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ÀÄÄÈÒÈÂÍÀß ÇÀÄÀ×À Ñ ÔÓÍÊÖÈÅÉ
ÐÀÌÀÍÓÄÆÀÍÀ 1

Ï. Â. Ñíóðíèöûí (ã. Ìîñêâà)

Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ àääèòèâíàÿ çàäà÷à ñ ôóíêöèåé Ðàìàíóäæà-

íà. Äîêàçàíî ÷òî ìíîæåñòâî çíà÷åíèé ôóíêöèè Ðàìàíóäæàíà ÿâëÿåòñÿ

àääèòèâíûì áàçèñîì ìíîæåñòâà öåëûõ ÷èñåë ïîðÿäêà 7544.

Ôóíêöèÿ Ðàìàíóäæàíà τ ìîæåò áûòü îïðåäåëåíà êàê êîýôôèöèåíò ðàçëî-
æåíèÿ

q
∞∏
n=1

(1− qn)24 =
∞∑
n=1

τ(n)qn,

(ñì. [1, 2]). Â 2008 ã. Ì.Ç. Ãàðàåâ, Â.Ñ. Ãàðñèà, Ñ.Â. Êîíÿãèí [3] ðàññìîòðåëè
àääèòèâíóþ çàäà÷ó ñ ïîñëåäîâàòåëüíîñòüþ çíà÷åíèé ôóíêöèè Ðàìàíóäæàíà. Â
èõ ðàáîòå áûëî äîêàçàíî, ÷òî ýòà ïîñëåäîâàòåëüíîñòü îáðàçóåò êîíå÷íûé àä-
äèòèâíûé áàçèñ ìíîæåñòâà öåëûõ ÷èñåë ïîðÿäêà 74000. Äðóãèìè ñëîâàìè, äëÿ
ëþáîãî öåëîãî ÷èñëà N äèîôàíòîâî óðàâíåíèå

74000∑
i=1

τ(ni) = N

ðàçðåøèìî â íàòóðàëüíûõ ÷èñëàõ n1, . . . n74000 . Ïðè ýòîì âûïîëíÿåòñÿ ñëåäóþ-
ùåå óñëîâèå

max
16i674000

ni ≪ |N |
2
11 .

Â ðàáîòå [4] Ì.Ç. Ãàðàåâ, Â.Ñ. Ãàðñèà, Ñ.Â. Êîíÿãèí äîêàçàëè, ÷òî äëÿ ëþáîãî
öåëîãî ÷èñëà N óðàâíåíèå

148000∑
i=1

τ(ni) = N

ðàçðåøèìî â íàòóðàëüíûõ ÷èñëàõ n1, . . . n148000 , ïðè÷åì

max
16i6148000

ni ≪ |N |
2
11 e−c

log |N|
log log |N| ,

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò N 01-00-433à.
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ãäå c > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ.
Â 2011 ãîäó â ðàáîòàõ àâòîðà [5, 6] áûëè ïîëó÷åíû çíà÷åíèÿ ïîðÿäêà àääè-

òèâíîãî áàçèñà ïîñëåäîâàòåëüíîñòè çíà÷åíèé ôóíêöèè Ðàìàíóäæàíà, ðàâíûå
8012, 7940 ñîîòâåòñòâåííî. Â äàííîé ðàáîòå äîêàçûâàåòñÿ, ÷òî çíà÷åíèå ïîðÿä-
êà áàçèñà ðàâíî 7544.

Òåîðåìà 1. Äëÿ ëþáîãî öåëîãî ÷èñëà N óðàâíåíèå

7544∑
i=1

τ(ni) = N

ðàçðåøèìî â íàòóðàëüíûõ ÷èñëàõ n1, . . . , n7544 , ïðè÷åì

max
16i67544

ni ≪ |N |
2
11 .

Ïóñòü M � äîñòàòî÷íî áîëüøîå ÷åòíîå ÷èñëî. Ïðèâåäåì íåêîòîðûå ðåçóëü-
òàòû ðàáîòû Ì.Ç. Ãàðàåâà, Â.Ñ. Ãàðñèà, Ñ.Â. Êîíÿãèíà [3]. Îáîçíà÷èì

P = {p : p � ïðîñòîå, 23 < p 6M
1
11}.

Ñëåäóþùàÿ îöåíêà èçâåñòíà êàê ãèïîòåçà Ðàìàíóäæàíà è áûëà äîêàçàíà Äå-
ëèíåì [7]

|τ(n)| ≪ n
11
2
+ε.

