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ASYMPTOTICS IN THE LAW OF THE ITERATED LOGARITHM 

В статье рассматривается точная асимптотика в законе повторного 
логарифма. Результат работы [4] обобщается на случай неодинаково 
распределенных случайных величин. 

Ключевые слова и фразы: закон повторного логарифма, неравенство 
типа Фука-Нагаева. 

1. Introduction. Let us consider a sequence {Xi, г > 1} of independent random 
variables such that EX{ = 0 and EXf = of < oo for i ^ 1. Set Sn = Хг + \- Xn 

and assume throughout the paper that B2 = ES2 > 0, n ^ 1. Our aim is to study the 
asymptotic behavior of the following expression: 

p{\Sn\>ey/Bn\n\nBn} as e ^ 0 + , (1) 
n = n o 

В1ЫВ1 

stipulating that no = min{n: B2 > e} ^ 1. In particular, B2 — па2 when EXn = 0 and 
EX2 = cr for any n ^ 1. 

We use the following Nagaev-Fuk inequality providing the upper bound for P { |5 n | ^ 
x} , where x > 0, and generalized for partial sums maxima by Borovkov. 

Theorem 1 (see [3], [1]). Let {Xi, i ^ 1} be a sequence of random variables intro­
duced above. Then for any x > 0 and у > 0 one has 

P{\Sn\^x} ^ p ( max \Sk\>x\ ^JTPUXil^y} 

+ 2 ( й + 1)""И , , + 2 й Ч >(-5Йг)- ( 2 ) 

2. The main result. In this section we present the main result of the paper. 
Theorem 2. Set b(e,M) = exp{exp(M/e 2)}, where M and e are any positive con­

stants. Assume that {Xi, i ^ 1} is a sequence of independent random variables with 
EXi = 0 and EX? = a2 < oo and 

Hm sup |P {Sn ^ xBn} - Ф(х)| = 0. (3) 
п - ю о x 

If 
1 n 

lim lim supe 2 V V P ( \Х к \ > eBnVln\nn) = 0, (4) 

then 

lim е 2 У * - : — P ( | 5 n | ^ e £ Vlnlnn) = 1. (5) 
e-»o+ ^4 n lnn V 1 7 1 / v 7 

n = 3 

P r o o f . Let us introduce the function ф(х) = Р { | У | ^ x} = 1 - Ф(х) + Ф(-х) 
for any x ^ 0, where Ф is the cumulative distribution function of standardized normal 
distribution and Y denote a random variable having standardized normal distribution. 
Let фе{х) := ф(е\/1пlnx), e > 0, x > e. 

Department of Applied Mathematics and Computer Science, University 
of Life Sciences in Lublin, Academicka 13, 20-950 Lublin, Poland; e-mail: 
magdalena.cwiklinska@up.lublin.pl 

mailto:magdalena.cwiklinska@up.lublin.pl


824 Cwiklinska M. В. 

S t e p 1. Normal distribution. Let Xi ~ <yV(Q,a2), i ^ 1. Then clearly Sn 

.yK(0,£ 2 ), i ^ 1. Therefore, 
oo oo 1 

^—'nlnn I J ^—' n lnn 
n = 3 n = 3 

Using the Euler-Maclaurin formula (see [2, Chap. 2, Section 2]) we have 
°° 1 Z * 0 0 i 1 

Pi(x)< 
x l n x (6) 

where Pi(x) = [x] — x + | and [x] denotes the largest integer ^ x. 
Therefore, the formula in (5) has a form 

л ^ ( Г г Ь ^ ( 1 ) < ь + в Е з * - ( з ) - Г А ( я ) ^ ) = 1 (7) 

By putting у = e-y/bihix, the first term on the right-hand side in (6) can be described as 
follows: 

f°° l f°° 1 
/ —j—V> £(x)dx= / 2y~i)(y)dy. 

Therefore (see [5, Chap 2, § 6, Subsection 11, Corollary 2]), 

l i m e 2 / — — ф £ ( х ) о 1 х = lim / 2yip(y)dy = / 2yxp(y)dy = l. 
e->0+ y 3 XlnX e-*0+J^e(3) y 0 

For any x ^ 0 and Y normally distributed, <Ж(0,1), the inequality 0 ^ ф(х) ^ 1 
holds, so the second term in (7) is equal to 

Further we prove that the last term in (7) is zero. Let us notice that 

I f P i ( x ) d [ ^ H I = \ Г Ь { х ) ( - ^ - ^ ^ ) * Л х ) 

+ 
1 

•Фе(х)- dx\ 
x lnx ^ 7 2 \ / b l n x x l n x j 

Г | п ( 1 ) | ( ^ Ь + ?оЬ?)**м'ь 

^ Уз x 2 ( l n x ) 2 v l n l n x 
(8) 

Since |Pi(x)| = |[x] - x + \\ ^ I and for any x ^ 3, we have l / ( l n x ) 2 ^ 1, l / \ / ln lnx ^ 
l / \ / ln ln3 and /3°° x ~ 2 dx = | , the expression in (8) can be bounded by 

^ f°° dx t ^ f°° dx ^ п ( л ^ ч 

Уз x Уз x 2 ( l n x ) 2 v l n m x 

Therefore, we get 

lim e*\ f Pi(x)d 
e->0+ I Уз 

1 

xlnx 
Фе(х) <: lim e2(l + e)C = 0. 

e -+0+ 

Taking into account obtained relations we get 
oo 1 

lim e2 У" —=— P {|S„| ^ e B „ v l n m n ) = 1. 
£->o+ ^ n l n n I -» (9) 
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Thus, the theorem is proved for the sequence {Xi, i ^ 1} of independent random variables 
having normal distribution. 

