B. B. KanycTtun

XAPAKTEPUCTNYECKHME ®YHRKIINN
N NX $AKTOPMN3AIINN

B »T0i#i 3aMeTKe MBI gaeM HOBOe ompejelieHre XapaKTepUcTuue-
CKOM QyHEIMUM O cEaTUA B I'MIbOEPTOBOM IIpocTpaHcTBe. O pac-
cMaTpuBaeTcA Kak QYHKIMA, 3HAYEHUA KOTOPOH — omepaTophl, Aeii-
CTBYIOIIHME B TOM 3Ke CaMOM IPOCTPAHCTBE, CHADKEeHHOM Becamu. Mbl
yCTaHABIUBAEM HEKOTOPBIE (JOPMYIIBI, CBA3BLIBAIONINE HAIE OMpee-
JeHre ¢ KIACCUYECKUM OTIpeeIeHueM W OTIpeleieHueM, UCTIONb3Ye-
MBIM B “6eCKOOpAMHATHOM  BapraHTe Teopuu (QYHKIMOHATIHLHONW MO-
menu. Vlcmob3ys Hallle HOBoe OTIpeIeileHre, Mbl JaeM HOBYIO MHTeP-
mpeTanuio aKTOPU3AINUNA XaPAKTEPUCTUUECKON QYHKIMM, COOTBET-
CTBYIOIIEH MHBAPUAHTHOMY IO ATPOCTPAHCTRY.

XAPAKTEPUCTUUYECKHUE ®YHKIMU CEATHUIA

1. Haunem c KJIaCCHYECKOTO ONMpeAENEeHNA XapaKTePUCTUYeCKON
¢yurmmn cxatua. llycts T' — cixaTne B TUAL6EePTOBOM IPOCTPAHCTBE
H. llpemmonoskum, uro T — BHOJIHE HEYHUTAPHO, T.€. HE CYIIECTBY-
eT HEHYIJIEBOTO MOANPOCTPAHCTBA, TpuBoAmiero 7', Ha roropom T’
JMeficTBYeT Kak yHUTApHBIA omepartop. Onpenenum D = (I — T*T)l/z,
D. = (I =TT*)"? D = closrange D, D, = closrange D,. Xapaxmepu-
cmuveckad gynxyus 0 — 9To QYHKINA, 3HAUEHUA KOTOPOH — ollepaTo-
pel u3 D B D,

0(A)d = (=T +AD.(I =X XT*)"'D)d, deD. (1)

B [1] cobpana ocHoBHaA MHGOPMAIMA O XAPAKTEPUCTUYECKUX (OYHK-
AX. X0opoIro u3BecTHO, 4To GYHKIWA § — cEmMatomnad, T.e. ||6(A)]| <
1 mas Beex A, |A| < 1. Mbr mummem 6 € H* (D — D).

Ecau Q — ananurtudveckas oneparopHO3HaUHad (YHKIUA, TO MbI
FOBOPUM, UTO BCe QYHKIMU BUAA T$27™ rae 7, 7. — YHUTAPHbIE Olle-
paTopsl, coenadaiom ¢ Q. Ecan [|Q|cc < 1, To Q MoxeT GBHITH Npe-
craBiieHa Kak ) = Q, B, rae Q, — yHUTapHaA KOHCTAHTA, a {2, — wu-
emas Gyurmmsa, T.e. ||Q,(0)e]| < ||e|| mug Bcex e # 0. Bee crumaromue
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72 B. B. KAIITYCTUH

omepaTopHO3HAUHBIEe QYHKIIMN, UNCThle YaCTA KOTOPBIX COBIAJAaioT C
f, Takke OyAyT HA3LIBATHLCA XapaKTepUCTUYeCKUMU PyHKImMAMuU 1.

2. Ilycts W > 0 — HeorpumatedbHbiii omepatop B H. Omupenenum
HOBO€ CKaJIipHOE Mpou3Benenue B H:

< >w= (W ). (2)

Uepes Hw O6ymem obo3HauaTb 3aMblKaHNe (aKTOP-TIPOCTPaHCTBA
H/ker W 0THOCUTENBHO HOPMBI, COOTBETCTBYIOIIEH CKAIAPHOMY PO~
M3BEIEHNIO < -, - >w.

Teneps onpenenum pyHrimo O, O(N) : Hy_psp — Hi_prp=;

ON) = (I = AT)"*(A=T). (3)

Jlemma 1. Qyuxyus © cosnadaem c zapaxmepucmuneckol Pynrxyued
8 cocamus T'.