Èç ýòîé îöåíêè ìîæíî çàêëþ÷èòü, ÷òî N6 ÷èñåë âèäà

6∑
i=1

τ(ni), 1 6 n1, . . . , n6 6 N,

ÿâëÿþòñÿ öåëûìè ÷èñëàìè ïîðÿäêà O(N
11
2
+ε) . Òî åñòü, â ñðåäíåì, êàæäîå ÷èñ-

ëî ïðåäñòàâèìî ñóììîé øåñòè çíà÷åíèé ìíîãèìè ñïîñîáàìè. Èìåÿ â âèäó ýòî
çàìå÷àíèå, ðàññìîòðèì ïîäìíîæåñòâà P0 ∈ P , îáëàäàþùèå òåì ñâîéñòâîì,
÷òî óðàâíåíèå

6∑
i=1

τ(p′i) ̸=
12∑
i=7

τ(p′i)

íåðàçðåøèìî â ÷èñëàõ p′1, . . . p
′
12 ∈ P0 , p′1 < · · · < p′6 , p

′
7 < · · · < p′12,

(p′1, . . . , p
′
6) ̸= (p′7, . . . , p

′
12) . Òàêèå ïîäìíîæåñòâà P0 áóäåì íàçûâàòü äîïóñòèìû-

ìè. Â ðàáîòå [3] äîêàçàíî, ÷òî äîïóñòèìûå ïîäìíîæåñòâà P0 ⊂ P ñóùåñòâóþò
è |P0| > 12 . Îáîçíà÷èì ÷åðåç P ′ äîïóñòèìîå ïîäìíîæåñòâî P íàèáîëüøåé
ìîùíîñòè. Òî åñòü P ′ � ýòî òàêîå ïîäìíîæåñòâî P , ÷òî |P ′| > 12 , è âñå
ñóììû âèäà

τ(p′1) + · · ·+ τ(p′6), p′1 < · · · < p′6, p′1, . . . , p
′
6 ∈ P ′,

ðàçëè÷íû.
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Ëåììà 1. Äëÿ ÷èñëà ýëåìåíòîâ ìíîæåñòâà P ′ âûïîëíÿåòñÿ îöåíêà

|P ′| ≪M
1
11

− 1
132 .

Äîêàçàòåëüñòâî. Ñì. [3].

Ëåììà 2. Äëÿ ëþáîãî p ∈ P \ P ′ ñóùåñòâóþò p′1, . . . p
′
11 ∈ P ′ òàêèå,

÷òî

p11 =
6∑
i=1

τ(p′ip)−
11∑
i=7

τ(p′ip)− τ(p2).

Äîêàçàòåëüñòâî. Ñì. [3].

Ëåììà 3. Ëþáîå öåëîå ÷èñëî r , 0 6 r < 370944 ïðåäñòàâèìî â âèäå

r =
198∑
i=1

τ(ai),

ãäå ai 6 105 , 1 6 i 6 198 .

Äîêàçàòåëüñòâî. Ñì. [3].

Ëåììà 2 óñòàíàâëèâàåò ñâÿçü ìåæäó ðàññìàòðèâàåìîé çàäà÷åé è çàäà÷åé
î ïðåäñòàâëåíèè öåëîãî ÷èñëà ñóììîé îäèííàäöàòûõ ñòåïåíåé ïðîñòûõ ÷èñåë.
Áóäåì èñïîëüçîâàòü ôîðìóëû è îöåíêè, ñâÿçàííûå ñ ïðîáëåìàìè Âàðèíãà�
Ãîëüäáàõà è Âàðèíãà. Äëÿ óäîáñòâà îáîçíà÷èì ν = 1/11 . Ïóñòü r � öåëîå,
B > 11(r + 1) . Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

P0 =M ν , P = [P0], L = logP = ν logM, ϑ =ML−B,

Ïîëîæèì
S(α) =

∑
p∈P

e(αp11).

Ðàññìîòðèì èíòåðâàë

[
−1

ϑ
; 1− 1

ϑ

]
. Äëÿ öåëûõ ÷èñåë a , q òàêèõ, ÷òî

0 6 a < q , (a, q) = 1 , q 6 LB , ïîëîæèì

M(a, q) =

[
a

q
− 1

qϑ
;
a

q
+

1

qϑ

]
.

Ðàçëè÷íûå èíòåðâàëû M(a, q) íå ïåðåñåêàþòñÿ. Èíòåðâàë

[
−1

ϑ
; 1− 1

ϑ

]
ðàçî-

áüåì íà äâà ìíîæåñòâà

M =
∪

q6LB ,a<q
(a,q)=1

M(a, q), m =

[
−1

ϑ
; 1− 1

ϑ

]
\M.
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Íàì ïîíàäîáèòñÿ àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ èíòåãðàëà

J(M, r) =

∫
M

S(α)re(−αM)dα.

Ïóñòü

Ta,q =
∑
06l<q
(l,q)=1

eq(al
11), Ar(M, q) =

∑
06a<q
(a,q)=1

(
Ta,q
φ(q)

)r
eq(−aM),

S(M, r) =
∞∑
q=1

Ar(M, q).

âûðàæåíèå S(M, r) áóäåì íàçûâàòü îñîáûì ðÿäîì.

Ëåììà 4. Ïðè r > 23 èìååò ìåñòî àñèìïòîòè÷åñêàÿ ôîðìóëà

J(M) = S(M)
Γ(ν + 1)r

Γ(rν)

M rν−1

(logM)r
+O

(
M rν−1

(logM)r
log logM

logM

)
,

Äîêàçàòåëüñòâî. Ñì. [8].

Ëåììà 5. Åñëè r > 23 , M ≡ r (mod 2) , òî ñóùåñòâóåò íå çàâèñÿùàÿ îò
M ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

S(M, r) > C.

