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NMHTEPITIOJIAIINA ABCTPAKTHBIX ITPOCTPAHCTB
THUITA XAPIN

§1. BBEAEHUE

IMycrs (Xo, X1) — coBMecTuMag nmapa 6aHAXOBBIX [IPOCTPAHCTB, TO €CTh
X n X BIIO2KEHBI B KaKoe-TO 001Iee XaycaopdoBO TOIIOJIOTUIECKOE BEK-
TOopHOE TpocTpaHcTBO. IlycTth Yy m Y] — 3aMKHYTbBIe TOJIIPOCTPAHCTBA
upocrpancts Xo u X7, coorsercrsenno. Ilapa (Y, Y1) masbiBaerca K-
saMkHyTOH B mape (Xo, X1), ecam Halijercs Takasi nocrosiHHast C, 9TO
JJIst JII0OOTO pasJioXKeHusi £ = xg + T1, rae ¢ € Yy + Y7, a x; € X, cyme-
cTByeT Jipyroe pasioxernue x = yo +y1, e y; € Y u [lyilly. < Oz,
upu ¢ = 0, 1.

Korma mbr nmeem festo ¢ K-3aMKHYTO# 1TOAIIApOii, HHTEPIIOIATIMOHHBIE
[IPOCTPAHCTBA BEIIECTBEHHOI'O METOJa Jjisl Hee JIENKO BBIYUCJISIOTCS, €C-
JIL MBI yM€EeM BBIYUCIATH UX Jyis ucxoauoii napol (X, X1), M. mpo 3ro,
uanpumep, [2]. B KOHKpeTHbIX cuTyanuax, ogHako, K-3aMKHYTOCTD UHTE-
pecua cama 1o cebe. Harpumep, B ciemyromieil XopoIo n3BeCTHON Teopeme
OHA O3HAYAET, YTO JI000e “Tpyboe” paspesanne aHAJIUTUIECKON (YHKIUN
Ha J[Ba M3MEPHUMBIX CJIaTaeMbIX MOXKHO CJeJIaTh U C COXPaHEHUEM aHaJIu-
TUYIHOCTH, IPUYEM HOBBIE CjlaraeMble OyryT “IPUMEPHO TOrO 2Ke pas3mepa’’.

Teopema. B pasmeprocmazr d = 1,2 npu 1 < p < 0o napa npocmparcms

Xapou (HP(T?), H®(T9)) K-zamxnyma 6 nape (LP(T?), L>°(T%)).

Cwm. cratbio [6] mam 0630pst [1, 2] npo cayuait d = 1 u pabory [12] npo
ciyuait d = 2. HemsBecTHO, coxpaHsieTcsi Jm 9Ta TeopeMma upu d > 2.

B pasmepHocTsx 1 1 2 IOCTYIIHBI 1 HEKOTOPBIE BECOBBIE pe3ysbraThl. He
[PUBOJIS CAMBIX 00ITIX (DOPMYJIHPOBOK, OTMETHM, YTO K -3aMKHYTOCTb Ia~
pot (HP(w,T), H*(T)) B nape (L?(w, T), L>°(T)), rae w — HeKOTOPBIi Bec
HA OKPYKHOCTH , 9KBUBaJeHTHA yciaosuio logw € BMO, cM. ToT xKe 00-
30p [2]. TIpu d = 2 undopmalms JaneKo He CTOJIb MOJIHA, U3BECTHBI JIUIIh

Karowesvie crosa: nHTEpHONsnms, K-3aMKHYTOCTb, PETYJISDHBIA BeC, MOJIYJb,
AHHYJISATOP.

WccnenoBanue BhImOsIHEHO 3a cuer rpaHTa Poccmiickoro mHayunoro ¢domga Ne 18-11-
00053, https://rscf.ru/project/18-11-00053.

1910661 n36eskaTs BBIPOXK/IeHHsI, OBBIYHO Mperosaraercs, aro logw € L1(T).
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JIOCTATOYHBIE YCJIOBUS Ha BEC W, BEPOSTHO, JAJEKUE OT HEOOXOIUMBIX. A
UMEHHO, B [5] BTOpbIM aBTOPOM ObLIO I0KA3aHO, YT0 K -3aMKHYTOCTH UMEET
Mmecro, ecan w (€1, &) = u1(&1)ua(€e), rae logu,logus € BMO(T). 3arem
B pabore [10] mepBbIit ABTOP PACIIPOCTPAHUI STOT PE3YJILTAT Ha BeCa BHUJA
u1(€1)v(&1, &) ua(&2), Tae U U ug — TaKMe, Kak BBIIIE, & BEC U YIOBJIETBO-
psieT MOAXOIAIIM yeaoBusiM MakeHxaytTa.

B HemaBHuX cTarbax [4] u [11] moxoxne yTBEp:KIeHUS OBLIH Oy Y€HbL
B paMKax abCTpakTHOI Teopuu (QPyHKIHNA, TO €CTh TEOPUHA PABHOMEPHBIX
anre6p. B [4] Ha abcTpakTHYO cUTyanuioo GbLIO PACTIPOCTPAHEHO yIIOMSI-
HyTOe BBIIIE HEBECOBOE YTBEPXKJEHWE JJIsl JByMEpHOro topa, a B [11] —
HEKOTODBIE BECOBBIE PE3YJIbTATHI I MPOCTPAHCTB Xapu Ha OKPYZKHO-
cru. B Hacrosmeit pabore Mbl XOTUM TONTH HECKOJIBKO JAJIbIIE U JIOKA-
3aTh aOCTPAKTHBII AHAJIOT BECOBOTO PE3yJIbTara JJIs IByMEPHOTO TOPa U3
crarbu mepsoro asropa [10], rme Bec MakeHxaynra OT JByX HEpEMEHHBIX
OKalIMJICH AByMsd BeCaMU OT OJHOI IIepeMEeHHOMN.

Koncrpykiun u3 [4] u [11] nasesirbl Teopueii w*-anre6p dupuxie (u3-
JIOXKEHHOM, Hanpumep, B [7]), HO K Heil He CBOAATCA: Kak B Tex paborax,
TaK M B HACTOAIIEH craThbe “OCHOBHAs Mepa’ He 00S3aTeJIbHO MYJIbTHUILIN-
KaTUBHA Ha ajrebpe, “TapMOHUYECKOE COMpsiKeHue” He 00I3aTeTbHO Ofl-
HO3HAYHO C TOYHOCTHIO JIO KOHCTAHTHI U HE 0OSI3aTEJIHHO YIOBJIETBOPSET
BCEM IIPUBBIYHBIM OIIEHKaM. B KaKOi-TO CTEelleHN 3Ta HOBAasl TEOPUsl, eIlle
oJvH (pparMeHT KOTOPOil M3JIaraeTcs 37eCh, CPOIHU “TIOCTPOEHUSM OJIHUM
nupKyJsieM” U3 MIKOJIBHOM reOMeTPHUU: BO3HUKAIOT IPEIATCTBUS (HAIPUMED,
YIIOMSIHY ThIE BBIIIE), ¥ IIPU ODOIIEM IIOHUMAHUU TOrO, YTO OHH IIPOXOAUMBI
B IPUHIINAIE, KOHKPETHBIE CIIOCOOBI UX MPEOIOJICHNsT He BCETIa OYEeBHIHDI.

ILnan nasibHeliIero n3/10KeHns TaKOB. 1TOOBI CIIPABUTHCSI C OKAMJIIEH-
HbIMH Becamn BuJa U1 (€1)v (€1, E2)ua(Ee), HYKHA HeKasl IPOIEypa, OT-
HOCSINASICA K OJIHON MEPEMEHHON M Ha3bIBaeMasi OOBIYHO AHATUTUIECKUM
pasbuenneM enHATIBL. ITOOBI 00OCHOBATH €€, HyKHA JIOTIOJHATEIbHAST HH-
dopmanus 06 nunrepnossinuu (Tounee, o K-3aMKHYTOCTH) [JIsl 0600OIIEHMI
IIPOCTPAHCTB Xapu.

YacTUIHO TaKKWe HHTEPIIOJISIIIMOHHBIE TeOPEMBbI JIOKa3bIBAJNCH B [11], HO
TaM aBTOPHI OI'PAHUYUJINCH JIUIIb YTBEPXKICHUSIME, HEOOXOIUMBIMU JIJIsT
JIOKa3aTesIbCTBa TeopeMbl I'porenuka. [Ijist mocTpoeHns: aHATUTHIECKOTO
pasbueHust euHAILI Hy KHbI O0Jiee 00Iue pe3yIbTaTbl — UM IOCBALIEH §2.
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B §3 pazpaborannas B §2 Teopust BMecTe ¢ uzeaMu u3 paborer [4] GymyT
HCIOJIb30BAHBI JIJIsI TOTO, YTOOBI IOJIyYUTh aOCTPAKTHBIA BapuaHT Teope-
MBI 0 K-3aMKHYTOCTH, IPUTOIHON IS YCTAHOBJIEHUsI BECOBBIX PE3yJIbTa-
TOB Il JAByMEPHOro Topa. B §4 u3 3Toit abCTpakTHON TeopeMbl Oyi1yT
BBIBE/ICHBI YTBEPK/ICHUS O K -3aMKHYTOCTH JIJIsI BECOB JIBYX [EPEMEHHBIX,
YJIOBJIETBODPSIIONUX HEKOTOPBIM ycsoBusiM Maxkenxaynra. Haxowner, B §5
MBI 3afiMEMCs HEITOCPEICTBEHHO aHAJOTOM TEOPEMBI IIPO IBYMEDPHBIH TOD
U OKaiiMJIeHHbIe Beca u3 crareu [10].

§2. IHTEPHOJISLNUS U PABBUEHUE EJVMHUIIHI

IlycTh p4 — MOJOXKHTENbHAS O-KOHEYHAS Mepa Ha HEKOTOPOM MHOZKE-
crBe S, a X — w*-3aMkHyTas nojganrebpa aare6per L (). Bymem mpen-
noJjiarath, 9To X comepKuT (bYHKIMIO, TOXKIECTBEHHO PABHYIO €JIUHUIIE,
KOTOpyI0 Bymem obosHadaTh cumposoM 1. Ilyers p € (0,00), k € N.

Omnpenenenne. Anrebpa X yI0BIETBOPSIET yCIOBHIO (Qp k., ), €CIH JIS
J060ii HeoTpunaTeabHoll dbynkimu ¢ € LP(u) cymecTByer Takas mocJje-
noBaTeabHocTh dynxmmit {u,}o o € X, u, — u ILB., 9TO BBIIOIHCHBI
COOTHOIIEHUS

Reu, >0, bl <C NPl Reu> /™,

opu4ieM KOHCTaHTa C He 3aBUCHT OT (byHKI_[I/II/I .

Hasnbueiiniue onenku (B 4acrHocTH, B TeopeMax o K-3aMmkayTOCTH) OY-
JyT 3aBuceThb or p, k u C. Ynuraresb CMOXKET JIETKO MPOCJEINTh, 9TO IIPU
Pa3HBbIX IPeodPa30BAHUAX, ONMCAHHBIX Jlajiee, HAIIPUMED, [IPU IIEPEXoJIe K
BECOBBIM MepaM Bujia w di, 3TH MapaMeTpbl MEHAIOTCS KOHTPOJIUDYEMbIM
obpazoM. DTO 3aMedaHue CJEyeT UMETh B BUJY BCIOJY HUYKE: MBI, KaK
MIPABUJIO, OIYCKAEM YTBEPKJIEHUsI O PABHOMEPHOCTHU OIEHOK B (hOPMYJIH-
POBKax.

VYenosust, 10106HbIE YCIOBUIO (Qyp ,p), TIPUCYTCTBOBAIN B paborax [4]
u [11] B 6osree cusbHO# dopme: Tam 6610 k = 1, p € (1, 00) u TpeboBasoCh
TOYHOE paBeHCTBO Rewu = . Mbl OyleM CChLIATHCA HA TO YCJIOBHE KaK
Ha (o ).

Ormerum, uro B cirydae, korja k > 1 u p > 1, skBuBasenTHas dopma
YCI0BUST (Qip k1) TIOJTYIHIOCH OBI, €cyn OBl MBI OTPeOOBAJIN JIUIIb CI1ab0i
exomMocTH uj — u B LFP(p): Torma ncxommas hopMyIHpOBKa BOCCTAHAB-
JINBAETCSI TIEPEXO/IOM K BBITYKJIBIM KOMOMHAIUSIM U [IOJIIOCTIEI0BATEIBHO-
cram (cM. ogpobuee B [4]).
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Yenosue (ayp k,,,) TOCTYIHpPYeT HEKOE CBOMCTBO, THIMTHOE Il ONepa-
TOpa rapMOHUYECKOrO conpsizkenus. B [4, semma 2.2] 6bUI0 IOKA3aHO, 9TO
ycJIoBUE (042’ ,,) BBITOJIHAETCA TIpH JiI060M p, 1 < p < oo, ecrm X aABygeTcs
w*-aarebpoit Jupuxiie 0THOCUTESLHO MepbI (. (DTO IpeIoIaraeT, cpeiu
POYEro, YTO Mepa (& — BePOATHOCTHAs U MyJbTUILIMKaTuBHasg Ha X.) B
KiaccmaeckoM ciydae anre6per H(T) yenosue (af ), rae m — nopmu-
poBaHHasi Mepa Xaapa Ha Opr}KHOCTI/IJ_T\,/HpOBepHeTCH COBCEM TIPOCTO:
JOCTATOYHO TOJIOKUTH Uy, = ¢ * K, + 10 x K,, tne K,, — anpa Deitepa, a
BOJIHA 0003HAYAET TAPMOHUYIECKOE COIPSZKEHUE.

B mekoTopsix nmprumMepax mepa (i, J1aXke OyIydr KOHEYHOMH, MOXKET OKa-
3aThbCsd HE l\lyﬂbTI/IH.HI/IKaTI/IBHOfI Ha X 9TO TUIIAYHO /JIJIgd BECOBBIX CUTY-
amuit. Tak, B ciygae X = H(T) onepaTop rapMOHHYECKOTO CONPsizKe-
uus Henpepbier B LP(wdm), 1 < p < 00, TOrga U TOJBKO TOrJA, KOIJA
Bec w ynosJerBopder yciaoBuio Maxkenxaynra A,. [na Takux Becos omm-
CaHHAs MPOCTasi KOHCTPYKIMS TaPAHTUPYET yCJIOBUE (ag,wdm). ITosezno
OTMETHUTb, 4To yciaosue (o, 4 ) npn HEKOTOPBIX 7' < P BBI3BIBAECT COMHE-
HUs — IO KpaliHeit mepe, OIHCAHHOE BbIIIe paccyzkieHne tepsieT cuiry. Mbr
YBIIIM BCKOPe, ITO Gosiee CBOOOIHOE yCIOBHE (v, k, [t) BemeT cebst HHaxe.

