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ASYMPTOTICS IN THE LAW OF THE ITERATED LOGARITHM

B craTbe paccMaTpuBaeTCs TOYHAs aCMMITOTHMKa B 32KOHE IOBTOPHOIO
norapudma. Pesynbrar paborsr [4] o6obiuaercs Ha Clydail HEOMMHAKOBO
pacnpenesieHHBIX CIIy4YaiHbIX BEJIMYMH.

Karouesvie c106a u fpasbl:  3aKOH MOBTOPHOIO JIOTapudMa, HEPABEHCTBO
tuna Pyka-Haraesa.

1. Introduction. Let us consider a sequence {Xi, i > 1} of independent random
variables such that EX; = 0and EX? =02 < cofori > 1. Set Sp = X1+ ---+ Xn
and assume throughout the paper that B2 = ES2 > 0, n > 1. Our aim is to study the
asymptotic behavior of the following expression:
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1
2 mum PS> eVERRE} w e 0 W

st1pulatm§ that no = min{n: B2 > e} > 1. In particular, B2 = no® when E X,, = 0 and
EX? =0 foranyn > 1.

We use the following Nagaev-Fuk inequality providing the upper bound for P {|Sn| >
z}, where z > 0, and generalized for partial sums maxima by Borovkov.

Theorem 1 (see 3], [1]). Let {X;i, i > 1} be a sequence of random variables intro-
duced above. Then for any z > 0 and y > 0 one has

P {|Sa > 2} < P{ max [Si| > }sEP{uxilzy
i=1

1<kgn

-z/(2y) z2

2. The main result. In this section we present the main result of the paper.

Theorem 2. Set b(e, M) = exp{exp(M /€?)}, where M and € are any positive con-
stants. Assume that {X,, i > 1} is a sequence of independent random wvariables with
EX;=0and EX? =02 < 0 “and

Jlim sup |P {Sn < zBn} — ®(z)| = 0. (3)
If
. . 2
JJim, lim sup e 3 nhm ZP {[xk| > eBn \/lnlnn} 0, (4)
n>b(e,M)
then
lim 23— P {[s,,| > eBn\/lnlnn} =1. (5)
e—0t = nlon

Proof. Let usintroduce the function ¢(z) = P{|Y| > z} = 1 — &(z) + ®(-x)
for any £ > 0,where ® is the cumulative distribution function of standardized normal
distribution and Y denote a random variable having standardized normal distribution.

Let 9 (z) := ¢(eVInlnz), e > 0,z > e.
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Step 1. Normal distribution. Let X; ~ A (0,07), i > 1. Then clearly S, ~
N(0,B2), i > 1. Therefore,

i L P{|S. > eBuvimlan} = Z

nlnn
=3

Ye().

nlnn
Using the Euler-Maclaurin formula (see [2, Chap. 2, Section 2]) we have
i "/)e( ) /m—1—¢e(z)dz+“'}_¢e(3)
n Inn zlnzx 6In3

- /:O Pl(z)d[:z:lilx

where Py(z) = [z] — z + 1 and [z] denotes the largest integer < z.

Therefore, the formula in (5) has a form
. Rl | 1/)5 ()
lim €? . 7
s-»I(I)1+E (_/; zlnz 6h13¢ ) - _/ Pz )d ) M

By putting y = ev/InInz, the first term on the right-hand side in (6) can be described as
follows: © 1 . )

/3 ——e(z) do = /¢=<s> 29 % $(v) dy.
Therefore (see [5, Chap 2, § 6, Subsection 11, Corollary 2]),

lim, ¢? /3 ——Ye(z)do = lim / 2 h(y)dy = /0 2y (y) dy = 1.

e—0+

For any z > 0 and Y normally dlstnbuted A(0,1), the inequality 0 < 9(z) <
holds, so the second term in (7) is equal to

Ve (x)] ) (6)

'l/)s(z) dz +

Jim ' 1n3 ¥(3) =

Further we prove that the last term in (7) is zero. Let us notice that

7 rerdlgigvao]| = | [ (- i - an ) 90
s

’ € 1
* ohnz @ 2vInlnz xlnz] dz!
* 1 1
< /3 |P1(T-)l(x2 Inz + xz(ln:r)2> Ye(e)dz

e [” |9be ()|
+-2_/3 IP1(a)] 2(lnz)2v1nlnzdz. ®

Since |Py(z)| = |[z] — = + | < 3 and for any = > 3, we have 1/(lnz)®> < 1, 1/vVInlnz <
1/VInln3 and [;° z7%dz = 3, the expression in (8) can be bounded by

o[ Lrea [ e <OUte)
A *Js 22(Inz)?vIinlnz '