Äîêàçàòåëüñòâî. Ñì. [8].

Ëåììà 6. Äëÿ ëþáîãî B0 > 0 èìååò ìåñòî îöåíêà

max
α∈m

|S(α)| ≪ P0

LB0
.

Äîêàçàòåëüñòâî. Ñì. [9].

Ïóñòü U � öåëîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèþ

|U | ≪ P0.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

S0(α) =
∑
x6P0

e(αx11),

Sa,q =
∑

16x6q
eq(ax

11), A′
r(U, q) =

∑
a<q

(a,q)=1

|Sa,q|2r

q2r
eq(−aU),
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S0(U, r) =
∞∑
q=1

A′
r(U, q),

âûðàæåíèå S0(U, r) áóäåì íàçûâàòü îñîáûì ðÿäîì.

γ0(ξ) =

1∫
0

e(ξx11)dx,

Ψ0(M,U, r) =

∞∫
−∞

|γ0(z)|2re
(
− U

M
z

)
dz,

èíòåãðàë Ψ0(M,U, r) áóäåì íàçûâàòü îñîáûì èíòåãðàëîì.
Ðàññìîòðèì èíòåðâàë

[
−P 11−ν

0 ; 1− P 11−ν
0

]
. Äëÿ öåëûõ ÷èñåë a , q òàêèõ, ÷òî

0 6 a < q , (a, q) = 1 , q 6 P ν
0 , ïîëîæèì

M′(a, q) =

[
a

q
− P−11+ν

0 ;
a

q
+ P−11+ν

0

]
.

Èíòåðâàëû M′(a, q) íå ïåðåñåêàþòñÿ. Ââåäåì ñëåäóþùåå ðàçáèåíèå ïðîìåæóòêà[
−P−11+ν

0 ; 1− P−11+ν
0

]
M′ =

∪
q6P ν

0 ,a<q
(a,q)=1

M′(a, q),

m′ =
[
−P−11+ν

0 ; 1− P−11+ν
0

]
\M′.

Íàì ïîíàäîáèòñÿ àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ èíòåãðàëà

J ′(M,U, r) =

∫
M′

|S0(α)|2re(−αU)dα.

Ëåììà 7. Äëÿ ëþáîãî ε > 0 è äëÿ ëþáîãî öåëîãî a , (a, q) = 1 èìååì

Sa,q ≪ε q
1−ν+ε

Äîêàçàòåëüñòâî. Ñì. [9].

Ëåììà 8. Äëÿ A′
r(U, q) èìååì

A′
r(U, q) ≪ε q

1−2νr+2εr.

Äîêàçàòåëüñòâî. Ñì. [9].

Îòñþäà òàêæå ñëåäóåò, ÷òî îñîáûé ðÿä ñõîäèòñÿ ïðè r > 11 .

Ëåììà 9. Èìååò ìåñòî îöåíêà

γ0(ξ) ≪ Z0(ξ) = min(1, |ξ|−ν).
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Äîêàçàòåëüñòâî. Ñì. [9].

Èç ïîñëåäíåé ëåììû ñëåäóåò ñõîäèìîñòü îñîáîãî èíòåãðàëà ïðè 2r > 11 .

Ëåììà 10. Ïðè r > 11 èìååò ìåñòî ðàâåíñòâî

J ′(M,U, r) = Ψ0(M,U)S0(U)M
2rν−1 +O

(
P 2r−11−8ν
0

)
,

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ J ′(M,U, r) è ñâîéñòâó ìíîæåñòâà M′

èìååì

J ′(M,U, r) =
∑
q6P ν

0

∑
a<q

(a,q)=1

∫
M′(a,q)

|S0(α)|2re(−αU)dβ.

Ðàññìîòðèì èíòåãðàë îòâå÷àþùèé èíòåðâàëó M′(a, q) . Çàïèøåì α ∈ M′(a, q)

â âèäå α =
a

q
+ β è ïðåîáðàçóåì S0

(
a

q
+ β

)
. Ïåðåìåííàÿ ñóììèðîâàíèÿ x

èçìåíÿåòñÿ â ïðåäåëàõ 1 6 x 6 P0 , ïðåäñòàâèì x â âèäå x = qt+l , ãäå 1 6 l 6 q ,
1− l

q
6 t 6 P0 − l

q
. Òîãäà

S0

(
a

q
+ β

)
=
∑
x6P0

e

((
a

q
+ β

)
x11
)

=

=
∑
16l6q

∑
1−l
q

6t6P0−l
q

e

((
a

q
+ β

)
(qt+ l)11

)
=

=
∑
16l6q

eq(al
11)

∑
1−l
q

6t6P0−l
q

e
(
β(qt+ l)11

)
.