Koncranra C, Bo3HHKAIOIIAsI B OIIEHKAX B JAJbHEHIIIEM TEKCTE, MOXKET
UMeTh pa3Hble 3HAYEHUs] B Pa3HBIX BBIPAYKEHHWSAX. €M He MeHee, UHOIJIA,
9TOOBI MOYEPKHYTh PA3J/InUne KOHCTAHT, Mbl OyeM WHOI/A JIOIOJTHUTE b
HO MCHOIB30BaTh cuMBosbl C, O C.

BaiimMeMcs Tellepb BOIIPOCOM O IapaMeTPax B YCJIOBHHU (Qip k).

2.1. IsmeHeHne mapaMeTpoB B yCJOBHH (k). CHadana coera-
eM 3aMedaHue O JIEHCTBUN aHAJUTHIECKUX (DYHKIHI HA IJIEMEHT ajreo-
pbt X. Ilycts K — mpocTpaHCTBO MaKCHMAJIBHBIX MJI€aJI0B HAHAXOBOHN aJi-
re6pbr L (p). Kanonmuecknit uzomopdusm mexay L (p) u C(K), To
ecTb 1peobpazoBanue Lesibdania, coxpanser KOMILJIEKCHOE COIPsIzKEHNE U
OTHOIIIEHUE MOPSIIKA I BeIecTBeHHbIX (hyHKiumit. [TocKONMbKY KaxKIbrit
HEHYJIeBON JIMHEHHBINT MyIbTUIIMKATUBHDBIN (pyHKIIOHaT Ha X TpPEeacTaB-
JIsIeTCsT HEKOTOPOU BEPOSITHOCTHOM Mepoit Ha K, BuanM, uto ecau f € X
u Re f > 0, To ciekrp dynkuuu § + f (kax s1ementa aarebpbr X ) JIexKUT
B nosrymtockoctu {z € C: Rez > 0}. Takum obpasom, (6 + f)? € X upm
p € R, § > 0 (umeercst B BULy IJIaBHAS BETBb CTEIEHH).
IIpu p < 0 u Re f > 0 Takke crpaBejInBO HEPABEHCTBO

16+ 1)l = 16+ |y < 0
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Ecmu xe p > 0, To nosyuaem maxe, aro fP € X. JleiicTBurenbHO, nMeeT
MECTO IMIOTOYEeYHAsI CXOAUMOCTD ;im (6 + f)? = fP (rnaBuag BETBDL MOJIO-
—0

JKUTEJILHOM crenenn HenpepbiBHa B {Re z > 0}), a cxomuMocTs 11.B. ¢ orpa-
HUYEHHBIMA HOPMaMH BJIEYET CXOJUMOCTH B W™*-TOIOJIOTHH ITPOCTPAHCTBA

L ().

JIemma 1. Yeaosue (o k) 6aeuem ycaosue (ap ) npu arbom | > k.
IIpu amom kornemarnma C menaemcea Kowmposupyemoim obpasom. Bosee
mo20, PYHKUUL Uy, U3 YCA0BUA (Ot 1) MONHCHO 66IOPAML MAK, 4MOObL 6bi-
NOAHAAOCH Nomoueunoe nepaseremso |Imu,| < tg (’;—f) |Re up|.

HdokazaTeabcTBO. Bo3bMeM PYyHKIUT Uy, CYIIECTBOBAHUE KOTOPHIM Ta-

paHTHpyeTCs yeaoBueM (o, k). Torna dysknum v, = ul/! cos (’;—If) o6
CILY?KUBAIOT yCJIOBHE (1 ,,). JeficTBuTenbHO, mockoabky k/l < 1, Buamw,
qto Rewv, > 0. Bosee Toro, 3uadenus Gpyuknuii v, jiexkar B yIjie pacTBOPa
7k /1 ¢ TIOJIOKUTEILHOIN BEIECTBEHHOH MOJIYOChIO B KAYECTBE OUCCEKTPUCHI,

TaK 9TO
lIm v, | < tg (7h/21) Revn,  Rewp < |vn| < (cos (7h/21)) ' Rev,. (1)

Orcroza, eciin v = lim v, B CMBICJIE CXOJUMOCTHU TIOYTH BCIOJLY, TO
n—oo

Rewv = |v| cos (7k/21) = |u|k/l > (Reu)k/l > o'/t

Kpowme Toro,

—lp —lp
P k wk wk
HUiLHLp(H) = / |un| ™" cos (21) dp < CP cos <2l> ”(pnip(u)
S

DTO0 JI0Ka3BIBAET JIEMMY. O

Bameyanne. Koncranry tg (7%/21) MOXKHO C/e7aTh CKOJIb yTOJHO MAJIOi
3a cdeT BhIOOpa umcia [. Kpome Toro, m3 paccyxKjaeHus BHUIHO, 9TO €C-
JIM TIPH TIPOBEPKE YCJIOBUA (Qp k., ), KAK 9TO OOBIMHO GBIBAET, KOHKPETHOE
3HaYeHue apamMerpa k HEeCyIIECTBEHHO, JOCTATOYHO O0ECIIEIUTh HEPABEH-
crBo |u| > ¢%* Bmecto Reu > p'/F. [leiictBuTeInHO, HCXOMHOE yCTOBIE
BOCCTAHOBUTCS IIPU JIIOOOM yBEJIUYIEHUHN 9HUCIA K.

IMokazkeM, ITO B KAKOM-TO CMBICJIE YCIOBUE (Qyp ;) HE 3QBHCUT OT P.

JIemma 2. Ecau evinoareno yeaosue (up ), Mo 0aa kaorcdozo s € (0, 00)
cywecmeyem wucao | € N makoe, wmo evnoanerno ycrosue (0 p,,)-
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Hoxkazaresbero. [ycrs 0 < ¢ € L*(u). Jonycrum caagasa, 941o § > p.
ITpumenus ycnosue (o ) K GYyHKIHN ©*/P € LP(1), MBI IOTY UM TTOCJIC-
JI0BaTeJIbHOCTD (byHKIW u,, € X, 11 KoTopbix Reu, > 0, a Kpome TOrO,
< Clle

s def ..
Hu u Reu > Lp/”’“ s u = lim . QyHKIIH
n—oo

nll o Pl Loy

s ~ def _ -
vy = ub/ C, tne C = cos(™p/2s) 71, GymyT uckombivu. JleiicTBuTe/IBHO,
Rew, > 0, Tak Kak mokasaresb p/s Menbiie eqununbl. lasee,

sl

o = O [l = CF a1,
S

P

s/p
4 LP (1)

< 51{:501)

= Checr IIsoll‘st) :

def .
Kpowme Toro, ectm v = lim wv,, TO
n—oo

Rewv > cos(mp/2s) |v] = [ulP/® > p'/*

3HaUNT, BHIIOIHEHO yCJIOBHE (s k) C T€M 2Ke k, HO APYTOi MOCTOSHHONL
C.

ITycThb Tenephb § < p U MycTh | — HAUMEHBIIIEE TEJIOE YUCIIO, JJIsi KOTOPO-
ro pg = ls > p. Ilo mepBoit YacTu JTOKA3ATETHCTBA, BBHIOIHIETCS YCIOBHE
(tpg k). Baas dyukumo ¢ > 0, ¢ € L°(p), IPIMEHHM 9TO yCJIOBHE K
byukImm p*/Po € [Po (). Honyaum QyHKIUY Uy, YIOBIETBOPSIONIAE CO-
OTHOIIIEHUSIM

Reu, >0, ||u]7€LHLI’O(M) < CH‘PS/pOHLPo(M), u
Reu > ¢ e v lim wu,.
n— o0
Tak Kak |un|kp° = |ulnk’5, TO
Ik po/s
||un ||LS(M) < Cpo/s gpS/Po o) — (OPo/s H@HLS(M) .

1
Kpome Toro, Reu > ¢”/rok = '/, 3naunt, pemosmeno ycaosue (s ik, ,)-

O

ITpusenem omua “yuebusbrit’ npumep. Paccmorpum anrebpy Taknx hyHK-
muit f € L=(T x [0,1]), aro f(-,t) € H>*(T) upu mouru sBeex t € [0,1/2].
st 91Ol asrebphl BCe BOIIPOCHI, pacCMaTpUBaeMble B 3TOH cTaThe, He

IIPEJICTABJISIOT IIPOOJIEMBI, & YCIOBUE (ag’ H), pa3yMeeTcst, BLIITOJIHEHO IIPHU
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Beex p € (1,00). Omuako omepanus rapMOHUYECKOTO COIPSYKEHUs, COOT-
BETCTBYIOIAA 9TOH ajaredpe, OyIeT CHIIBHO HEOTHOZHATHOM.

3amevyanue. B janpHeitiiieM HaM 9acTO He OyIyT BasKHBI KOHKPETHBHIE
3HaYeHHs [apaMeTpoB p U k B ycioBuu (k. ), HOITOMY MBI OyjeM ro-
BOPHUTE 00 yCI0BHHU (v, ), UMesl B BHJLy BBIIOJHEHHE TpeOOBaHMs (Cvp ki, u)
st Kakux-HuOynb 0 < p < oo m k € N. Takke, momyckasi HEKOTOPYIO
HETOYHOCTH B 0OO3HAYEHUSX, MHOTIA MBI OY/IEM TIHCATD (042), uMes: B BULy
yCJIOBHE (ag ;1) JWTSL KAKOTO-TO TIoKaszaTess 1 < p < 00, KOTODBIil HeBazkeH
B PacCMaTPUBAEMBIX 00CTOSITE/ILCTBAX.

2.2. Ilpunnun makcumyMma u K-zaMKHyTOCTBb. IlycTh, KpoMme asred-
pel X, 3a7aHO elle OJHO w*-3aMKHYTOe HoiupocTpancTso ¥ C L®(u),

apasionteecs moayiaem uaga X. [lycts 0 < r < oo u Y# — 3amMbIKanme mpo-

crparctBa Y N L™ () 8 L™ (p). o enunoobpasust mosmokum Y °H Ly

Korma mepa p sicna u3 koHTekcTa, Oygem nucath Y BMmecto Y ™. Mbl
cobupaeMcst JIOKa3aTh CJACAYIONIYI0 HHTEPIIOIAIUOHHYIO TEOPEMY.

Teopema 1. ITycmo w*-zamxnymasn aseebpa X C L (u) ydosaemesopsem
yeaosuro (o), aY C L®(p) — w*-zamxnymoi modyae nad anzebpoti X .
Tozda napa (Y",Y) asasemcea K-zamxmnymoti 6 nape (L™ (), L™ (1)) npu
aobom 3naveruy nokazamens 0 < r < 0o.

ITos2Ke MBI BBISICHEM, ITO yCJIOBHE ((v,) IEPEHOCHTCS Ha HEKOTOPLIE Be-
coBble Mepbl w dfi, Giarogapsi 4emy U3 TeOpeMbl 1 TIOIyIUTCsT MHOYKECTBO
€e BECOBBIX aHAJIOrOB.

Paccyzknennst, 1OKa3bIBAIONIIE TEOPEMY 1, CJIELYIOT HEKOTOPBIM IIOCTPO-
enusaM u3 pabor [4, 11]. Ogmako To, U410 ycmoBue (o) HECKOILKO Gosee
CBOOOTHO, TEM (a?), ,1); BIIEUET U3MEHeHns B JeTandax. Kme mekoTopbie ms-
MEHEHHsi BBI3BaHBI TeM, 4ro B paborax [4] m [11] mepa p upemnosara-
jach KoHeuHo#. IToueMy MBI OyeM ONMUCHIBATH KOHCTPYKIIMH TIOIPOOHO,
0 KpaliHeil Mepe Ha IepBbIX IIOPax.

Kpome Teopembl 1, moJie3Ho elme 3HATH aHAJOl TPAHMYHOTO HPUHIIUIA
MAKCUMyMa U3 KJIACCUYIECKON TEOPUH IIPOCTPAHCTB Xap/u HA €IUHUIHOMN
okpyzxnoctu (on rmacur, aro H*(T) N LY(T) = HY(T), t < s). Chopmynn-
pyem ator amasor. Ilycts HY = Usso(Y® + Y). Ecim pacemarpuBaeMbrit
MOIyJIb Y SICEH M3 KOHTEKCTa, OymeM mmcarh H Bmecto HY .

Teopema 2. ITycmob anreebpa X ydosaemeopaem ycaosuro (o), u nycmo
Y C L*®(p) — w*-samxnymoil mModyav nad aszebpoti X . Ipednosooicum,
ymo 0 < r < oo u npocmparcmea H u Y™ onpedenenv, xax eviwe. Tozda



VHTEPIIOJIAIINA ABCTPAKTHBIX ITPOCTPAHCTB TUIIA XAPAU 29

(a) L™(p) NH=Y" ¢ pasencmeom nopm;
6) (L"(u) + L>®(u) NH=Y"+Y c ox6usatsenmnocmsio HOpM.

2.2.1. Cpesarwue dynryuu. CHagaaa JOKaXKEM OIHO IIPOCTOE TeXHIIe-
CKOE yTBEPXKICHUE.

JIemma 3 (cp. ¢ aemmoit 3 u3 [11]). Hycmo dynryuu uy, + iv, us X
CTOOAMECA N.6. K PYHKUUY U + 1V, NPUEM Uy, Uy GEULLCMEEHHDL, Uy = 0.
Ecau § >0, mo (0 +u+iv) ™t € X u||(6+u+iv) |, <ot

JokazaTreabcTBo. MbI yxKe oTMeETasm, 9TO H(5 + Uy +iv,) 7t HX <5 L
C npyroit croponbt, dyukimu (§ + u, + iv,)~ 1 cxomgaTes 11.B., a M03TOMY,

6a1aroiapst OrpaHMYEHHOCTH HOPM, U B w*-Tononornd, K (6 +u+iv)~t. O

3ameuanne. IlockombKy mpocTpaHCTBO Y TOXKe w*-3aMKHYTO, OHO TaK-
JKe BBIJIEPXKUBAET MPEJIIbHBIN Tepexo/l I1.B. 10 OrPAHUIEHHBIM TOCJTIEI0-
BaTEJIbHOCTSIM CBOUX 3JIEMEHTOB. DTO IIPUTOJUTCH B JAJIbHEHIIeM.

JIemma 4. ITyems ¢ € L*(u), ¢ = 0, a wucao | € N makxoso, wmo evinos-
neno yeaosue (ag ). Hyemo v € N. Tozda natidemea dynxyus @ € X:

1) 1L = 0]l < Cllel
2) B < Cf (141",

Ls(pn)?

st ymobcTBa cpa3y 2Ke YCJIOBHMCsI, 9TO, €CJIU WHOE CIENHUaJbHO He
OTOBOPEHO, MBI OYZeM MOJIb30BATHCS ITOH JieMMOoit ¢ v = 1.