JoxkazareancrBo. BBemem omepatopnl 7 @ Hy_psp — D, 7h = Dh,
u T : Hi_pps — Dy, 7vh = Dyh. OueBuano, 7, 7. — yHUTapHbBIE
omepaTophl. Y TBep:KIACHUE JIEMMBI CJIEAYET U3 XOPOIIO M3BECTHOTO
cootHomenns #(A)T = 7.0(X), KoTopoe NErKO MOMKeT GBITH MPOBEpe-
HO.

3. Ilo ompenenenuto, bayxucdaiou,ee TPOCTPAHCTBO U30METPUUECKOTO
omepaTopa ecTh OPTOTOHAJNBLHOE JOTONHEHNE €ro o6pasa.

JIrwo6oe ckaTme UMeeT uzomempuseckyio duaamayuio. Vzomerpusa
U4, nelictBylomas B IpoCTpaHCTBe, colep:kalleM [{, ecTh M30Me-
TpUYecKasd AWIATANUA CHATUA |, eCan OPTOHOHAIBHOE OTOJHEHNE
G npoctpancTBa H mHBapuaHTHO oTHocuTedbHo Uy. Baysknaromme
noanpocrpadcTBa oepaTopoB Uy u Ut|g Byayr obosHayaThesa co-
OTBETCTBEeHHO F, u F.

HaMm HysKHBI HEKOTOPBIE (POPMYIIBI, 3AaMMCTBOBAHHbIE U3 “BecKoop-
AvHATHOTO” BapuaHTa Teopuu (pYyHKIMOHAILHOK Mogeiu [2]. Bpegem

U3OMETPUYECKUe BIIOMKEHUA T U T, IPOCTPAHCTB BEKTOPHO3HAUHBLIX
dynriwmit H2(E) u H*(E.) B H & G:

ﬂ'szek:ZUf_ek, ex € F,

k30 k30

k k
T*Zz 6*k:ZU+6*k, e« € I,

k20 k20
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Torma Upnm = wz, Uynm, = mez. Has oneparopa S = 7,7 uMeeM
zS = Sz. Dr1o o3HavaeTr , yro S — omepaTop YMHOMKEHUSA Ha Olepa-
TopHO3HauHyo ¢yHkmo 13 H®(E — F,), roropaa 6yner o6o3Ha-
yaThes TOH ke camoit 6ykBoii S. s |A| < 1 ecrecTBeHHbIM 06pa3zoM
ONpeNeAnTca omepaTophl S(A).

JlemmMma 2. S — zapaxmepucmuvecxad yuxyug 1.

JokazareancrBo. OmpeaennM M30MeTPUUYECKIE OTIEPATOPHI ( W (Vy
(87 HI—T*T — E, ah = PEU+h = (U_|_—T)h; Qy o HI—TT* — E*, Oz*h =
Pep.h = (I = UsT*)h (3mect Pg, Pg, ofo3sHavaioT opTOTOHAILHBIE
npoekriun Ha F, E, coorBercTBenH0). iMeeT MecTo

CybBaemma 3. S(A)a = a,O(X).

ﬂpyFI/IMI/I cJIoBaMH, B Cy6HeMMe YTIBepKAAECTCs, UTO CJlaeAdYyIoasd
AnarpaMMa KOMMYTaTHUBHA.

Hyi_pwp % . FE

G(A)l lS(A)

Hi_ppe —2=— F,
JokazareancrBo cybaemmet 3. [asa h € H umeem:
OMNh —ah = (I = U T = AT YA = T)h— (Uy = T)h
(I=U T = AT Y A=TYh = (A =T)h+ (A= Up)h =
(AT* — U T = AT*) M (A = TYh 4+ (A = Uy)h
(A= Us)(I = XTI = T*T)h = (A = Uy ),

rae f = (I — XT*)"YI — T*T)h. Tak kak f € H & (G, nonyuaem
[72(A = Up) 1A = [(A = 2)(=: )H)(A) = 0. CaenoBareinbHo,

S(Nah = [miah](A)
(72 (b + (A= U DI = [ s OO)AIA) = 4O\,

IoxrazaTeanbcTBO Cy6HeMMbI 3aKOHYEHO.