Íåòðóäíî ïîêàçàòü, ÷òî

∑
1−l
q

6t6P0−l
q

e(β(qt+ l)11) =

P0−l
q∫

1−l
q

e(β(qt+ l)11)dt+O(1) =

=
1

q

P0∫
0

e(βx11)dx+O(1) =
1

q
γ(β) +O(1),

ãäå

γ(β) =

P0∫
0

e(βx11)dx,

ñì., íàïðèìåð, [10]. Ñëåäîâàòåëüíî,

S0

(
a

q
+ β

)
=
Sa,q
q
γ(β) +O (P ν

0 ) .
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Ïî ëåììå 9,
γ(β) ≪ Z(β) = P0min(1, |P 11

0 β|−ν).
Òîãäà

Sa,q
q
γ(β) ≪ Z(β),

è èìååì ∣∣∣∣S0

(
a

q
+ β

)∣∣∣∣2r = |Sa,q|2r

q2r
|γ(β)|2r +O

(
Z(β)2r−1P ν

0

)
,

îòêóäà∣∣∣∣S0

(
a

q
+ β

)∣∣∣∣2r e(−(aq + β

)
U

)
=

=
|Sa,q|2r

q2r
eq(−aU)|γ(β)|2re(−βU) +O

(
Z(β)2r−1P ν

0

)
.

Òàê êàê ïî ëåììå 9

P ν−11
0∫

−P ν−11
0

Z(β)2r−1P ν
0 dβ ≪ P 2r−1+ν−11

0 ,

òî äëÿ èíòåãðàëà îòâå÷àþùåãî èíòåðâàëó
[
−P ν−11

0 ;P ν−11
0

]
ïîëó÷èì

P ν−11
0∫

−P ν−11
0

∣∣∣∣S0

(
a

q
+ β

)∣∣∣∣2r e(−(aq + β

)
U

)
dβ =

=
|Sa,q|2r

q2r
eq(−aU)

P ν−11
0∫

−P ν−11
0

|γ(β)|2re(−βU)dβ +O
(
P 2r−1+ν−11
0

)
.

Ñóììèðóÿ ïî âñåì ïðîìåæóòêàì, îáðàçóþùèì ìíîæåñòâî M′ , ïîëó÷àåì

J ′(M,U, r) =
∑
q6P ν

0

∑
a<q

(a,q)=1

P ν−11
0∫

−P ν−11
0

∣∣∣∣S0

(
a

q
+ β

)∣∣∣∣2r e(−(aq + β

)
U

)
dβ =

=
∑
q6P ν

0

∑
a<q

(a,q)=1

|Sa,q|2r

q2r
eq(−aU)

P ν−11
0∫

−P ν−11
0

|γ(β)|2re(−βU)dβ +O
(
P 2r−11−8ν
0

)
=

=
∑
q6P ν

0

A′
r(U, q)

P ν−11
0∫

−P ν−11
0

|γ(β)|2re(−βU)dβ +O
(
P 2r−11−8ν
0

)
.
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Ïðåîáðàçóÿ ïåðâîå ñëàãàåìîå ïîñëåäíåé ñóììû, ïîëó÷èì

J ′(M,U, r) =

∞∫
−∞

|γ(β)|2re(−βU)dβ
∞∑
q=0

A′
r(U, q) +O

(
P 2r−11−8ν
0

)
.

Ïðåîáðàçóåì γ(β)

γ(β) =

P0∫
0

e(βx11)dx = P0

1∫
0

e(βP 11
0 x11)dx = P0γ0(βP

11
0 ).

Òîãäà äëÿ èíòåãðàëà â àñèìïòîòè÷åñêîé ôîðìóëå ïîëó÷èì

∞∫
−∞

|γ(β)|2re(−βU)dβ = P 2r
0

∞∫
−∞

|γ0(βP 11
0 )|2re(−βU)dz =

= P 2r−11
0

∞∫
−∞

|γ0(z)|2re
(
− U

P 11
0

z

)
dz =M2rν−1Ψ0(M,U).

Îêîí÷àòåëüíî, ïîëó÷àåì

J ′(M,U, r) = Ψ0(M,U, r)S(M, r)M2rν−1 +O
(
P 2r−11−8ν
0

)
=

= Ψ0(M,U, r)S(M, r)M2rν−1 +O
(
M2rν−1−8ν2

)
.

Èç ëåìì 9, 8 ñëåäóåò, ÷òî ïðè r > 11 ñõîäÿòñÿ îñîáûé ðÿä è îñîáûé èíòåãðàë.
Ëåììà äîêàçàíà.

Â äàëüíåéøåì íàì ïîíàäîáèòñÿ òàêæå îöåíêà òðèãîíîìåòðè÷åñêîé ñóììû
S0(α) íà òî÷êàõ âòîðîãî êëàññà.

Ëåììà 11. Äëÿ òî÷åê âòîðîãî êëàññà m′ èìååì

max
α∈m′

|S0(α)| ≪ P 1−ρ
0 ,

ãäå ρ =
1

7657
.

Äîêàçàòåëüñòâî. Ñì. [9].
Äîêàæåì ñëåäóþùåå óòâåðæäåíèå î ïðåäñòàâèìîñòè ÷èñåë ñóììîé îäèííà-

äöàòûõ ñòåïåíåé ïðîñòûõ ÷èñåë.