Hoxkazarenberio. IIpumennm yemosue (vs,,) K GYHKIHI @, HOIYIAM

ocIeI0BaTeIbHOCTD U, € X, Reu, > 0, u, — u m.B., HULHLP(M) <

Cllell ey 1 Reu > /1. Tomoxum ¥ = ﬁ7 TOIJIA, IIOJIb3YSICh JIEM-
Moit 3, nosyuaem ¥ € X u ||¥], < 1. Kpome Toro,
1 1 1

7] [T+ul” = (1+Rew)” = (14 /1"
Hakonen, mycrs ® = 1 — (1 — ¥)!, Seno, uro @] < C|¥|', orkyaa nomry-
qaercs oneHka 2. fIcHo Takxke, uro |1 — @| < C'|1 — U|'. U3 oikaaxn

1 Clul

1-9[<|——1|-C=
| |‘1+u ‘ 1+ ul

< Clul

cpasy 2Ke cjeayeT oleHKa 1. O
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2.2.2. Jloxazameavcmeo meopem 1 w 2. YnoOHO cHava/a MPOBEPUTH yT-
Bepzkenue (a) Teopembl 2. Iocse 9moro Mbl ¢cPOPMYIUPYEM U JIOKAZKEM
Teopemy 1/, coBmecTHOE 0606IIEHE Teopembl 1 n yTBep:KaeHus (6) Teope-
MBI 2.

Urak, nycts f € L™ (w) NH, re. f € L"(p) u f =g+ h,tne g € Y*
st HeKoToporo s > 0 u mekoropoit dyukiuu h u3 Y. Eciau s = oo, cpazy
noxygaeM f € Y N L"(u) CY", tak 910 cUMTaeM BIIPEJib, U9TO § < 0O.

[Iycrsb cHagama 1 = 00. Mbl JHOJKHBI JI0OKa3aTh, 910 ¢ = f — h € Y.
B ciyuae xoHewHOI MepBI [ 3TO GbLIO c¢lenano B gemme 5 B [11]. B 06-
eM CJIy4ae OTJINYMsI MAHUMAJIBHBI, HO MBI IPUBEJIEM PACCYKJIEHUE PAJIN
MTOJTHOTHI.

Bes norepu obmpoctu cunraen, 4r0 [|g| e,y < 1/2. BoiGepem | € N
TaK, UTO BBIIOMHEHO yciosue (o). Ilyers g, € Y, ||g — gnll e,y — 0.

OrmernM, uTO HX‘gn|>lgn||Ls(H) — 0. HeiicrBurensno, ecam |g, (z)| > 1,

To B cuily HepaBeHcTBa |g(x)| < 1/2 umeem

lgn ()] < 27 (Ign(2)] = 19(2)])” < 27 |gn(2) — g(2)]",

U OCTaJIOCh IIPOMHTErPUPOBATH ITO HEPABEHCTBO 110 MHOXKECTBY
{z:lgn(@)] > 1}.

l
[Tonoxkum Tenepb @, = (maX(|gn| , DY~ 1) U UPUMEHUM K 3TUM
byuarnusam jtemmy 4, noxyaus Gyukimn ¢, € X . Torma, koneuno, g, P,€Y,
6oJtee TOro, B CUJIy OIEHKH 2 U3 JIEMMBI 4,
C |gn| _ C ‘gn‘
- S
(14" max(lgal, 1)

‘gn(I)n| <

Mex 1y Tem, u3 OleHKH 1 BBITEKAET, U4TO

=@l <C [ loldnmo no.
|gn‘21

CrenoaTe/bHO, HEKas TOJIIOCIEI0BATEILHOCT Py, mOCTIeI0BATeILHOCTH
®,, crpemnres K 1 1m.B. MoxnO cuutarh, 9TO M g,, — ¢ ILB., TOTJa
9n; Pn; — g IL.B., OTKyIa g € Y 110 3aMeYaHHIO T10CJIE JIEMMBI 3.
Paccmorpum Temeps citydait, Korjga r < co. CHOBa MOJIB3yeMCsl paBeH-
crBoM f = g+h,tneg € Y*, h € Y. Ilycrs t > 0. Ilocrpoum 1o dpyHKImsIM
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1
¢ = (max(t![g]| Y- 1) dynknmn @, kak B nemme 4. Bee atn dynx-
UK PABHOMEDHO OIPAHUYEHBI, KPOME TOI'O

Clgl Clg|

o, < —
o 7 mmax(t gl 1)

< Ct,

\1+<pi/l

tak uro gP; € Y 1o nepBoii wactu 1oka3aTebeTBa (II0CKOJIbKY, 0YeBUIHO,
g®; € Y?®). B 1o ke Bpems jemma 4 110Ka3bIBAET, 9TO

1 — @

Le(p)

b <C [ ol an< oy

lg|>t

Taxum obpazom, & — 1 11.B. 15T HEKOTOPOI 1TOCJIETOBATEIBHOCTH y—+ OC.
Hanee, f®; = g®: + h®,, €Y u, oueBunno, f®; — f n.s. Ilo Teope-
Mme JleGera o MarKOpUpPOBaHHOW CXOIMMOCTH, 3TU (DYHKIMH CXOAATCT K f
rakxke u B L"(u), orkyma f € Y.

3ameuanue. [lomyTHO oSTyunsIoCh ciemyomee: ecu f € Y, 0 < s < o0,
To cymecTByior dyukiuu fi € Y rakue, uro |fi| < C|f| u fr — f wB.

Kax yzke orMeuasnocs, yreepKienue (6) Teopembl 2 yI00HO JOKA3bIBATH
BMmecTe ¢ Teopemoit 1. Copmymupyem ycusieHrne 060uX STUX YTBEPAK ICHUIA.

Teopema 1. IIyemov f € H u |f| < u+ v, 2de u,v = 0, u € L"(p),
0<r<oo,ve€ L*®(u). Toeda natidymes maxue pynrkyuu g € Y™ uh €Y,
wmo f = g+ h, npuuem ||g||L7‘(,u) <C HUHLT(;L) u ”hHLOO(,u) <C ||U||L°°(;L)‘

HdokazarenbcTBo. Mbl OyeM MOIB30BATHCS yKe TOKA3AHHBIM IIYHK-
Tom (a) Teopempr 2. Hycrs 0 < ¢ = 2[|vf|pe(,), a e = {z:|f(z)| > t}.
Ecmn x € e, To u(z) = |f(x)] —v(z) = |f(z)| —t/2 = 1/2]|f(z)|, Tak 41O
1 Xell gy < 2Mull ey

Bocnosbsyemcst Tem, 4To ycioBue (. ,,,) BBIIOTHEHO C HEKOTOPBIM [, I
npuMeHnM JieMMy 4 ¢ 9TuMu mapamerpamu K GyHKnun ¢ = t~1|f| x. u3
npocrpanctsa L (p). [TokazkeM, 9T0O ¢ HOMOIIBIO TIOJIy Y€HHON B PE3yJIbTaTe
dyukuun ¢ uckomoe paszioxkenue st f naerca dynkuuavu g = (1 — @) f
uh=9of.

O6e sTn yHKINN, OYEBUIHO, jJexkarT B H. B cuity mokazaHHOTO ITyHK-
Ta (&) TEOpPEMBI 2 JOCTATOUHO IIPOBEPUTD JIUIIIb, YTO BBINOIHSIIOTCS OIEHKH
A HopM [|Af| ey < Ct m |9l ey < Cllullgr(,,)- TlepBoe HepasencTso
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IIO4YTHu O‘{eBI/I,ZLHO:
Ih(z)| < C|f(x)| < Ct, tde,

Clf@)| _ Clf@)
Tt e S o "

Hokazkem Bropoe. ljist aroro HammmmeM |(1 — @) f| <|(1 — @) fxe|+t [1—D|.
IepBoe ciaraemoe B IIPaBOil YaCcTU MOMIMHSIETCs HYKHOI onerke B L7 (),
Tak Kak |fxe| < 2u. Yro Kacaercg BTOPOro, mpocro IpPUMEHSIEM yTBEP-
xKeaue 1 jieMMbl 4:

11 =@l ey < Cliellprgy = CtH I Xellprgy < CEH ullprg, - O

tE€e.

[h(2)] <

Sameuanne. [Tockonoky |®| < C,ag=(1—®)f u h = Of, Boinosune-
HbI HepaBeHCTBA |g|, |h] < C|f]. TIosTOMY MBI MOXKEM HECKOJIBKO YCHJIUTH
UpebIIyINee 3aMeYaHie U 3aK/II09UTh, 9TO JaxKe U [Ipu 6oJsiee CBOOOIHBIX
TpeboBaHuAX TeopeMbl 1/ Bce paBHO HaiimyTca Takme dyHKmua f, € Y,
qro fr, = fuwB. u |fn] < C|f].

2.3. Perynsipubie Beca. Mbl mepexouM K BECOBBIM aHAJIOTAM Teope-
Mmbl 1. [Tox Becom monnMaeTcst Jiobast m3MepUMasi CTPOTO TIOJTOKUTETHHAST
U 11.B. KOHeuHast yHKus Ha MHOXKecTBe S. Hac 6ymer uarepecoBaTh Me-
pa wdu Bmecro . Ilepexom K Takoil Mepe MeHsieT mpocTpaHcTBa LP ¢
p < 400, HO He L°°. HeckoJIbKO 11032Ke MbI MOJIUMDUIIMPYEM TAKXKE U ITO
IOCJIe/THEE TIPOCTPAHCTBO, HO MTOKA, OCTABUM €r0 B IIPEXKHEM BHUJIE.

Bo BBemenuu yxke cOOBIMAIOCH, 9TO JJIs KJIACCHIECKUX MTPOCTPAHCTB
Xapmu HP(w, T) unrepecyoliue HAC HHTEPIOJISIIIMOHHBIE TEOPEMbI COXPa-
Hsitorcst, ecym logw € BMO. 3meck MBI Oyj1eM MOJEIMPOBATH CJIELYIOIIEE
onucanune kiaacca BMO (em., Hanpumep, [2, semma 3.1]).

ITpengioxkenue 1. ITycmov w — noA0HCUMENDHAA USMEPUMALA PYHKUUA HE
T ¢ cymmupyemvim nozapupmom. Caedyrowsue Ycaosus sK6UBAAEHTIHbL.

1) logw € BMO.

2) Cywecmeyrom xoncmarmoe C,6 > 0 u Pynrkyus u makue, ¥mo
C 1w <u<Cuwl u [u] < Cu, 2de soana os3navaem 2apmonue-
CKOE CONPAdNCENUE.

U3 nokazaresnbcrsa B [2] BUAHO, 9TO 0COOBIX [IPOGIIEM € OUPEeIeHIeM
rapMOHUYECKH COIPSI?KEHHON (DYHKITMH U 37eCh He BO3HHMKaeT. [loapobHee
MBI Ha 9TOM HE OCTAHABJIMBAEMCSI.
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Hamomamm, 910 MBI nMeeM f1eJ10 ¢ w*-3aMKHyTO# mogaaredbpoit X aared-
pbt L (). IlockosbKy oHA — MOJLYJIb HaJl COBOIt, UMEIOT CMBICJI BBEICHHBIE
st Mofyiteit obosnadernsa X", 0 < r < oo, X = X u HX.

Hawm erme nonaiobsirest MHOXKeCTBO L HEOTPHUIATEIHHBIX (DYHKIINI 13
obbemuaennst Ugso(L® (1) + L% (p)). Obosnaunm

L) = {f € L7(u) : £ > 0}
fcno, aro L4 = Ugso(L5 () +L° (1)), mpudem muozxectsa LS (1) 4+L53° (1)
PACIIMPSAIOTCS ¢ YObIBAHUEM BEJIUUUHBL S.
Omnpepgesienne. Bec w Ha3bIBaeTCs peryJisipHbIM, ecin w € L, W Haii-
nyres Koucrantel C' > 0, 6 > 0 u r € (0,00) Takue, 9TO BBINOJHEHO CJie-
npymomee: cymecrByior dyukmun U, € X, cxomsmmecs II.B. K HEKOTOPOI
byuknun U, 11 KOTOPBIX

SUP [Unll 4 oo oy = S0P, f (171 2y + Nl oe ) < 004

by u,, = Re U,, meorpunarensusr u C 1 w® < |U| < Cuwd.
Mer 6yaem rosoputhb 0 (J, C, r)-peryjspHblX Becax, €Cu HyXKHO yIIOMs-
HYTb [apaMeTpbl SBHO. JIOBOJIBLHO JIETKO MOHSITH, 9TO IIapaMeTp T BCeria
MOXKHO YMEHBIHUTD, He MeHsist C' u §. Kpome Toro, HeTpy/HO ITPOCIeUTh,
9TO IIPY ONKMCAHHBIX HUXKE IMPeobpa30BaHUsSX BECOB HOBbIE 3HAYEHUs IIa-
PaMeTpPOB 3aBUCSAT TOJIBKO OT CTAPBIX M, MOXKET OBbITh, OT YEero-To eIe, He
CBSI3aHHOTO C BECOM, HO He OT CAMWX BECOB. BIpesh Mbl He OyjIeM akIeH-
TUPOBATH HA STOM BHUMAHUS.

[IpugaauM TOHSTHIO PErYJISPHOCTH CXOJCTBO C YCJIOBHEM 2 MPeJJIoXKe-
Hus 1.

JIemma 5. IIyemv w — (0,C,r)-peeyasproii eec, mozda on 6ydem
(61,C(01), r)-peeyasprvim npu arobom 01 < 6. Dynxuyuu U,, coomeem-
CMBYOUUE HOBOT, MPOTKE NAPAMEMPOS, MOHCHO SHOPAML MAK, MO

ImU,| < tg(o7/2) ReU,, |Un| < (cos(an/2)) ' ReU,, a=68/6. (2)

dokazaresbcTBO. PaccyKeHnsl HOUTH Te JKe, YTO U IIPU IIPOBEPKE JIEM-
Mol 1 (em. Hepasencrsa (1)). Ilycers V,, — dyHKIWs U3 onpeiesieHnst pery-
JISIPHOTO Beca JUIs UCXOMHBIX Hapamerpos. Jlocrarouno monoxkuts U, =
V2 cos (am/2) " (Gepercst raaBHAs BETBb CTEIEHH) W BOCIOIL30BATLCS YC-
noBuem o < 1. B rakom cayuae suano, uro C(8;) = C® cos (ar/2)” . O

JlemMma 6. Fcau wy U wy — pe2yaapHvie 6€ca, Mo Woly U Wo—+ w1 — MOodHCe
De2YAAPHDBLE BECE.
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JokazaTeabcTBo. B cuty meMMbl 5 MBI MOXKEM CUHTATh, 9TO 3HAMEHUE
mapameTpa § OIHO U TO ¥Ke A wo 1 wy. lyers UY u U} — dbynxmum w3
OIIPEJICJICHUS PETYIAPHOCTH, COOTBETCTBEHHO, IS Wy U w1 . EIIe HECKOIb-
KO yMEHbINAsl, IPU HEOOXOJAUMOCTH, YUCJIO 0, MBI MOXKEM CUUTATH, UTO,
nanpumep, [ImUj| < 107'ReUJ ans j =0,1nn € N.