Therefore, we get
2| [ 1
/:; Pl(z)d[xlnz d)E(z)]

Taking into account obtained relations we get

lim ezz ! P {lSnI > eBn\/Inlnn} =1. 9)
n=3nlnn

lim ¢
e—0t

< lim €2(14¢€)C =0.
e—0t

e—0+
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Thus, the theorem is proved for the sequence {X;, ¢ > 1} of independent random variables
having normal distribution.

Step 2. Arbitrary distribution. Assume that {X,, > 1} is a sequence of indepen-
dent random variables such that EX; = 0 and EX? = 0,2 < oo for ¢ > 1. Note that for
anye>0andalln >3

An = ‘P {lSnI > eBn\/lnlnn} - ¢s(n)I < 2sup [P {S, < zBn} — ®(z)| = 0

as n — oo. Therefore,

n

lim 1 B _ 0
n—oo Inlnn &~ klnk =~
For each M > 1, we have
1 1 1
lim &2 —— An < lim €2 Inln[b(e, M)] ———F—+ —— An
e—0t nS%M) nlnn e—0+ lnln[b(e, M)] n&%M) nlnn

M 1 A
< lim é&| = | ——r——xr —— =0. 1
A 51_1'1(1)1+e (ez) Inln[b(e, M)] <I>(Z¢M) nlnn 0 (10)

For sufficiently small € > 0, say, 0 < € < Co, where Cp is a certain fixed number small
enough, the following equality holds:

. 2 A | _
Mh—l>noo6 E nln'n.w‘(n) =0, (11)

where 3/ = %2 b(e, ) - Since lim, o4+ b(e, M) = oo, there exists a constant Co < 1 such
that

be, M) —12>+/be, M) > 1
for each € < Co Therefore, we have

Z nln ¥e(n) < /(E M)- lxln:cd)e(x)dx /\/’b(—emxlnz%(z)dz
Putting y =e¢VInlnn and z = z(e,M) =4/e?In3 + M we get
o0
lim sup €&° . s / 2 dy.
Jm s 3 nln Ye(m) < \Jim | sup [ 2y9(y)dy

Using the fact that EY? = 1 we get
(o o] o0
lim  sup / 2yy(y)dy < lim / 2yP{|Y]| > y}dy
z M-—o00 VM=

M—00 0<e<Co
= lim EY21(|Y| > VM= 1) =0.
M-—oco

Therefore, equality (11) is proved.
Now we prove that for 0 < € < C, where C > 0 is a sufficiently small number, the
following equality holds:

. 2 r 1 _
Jim €23 nlnnp{|sn| >aB,,\/lnlnn} =0. (12)
By putting £ = eBpvVInlnn and y = €éB,VInlnn/4 in (2) we get
ZI ! | > eanlnlnn}
nl

’ 1 n
< E P —eBnV
ninn 2 {IXkl €B Inln }

' 1 e?lnlnn -2 ' 1
+2Z nlnn( 8 +1) +2§: nlnn

]

e2lnlnn
P~ 8e2
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\Z nlnnzp{lxk[ VInlnn}+1—&_24§Zl !

nlnn (Inlnn)?

1
+2Y e
Since :
Zf 1 < /°° dz < 1 _e
nlnn(lnlnn)? =~ fy, »yzlnz(nlnz)? =~ Inlnbe, M) = M
and
Z' 1 < 862
nnn)+<2 /@D S 2nbe, M)F/ED
8e? M\ “/CD g2 -M
() ()
we get

> =P {15l > eB.vinlan} < Z/n;nip{mq > %—eB,.\/lnlnn}
k=1

128 | 16¢” M
A -t
Thus, taking into account (4) we have

hm hmsupezz —-—P{|Sn €BnVinln }

M=oo . o+

< lim hmsupezz ZP{|X;¢| ~eBn,Vinln }

M—oo .0+

128 M
+A}1_!flwﬁ+ hm 16¢* exp{—gg—}—o,

which proves (12).
Notice that in view of (10) (11), and (12) we get

|p{|s,, eB,.m} ¢e(n)!—0 (13)

lim €
em0t Lo nl nn
Finally by (9) and (13) we get (5). The theorem is now proved.
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