Ëåììà 12. Äëÿ äîñòàòî÷íî áîëüøîãî ÷åòíîãî M óðàâíåíèå

204∑
i=1

p11i =M

ðàçðåøèìî â ÷èñëàõ p1, . . . , p204 ∈ P\P ′ .
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Äîêàçàòåëüñòâî. Ïóñòü s � íàòóðàëüíîå ÷èñëî. Ïîëîæèì

P0 =M
1
11 , P1 =

1
4
P0, P2 =

1
2
P

1− 1
11

1 , . . . , Ps =
1
2
P

1− 1
11

s−1 .

Îïðåäåëèì ñëåäóþùèå ìíîæåñòâà

Ui = {u : u ∈ P \ P ′, Pi < u < 2Pi}, 1 6 i 6 s.

Èç àñèìïòîòè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë (ñì. [10]) äëÿ ÷èñëà
ýëåìåíòîâ â ìíîæåñòâå Ui èìååì

|Ui| ≍ π(2Pi)− π(Pi),

èëè

|Ui| ≍
Pi

logPi
. (1)

Ïóñòü r � íàòóðàëüíîå ÷èñëî. Ðàññìîòðèì óðàâíåíèå

p111 + · · ·+ p11r + u111 + · · ·+ u11s + u11s+1 + · · ·+ u112s =M, (2)

â ÷èñëàõ, óäîâëåòâîðÿþùèõ óñëîâèÿì

p1, . . . , pr ∈ P, u1, us+1 ∈ U1, . . . , us, u2s ∈ Us.

Ïðåæäå âñåãî, ïîêàæåì, ÷òî óðàâíåíèå

u111 + · · ·+ u11s = u11s+1 + · · ·+ u112s (3)

èìååò òîëüêî ðåøåíèÿ âèäà u1 = us+1, u2 = us+2, . . . , us = u2s . Äåéñòâèòåëüíî,
ïóñòü u1 ̸= us+1 . Òîãäà, ñ îäíîé ñòîðîíû,

|u111 − u11s+1| = |u1 − us+1||u101 + u91us+1 + . . . u10s+1| > 11|u1 − us+1|P 10
1 ,

ñ äðóãîé ñòîðîíû,

|u112 + · · ·+ u11s − u11s+2 − · · · − u112s| 6 (2P2)
11 = P 10

1 ,

÷òî íåâîçìîæíî. Èç ýòîãî ñëåäóåò, ÷òî ÷èñëî ðåøåíèé óðàâíåíèÿ (3) íå ïðåâîñ-
õîäèò

|U1||U2| . . . |Us|.
Ïóñòü I(M) = I(M ; r, s) � ÷èñëî ðåøåíèé óðàâíåíèÿ (2). Êàê è âûøå ïîëî-

æèì ϑ =M(logM)−B , B > 11(r + 1) . Òîãäà

I(M) =

1∫
0

S(α)rT1(α)
2 . . . Ts(α)

2e(−αM)dα =

=

1− 1
ϑ∫

− 1
ϑ

S(α)rT1(α)
2 . . . Ts(α)

2e(−αM)dα,
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ãäå
Ti(α) =

∑
u∈Ui

e(αu11), 1 6 i 6 s.

Ðàññìîòðèì ðàçáèåíèå èíòåðâàëà èíòåãðèðîâàíèÿ.

M =
∪

q6LB ,a<q
(a,q)=1

M(a, q), m =

[
−1

ϑ
; 1− 1

ϑ

]
\M.

Ñîîòâåòñòâåííî ýòîìó ðàçáèåíèþ äëÿ I(M) èìååì

I(M) = IM(M) + Im(M),

ãäå

IM(M) =

∫
M

S(α)rT1(α)
2 . . . Ts(α)

2e(−αM)dα,

Im(M) =

∫
m

S(α)rT1(α)
2 . . . Ts(α)

2e(−αM)dα.

Ðàññìîòðèì IM(M) . Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ è ñóììèðîâàíèÿ â
Ti(α) , ïîëó÷èì

IM(M) =
∑

u1,us+1∈U1

· · ·
∑

us,u2s∈Us

∫
M

S(α)re(−α(M − u111 − · · · − u112s))dα.

Äëÿ èíòåãðàëà ∫
M

S(α)re(−αM1)dα

ïî ëåììàì 4, 5 ïðè r > 23 ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà∫
M

S(α)re(−αM1)dα = S(M1)
Γ( 1

11
)r

Γ( 1
11
r)

M
1
11
r−1

1

(logM1)r
+O

(
M

1
11
r−1

1

(logM1)r
log logM1

logM1

)
,

Ñëåäîâàòåëüíî, ïðè äîñòàòî÷íî áîëüøîì M èìååì íåðàâåíñòâà∫
M

S(α)re(−αM1)dα 6 C
M

1
11
r−1

(logM)r
,

∫
M

S(α)re(−αM1)dα > C
M

1
11
r−1

(logM)r
.