IIycth B manpHeilmeM 3amuch [ X ¢ O3HAYAET CyIECTBOBAHUE TAKOI
koncrautel C > 0, uro C71f < g < Cf. ®yukiuu USU! umeror neot-
PUIATEIBHYIO BEIECTBEHHYIO YacTh U ACHO, 4To (wowi)® < |U 0| |U 1|, rie

U7 = lim U] nouru Bciony, j = 0, 1. BoJiee Toro, B Halleil curyanuu cpa3y
n—oo

MOKHO CKa3aTh, 4To maxke (wowi)® < Re UOU!. TIpocThiMu paccy K eHns-

MU C TpuUBJIedYeHneM HepaBeHcTBa ['é/ibjiepa JoKa3bIBaeTCsl, 9TO (DYHKIUN

USU} orpanmaenst B L*(p) + L°° () paBHOMEPHO IO 1 TIPH HEKOTOPOM S.
st cyMMBL wg + w1 JOCTATOYHO 3aMETUTH, 9TO

s 5 5
(wo +w1)° =< wy + wy. O
HernocpeIcTBeHHO U3 OIpe/ie/IeRns BUHO, 9To Beca w u wP, B > 0 pery-
JISIPHBI WM HET ofiHOBpeMeHHO. st 8 < 0 MOXKHO OTMETHTH CJIe/IyIolee.
1

Jlemma 7. Ecau w — peeyaapnoidi u w™' € L4, mo sec w™ ' mooice peay-
AAPHOUT.

HoxkazarennsctBo. Ilycts U, € X — QyHKIMN U3 OIpee/IeHns] PeryJisip-
HocTu i w, T.e. ReU, >0, U, — U ws., w® < |U| u

SUP [Unll e (puy 4200 () < 00

st Hekoroporo 1. Ilycts € > 0 — masoe uucio. Torma

Vel erU) T eX n [V <

_1 def

Kpome Toro, lim V¢ = (e + U) Ve, npuuem V¢ € X. Pagymeercs,
n—oo

ReVe>0u Ve — U~ mp. npu e — 0. Tax xax |V¢| < |U| ™", o, aro
dyukimn V¢ orpannvenst B L7 () + L (u) upu Hekoropom o. Hakowmerr,
coorromenne |U| ™" = w™? ouesmnmo. O

Bameuanue. Eciu w — perynspubiii Bec m w~ ! € L, TO IPEMEHUB TOJIb-
KO UTO OIMCAHHYIO KOHCTPYKIIIO K w1, 3aKouaeM, 9To dyuxnun U, u3
OIIPEJIEJICHUS PETYIFIPHOCTU MOXKHO MOAYUHUTE yeaoBuio |Uy,| < Cu?.

JIemma 8. Ecau w — peeyaspnuiti sec, mo éeca wy = min(w, 1) u wy =
max(w, 1) pezyasphoie.
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HdoxkazarenabcTBo. [l MakcuMyMa BOCIIOIB3YEMCS TeM, 9TO wa < w—+1,
a I MUHIMyMa — TeM, 9T0 w1 X %5, IpuieM sec (w + 1)~! perynspen
10 TIPEIBIAYIIei JeMMe. O

3ameuanne. flcuo, uTo Bec w, U roke peryJisipe, IIOCKOJIbKY BEC Wqy !

aexxur B L (p).

Ybemumcst Temepb, UTO PEryJAsSpPHBIX BECOB JO0BOJIBLHO MHOTO. MbI mmo-
IIpe;KHEMY CYMTAeM II0 YMOJIYAHUIO, YTO OCHOBHAas ajredpa X yJIOBJIETBO-
psieT ycaoBuIo (o).

Jlemma 9. /Jlasa ecakxozo eeca w u3 Lo cywecmeyem peysapHbli 6ec
+
V=W Co CACIYIOUWUMU CEOTCTNBAMU:

1) ecauw€L"(n), r€(0,00], movEL" () w|[v]pr(y < Cllwllpr;
2) ecauw w € L™ (p) + L (1), mo v sesrcum 6 amot orce cymme npo-
CMPANCNG € AHANOLUNHVLM KOHINPOLEM HOPMOL.

HdokazarenbcTBo. lokaxkem yrBep:xkenune 1. Ecaum r = 00, moiokuM
npocro Up, = U = [[w] pe(,,) 1. Ecin e r < 00, 10CTATOUHO IPUMEHATH
ycaosue (o) K ynxknmn w € L7 (p).

Hoxazkem yrsepzxenne 2. Hammmem w = wo + wy, rae wo € L7 (),
wy € LT (p), m 3ameTnm, 41O

0 o0 g
(wo + [[wl] oo () 1)° = wo + [[wr][ oo ) 1-

DTO COOTHOIIEHNE TIOKA3bIBAET, UTO JOCTATOYHO IPUMEHUTH YKe TOKaA3aH-
HBII IYHKT 1) 0 OTAEJBHOCTH K Wo U W1 . O

Cdopmymupyem Terepb OCHOBHO# pe3yJibTaT 3TOrO pas3jiesia.

Teopema 3. Ilycmo anzebpa X ydosaemsopaem ycaoeuro (o), a w —
peeyaaproui eec. Tozda anzebpa X ydosaemeopaem u ycaosuro (Quydy)-

HoxkazareabcTrBo. [lycTh § — 9uci0 U3 ONpeIenennst peryasipHOCTH JIJIs
Beca w. B cmiy memmbl 2 anrebpa X yIOOBIIETBODSIET YCJIOBHIO (Qp k. )
cp = 6" u kaxkum-unbyas k € N. IIpoBepum yciosue (at’l,wdu) JLJISE
KaKoro-HuOy b t. BeibepeM 4uciio ¢ J0CTATOYHO GOJIBIINM; HACKOJILKO, —
OyJIeT BUIHO MO37Ke, HO, BO BCSKOM CJIydae, JOJIZKHO OBITh £ > p.

ITycts 0 < f € LY (wdp), Torja, ouesuiHo,

Hft/pwl/PH’Zp(M) = ||f|\tLt(wdu) .
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ITpmvenus ycnosue (o k) K GyHKIUR f /Pyl /P maiinem Taxue dbyHKIIIT
®, € X, ¢, —» ® uB., uro:

Re®, >0, o <C|

n”LF(u) ftpyt/p

Re® > f1/(kp)y1/ (kp),

Lr(p)’
IIycts U, € X — GyHKIMEN U3 ONpejiesieHusl PeryJisipHOCTH Beca w, TO
ects U, — U mws., |U| < w'/? (namomunm, aro § = 1/p), ReU, > 0 u
dyukuun U,, paBuomepno orpanudensl B L*(u) + L°°(u) upu Hekoropom
s > 0. Ormernm, uro (p + U)~! € X npm xaxmom p > 0. Pacemorpum
Tenepb OYHKITUN
kp
hp = @, /(n~t + U)P/L.
Briopas wmciio t 60gbIITIM, MOXKHO CIeIaTh 00a MOKA3aTes s CTEIIeHN Ha-
CTOJIBKO MAJIBIMHU, 9TOOBI 3HAYEHUS] U YHUCIUTENsI, U 3HAMEHATEIsI JIeYKa-
JIX B yIJIe JOCTATOYHO MAaJIOTO PACTBOPA C IOJIOXKUTEIHHOM BEIeCTBEHHOM
ITOJIyOChIO0 B KadecTBe OuccekTpuchl. Torma okaxkercs, aro Reh, > 0 u
|h.| < K Re h,,. Kpome toro, oueBummo, h, € X.
Oyuxnyn h., y,ILOBHeTBOpHIOT Hy>KHOI paBHOMepHOii onienke B L' (w dp):

t
Hh ||Lt(“’dl‘) / "I’L_l + U|pwdu C||ft/Pw1/PH =C ||fHL‘(wd,u) .

C ngpyroii croponsl, h, — CD%/UP/*/ IIpU N — 0O II.B., IIPU 3TOM

k kp
\a Pt 1/t
Re —— = lim Reh, > K~ lim |hy| Y L N

Ur/t n—00 n—00 |U|p/t = wl/t - Cf

Teopema nokazaHa (n36aBUThCst OT KOHCTAHTHI C' ClIpaBa HE COCTABJISIET
TpyIa). O

CaexncrBue 1. Ecau w — pezyaaprod eec, mo napa (Y d“,Y) bydem
K-samxnymot ¢ (L*(wdp), L (wdp)) npu 0<s<oo.

Hanomuum, aro L (w,du) = L™ (u).

2.4. IIpocrpancrBo L (). IIpocrpancrso LS (1) cocrout us rex dyn-
Kimit f, s KoTophix fw ™! € L% (u), Hopma byHKIEE f B HEM ecThb 10
onpezenennio || fw ™| fee (). 34€ch w — HEKOTOPBIIT BEC, TO €CTH MOJIOXKII-
TeJIbHAs u3MepuMas (PYHKIHS.

Hawm uHOTIA Oy meT y06HO JaKe U J1J1si BECOBBIX HpOCTpaHCTB 3aJ1aBaTh
JIBOCTBEHHOCTD HEBECOBOH Ouinneitnoi dhopmoit (@, f g PYdu. Jlerko

BHUJETh, YTO (Ll(w d,u)) = LS°(4) OTHOCUTENHLHO 3TOi JBOWCTBEHHOCTH.
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IMycrs cuoBa Y C L®(p) — *-c1abo 3aMKHYTBIA MOIYJIb HAJ, *-CJaabo
samkHyTOl asnrebpoit X C L™ (u) ¢ exqununeii. ook

V(w)=HY NLY ()= {f eH" :|f| < Cw}.

JIemma 10. Ecau npocmpancmeo L'(u) cenapabeavro, mo npocmpan-
cmeo Y (w) samknymo 6 x-caaboli monoaoeuyu npocmparcmea L2 (1) npu
arobom eece w u3 L.

Hokasarenscrso. Tonomnorus o (LS (1), L' (w dy)) merpusyema Ha eap-
aranoM mape. [losromy mo Teopeme Kpeitna—IlImysnbsaa moctaTodno mo-
Ka3aTh, YTO MIap IIPOCTPAHCTBa Y (W) CONEPXKUT IIPeeJibl BCeX *-Caabo
CXOJISATINAXCS TIOCJIE0BATEIHHOCTEN CBOUX 9JIEMEHTOB.

IIycrs Y(w) 3 fr, — f € L (1) B cMbIcie *-ciaboif Tonosoruy npo-
crpascTBa L0 (1) u an||szo () < 1. Pacemorpnm Bec u = w~th, rie dynk-
st h CyMMUPyeMa MO MepE [t M CTPOTO MOJIOKUTENbHA; OHA CYIIECTBYET
6J1aroiapst IMPEIOJIOKEHUIO O 0-KOHEIHOCTH Mephl. TOoria JIerko MoHSITh,
uTo TpoctpancTso LS (1) Bozkeno B mpocrpanctso L (udu), mpuaem u3
*-CJIa00M CXOAMMOCTH B NEPBOM M3 9TUX MPOCTPAHCTB BBITEKAET ciabast
CXOJIUMOCTb BO BTOpOM. IlosroMmy cxomumocthb f, — f umMeer mMecro u B
c1aboit Tonostoruu npocrpanctsa L (u).

Ho Torma mexkoTopast mocse10BaTeIbHOCTD BBITYKIBIX KOMOMHAIINH DY H-
Kuuii f,, cxomurcsa K f mourn Beroay. CumraeM, 4TOObI HE MEHITH 0O03HA~
Jenmit, 4To TaKOBEI camu f,,. Terneps Brimodenue f € HY ciaemyer us Toro,
aro | f| S w € Ly O

B naspHeiiiem Mbl, HApsiy ¢ 0-KOHEYHOCTBIO, OyIeM MOJIYAJINBO IIPel-
[10JIaraTh, YTO OCHOBHASI Mepa (i cerapabesibHa, TO €CTh, 9TO CernapadebHO
npoctpanctso L (). JlomoHuy TeopeMy 3 ClIeyIoNuM yTBEp:K ICHIEM.

Teopema 4. Ilycmv wg u wi — dea peeyaapuulx eeca, a Y, Kax 6ce-

2da, ecmv *-cAa00 3aMKEHYMOBIL MOOYAL Had ocHo8HOU anzebpoti X, ydo-

eaemeoparowet ycaosuro (. i ). Tozda napa (YP0 I Y (wy)) saeasem-
- i P oo

ca K-zamxnymoti 6 nape (LP(wodp), Loy (1)) npu aobom 0 < p < oo.

Koncmanmo, 6 ycaosuar K-samxnymocmu 3a8ucam iuws om 1k, p u

coomeemecmseyrnuwur KOHCmMarm u3 yC/LOSU’[Z pPeE2YAAPHOCITNU 6ECO6.

JokazaTesabcTBO. 3a KOHCTAHTAMU HECJIOYXKHO OYIEeT IIPOC/IeIUTh, MbI He
GyJieM 3a0CTPsATh Ha 9T0M BHUMaHus. Pacemorpum B L™ (1) mopmnpocrpan-
CTBO

Z=Af/wy:feY(w)} CL®u).
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ITo nemme 10, 310 *-c1a60 3aMKHYTHII MOILYJb. [l03TOMY OIIpe e IeHbI mpo-
crpaHcTBa ZPY 118 pa3HbIX noKasareseil p u mep v. OpenenuM olepaTop

Tg=g/wy, T:LP(wodp)+ Ly, (n) — LP(wowy dp) + L (p).

w1
Jlerxo Buzerh, uro oneparop I’ GueKTHBeH, a TakxKe nepesoaut Ly (1) Ha
L>®(pu) m LP(wodp) ma LP(wow} du) mzomerpuaecku. Kpome toro, Hemo-
CPEJICTBEHHO U3 OLpeiesieHus IIpocTpancTBa Z Buiuo, yro T(Y (wq)) = Z.
CupaBeyiuB cJieyomuii haxT.