Ecmm U}y — MuHMManbHaA AUJIATAIlAA, TO ONepaTophbl o U &, YHU-
TapHBl. DTO 3HAYUT, 4To QpyHKIMKU © u S coBnanalor. Ecam Uy — He
MUHWUMAJbHAA JUIATAINA, TO, AaHAJOTUYHBIM 06pa3oM, YMCTasd YacTh
S cosmamaer ¢ ©. OpToroHalbHOE AOMOJHEHME IIOANPOCTPAHCTBA
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MUHHUMAJbHO m3oMeTpudeckoin munataimu H & (¢ — uHBapuaHTHOE
o AIpocTpaHCcTBO ollepatopa Uy. Baysxnalomee moATpoCcTPaHCTBO
cykeHusa U, Ha »To MOAIPOCTPAHCTBO colep:RkUTcA B £ u I, m op-
TOrOHaNBHO obpaszaM « u «,.. CremoBarensHo, S(A) aeficTByeT Ha
5TOM TOANPOCTPAHCTBE KaK TOXKAECTBEHHRBIN omlepaTop. TakuM obpa-
30M, (4ncrad 9acTh) S — Xapakrepructrdeckad GpyHKmA T, 1 JeMMa
JOKa3aHa.

MHBAPUAHTHBIE TTOANTPOCTPAHCTBA

1. Temeps mpeamosoxkum, uto H; — WMHBapUaHTHOE ITOAMPOCTPaH-
Ty

O 1T
H = Hy ® Hy. Cuenya [3], Mbl 0603HauUM GayRIAIOMEE 10 AIPO-
crpancTBO cyskenms Uy vHa Hy @ G 6ykBoit F'; mych 17 — M3doMeTpude-
ckoe Baoxenue H?(F) B H & G,

Ny =Y Ulfs, f€F

k20 k20

CTBO T, u 1" umMmeer MaTpuny ( ) OTHOCUTEJBbHO pPa3JIOKECHUA

Beenem Qyukimu S; u Sy TakUM ke 06pa3oM, KaK Mbl OIpPeAeniin
Bhiie pyurimio S: S1 = n*w, So = @;n. Takue ke coobpaskeHus,
KaK Mbl MCIIOJIb30BAJM B MpeAblAyIieM naparpade; IPUBOIAT K TO-
My, uto S; u Sy — XapakrTepuctuieckue GpyHkimu orneparopos T u Th
COOTBETCTBEHHO. B X0pollo u3BecTHOM TeopeMe 0 GaKTOPU3AIMN Xa-
pakTeprcTrdeckoil ¢pyrrimm (cMm. Hamp. [1], §VII.1) yrBeprkmaercs,

uro S = 5957

2. Ilyctb pynrimn 01, Oz umeror A oneparopoB 11, Th Takoii ke
cMbIci, Kak ¢yHKima O nua T. Umeem:

O\ = (I-AT*)"'(\=T) =

I-x1y 0 \'[/Aa-Ty —X )\ _
AXY I-ATS O A-T,)7

(I-AT7)~! 0 A-Ty —X
(I=AT3)"IAX*(I—ATy)™L  (I-AT3)~! O A-T,)7



XAPAKTEPUCTUUYECKUE ®YHKINUU 75

01() ~(I-AT?)'X _
((I—/\Tz*)_lAX*G)l(A) @z(A)—(I—/\Tz*)_1/\X*(I—AT1’")_1X) -

I 10, O1(\) —(I-ATF)~'X\
((I—AT;)”AX* Gz(A))( 0 1 )_
0:(1)01(N). (4)

Henw sToro pasmena — moka3aTh, yTo B auarpammy Cyb6iemMwbr 3
MOeT ObITh BCTaBileHa MPOMEKYTOYHAA KOMIOHeHTa. BBemeM mpo-
MeKYTOUHBIA Bec:

(I-TTr X
W_< X I—Tz*Tz) 5)

u Bioskenns 3 : Hy — F, Bh = Pp(Uy + I)h, h € H. Paccmorum
CIEAYIOMYIO AUArPaMMY.

Hy —1

éQ(A)l lSQ(A)

Oy
Hy_rrs —— D,

Teopema 4. (i) Dma duaeparama KoMMYyMaAMueHa;

(ii) Onepamopwt o, 3, vy — usomempunecxue. Feauw Uy — Munumans-
HAT UBOMEMPUNECKAT QUAAMAYUT, MO OHU YHUMAPHBL, & FIMOM CaAY*de
daxmopusayuu S = 525 v O = 0,6, YHUMAPHO IKBUBAAEHTMHBL.