Îòêóäà ïîëó÷àåì ñëåäóþùèå íåðàâåíñòâà äëÿ IM(M)

IM(M) 6 C (|U1| . . . |Us|)2
M

1
11
r−1

(logM)r
, IM(M) > C (|U1| . . . |Us|)2

M
1
11
r−1

(logM)r
.
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Â èíòåãðàëå ïî òî÷êàì âòîðîãî êëàññà Im(M) âûíåñåì ìàêñèìóì ìîäóëÿ
ñóììû S(α) è ðàñïðîñòðàíèì èíòåãðèðîâàíèå ïî âñåìó îòðåçêó

|Im(M)| =
∣∣∣ ∫
m

S(α)rT1(α)
2 . . . Ts(α)

2e(−αM)dα
∣∣∣ 6

6 max
α∈m

|S(α)|r0
∫
m

|S(α)|r−1|T1(α)|2 . . . |Ts(α)|2dα 6

6 max
α∈m

|S(α)|r0
1∫

0

|S(α)|2r1 |T1(α)|2 . . . |Ts(α)|2dα,

ãäå r = r0 + 2r1 , r0 = 1 , åñëè r íå÷åòíî, r0 = 2 , åñëè r ÷åòíî. Ïîñëåäíèé
èíòåãðàë ðàâåí ÷èñëó ðåøåíèé óðàâíåíèÿ

p111 + · · ·+ p11r1 + u111 + · · ·+ u11s = p11r1+1 + · · ·+ p112r1 + u11s+1 + · · ·+ u112s,

ãäå p1, pr1+1 . . . , pr1 , p2r1 ∈ P , u1, us+1 ∈ U1, . . . , us, u2s ∈ Us . Â ñâîþ î÷åðåäü,
÷èñëî ðåøåíèé ýòîãî óðàâíåíèÿ íå ïðåâîñõîäèò ÷èñëà ðåøåíèé óðàâíåíèÿ

x111 + · · ·+ x11r1 + u111 + · · ·+ u11s = x11r1+1 + · · ·+ x112r1 + u11s+1 + · · ·+ u112s,

ãäå 1 6 x1, . . . , xr 6M
1
11 , u1, us+1 ∈ U1, . . . , us, u2s ∈ Us . Ïîýòîìó

|Im(M)| 6 max
α∈m

|S(α)|r0
1∫

0

|S0(α)|2r1|T1(α)|2 . . . |Ts(α)|2dα,

ãäå
S0(α) =

∑
x6M

1
11

e(αx11).

Ðàññìîòðèì èíòåãðàë

J(M) =

1∫
0

|S0(α)|2r1 |T1(α)|2 . . . |Ts(α)|2dα =

=

1−P−11+ν∫
−P−11+ν

|S0(α)|2r1 |T1(α)|2 . . . |Ts(α)|2dα.

Ðàññìîòðèì ðàçáèåíèå îòðåçêà èíòåãðèðîâàíèÿ

M′ =
∪

q6P ν ,a<q
(a,q)=1

M′(a, q), m′ =
[
−P

1
11

−11; 1− P
1
11

−11
]
\M′.
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Ñîîòâåòñòâåííî ðàçáèåíèþ, èìååì

J(M) = JM′(M) + Jm′(M),

ãäå

JM′(M) =

∫
M′

|S0(α)|2r1 |T1(α)|2 . . . |Ts(α)|2dα,

Jm′(M) =

∫
m′

|S0(α)|2r1 |T1(α)|2 . . . |Ts(α)|2dα.

Ðàññìîòðèì JM′(M) . Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ è ñóììèðîâàíèÿ â
Ti(α) , çàïèøåì JM′(M) â âèäå∑

u1,us+1∈U1

· · ·
∑

us,u2s∈Us

∫
M′

|S0(α)|2r1e(α(u111 + · · ·+ u11s − u11s+1 − · · · − u112s))dα,

ïðè ýòîì∣∣u111 + · · ·+ u11s − u11s+1 − · · · − u112s
∣∣ 6 (2P1)

11 = 211M
1
11 ≪M

1
11 .

Äëÿ èíòåãðàëà ∫
M′

|S0(α)|2r1e(−αU)dα,

ãäå
U = U(u1, . . . u2s) = −u111 − · · · − u11s + u11s+1 + · · ·+ u112s,

ïî ëåììå 10 ïðè r1 > 11 èìååì∫
M

|S0(α)|2r1e(−αU)dα = Ψ0(M,U)M
2
11
r1−1 +O

(
M

2
11
r1−1− 8

121

)
,

îòêóäà

JM′(M) =M
2
11
r1−1

∑
u1,us+1∈U1

· · ·
∑

us,u2s∈Us

Ψ0(M,U(u1, . . . u2s))+

+O
(
(|U1| . . . |Us|)2M

2
11
r1−1− 8

121

)
.

Òàê êàê îñîáûé èíòåãðàë îãðàíè÷åí, òî ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî

JM′(M) = O
(
(|U1| . . . |Us|)2M

2
11
r1−1

)
+O

(
(|U1| . . . |Us|)2M

2
11
r1−1− 8

121

)
,

èëè
JM′(M) = O

(
(|U1| . . . |Us|)2M

2
11
r1−1

)
.
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Ïåðåéäåì ê îöåíêå Jm′(M) . Âûíåñåì ìàêñèìóì ìîäóëÿ òðèãîíîìåòðè÷åñêîé
ñóììû íà âòîðîì êëàññå çà çíàê èíòåãðàëà è ðàñïðîñòðàíèì èíòåãðèðîâàíèå íà
åäèíè÷íûé îòðåçîê, ïîëó÷èì

|Jm′(M)| 6 max
α∈m′

|S0(α)|2r1
1∫

0

T1(α)
2 . . . Ts(α)

2dα.