S t e p 2. Arbitrary distribution. Assume that {Xi, i ^ 1} is a sequence of indepen­
dent random variables such that EX* = 0 and TZXf = a2 < oo for i ^ 1. Note that for 
any e > 0 and all n ^ 3 

A n := | p { | S n | ^ £J3 n \ / lnlnn} - ^ e ( n ) | < 2 s u p | P { S n ^ хВп}-Ф(х)\ -> 0 

as n —> oo. Therefore, 
1 n A lim — , _ fe, = 0. n->oo mlnn —̂' /с In AC 

fc==3 

For each M > 1, we have 

l ime* \ T —L- A n ^ hm e 2 lnln[6(g, M)] J V) -i— A n 

S ^ £ 2 ( f ) I n b ^ M ) ] £ n i n T T 0 ' ( 1 0 ) 

n ^ b ( e , M ) 

For sufficiently small e > 0, say, 0 < £ ^ Co, where Co is a certain fixed number small 
enough, the following equality holds: 

lim e2 Y ' ~T— Vb(n) = 0, (11) 

where Ĵ ' = Sn°>6(e,M) • Since lim£^0+b(e,M) — oo, there exists a constant Co < 1 such 
that 

b(e,M) - 1 ̂  y/bJ^M)^ 1 
for each e ^ Co- Therefore, we have 

^ 1 f°° 1 /*°° 1 
—j Фе(п) ^ / — tf)£(x)dx^ / —j ^e(x)dx. 

^ n lnn Л < м о - 1 * Ь ж У^Ь(ГАОЖ1ПХ 

Putting г/ = eл/lnInn and z = z(e,M) = yje2\n \ + M we get 
,̂ ^ /*oo 

lim sup e 2 V ] - - — i p e ( n ) ^ lim sup / 2y^(y)dy. 

Using the fact that E Y2 — 1 we get 
roo roc 

lim sup / 2y^{y)dy ^ lim / 2 y P ^ t/} 
= lim Е У 2 / ( | У | ^ y/M-l) = 0. 

Therefore, equahty (11) is proved. 
Now we prove that for 0 < e ^ C, where С > 0 is a sufficiently small number, the 

following equality holds: 
lim e2 У4' - i - P \ \ S n \ Z eBnV\nlnn\ = 0. (12) 

м->оо ^—' n lnn I J v 7 

By putting x = е В п \ / Ь 1 п п and у = £B n \ / lnln n/4 in (2) we get 

fc=i ^ J 

+ 2 E ' 1 f f ! l ^ + Л " 2

+ 2 £ ' 1 e x p (_ ^ b n ) 
^ nlnn V 8 ) ^ n lnn V 8e 2 / 
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Since 

and 

< £ ' - г - X> (РМ > ^ V E ^ } + Е ' - г ^ г ^ 
^ n l n n ^ I' ' 4 J £ 4 ^ n lnn( lnlnn) 

^ п(Ып)1+е2/(8*2)' 

^ n lnn( l n l nn) 2 ^ Уь(е>м) x lnx (minx) 2 ^ Ып6(е ,М) М 

8е 2 

n(lnn)n- £ 2 / (8 e

2 ) ^ е 2 [ т Ь ( е ) М ) ] е 2 / ( 8 ' ! 2 ) 

8е2( / M \ V £ 2 / ( 8 e 2 ) 8е 2 Г - M l 

we get 

fc=i ^ 
128 16e 2 

Thus, taking into account (4) we have 
>' 1 im nmsuDe" > м lim limsupe 2 V"' —:— P {\Sn\ > eBNV\nlan\ 

i-+oo e_^Q+ ^—' n lnn I J 
Ит limsupe 2 V"' — — P \ \Хк\ ^ -еВпу/\пЫп \ ^ o o £ _ , 0 + ^ n lnn ^ I 4 J 

+ hm —• + hm 16e exp < - —— } = I м->оо M M-̂OO { 8e 2 J 
which proves (12). 

Notice that in view of (10), (11), and (12) we get 
CO 

lim 62УУ—Л—|P l\Sn\ > eBnл/lnlnn) - ^ e ( n ) | = 0. (13) 
e _ > 0 + —̂̂  n lnn I I J 'I 

Finally by (9) and (13) we get (5). The theorem is now proved. 
Acknowledgments. The author thanks the referee for a lot of valuable remarks 

which improved the paper. 
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