JokazaTesqbcTBo. [lpeanomosknmM, 4To M30METPUYECKAS ATl
MUHUMaJbHA (B 06IIeM ciydae MPpOCTPAHCTBO M30METPUIECKON H-
JaTallMM paclagaeTcs B MpAMYIO CYMMY IIPOCTPAHCTBA MWHAMAJb-
HOM M30METpUYECKOW AMNIaTallii M ero OpTOTOHAJLHOTO JOTIOJHE-
HUA; Ha BTOPOW KOMIIOHEHTE MHAYIMPYIOTCA €IMHUYHEIE ONTePaTOPhl
Kak MpsAMble ciaraeMble B DasjiosKeHUAX orepaTopob Si(A), Sa(A)).
OnepaTopel & M «, YHUTAPHBI; JOKa3aTedbCTBO TAaKOe 3Ke, KaK U B
Jlemme 2.
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Temeps mpeacTaBuUM HaBPOCOK AOKA3aTENLCTBA TOTO, UTO JMa-
rpamma KoMMmyTaTtuBHa. OCHOBHBIE UAEU — Te 3Ke caMble, UTO U B
nokazarenbctBe Cybaemmer 3. Mo onpenenennio, 3 = Pp(Uy + Ih.
Jlerko mokaszaTh, uro ecan hy € Hy, 1o Shy = (I — UTY)hy, u ecin
ha € Ha, To fha = (U; — Ta)ha. HemocpecTBEHHBIM BBIUKCIIEHUEM
nojydaercs, 4ro aaa h = hy @ hy € H = H| © Hy umeeM: ﬁél(/\)h =
(Up=TYh+(A=Uy)f, vne f = (I—/\Tl*)_l((I—Tl*Tl)hl—Q‘Xhz) € H;.
CrnenosarenrHo, S1(A)ah = [n*(Us — THR|(A) = [7*FO1(A)R](A) =
BO1(Mh. HoraszareabcTBo cooTHoImeHUA S2(A)f = a*éz(A) MOMKET
OBITH MOJIYUYEHO TI0 AHAJOTUUYHON CXeMe ¢ UCIOJb30BAHUEM COOTHO-
menns a,Ou(Mh = Bh+ (A= Uy)f, vae f= (I — XI5~ (X*hy + (I —
T;Tz)hz) € Hs.

Hokaxkem, uto [ — yuurapuseii omepatop. To, uro 3 — umzome-
TpUsA, TOKA3BIBAETCA HEMOCPEACTBEHHO. JIpyroe moKa3aTeibCcTBO MO-
’KeT OBITh MOJNYUYeHO paccMoTpeHreM yHuTapHobt mumatamvu 1. To-
rja BOMPOC CBOJAUTCA K OUEBUAHOMY CJIYYAIO YHUTAPHBIX OMEPATO-
poB. Ocraerca mdoKa3aTh, 4To [ UMeeT IIOTHBIA o6pa3. BosbMmem
BekTop f € F'| opToroHanbHbld o6pasy . DTo 3HAUUT, YTO MJIA JIO-
Goro h = hy®hy € H = Hi® Hy me1t umeeMm (U +1)h, f) = 0. Tak kak
(ha, f) = (Ushy, f) = 0, o10 mepenucwkBaercsa kak (hy + Upha, f) = 0.
D710 3nauuT, uro f oprorouasen Hy u Uy Ha, nockonbky hy u hy —
npousBoJibHble. Tak kak f € Hy & G u f oproronanen H,, momyua-
eMm, uto f € (G. D710 MoxkeT ciyunThbes Toabko ecau f € E. To, uro
BekTop f oproronasen Uy Ho, o3navaer, uro f oproronasen U H, n
caenosarenbno, Uy f oproronasen H. Suaunt f € F.. Ho ecam mu-
JaTania MUHUMAJbHa, To mepecedenue F u F, cocTonT U3 HyIEeBOTO
BekTopa, oTkyAa f = 0, u TeM caMbiM [§ — YHUTAPHBIH OMEepaTop.

Takum o6pasoM, norasareidbcTBO TeopeMbl 4 3aKOHUEHO.

3ameuanud. 1. Jlerko HEMTOCPEACTBEHHO TPOBEPUTH, UTO YMUCTHIE Ya-
ctu ©1 u Oy coBunagaoT ¢ O u Oy COOTBETCTBEHHO.