Èíòåãðàë â ïðàâîé ÷àñòè ðàâåí ÷èñëó ðåøåíèé óðàâíåíèÿ (3), òî åñòü íå ïðå-
âîñõîäèò |U1| . . . |Us| . Ïî ëåììå 11 èìååì

max
α∈m′

|S0(α)| ≪M
1
11

(1−ρ), ρ =
1

7657
.

Îòñþäà ïîëó÷àåì îöåíêó

|Jm′(M)| ≪ |U1| . . . |Us| M
1
11

(1−ρ)2r1 .

Òàêèì îáðàçîì, äëÿ èíòåãðàëà J(M) ïîëó÷àåì

J(M) = O
(
(|U1| . . . |Us|)2M

2
11
r1−1

)
+O

(
|U1| . . . |Us| M

2
11
r1− 2

11
ρr1
)
.

Âîçâðàùàÿñü ê îöåíêå Im(M) , èìååì

Im(M) = O
(
max
α∈m

|S(α)|r0(|U1| . . . |Us|)2M
2
11
r1−1

)
+

+O
(
max
α∈m

|S(α)|r0 |U1| . . . |Us| M
2
11
r1− 2

11
ρr1
)
.

Ïî ëåììå 6 äëÿ ëþáîãî B0

max
α∈m

|S(α)| ≪ M
1
11

(logM)B0
.

Îòñþäà

Im(M) = O

(
(|U1| . . . |Us|)2

M
1
11
r−1

(logM)B0

)
+O

(
|U1| . . . |Us|

M
1
11
r− 2

11
ρr1

(logM)B0

)
.

Òîãäà äëÿ I(M) = IM(M) + Im(M) ïîëó÷àåì

I(M) > C1 (|U1| . . . |Us|)2
M

1
11
r−1

(logM)r
−

− C2(|U1| . . . |Us|)2
M

1
11
r−1

(logM)B0
− C3|U1| . . . |Us|

M
1
11
r− 2

11
ρr1

(logM)B0
.
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Âûáèðàÿ B0 äîñòàòî÷íî áîëüøèì òàê, ÷òîáû B0 > r , ïîëó÷àåì

I(M) > C1 (|U1| . . . |Us|)2
M

1
11
r−1

(logM)r
− C2|U1| . . . |Us|

M
1
11
r− 2

11
ρr1

(logM)r
. (4)

Èç îöåíêè (1) èìååì

C3
M1−( 10

11
)s

(logM)s
6 |U1| . . . |Us| 6 C4

M1−( 10
11

)s

(logM)s
.

Ïîäñòàâëÿÿ ýòè îöåíêè â (4), áóäåì èìåòü

I(M) > C1
M2−2( 10

11
)s

(logM)2s
M

1
11
r−1

(logM)r
− C2

M1−( 10
11

)s

(logM)s
M

1
11
r− 2

11
ρr1

(logM)r
. (5)

Äëÿ òîãî, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî I(M) > 0 , äîñòàòî÷íî ÷òîáû â
(5) ïåðâîå ñëàãàåìîå áûëî ïî ïîðÿäêó áîëüøå âòîðîãî, òî åñòü, ÷òîáû

2− 2
(10
11

)
+

1

11
r − 1 > 1−

(10
11

)s
+

1

11
r − 2

11
ρr1,

èëè

s >
log( 2

11
ρr1)

log(10
11
)
.

Çíà÷åíèÿ ïàðàìåòðîâ r1 , s , ïðè êîòîðûõ âûïîëíÿåòñÿ ïîñëåäíåå íåðàâåíñòâî,
ñîñòàâëÿþò

s > 80, r1 > 21

èëè
s > 80,

r >
{
43, åñëè r ≡ 1 (mod 2),

44, åñëè r ≡ 0 (mod 2).

Ïðè ýòîì âûïîëíÿåòñÿ îöåíêà ñíèçó

I(M) = I(M, r, s) > C
M

1
11
r+1−η

(logM)r+2s
,

ãäå η = 2(10
11
)80 . Èìååì òàêæå îöåíêó ñâåðõó

I(M) = I(M, r, s) 6 C
M

1
11
r+1−η

(logM)r+2s
.

Òàêèì îáðàçîì, ïîëàãàÿ s = 80 , ïðè r > 43 èìååì

C1
M

1
11
r+1−η

(logM)r+160
6 I(M) 6 C2

M
1
11
r+1−η

(logM)r+160
, (6)
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Ðàññìîòðèì óðàâíåíèå (6) ïðè r = 44 . Ïóñòü I ′(M) � ÷èñëî ðåøåíèé ýòîãî
óðàâíåíèÿ, à I ′′(M) � ÷èñëî òàêèõ ðåøåíèé, ÷òî ïî êðàéíåé ìåðå îäíî pj0 ∈ P ′ .
Äëÿ I ′(M) èç (6) ïðè r = 44 ïîëó÷àåì îöåíêó ñíèçó

I ′(M) > C
M

55
11

−η

(logM)204
.