Jlemma. T(YPwodi) = zpwowydu,

DTO TO3BOJISIET CBECTU TEOPEMY K BOIIPOCY 0 K -3aMKHYTOCTH MAPHI IIPO-
crpamcrs (ZPwowi i 7Y g mape (LP(wow? du), L®(1)). Ona, B cBOIO Ote-
pesib, cpasy CJeJyeT U3 TOro, 9TO BeC wow] perysispen (cMm. jsemmy 6 u
3aMeuaHue nocie Hee), n u3 TeopeM 1 u 3. [osromy ocraercst uib mpo-
BEPUTD JIEMMY.

p
JloKazaTesbCTBO JeMMbI. llycrs f € ZPwowi 44 mokaskem, urto fw, €
yPwodt Tlo onpejiesieHuo, CYIeCTBYIOT (DYHKIMH BIIA ©;, /W1 TAKHIE, ITO
) )
Vo ||f = |
n € H" u ||f — ppw; Lo (wow? du) — 0. D9T0O B TOYHOCTH O3HAYAELT, ITO

[ fwi = enllpo(uwp apy — 0- Bmaunt, @, € LP(wodp) N HY . Tlo 3amedanmio
ocJIe JoKa3aTeIbCTBa TeopeMbl 1 cymectByioT GyHKIuM v, ; € Y Takue,
ITO (v j — Pn LB. U |0y, ;| < Clp,|. Torma mo mpuHmumy MaxcuMyMa,
TO €CTb IO TeopeMe 2, qu, ; € YPWo At spaunr @, € YPWodk g torma u
fwy € YPWo du,

HoxkazxkeMm Tenepb obpathoe. [Iycts ¢ € YP0 de rorma Ha Ty TCsT (DyHK-
i ¢, € Y N LP(wo dp) raxue, 910 ([0 = ©nll 1oy apy — 0- Pasymeercs,

3TO 9KBUBAJICHTHO COOTHOIIEHMIO ngwf ! — 0, no-

-1
PnWy ||L1’(u)0w11j dp)
— P

9TOMY JOCTATOYHO JIOKA3aTh, UYTO (Op W] L e zpwowi di ypy jo6om n.

Bocmonb3yemcst yciioBuem (ap,l,wowf dy)» KOTOPOE BBITIOJIHEHO C HeKOTO-
poim I € N o reopeme 3 u temme 2. g dukcuposanuoro n u k € N mosto-

l 1/1 _

&M Ap = (max (Ienl/kw,, 1) — 1) 4 Hockombky @nwy ' € LP(wow? dpu),
BH/IHO, ITO kl;r& ||)\k||L,,(w0wf apy = 0- Hpnvenum x dbynkupsam Ay, mevmy 4

¢ BecoBoit Mepoit wow! du. Iomyuarcs dynknuu @5, € X rakue, 4o
N
11 = 2kl 1 gt ay = O B4 < O/ (14 1/1)

B cuity mepBoro cooTHOIIEHNST MBI MOYKEM, TIEPEHIsT K ITOJIIOCIIET0OBATE b=
HOCTH, CIUTATDH, UTO0 P, — 1 moutu Bcrogy. Bropoe cooTHoIeHme moka-
spiBaer, uro |®y| < C. Orcioma Ppp,w;t = pwi' B LP(wow? dp) mo
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TeopeMe Jlebera o MazKopupoBaHHOI cxomuMocTH. HakoHel, crpaBeIjIuBLI

coornomenusd Prp, €Y u |Prp,| < kw;, orkyna Prp, € Y(wi) u, rem
— — P

caMbIM, P W] le Z, a 3HAYAT W, L g zpwowydp, O

Ha srom 3akongeno n J10Ka3aTeJILCTBO TE€OPEMbI. O

TToxoxxum 06pa30M JIOKa3bIBae€TCd elle OJJHO YTBEP2KIEHNE, KOTOPO€ MbI
opuBeJgeM, XOTb OHO HAIIPpAMYIO U HE HOHaLLO6HTCH HaM B ‘Ha.HLHelu/ILHGIVI.

JIemma 11. ITyemov wy u wy — dea peeyaspnwx seca, a Y C L°(u) —
k-3aMKEHYMBIT M0JYav 1ad X 6 L°(u) . ITyems 0 < p < 00, mozda nepe-
cevenue npocmpancme YPwo i o YPwrdi g aompo 6 kasicdom u3 nux.

JokaszaresabcTBO. BhibepeM cTporo moJioKuTe/ibHY0 (MYHKIUIO h U3
npocrpanctsa Lt ((wg + wy) dp), 970 BO3MOKHO 61aroiapst 0-KOHETHOCTH
mepnl 1. Torma wo, wy € LY (hdp). B cuy nemmbr 9 1 Teopembl 3 MOKHO
06e3 orpaHWYeHNsT OOIIHOCTH CYUTATH h peryaspHbiM BecoM. Ilycrh dmc-
70 | TakoBo, uTO anrebpa X yIOBIETBODSIET YCIOBUIO (i i awohdpy), OHO
CyIecTByeT GJyiarofapsi PeryJsipHOCTH Beca woh, TeopeMe 3 u Jjiemme 2.
ooz oy, = (max(wi/kuw,, 1)1/ ) — 1)t

Tax Kak [kl 1o (woh dp) < Uk [wihdp, To k]l Lo (o b djey = O- TIpmnte-
HuM K QyHKIMAIM oy sgemmy 4, mosnyyarca oyukiun P € X takue, arto

1/1\1
Hl - (I)kHLP(wohd,u) <C ||ak||LP(wohd;L) ) |q)k| < C/(l + ak/ ) :

Ilepeitnst K mojocie10BaTeIbHOCTH, MOXKHO CUYUTaTh, 9T0 P — 1 1.B.
Bropas onenka nokaseiaet, ato |®y| < C seiogy u [®y] < C(Fwofuw,)M/P.

[peamnonozkum, aro f € YPo 4 Myt xorum npubamsuth GyHKIMO f
dbysKIMSMT U3 nepecedenns Y P wo 4Ny Pwidi EerecrBeHHO, MOXKHO CUI-
Tath, aro f € Y N LP(wo du). Honoxnm fi = f®p, Torma [o | frl” w1 dp <
Ck [ |f|" wo dp, Tak uro fr € ¥ N LP(wo dp) N LP(wy dp). Kpome roro,
fx = f B LP(wodu) no reopeme JleGera 0 MarKOPHPOBAHHOM CXOIMMO-
CTH. ]

2.5. Annynaropsl. [lycts onsaTh Y — *-3aMKHYTBII MOIYJIb HaJI AJIred-
poit X B L°°(u) u nycrs w — peryiasipHbiil Bec. s gajabHeHux maros
B TEOPUU UHTEPIIOJISNUN HAM HOHAI00UTC aHHyIsaTop Y (w)| mpocrpad-
crBa Y (w) C L°(n) B npepupoiicteennom npocrpanctse L (w du):

Y(w), = {gELl(wd,u):/gfd,u:Oan fGY(w)}.
s
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PaccvoTpum Takxke aHHYISATOD

E= (Yl’“)L = {LpeLoo(,u) :/@udu:OanueYl’“}. (3)
S

OueBuiHBIM 006pa3oM, F — *-3aMKHYThIIl MO/Iy/Ib HaJl aiarebpoii X B mpo-
crparcree L (p). Crrenytorast jieMMa IIO3BOJISIET BKJIOUATH AHHYIISITODDI
Y (w), B mokasaHmHble paHee MHTEPHOJIANMOHHBIE YTBEPXKICHUS.

JIemma 12. ITycmo das anzebpu X evinosneno yeaosue (o). Toeda ume-
em mecmo paserncmeo Y (w), = EVWIr,

HoxkazarenbcrBo. Crauana nokaxem, aro E1W 4 C Y (w), . s storo
JI0CTaToMHO 1poBepuTh, uto E N LY (w) C Y (w), . Hyers ¢ € EN LY(w),
[ € Y(w). Mbr nomxusr nokaszars, ato [ ¢f dp = 0. B cuny samedanus
HOCJIE JIOKA3aTeILCTBa TeopeMbl 1/, maiixyresa dyuknun f, € Y Takume, 9410
fo = [ ou |fy] < C|f|. Ecmu mbr mposepum, aro [g @ fy dp = 0 mis
BCEX 7, MBI IPUJIEM K HY?KHOMY COOTHOIIIEHHIO B CHUJIy TeopeMbl Jlebera o
MasKOPHPOBAHHON CXOJMMOCTH.

Tak kak ¢ € F, coornomenme [pudy = 0 BepHO st Beex u U3
Y N L'(p), a 3HQUAT HAM JOCTATOYHO MPABUILHBIM 06Pa30M MPUOIU3UTD
Kazk1y1o byHKIMO f, Kakumu-To dynrkmmsavm u3 Y N L(u).

Haitiem Kaxyto-HEOY/ b MONOKATEIbHYIO 11.B. byHKImo o u3 L (w dy)
u npumennM jgemmy 4 k dyukmuam ko, k € N. Ionyuarca dbynxnum
P € X co crmenyrommumu CBONCTBAMMU:

l
1= @il e < Cklallpiwan 16l < C/(1+ (ka)')"

I[lepsoe yciosue mokasbiBaeT, uto ¥y = 1 — &, € LY(wdp) npu Beex k,
npudeMm ¥y € X, moromy uro 1 € X. Bropoe ycioBue mokasbiBaeT, 4TO
dyukun ¥y, paBHOMEPHO OTPAHUYEHBI U CTpeMsATCsd K 1 m.B. mpu k — 0o.

Teneps Wy f,, € Y, Tax kax Y — momynb vag X. Hamee, Uy f, € L(u)
TaK KaK |fn| < Cwu Uy € L' (wdp). Tosromy [¢ Wy fr dpu = 0. Iepeiitn
K npeziesty 1o k npu GUKCUPOBAHHOM 1. MOXKHO, TMOCKOJIBKY oW fr]| <
Clolw e L' ().

Ocranoch fokazaTh obpaTHOe BKmodenne £ 4 DY (w), . TomycTm,
aro f € Y(w),. Torma f € L'(w) m, Tak Kak Bec w peryasapeH, BLITOJ-
HEHO yCJIOBHe (0] 1, dy) A1 Kakoro-To | € N. 3HaunT, MOXKHO IPUMEHUTD

nemmy 4 x pyrkmusaM @, = (max(n=!|f], nyt— 1)l, noayunB @, € X
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CO CBOMCTBaMHI
11 = Poll 1wy < Cllenllprwany — 0 mpu n— oo,

C c .
|®n| < (1 +901/l)l = max(n—1|f[,1) < Cmin(1, n/ | f]).

[Tepexonst, Tpu HEOOXOIUMOCTH, K IIOIOC/IEIOBATEILHOCTH, TTOTYIaeM
f®, — fus us LY (w), npuuem f®, € Y(w), u f®, € L°>(u).

Jljis1 3aBepIleHns JOKA3aTeIbCTBA OCTAIOCh IPOBEPUTH, uTo f®,, € F|
To ecth uro f®, | Y1# Braromaps IJIOTHOCTH MOMKHO JOKA3aTh JIHIIL
coornomenne [P, L (YﬂLl(,u)). 3HaeM, 9TO yCIOBHE (0 rudy) AL
asre6pbl X BbITOMHEHO i Kakoro-to © € N. Ilyers g € Y N LY(p) u
mycrs ¥y = (max(19l/kw, 1)V/7 — 1)T. Jlerko Bugers, uro ¢y € L'(wdu).
ITosromy sremma 4 maer dyukiun ¥y € X co ciaemyomuMu CBOICTBAME:

1= Wkl

) < C Yol apy = 0 mpu k — o0,

C C
< = < i .
|Wx| < (1 " i/r)r max(19l/kw, 1) < C'min(1, kw/ |g])

(wdp

CHoBa nepexojis, Ipu HEOOXOIUMOCTH, K HMOJIOC/IEI0BATEILHOCTH, TIOJIY-
qaem gW¥y — g m.B. u B L1 (1), npuaem g¥y € Y N LY (p) u g¥y € L ().
Beixogur, uro g¥) € Y(w), a 3Hauur fS f®,9Y,dy = 0. Ilepexon k
upenesy upu k — 00 MOKa3BIBAET, UTO |, s JPngdp = 0, u 3aBepmaer j0-
Ka3aTeJIbCTBO. [l

2.6. ELue OJHAa MHTEPIIOJIAIIMOHHAasdA TeopeMa M aHaJIor aHaJIUTHUu-
YeCKoro paB6I/IeHI/I$[ e AHUIIbI.

Teopema 5. ITycmo Y C L*°(u) — *-3amrrymoii modysv nad anzeb-
poti X, Komopas ydosaemeopaem ycaosuro (o). Hycmo wy u wy — pe-
eyasaphue seca. Tozda napa (Y (wp),Y (w1)) asasemes K-zamxnymot e
nape (L, (1), Ly, (1)

okazaTeabcTBo. 3 06mmx coobparkennii, CBSI3aHHBIX C IBONCTBEHHO-
croio (eM. [6, 2]), yrBepxKaeHHe TeopeMbl SKBUBAJIEHTHO K-3aMKHYTOCTU
napel armryaaTopos (Y (wo)1, Y (wy)y) B mape (L'(wodu), LY (wy dp)).
Iycts E C L*°(u) — Moaysb, onpesenennsiit dhopmyoii (3). Torma ymo-
MSIHyTas Mapa aHHy/IaTopos ecth (E1wodt plwidiy no penmve 12.
Iycrs f € HE u f = g+ h, tne g € LY (wodp), h € L' (wy du). Haiinem
y dyHkumu |h| perynspHyo MayKOpaHTy h B IpocTpaHCTBe L'(wydp) c
KOHTPOJIEM HOPMBI (cM. TeopeMy 3 u siemMy 9). Torja Ha yKa3aHHOE BBIIIE
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pas3JIo’KeHNe MOYKHO CMOTPETh KaK Ha PA3JIOXKEHHEe B CyMMe IIPOCTPAHCTB
LY (wodp) u L2 (). OrveTim, 1m0 HOPMA CIIAraeMoro i Bo BTOpOM 13 STHX
IIPOCTPAHCTB Tenepsb He 6osbiie 1. Teopema 4 maer paznoxenue f = o+,
re p € B0t g € HE, 9l grugan < Cllgllpiwy s 18llceg < C-

Torma |¢] < C|7l|7 IIO3TOMY ||1P||L1(w1 dp) < CHEHLl(wl dp) € C/Hh”Ll(wl du)s
B wacTHOCTH ¢ € FLwidr, (]

JloKa3aHHYIO TOJIBKO UTO TEOPEMY H MOXKHO HECKOJIBKO YCHJIATD.

