo, koTopwiit
IIPUBJIEK MO€e BHUMAaHKUE K BOITPOCY O YUCJIe HYJEeW B Kpyre JUHERHOMN
roMmbuHarim n Anep beprmana.
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Videnskii I. V. On the zeros of the derivative of a rational function
and coinvariant subspaces for the shift operator on the Bergman space.

If all n (n > 1) zeros of a rational function » with simple poles are in
a half-plane, then the derivative of r has at least one zero in the same
half-plane. This result is used to prove that the number of zeros of a
linear combination of n Bergman kernels in the unit disc may range from
0 to 2n — 3.
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