À äëÿ I ′′(M) èç (6) ïðè r = 43 è ëåììû 1 ïîëó÷àåì îöåíêó ñâåðõó

I ′′(M) 6 C|P ′| M
54
11

−η

(logM)203
≪ M

55
11

−η− 1
132

(logM)203
.

Òàêèì îáðàçîì I ′(M) > I ′′(M) , è óðàâíåíèå

p111 + · · ·+ p1144 + u111 + · · ·+ u11160 =M,

ðàçðåøèìî â ÷èñëàõ p1, . . . , p44, u1 . . . , u160 ∈ P \ P ′ . Ëåììà äîêàçàíà.
Ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíîãî ðåçóëüòàòà.
Äîêàçàòåëüñòâî òåîðåìû 1. Áóäåì ñëåäîâàòü ñõåìå äîêàçàòåëüñòâà ðà-

áîòû [3]. Èç ëåìì 2, 12 ïîëó÷àåì, ÷òî äëÿ äîñòàòî÷íî áîëüøîãî ÷åòíîãî M

M =
204∑
i=1

p11i =
204∑
i=1

( 6∑
j=1

τ(p′ijpi)−
11∑
j=7

τ(p′ijpi)− τ(p2i )
)
,

ãäå pi ∈ P \ P ′ , 1 6 i 6 204 , p′ij ∈ P ′ , 1 6 i 6 204 , 1 6 j 6 11 , èëè

M =
1224∑
i=1

τ(ni)−
1224∑
j=1

τ(mj), (7)

ïðè÷åì èç óñëîâèé íà pi , p′ij èìååì ni,mj 6M
2
11 , (nimj, 23!) = 1 . Çäåñü 1224 =

204× 6 .
Óìíîæàÿ óðàâíåíèå (7) íà −1 , ïîëó÷èì àíàëîãè÷íîå ïðåäñòàâëåíèå äëÿ

−M . Çàìåíÿÿ M íà M − τ(1) èëè M − τ(29) , ïîëó÷èì ÷òî ëþáîå öåëîå ÷èñëî
M ñ äîñòàòî÷íî áîëüøèì |M | ìîæåò áûòü ïðåäñòàâëåíî â âèäå

M =
1224∑
i=1

τ(ni)−
1225∑
i=1

τ(mi), (8)

ãäå ni,mj 6 |M | 2
11 + 1 , (nimj, 23!) = 1 . Èçâåñòíî, ÷òî

−τ(12) = 370944 = τ(27) + τ(55) + τ(69) + τ(90) + τ(105)

[3]. Óìíîæèì (8) íà −τ(12) , èç ìóëüòèïëèêàòèâíîñòè è óñëîâèé íà ni,mj ïî-
ëó÷èì

370944M =
7345∑
i=1

τ(ni), (9)
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ãäå ni 6 106|M | 2
11 + 1 . Çäåñü 7345 = 1224× 5 + 1225 .

Ïóñòü K � ïðîèçâîëüíîå öåëîå ÷èñëî ñ äîñòàòî÷íî áîëüøèì ìîäóëåì. Ïî
ëåììå 3 íàéäóòñÿ ÷èñëà a1, . . . a198 6 105 òàêèå, ÷òî

K ≡
198∑
i=1

τ(ai) (mod 370944).

Ñëåäîâàòåëüíî, èç (9) èìååì

K =
198∑
i=1

τ(ai) + 370944M =
7543∑
i=1

τ(ni),

ãäå ÷èñëî 7543 ïîëó÷àåòñÿ êàê 198 + 7345 , ïðè÷åì

max
16i67543

ni ≪ |K|
2
11 .

Òàêèì îáðàçîì, ñóùåñòâóåò öåëîå ïîëîæèòåëüíîå ÷èñëî K0 òàêîå, ÷òî äëÿ
ëþáîãî öåëîãî K , |K| > K0 óðàâíåíèå

K =
7543∑
i=1

τ(ni)

èìååò ðåøåíèå.
Ïóñòü N � ïðîèçâîëüíîå öåëîå ÷èñëî. Åñëè |N | > K0 , òî |N − τ(1)| > K0

è ÷èñëî N − τ(1) ïðåäñòàâèìî ñóììîé 7543 çíà÷åíèé τ(n) ïðè n ≪ |N | 2
11 . Â

ýòîì ñëó÷àå òåîðåìà äîêàçàíà.
Ïóñòü |N | 6 K0 . Ñóùåñòâóåò n0 òàêîå, ÷òî |τ(n0)| > 2K0 . Òîãäà |N−τ(n0)| >

K0 , è K − τ(n0) ïðåäñòàâèìî ñóììîé 7543 çíà÷åíèé τ(n) ïðè n ≪ 1 . Òåîðåìà
äîêàçàíà.
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