CuenctBue 2. Paccmompum pezyasaphoie eeca wy v wi. Hyemo f € HY u
[ < wo+wy. Toeda f = p+1b, 2de € Y (wy), v € Y (wy), npunent || <
Cwg, || < Cwy u xonemarnma C 3asucum we om dynruyud f,wo, w1, a
AUWD OM KOHCMAHIM, PE2YAAPHOCTNU BECO8 Wy, W1 U KOHCMAHM, 6 YCAOBUL

(o)

Habpocok gokaszareabcrBa. [Ipeabliylnyo TeopeMy MOKHO ObLIO ObI
OPUMEHUTH, ec/id Obl BRINOJIHIOCH BRouerne [ € Y (wg) + Y (wy). Dro
MIPESITCTBHE MOYKHO 000#TH, Tpub/n3uB MYHKIMIO f MOTOYEIHO HEKOTO-
poit mocsenoBarTenbHOCTBIO GYHKIUA f,, u3 Y rtakux, 9ro |f,| < C|f| n
fn € Y(min(wp,w1)), 9T0 BO3ZMOKHO IO 3aMEYAHUIO 1I0CIIE TeopeMbl 1.
Torma, pasioXuB KaxKIylo MYHKIUIO f, B COOTBETCTBUU C TEOPEMOH 5,
MOKHO OyJIeT IOJIy9uTh UCKOMOE pasjioxkenue dpyHkuuu f, nmepeiias K w*-
CXOISAIMMCSI TIOJIIOCIEI0BATEIHLHOCTSIM. O

Haxkomner, mokakeM TeopeMy 0 pa3OUEHNN €INHUITLI, O KOTOPO MBI YIIO-
MHHaJH ene Bo BBejgeHnn. OHa MOHAI00UTCS HAM B CJIEIYIOIIEM pa3ielie.

Teopema 6. ITycmv X C L*°(u) — w*-zamrnymasn anzebpa, ydosaemeo-
parowas ycaosuio (op ) 0aa kaxuz-mo 0 < p < oo u k € N. Ilyemo w —
peayaapuuil eec. Toeda natidymes dynxyuy o, € X, n € Z, maxue 4mo
1) |g0n|1/8w <2", nez,
2) 3 leal " 2" < cw,

nez
1/8
3) ¥ leal”* <o,
nez
4) > o, =1.
nez

3ameuanme. Ilokazaresn 1/8 31ech HE OUEHD CYIIECTBEHEH U [IOSIBJISIETCS
no aHajorun ¢ paforoit [3], paccykeHne u3 KOTOPOH MBI MOXKeM ceifuac
CMOJIEJTUPOBATH B HAIIlel OOIeil CUTyaIun.
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HoxkazarenbctBo. Ilycts A > 0. 13 temMbr 8 citeyer peryiaspHOCTD Be-
co wo = min((w/A\)!, 1) w w; = min((A\/w)?, 1). Crywait Beca wy, BIpo-
4eM, TpebyeT HosicHeHuii: Bec 1/wq peryssiped 1o Jjemme 8 u 6oJibiie gubo
PaBeH eJIMHUIIBI BCIOJY, & TOTJ/Ia BeC Wy TOXKE PEryJspeH B CUILY JIeMMbI 7.

Kpome Toro, jierko mpocseuTb, 9To KOHCTaHThI 6 1 C' U3 olpeiesieHust
PEryJIsipHOIO Beca MOXKHO BBIODATH HE 3aBHUCSIIUMHU OT A JJIS Wy U W1.
OcHoBHOE cOOOparkeHne 3/1eCh TAKOBO: OHHU OJIMHAKOBBI JJIsT BECOB W U YW,
ecmu v > 0.

dcuo, uro 1 < wy + wy. [Hockoabky 1 € X, MoxKeM TPUMEHUTDH CJIeT-
CTBHE 2 ¥ HOJY4YUTh Ipencrasierne 1 = g + h, rue g,h € X, |g| < Cwo,
|h| < Cw; ¢ korcTanTol C|, 3aBUCAIIEH JIUIIb OT HAPAMETPOB PEryJIspPHO-
CTH W ¥ KOHCTAaHT B ycJoBHH (o) Iyist aarebpst X.

Bozbmem A = 27, n € Z, u 0603Ha49UM COOTBETCTBYIONINE DYHKITHH § U
h qepe3 g, u h,. llomoxum @, = g, — gnt+1 = hn+1 — by ¥ HOKaKEM, 9TO
9T QYHKIIUU YIOBJIETBOPSAIOT TPEOOBAHUSAM TEOPEMBI.

dcuo, uto p, € X u

. —n, \16 —1\8
l¢n| < Cmin ((27"w)'°, (2"w™")?).
CaoiictBo 1 BeITEKaeT orcoma cpaly. Hasee,
Z @jzl—hk—gl+1—)1H.B.
k<j<
" —1—1,,\16 k,,—1\8
HeiictBurenso, |gir1] < C(2 w)'® u |hy] < C(2°w™1)®, nosromy
giv1 > 0mpu l — oo w hy — 0 nmpu k — —o0 mouru BCIOIy. SHAYTUT
BBINIOJTHEHO CBOiicTBO 4. U3 mambHeiinero OymeT BHIHO, UTO CXOIUMOCTH
psifia — abCOTIOTHASI.

IIpoBepum Terneps cBoticta 2 u 3. IlycTs e = {x 28 Cw(x) < 2k+1},
k € Z, rorma

ST el =32 (S el xe + > lenl o xe,

nez nez k<n k>n
<C Z on Z 2—2n22kxek + Z 2n2—kXEk
nez k<n k>n

—C Z Z 9—n 22}’cxe)C + Z Z 92n 2—kxek

k€Z \n>k kEZ \n<k
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< C/ZZkXek < C’”w,
kEeZ

Z lonl/® < CZ Z 9-2n92ky Z 2no~ky ..

nez nezZ \k<n k>n

- C Z Z 9—2n 22kxek + Z Z gn 2_kX€k
keZ \n>k keZ \n<k

<O X, <C

kEZ

9r1o 3aBepHIiaeT JJO0Ka3aTeJIbCTBO. U

Il jasbHEAIIero Hy>KHO OyIeT aHAJOIMIHOe YTBEp2KIeHUE, B KOTOPOM
byHKIMHI @, 3aMEHEHbI MPOU3BEICHUAMU §phy,, TOE gpn, h, € X, npudem
HOCIeI0BATENbHOCTH { gy } 1 {hy} JOMZKHBL YIOBIETBODPSTD YCJIOBUSIM Ha-
nonobue ycosuit 1-3 npeapurymeit Teopemsl. B [3] u panee 3To mesanocn
¢ IOMOIILIO BHEITHe-BHYTPeHHel (haKTOpU3alluy, HO OTBET Ha BOIPOC O
HoXoXKeil Ipoleaype B Halmell oOmell CHTyallui KaK MUHAEMYM HE O9eBH-
neH. Hy>KHbIiT BADHAHT TeOpeMbl 6 MbI IIOJIy9AM JIPYTHM IIPHEMOM, CPOIHH
KOHCTPYKIMK U3 3aKJI0YATEILHON 9acTH cTaThu [3].

CaenctBue 3. /Jlia 6CAK020 DE2YAAPHO20 8ECA W CYWECMEYIOM MAKUE

Pynkyuu On, by € X, n € Z, umo Y. opn, = 1 u das kadrcdol u3
neL
cucmem {pn} u {Pn} evinosnens ycaosusa 1-3 meopemui 6.

HdoxkazarenbcTtBo. [Ipexe Bcero, Tem ke criocobOM, UTO U BBIIIE, MOXK-
HO IIOJIyYUTh BAPUAHT TeOpeMbl 6 ¢ 3aMenoii nokazaress 1/8 ma 1/16. Ilo-

CJle 9TOTO BO3BeZeM PaBeHCTBO 4 B Ky0: 1 = ) cijupi0;on = 2 @5,
1<j<k J
roe ;= Y. CijkPiPr IpH KaxaoM j € Z, a 0 < ¢;;x < 100 npu yrro6eix
i<j<k
nnaexcax. [J0CKOIBKY OJTHOBPEMEHHO
[l <C DIl 5] < CY " lenl s

1< k>3
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BBIBOLUM AHAJOTH ycaosuit 1 u 2 qys dyukmmit ¢, ¢ noxasarenem 1/16:

‘wj‘l/lﬁw g OZ|§OZ|1/16U} < 0/222 < ONQj,

i< i<
S <O el =D [ D027 | el < Cu
j J k> i<k

Hasee, anasor ycioBust 3 ¢ nokasareseM 1/8 mosydaercs U3 BbIKJIAIKA
18, — (1/16 REVAT <C »; 1/16 o < C'w.
J i J J
J J J

Orcrona BeITeKaer coornomenue ;| < C, a Torma cpasy e MOJIy<aeM,

91O |’(/Jj|1/8 < |1pj|1/16 U, KaK CJIeJICTBHE,

;| w < €, Sl 27 < Cw.
J

Scuo, uro u3 yesosuit 1-3 st ¢; ¢ mokasarenaeM 1/16 ciaemyeT Ux aHAIOIH
¢ nokaszaresieM 1/8. DTo 3aBepIIaeT JOKa3aTeIbCTBO. g

§3. K-3AMKHYTOCTb IEPECEYEHUS MOJYJ/IEN

Bonpocsl K-3aMKHYTOCTH JIJIsl TlepecedeHust MojLyJieil HaJl ajrebpamu,
YJIOBJIETBOPSAIONIUME YCJIOBUIO (ag) B CcJlydae KOHEYHOH MEpbI [, TOApos-
HO PacCMaTPUBAJIUCH B cTaThe [4]. 31ech MbI HATIOMHUM (DOPMYIUPOBKY U
OTMETHM, UTO OHA OCTAETCA BEPHOM IIPU 3aMeHe yCJIOBUSI (ag) Ha BBEJICH-
HOe HaMH ycyoBue (@), a TaKKe JUIsl 0-KOHEYHBIX CelapabesbHBIX Mep
i. CTouT cpasdy cKazaTb, YTO BCE NOCTAHOBKH C IE€PECEUCHUAMEU HABESHDBI
TeM, ITO BO BBEJIEHUM HA3BIBAJIOCH ‘CAydaeM JBYX HEPEMEHHBIX .

Iycrs, kak u pambiie, (S, () — IPOCTPAHCTBO ¢ O-KOHEYHOMH cemapa-
6enpHOIt Mepoit, Xo m X1 — aBe w*-3aMKHYTBIE TOAAITEOPHI ¢ €IIMHUIIET
B airebpe L>°(u), a Yo u Y7 — w*-3amxHyTHIE MOAIpOcTpancTa B L (1),
SABJISTIONIACCH MOJLYJISIMH, COOTBeTcTBeHHO, Hau Xo u Xi. Cdopmymupyem

OCHOBHYIO TeopeMy cTarbu [4].

Teopema u3 [4]. Ecau mepa j1 KoHewHa U 6biNoAHENDL QONOAHUMEABHBLE
yeaosua, Komopuie mol onuwem nudice, mo napa (Yg NYYL, Yo NY1) aean-
emca K-samxnymot e nape (LP(u), L™ (p)) dasa 1<p<oo.

JomorHUTEIbHBIE YCJIOBUS OBLIN TAKUMU. BO-TI€PBBIX, IIPe/IIIoIaraioch,

a0 anredbpbl Xg U X1 YJIOBJIETBOPSIOT YCJIOBUIO (ag’ﬂ). Bo-BTopnIx, Ha
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MOIY/Ib Y|, HaKJIaIBIBATIOCH HEKOTOpoe HOBoe yciosue (), a 3aTeM, B-
TPETHUX, Ha mapy MoyJei Yo, Y1 HakIaIpIBaIoch HEKOTOPOE yCJIOBUE B3a-
HIMOCBSI3H (7p).

Onpenesum Moy E; Tak ke, KaK Mbl OIIPeAeJIsIn MOLy/Ib E B pasze-

se 2.5: monoxum FE; df (Yil)L. IIycth q — compsizKeHHDIH ¢ p MOKa3aTe b,
TO eCTb Takoii, uro 1/p + 1/q¢ = 1. Yesosue (5,) Tpebyer CyIiecTBOBAHUS
CIOPBEKTUBHOIO OrpaHMIeHHOro npoekropa P : L(u) — Ed, obnanatome-
ro ciabeim tanom (1,1):

pe € S5 IPF@)| > AL C gy /A £ €L NLP (), A>0.

VYenosue cesasu (,) Tpebyer Brmouenuss P(EY) C EY.

OrMerum Ha BCAKUI cirydail TO 09eBHIHOE 0OCTOSATENHCTBO, 9TO U3 ITOMN
TEOpPEMBI BBITEKAET YIIOMSHYTOE BO BBEJIEHUU YTBEPXKIEHHE O IIPOCTPAH-
crBaxX Xapaum Ha JIBYMEPHOM Tope: B KadecTBe Xy = Yy HYXKHO B34Th
IIPOCTPAHCTBO CYIECTBEHHO OorpaHndeHHbIX GyHKmit Ha T X T, jgexkarmmx
B H>°(T) o uepsoii nepemennoii, a B kauecrse X = Y] — 10 BTOPOIi.

YyThb 11032K€ MBI yBUINUM, UTO B CJIydae TOpa chOpMyIHPOBAHHAS TEOPE-
Ma JIaeT e u moI00HbIE YK€ BECOBbIE PE3YyJIbTATHI, a II0Ka IIPOKOMMEHTH-
pyeM To, KaK, BBU/LY U3JIO?KEHHOM BBIIIE TEOPUHU, €€ MOXKHO 0000IUThH. MbI
YTBEPXK/AEM, UTO YCIOBUE KOHETHOCTH MEPhI MOXKHO OTOPOCUTH (HAJIOKUB
BMECTO HEro YCJIOBUE 0-KOHEYHOCTHU U CENapade bHOCTH ), & YCIOBUE (0427 u)
MOKHO 3aMEHHUTD Ha yciosue (ay,).

Hecnoxkno upocieants, 9T0 B HalreM 0ojiee 0OOIIEM cCiydae paccyK-
nenus u3 [4], B ocHOBHOM, OCTAIOTCsI IPUMEHUMBbIMU. 1109TOMY MBI JIMIIb
copMysIIpyeM TEOPpEMY U OCTAHOBHUMCS HA JIETAJIAX, TPEOYIOMNX KAKUX-
TO U3MEHCHNA.

Teopema 7. Ecau aneebpu Xo u X1 ydosaemsopaiom ycaosuro (¢y,), mo-
dyav Yy ydosaemeopaem ycaosuro (By), a napa modysetd Yy, Y: ydossemso-
paem ycaosuro ezaumoceasu (), mo napa (Y§ NYL, Yo NY1) asanemes
K -3amxnymot 6 nape (LP (), L= (w)).