2. AnanormyHas KOHCTPYKIMA MOXKET OBITH ITOCTPOEHA AJA COMPS-
JKEHHBIX omepaTopoB. CBsA3b C MCXOAHOW KOHCTDPYKIIMEH CTAHOBUTCA
ACHOW, ecyim MBI PACCMOTPUM YHUTApHyIO auiartanuio [ omepaTto-
pa T'. Torma U oTobpaskaeT O6ysKmalolllee MOANPOCTPAHCTBO, BO3-
HUKAIOINEE B COTPMHKEHHOM Cilydae, B BIyKIaIONIee IPOCTPAHCTBO B
KOHCTPYKIIUM, ONMMCAHHOW BHIIIE.

3. Takxke, dopmyibl pakropuzammu © M aHAJIOTUYHBLIE (HOPMY-
JIBI, TIOCTPOEHHBIE 1A omepaTopa 1™, B3amMmocBA3aHbl. Kaxkyiasacs
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ACUMMMETPUA B DTUX (bopMynaX ncyesaeT, €CJN Mbl BCIIOMHUM, YTO
nMeeM JeJIo ¢ BECOBBIMU IIPOCTPpAaHCTBAMMU.

HECKUMAIOIIUE OMEPATOPHI

Mgl nokaszadiu, 4To XapakTepucTudeckas QyHrImsa O, BBeieHHAA B
®TOl 3aMeTKe, COBIaaaeT ¢ obbraHoi. TakuM 06paszoM, MBI IOy YM-
JU HOBYIO MHTEPIIPETAIMIO XaPaKTePUCTUUYECKON (YHKIMMU, KOTOpasd
[03BOJIAET HAIIMCATH (OPMYJIIbI, CBA3AHHbBIE ¢ MHBAPUAHTHBIM 10 111D O~
CTPAHCTBOM CKATHA.

DTo onmpenenenne MosKeT GBITh €CTECTBEHHO PaCIIMpPEHO Ha HECHKIU-
Matomuii caydaii. [lpuBenem 31ech OCHOBHEIE OTIpEAeeHUs IS He-
ckartuii. Knaccudeckoe onpejeiieHue XapakTepUCTUUECKOR (YHKIUU
ecTh caemyiomee o6o6imenne dopmyart (1). Mycts D = |1 —T*T|"/?,
J = sign(l — T°T), D, = | — TT*|'/?, J. = sign(I — TT*), D =
closrange D, D, = closrange D,. Ecau 1/;\ He NPUHAIIERKAT CIIEKTPY
T (B YaACTHOCTH, €CIIM A JTOCTATOYHO MaJio), To #(A) — omeparop m3
D B D.,

0(A)d = (=TJ + AD.(I = XT™)"'D)d, deD.

Tenepnr nocrpoum anajor ¢yurumu O. IIpocrpancrBa Hi_p-r,
Hj_77+ onpenensioTcs Tak #e, Kak BN, HO TelMepb OHM HE T'MJlb-
GepToBHI, a MpocTpaHcTBa Kpeiina (B 4eM paszimune mexkay O u ).
Nwmenno, ecaim W — caMoconpssKeHHBIA omepaTop (HeobA3aTebHO
HEOTPUITATENbHBIA), To, Kak B (2), OIpeaesnM HOBO€e CKAIIAPHOE PO~
nspeenne < -, - >w= (W), KoTopoe MokeT GBITH HEOPEIeTEHHBIM
(T.e. < 2,2 >w MOMkeT GBITH oTpUIATeNbHEIM). PyHRIMA O ompee-
seHa Toii ske camoit dopmyoit (3): O(A) = (I-AT*)"YA-T). Pynk-
i © u f cBA3AHBI U3BECTHREIM cooTHoImenneM D, O(A) = 0(A)DJ.

ITpomerky ToUHBI Bec 1 GakTopmzamma O = 0,0, cooTBeTCTBYIO-
e MHBAPUAHTHOMY IOANPOCTPAHCTBY, ONpeAeNATCA (GOpMY IaMK
(4), (b). Hameemcs, uTo 9Ta MHTEPIpETAIUA TEOPEMBI 0 (GaKTOpPH-
3alUU XapaKTePUCTUYECKON PYHKIMU TOMOMKET MOHATH, YTO IIPOUC-
XOJWUT B BHIPOKIAEHHBIX CIy4YasdX, HallpUMep, €CJU CY;KeHUe BIIOJIHE
HEYHUTaPHOTO OIepaTopa Ha MHBAPUAHTHOE IMOAIpPOCTPAHCTBO €CTh
YHUTapHEIA onepaTtop. Ilocieanee HEBO3ZMOMKHO, €CIIM paccMaTpuBar-
eMBI ollepaTop — CKaTHe.
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