Habpocok mokazaresbcTBa. [lo/b3ysich TEXHUKOI cpe3aromniux (pyHK-
Ui, y»Ke He pa3 BO3HUKABIIEH B HAIMX PACCYXKIEHUSIX, HECJIOXKHO JI0-
kazaTh coornomenue (V) = E!. Ananormano MOXHO NOKa3aTh, 4TO
E!' N Ef wnorno B E} u EY. (Cp. ¢ nemmoit 11.) Iostomy, nepexoss 1o
JIBONCTBEHHOCTH K aHHYJIATOPAM KaK B JOKA3aTEIHLCTBE TEOPEMBI b, BIJIM,
9TO JOCTATOYHO MPOBEPUTH K -3aMKHYTOCTDH ITaphI

(clos(Ey + Ef),clos(E¢ + EY)) B uape (L'(n), LY(1)).
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Cymwmbt E§+E} u E{+E}, pasymeercs, ne obazaresnsno saMkay sl B L (1)
u L9(u1), coorsercTento. Onako K-3aMKHYTOCTD JIOCTATOYHO TIPOBEPATD
Ha TJIOTHOM MHOYKeCTBe (¢ KOHTDOJIeM 3a MOCTOSHHBIMHU B ONEHKAX), T10-
STOMY HAM JIOCTATOYHO, B Ipenosoxenuu, uro f € (EANEY)+ (EINEY]),
a TakKe

g€ L' (u), heLi(p), (4)
najitu dynkunn g1 € E} + E{ u hy € Ef + EY Takue, uto

f=a+h, lolgim <Clglg: I1Mllee < ClhllLw . (5)

rie C' we 3aBucur ot g u h.

Bce mambmefimme paccyxnenust B pabore [4] ocHOBBIBatoTCA Ha TIpH-
MEHEHUHU JBYX JIEMM u3 TO# paboThl, ieMMbl 3.1 U BBITEKAIOIIEll U3 Hee
gemmbl 3.2. VI3 Hareit jiemMMbl 4 JIerKO BBIBECTH HaJyIexkaree o0o0Ienne
epBoil M3 HUX. 3aMETHM, 4TO 9TO — €JUHCTBEHHOE MECTO, IJIe MbI UC-
TOJIb3yeM TapaMeTp 7y B jeMMe 4; OH HyKeH HaM ceffuac, OCKOJIbKY aHa-
JIOrUYHBIH napamerp npucyrcrsyer B jgemme 3.1 B [4]. Urober uzbexxkarsh
JIByCMBICJIEHHOCTH B O0O3HAYEHUSX, IIEpenMenyeM ", bUrypupyoIyo B
TOM yTBepyKIeHuH, B . Urak, mycrts ¢ > 1, 1 — 1 € LP(u).? Ilycrs eme
Juist asrebpsl ¢ eguanneit X C L°°(u) BBIIOIHEHO ycIoBHe (v, ), & 3HAYUT
u ycnosue (k) 4t kakoro-to k € N. Iloncrasnss B mamy gemmy 4
dbysxmmo 0 < ¢ = (PVF — 1)k <o — 1 € LP(u) u Tpebyemoe v, BummM,
9TO CyIIeCTByeT Takoii saemenT ¢ € X, uro

1= @l Lpy SCIT=llpegy, [RI<C/Y.

Nrak, 6e3 TpeboBaHMS KOHETHOCTH MEDHI ft U ¢ Oojiee CiiabbIM yCIOBHEM
(ay) BMecTO (v ,) HAM yIaIoCh yCTaHOBUTH aHajor jemmsl 3.1 u3 [4]
C OJIHOW JIWIITb OTOBOPKO#, YTO B MOTOYEYHOI OIEHKE TOsIBUIACH HU Ha
YTO CYIIECTBEHHBIM 0OpPA30M He BJIUSIIONIAsl KOHCTAHTa, BOOOIIE roBODH,
OTJINYHAST OT €JIUHUIIBI.

Yenosue (o) ,) B JanbHeiimmix paccyxaennsix paborsr [4] Beerna mc-
MIOJIB3YeTCsI OTIOCPEIOBAHHO, Yepe3 JeMMy 3.2, TI09TOMY eJMHCTBEHHOE OT-
JITYKE Teleph COCTOMT B TOM, YTO MEPY MbI HE IPEJIIOIaraeM KOHETHOM.
Oxa3sbIBaeTCs, OJJHAKO, UTO JAJIbHEIINe BBIKJIAIKN paboThl [4] BepHBI 1
6e3 TOrO TIpeanoaoKenus. 3berast MOBTOPEHNUs, MbI CIUTAaeM ODOOIIEH-

HYIO TEOPEMY JTOKA3aHHOM. O

2B CJTydae KOHETHOH Mepsl 1 ycsosue ¢ — 1 € LP(u) sKkBEBaJIeHTHO TpeGoBaHMUIO 1) €
LP (), ucnosssyromemycst B jieMMe 3.1 u3 [4], oqHako niist 6eCKOHEUHBIX Mep HOCIEHEE
ycJioBHe GECCMBIC/IEHHO.
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§4. MOJIEJIbHBIE [TPUMEPHI

OjiuH u3 cocoboB, KOTOPBIM MOXKET OBITh PEATM30BAHO ITPEJIITOJIONKE-
HEE (7Yp) O HPOEKTOpE, — ITO KOIJIA BCE IPOMCXOIUT Ha IIPOCTPAHCTBE-
NPOU3BEJIEHNH, a IPUHAJJIEXKHOCTD IpocTpaHcTBaM X, Yy (COOTBETCTBEH-
HO X1, Y1) oupeesisieTcs yCJIOBUsIMU, HAJIOKEHHBIMU 110 PA3HBIM IIePeMeH-
HBIM. 3aMeTuM, OJIHAKO, 4To B [4] paspaboran u ciydail MHON TPUPOJILI;
3/1ECh MBI €0 HE PACCMATPUBAEM.

[Iycre, nanpumep, S = T x T, mo — HOpMupOBaHHasT Mepa Xaapa Ha
asymepaom Tope T X T, u mycth p = w dme, rjie w — HEKOTOPHIT BEC Ha
nekaprosoM npoussegerun S = T x T.

O6osnaunm yepe3 Xo u X1 nomupocrpanctsa B L (ms), cocrosiiue u3
dyukuuii, koropsie npunasgexar npocrpaucrsy H(T), coorsercrBenHo,
110 TIEPBOI W BTOPOI mepemeHuoil. B cury npemjoxkennst 1 peryisipHOCTD
Beca w OTHOCUTEJIbHO KaxKjaoi u3 anredbp Xg u X; obecrevunBaeTcs: yCjo-
BUEM

esssupg, [[logw(:,&2)llppo < 00, esssupg, [logw(&y,-)llgpo < o0, (6)

T7e €SS SUP — CYIIECTBEHHDII cynpeMyM. ByteM canTars ero BhIITOJTHEHHBIM.
st mpocroThl BosbMeM Yy = X u Y7 = X;. Ceituac Hara “ocHoBHast”
Mepa ecTb w dma, a 3HAUAT MBI MOJB3YEMCsl JBOWCTBEHHOCTBIO (f,g) =
Jp2 fgw dmg. Torna anmymsrop npocrpancrsa Xo B L'(wdmsy) (coorser-
creerno B LI(w dms)) 6ymer cocroars u3 dbynkmmit f € L (wdms) (coor-
sercrenno f € LI (w dmy)), mvetormux Bug f (&1, §2) =&1h(€1, &2) /w(1, §2),
rie h — rpaHnYyHoe 3Havenune (PyHKINN, AaHAJIUTUIECKO B OUIMCKe TI0 TTep-
BOIl mepeMeHHOM (Ha camoM Jene, Jexaiieil B Kiaacce B. 1. CuupHoBa).
AnajiornyHoe yTBepKIEHNE, pa3yMeeTcs, UMeET MeCTO U Jiist X7.

IIycts Py — amasior mpoektopa Pucca, orobparkaromuii mpocTpaHCTBO
L?(T) ma cocrostmee w3 bYHKIHT ¢ HyTeBBIM CPEJHEM TIOITPOCTPAHCTBO
HE(T) npocrpancrsa Xapaun H?(T). Ilyets Q — cooTBeTcTBYIONMII TPO-
€KTOp Ha TOpe ’]IQ, JefCTBYIONUH 110 IIepBOii IIepeMeHHOH’, TO eCTh

(Qf)(&1,&2) = (Pof(-,€2))(&).

Yb6enmmcst B TOM, ITO pouib mpoekTopa P u3 ycnosmit (8,) u (7,) Moxer
HIPaTh OIEepaTop, KOTODBIH 0oTobpazkaer dyHKIME ¢ Ha T2 B QYyHKIUIH
Pg = (Qgw)/w. Cuadana obbsicHIM, Kak npoBepsiercs yciosue (7). Ec-
m g € LY (wdp) nexur B anHysnsitope npocrpancrea X1, 1o g(&1,&2) =
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Eah(&1, &) /w(&, &), tne dynkuusa h “anamurudana’ 10 BTOPOIi mepemeH-
moit. Torma (Pg)(£1,82) = &2(Pog(+, €2))(&1)/w(ér, &2) TakKe TeKUT B aH-
HyJIITOpe TpocTpaHcTBa X1, TaK Kak JeiicTBue omepatopa Py mo mepBoit
IIepeMeHHOM He pa3pylIaeT “aHaAJIUTHUIHOCTA IO BTOPOIA.

CropbeKTHBHOCTD orteparopa P oueBnna. Takum ob6pazom, 9ToObI cO-
CJIaThCs HA TEOpeMy 7, JOCTATOYHO ODECIIEIUTD JBA YCIOBUSL:

(a) oueparop P orpanuden uz LY(wdms) B cebs,
(6) omeparop P umeer ciaboiit Tun (1, 1) na mpocrpancrse L (w dms).

O6o3HaunM dYepe3 m HOPMHUPOBAHHYIO Mepy Xaapa Ha OKpyzxkuoctu T.
Oueparop Py orpannden B L4 (udm) Torma u ToJbKO TOrIa, KOIIA U IPH-
Ha urexuT kiaaccy Makenxaynra A,. IIpo kimaccsr Makenxaynra cu. [8];
BMecTO “IPUHAJIEXKUT Ki1accy Makenxaynra’ eme numryT v € A, U TOBO-
par “yposiierBopsier yeiaosuio Makenxaynra’. Tlosromy yeiosue (a) sxBu-
BaJIEHTHO IPUHAJIEXKHOCTH Beca w' ~? kimaccy Makenxaymra A, 110 mepsoit
epEeMEHHOI, Ipru4YeM ¢ KOHCTAHTOM, He 3aBUCAIIEH OT BTOPO IIepEeMEHHOI.
W3 obmeit Teopun BecoB MakeHxaynTa CaeayeT, ITO 9TO TO YKe CaMoe, ITO
U BBIIIOJIHEHNE YCJIOBUsS A, TI0 II€PBOii IepeMeHHOM sl Beca W C KOHCTaH-
TOI, HE 3aBUCSIIIEH OT BTOPOil MEPEMEHHON. 3aMeTHUM, UTO ITO YCJIOBUE
BJIEYET TAKXKe U [IepBoe U3 HepaBeHCTB (6).

Yro kacaercs yciaosus (6), Mbl ceiigac 0ObICHIM, 9TO OHO TAKZXKe TapaH-
THpyeTCcs TpeboBaHueM w € A, 110 IIepBOIl IIePEeMEHHO ¢ He 3aBHUCAIIEH OT
BTOPOIi mepeMeHHO# KoHCcTaHTO. ChopMmyiupyem 6oJiee oIl pe3yJibTar.

JIemma 13. Iycmov a u b — dea eeca na oxpyoscrocmu T, u = ab™ . das
mozo, wmobv, onepamop R : f — u 1 Po(uf) umer caaboiii mun (1,1) na
npocmpancmee L' (adm), docmamouno exaouenuti b € Ay u a € A, npu
KaKoOM-HuUbYdo 7 > 1.

Hoxkazaresbero. o nosoay mokasarenbcersa cM. [9, Teopema 4. O

Venosue (6) Bblle TOIydaeTcs U3 JIeMMbl 0pu a = w, b = 1.

CuencrBue 4. Ecau w — sec na deymeprom mope, sevscauuti 6 A, npu
nexomopom p € (1,00) no nepsoti nepemennotls ¢ Koncmanmot, ne 3a6u-
caugeti om 6mopot nepemennot, npuvem supy, [[logw(1, )| gyo < 00, mo
napa nepecexerur

(xPwdms o xpwdmz x o0 XY K-gamknyma 6 (LP (w dmy), L (w dmy)).

Ommemum, wmo 3decv L (wdmg) = L (my).
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3ameuanune. Bpocaromasics B rjiaza acUMMeTpHUs yCJIOBUN BBI3BaHA OT-
cyTcTBHEM 00Jiee COBEPIIEHHBIX METOIOB. Pa3ymeercs:, posin mepeMeHHbIX
&1 1 €9 MOKHO TTOMEHSATD.

MO2KHO eI1e HECKOJILKO yCUIUTD ciieacTire 4. [lycThb wo — emme oun Bec
OT JIByX II€PEMEHHBIX; [IOKa He Oy/eM Hak/JaaJpBaTh yciaosue (6) Hu Ha w,
Hu Ha wo. Hac GymyT uarepecoBars Moy Xo(wp) u X (wp), oupemnesen-
HBbIE KaK B pasjene 2.4, TogHee, HAC OyJeT MHTEpecoBaTh K -3aMKHYTOCTH
napbl

(XBdm2 ) X9 X (wo) N X1 (wp)) B mape (LP(wdmy), L3 (m2)).
(7)

KaK B JOKa3aTeJIbCTBe TeOpeMbI 4, BBeJIEM HO,ZLHpOCTpaHCTBa
Zij={f/wo: f € Xj(wo)} € L¥(ma2),

ABJsmomuecs Moayaamu Hajg X ;. Torna mamnma 3amada CBOAUTCA K BOIPOCY
o K-3aMKHyTOCTH Tapbl

(Zg’wwg dmz Zf’wwg dmz,Zo N Zy1) B nape (LP(ww§ dma), L™ (m3)). (8)

Curyarus aHAJIOTUYHA IPEABIIYINe, HAJ0 TOJBKO YI€CTh, 9TO TEIePh
MOAYIH Zg U Z1 HE COCTOAT W3 T'PAHUYHBIX 3HAYEHUN AHAJIUTUIECKUX
dynkuuii. 3a “ocHoBHy0” Mepy npumeM wwf dmsg. CoOTBETCTBEHHO, IBOM-
CTBEHHOCTH OYyJIeT BECOBOiI ¢ 3TOI Mepoit. Buty obreit Teopun, ecTecTBEeH-
HO HAJIOXKUTH ycsaosme (6) Ha Bec ww).

Jlerxo MOMATH, ITO KAHIUIATOM B IPOeKTOpHl P us yeuosuit (5,) u (7,)

OymeT Temepb OIepaTop
-1
(Qguuwg )

p—1
wwy

Pg =

Ero HenpepbIBHOCTH B HYKHOM CMBICJIE JIOKA3BIBAETCSI B CJIELYIOIIEM a0-
3aIie; KOIia OHa YCTAaHOBJIEHA, HECJIOXKHO IPOBEPUTE, 4TO P meiicTBUTENB-

;2wwh dm
HO SIBJIAIETCS POEKTOPOM mpocTpancTsa LI (wwh dms) na (270 ™)

,2wwh dm, ,2wwh dm
st koroporo P((Z7*0 ™) ) € (Zp"0 ™)
u yciosue (7p).

Ham HaJs0, urobbl sT0T Oeparop Obla orpanuder B LI(wwf dms) u
nmen caabpiit Tun (1,1) orrocurensro Mepbl wwh dms. Ilepsoe u3 stux

l’

IE a SHAQYUT BBIIIOJTHEHO

. —q. —q(p—1 _
JIBYyX YCJIOBHII PaBHOCHJIBHO TOMY, uTo A, 3 w™ 9w, a(p )wwg = wl™¢
WM, 9TO TO XKe caMmoe, w € A,, mpudeM, KaK U paHblle, ycjaoBue MakeH-
XaymnTa JO2KHO BBIOJTHATBCS 10 TIEPBOI MMEPEMEHHOW ¢ KOHCTAHTOM, He
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zaBuCAIIeil oT BTopoii nepemenoit. s ciaaboro Tuna (1,1) Bocmonabzyem-
ca semmoit 13. Ham citesryer malitu Beca a u b Kak B TOH jieMMe — Takwe,
aro wwh ' = ab™! w wwh = a. Buaunt b = wy. Takum 0GPA3OM, HYKHO
IPEJIIOJIOKATE, 9T0 wy € A1 1 wwl € A, npu kakoM-HubOy B 7 > 1, 110
ycaoBust MakeHnxaymTa, KOHEUHO, JIOJIKHBI BBITIOJIHATLCS IO TIEPBOiT ITepe-
MEHHOH C KOHCTAHTOW, He 3aBUCHIIEH OT BTOpou mepemenoit. MTak, Mbl

YCTAHOBUJIM CJIEAYIONHiA (haxT.

Cnencrsue 5. [Tyemv w u wo — eeca na T?, npuvem w € A,, wy €
A uwwwh € A, npu kaxom-nubydv r > 1 (6ce exarouenus — no nepeot
nepemennol, pasromepro no emopot). Ecau ewe

esssupg, [|logw(y, Jwg (&1, ) lymo < 005

mo umeem mecmo K -samxnymocmo (7).

§5. AJITEBPBI HA [TPOUBBEJAEHUNAX ITPOCTPAHCTB

U3 paccyxkjenunit mpeapIyniero pasjesia BHIHO, YTO BECOBBIE CJIEI-
CTBHsI TEOPEMBI 7 B CJIydae TOpa MPOUCXOIAT U3 TEOPUU CHHIYJISIPHBIX
MHTErpajbHbIX OIIEPATOPOB HA OKPYKHOCTH. B abcTpakTHOl XKe curyarun
HE OY€Hb IOHSATHO, OTKY/Ia 3TH BECOBbIE PE3yJIbTAThl OPATh — HE IPOCMAT-
pHBaIOTCs aHajoru yciaosuii Makenxaymnra Ap.

Tem He MeHee, cireyroIIee YTBEPKICHNE MBI C(OOPMYJINPYEM B aOCTpaK-
THOM Bue. Ham mpujiercss mocTysimpoBaTh KaKyio-TO BECOBYIO TEOPEMY O
K-3aMKHYTOCTH B CJIy4ae JIByX [IEPEMEHHBIX, & IOCJIE 9TOTO MbI PACIITHPUM
KJIACC JIOMYCTUMBIX BECOB, OKAWMJIsIsl UX PErYyJISPHBIMU BECAMHU OT OJHOMN
epeMeHHO.

Urak, nycrs (F,p) u (F,\) — 1Ba npocTpaHcTBa ¢ 0-KOHEYHBIMH Cella-
pabesbubiMu Mepamu. [Tycrs Xog C L (p) u X7 C L*°(\) — w*-3aMKHyTbIE
O/1Ire€0OPBI, YIOBIETBOPSIONINE, COOTBETCTBEHHO, yCJI0BUSAM () 1 (ay).

Paccmorpum Ha npoussenenun S = E X F mepy u, §6COJI£0THO Herpe-
PBIBHYIO OTHOCUTEJIBHO mpou3seieHus mep pR . [lycrs Xg u X7 — anreopsr
dyukuumit Ha S, 3aBUCAIIUX JIUIIH OT OJHON IIEPEMEHHOli (COOTBETCTBEHHO,
[epBOil WM BTOPOii) U 10 TOi nepemMeHHO Jsiexkamux B Xo win Xi. Ko-
HEYHO, 9T0 w*-3aMKHYyThIE HOMAIre6psl B L ().

Hasee, nycrb 0 < p < 00, U — 3aMKHyTOE IOIIPOCTPAHCTBO B LP (1),
a V — w*-3aMKHYTOE HOAIPOCTPAaHCTBO B L°°(11), npuyeM U3BECTHO, YTO
napa (U, V) asuserca K-zamxuyroit B mape (LP(u), L*°(w)). Ipennoso-
JKIM, 9TO Kaxki0e u3 npocrpanctB U u V' sgBisercs mojysieM HaJi obenMu
ajrebpamMu )~(0 u )21.
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IIyctb @ u b — peryssipubie Beca, coorBercTBenHO, Ha K u F. CocraBum
Bec a ® b Ha S, 3agaromuiics coorHomenueM (a ® b)(z,y) = a(z)b(y) u
oupenesnnm MHOKecTBO Up = U N LP(a @ bdp).

Teopema 8. IIpu cdeaarmovix npednonostcenuar napa (closrr ey du) Uo, V')
asasemes K-samxnymots 6 nape (LP(a @ bdu), L>=(u)).

3ameuanue. B npumenenusx, momysm U u V' BO3HUKAIOT U3 IPUMEDPOB
npeablLIyinero maparpada. 3a 3TUM CKPBIBAETCS HEKask JONOJHUTEIHHAS
crpykrypa. B gwacraocTn, momumo Xo u X 1 6y/LyT HEsIBHO BOBJIEYEHBI €IIle
1 aJredbpbl U3 MPEIBIIYIEro pas/esa, COCTOAIe 13 (DYHKIUH, /s KOTO-
PBIX HE UCKJIIOYAETCS 3aBUCUMOCTH OT BTOPOM ITepEeMEHHOI.

JdokazaTesabcTBo TeopeMbl 8. [lycTh BBIIOJHEHBI COOTHOIICHUS
U+V>f=g+h, g € LP(a®bdy), h e L>®(u).

Mer npepnonaraem, uro f € Up + V Bmecro f € clospr(agbdu) Uo + V,
MOJIB3YSCh TeM, 9TO K-3aMKHYTOCTH MOXKHO IPOBEPSATH HA IJIOTHOM MHO-
JKECTBe.

O603Ha9NM JIJ1s1 KPATKOCTH HOPMBI (QDYyHKIHI ¢ U h B yKa3aHHBIX IIPO-
cTpaHCcTBax cuMBojiamu S U t. Ham Hy2KHO 11pejicTaBuTh (OYHKIWIO [ B BUIE
CYMMBI JIByX CJIaraembixX u3 closir(agpdu) Uo 1 V' NpUMEpHO ¢ Takumu Ke
HOpMaMH.

IIpumenum k Becam a u b caencreue 3. losyuarca dbynkuun ¢, u ¥,
ma F, a, u 8, wa F, n € 7Z, takne, 410 Zg@nwn =1, Zanﬂn =1

7 BBITTOJTHEHBI aHAJOTU HEpaBeHCTB 1-3 TeopeMbI 6, KOTOpre MBI Oyzem
Ha3bIBATH CBONCTBAMU PA30OMEHUS €IMHUIIBL.

Hamumewm f = 3 forthpa; B = kaa@k%a rae fr; = fiwB;. Hycrs

k.
ki = g¥rB; u hy; = kB, Torma fk] = gij + hij-
W3 cBoiicTBa 3 pa3bueHus eIuHUIBI CPA3Y Ke CIEIYET, 9TO

||hijLoo(H) < Ct.
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IMoxaxeM, 1T0 g; € LP (). Ilomp3ysacs ycaosueM 2 pasbuenus eqUHANLL,
HAIUIIeM

/ g3 (2, 9)” dps(z, ) = / 9 )P 1ok @) 18; ()P du(e, )
S S
<02 ko / 9 9) [P 2 [ ()2 27 18 ()] /® dpa(z, )
S

< ko / 9, y)|” a(@)bly) du(z, y) = C2 a3 P
S

CTouT 3aMETUTH, UTO ITa MAYKOPAHTA JIjIsi HOPMBI JIAJIbIIE HE UCIIOIb3Y-
ercsa. Hac unrepecyer smms Beikitiodenue gy, € LP(p). Tak kak MbI mpes-
nostoxkmm K-3amkuayrocts (U, V) B mape (LP(u), L™ (1)), MOXKeM HaiiTh
dynxmm ug; € U, vy; € V Takume, 4r0 fij = Upj + Up; ¥ BBIIOJIHEHO
||u;€jHLp(M) < Cllgr;ll oy 10kl oo,y < Ct. Bosepamasics k ucxonnomy
pasbuenuto PyHKIME f, MOXKEM Telepb Hamucarb f = u + v, e

u = Zukjgokaj, v = kajwkaj.
k.j k,j
Tlokaxkem, ITO 3TO U €CTh UCKOMOE pasJioKenue. ZlcHo, aTo
ol < 3 lesl lewel fowg| < €Y sl el o] < Ct.
k.j

k,j

3a0/IHO U3 ITOM OIEHKHU CJIeJIyeT, YTO v € V: BCe WJIeHbI Psijia JieskaT B V,
MOMYsb V sBjIsSIeTCst Ww*-3aMKHYTBIM, Psif] CXOAUTCS aOCOJIFOTHO, & 3HAYUT U
B CMBICJIE W*-TOMOJIOTUU. AHAJIOTUIHBIM 0DPA30M CJIEJIYIONIAasi BBIKJIAIKA,
MOKA3bIBAET, YTO U JIEKUT B 3aMbIKaHUH CloSrr(a@bdu) Uo, a Takxke Jaer
HYKHYIO OIEHKY [JIs1 HOPMBI (DYHKITUHT U:

/ fu(z, )P a(2)b(y) dpa(z, y)
S

8 8
< / S luws ()P Torl”’® oy [P/
&\ ki
p/q

< S lerl™ o™ | al@)bly) du(e,y)
k7j
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CZ/\% ) lo(@)'® oy (y)["* a(@)b(y) du(, )
k.j S

<C Z [uk,; || Zkﬂ < CZ (7%, ||Lp(#) 28+

k,j

CZ/ 2 9) P 1) 18, () 25 du(z, )

k.j S
< C/Ig(w,y)lpa(w)b(y) du(z,y) = CsP.

Takum obpazom, Teopema JTOKa3aHA. O

CaencrBue 6. IIycmov a, b — maxue seca na T, wmo loga,logb € BMO,
u nyemy u — eec na T?, npunadaesrcawuti xaaccy Maxenzaynma A, npu
nexomopom p € (1,00) no nepsoti nepemernotls ¢ Koncmanmot, He 3a6u-
caweti om emopoti nepemennot, npuuem esssupg, [[logu(&y,-)|[gyo < oo-
Pacemompunm sec w(€y,&2) = a(&r)u(ér, €2)b(&2). Toeda napa

(HP(w), H®) K-3amxnyma 6 nape (LP(wdmsz), L*(dms)).

ITo moBomy TOHKOCTEl, OTHOCSIIUXCST K OIMPEJIEJIEHUI0 BECOBBIX ITPOCT-
pancts Xapmn HP(w) Ha nsymepHOM TOpE, eM. paboty [10].

Kak B mpempuiymiem pasjese, paccMOTpUM elre ofuH ciaydait. Ilycts
3a1aH Bec Uy Ha Tope T2. PaccMOTpHM elme fBa Beca ag U by Ha OKPYXK-
Hoctu T ¥ COOTBETCTBYIONIMI UM OKaNMJIEHHBIN BeC wg Ha TOpEe 33 JaHHbII
coorromenueM wo (&1, &) = ao(&1)uo(€1,82)bo(€2). Pasbepem Bompoc o K-
3aMKHYTOCTH COOTBercTBYyIoIeil mapot (7).

Kak 06buto mokazaHo B HPEABIIYIIEM pa3jiesie, 9TOT BOIMPOC CBOJIUAT-
csi K Bompocy o K-3aMKHyTOCTH Tapbl (8), KOTODBIA yke ObLI paspe-
MeH i caydasi, Korma a = b = a9 = by = 1. O6mmit xe ciryvaii
MOXKHO TeIeph MOJYYUTh, IIPUMEHsI TeopeMy 8 K mpocrpancTBam U =
Zg’u“g am2 Zf’uuﬁ M2 YV = ZyN Zy ¢ Becamu aaf, u bUE B KavecTse a u
b, coorBercrBenHO. He ocranaB/imBasich 10JIpOOHO HA BCEX BO3HUKAIOIIMX
Jeransx, chopMyIupyeM CAEIYIOMNA Pe3yIbTaT.

CaencrBue 7. Ilycmo a, b, ag, by — seca na T,
log a,log b, log ag, log by € BMO,

u nyemsv u, ug — eeca Ha T2, npuvem u € Ay, ug € A1 uwuul € A,
npu Kaxom-rubyds r € (1,00). Yeaosusa Maxenxaynma npednosazaromes
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BHIMOAHEHHBLMY N0 NEPBOT NEPEMEHHOT ¢ KOHCMANMOT, He 3a8ucAuLet Om
emopoti nepemennot. Ilycmo ewe esssupg, [|logu(&1, Jug (s )l gymo < o©-
Pacemompunm seca

w(&1,82) = a(§1)u(é1,82)b(&2) u wo(&r,&2) = ao(€1)uo(€1,€2)bo(E2)-

Toz0a
napa (H? (w), H* (wo)) K-samxnyma 6 nape (LP(wdmy), Ly, (dmsg)).

Ilo nmoBomy TOHKOCTEl, OTHOCAIIUXCS K OIPEIEJIEHUIO BECOBBIX IIPOCT-
paHcTB Xap/u, Mbl CHOBa OTCBUIaeM uuTaTesisi K crarsbe [10].

OrmernM, 9TO TIOJTy YuBIITECS (DOPMYJIMPOBKH ITOKPBIBAIOT BCE, ITO ObI-
JIO yIIOMAHYTO BO BBEJICHUU.
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Borovitskiy V. A., Kislyakov S. V. Interpolation of abstract spaces of
Hardy type.

Interpolation theorems are proved for Hardy-type spaces arising form
certain uniform algebras more general than weak*-Dirichlet algebras. It is
shown that, in a sense, the entire setting is not sensitive to the introduction
of a weight. Some generalizations that model the case of two variables are
also discussed.
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