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Teopema Henmana o MunuMmakce —
0O0Illen3BeCTHAS 1 HEeU3BeCTHAA

B. P. ®penkun

Teopema Hemmana 0 MUHMMAKCE MO MPaBY CUUTAETCA KIIOYEBBIM PE3yIbTa-
TOM TEOpPHUH UTP, HO PACIPOCTPAHEHO MHeHMe, ITo HenMaH goKa3al ee JIHIIb
0 OWIMHEMHOT'O CIy4asd, TPUIeM CIOXHBIM CIoco60M. B nermcTBUTEILHOCTH
Heumvan mokasan 3Ty TeopeMy I UIMPOKOTO KJIACCA (PYHKIWEA, C 9€M U CBA-
3aH ero MeToJ — OPO3PAdHBIA IO UAee, POACTBEHHLIN JOKA3aTEeIbLCTBAM IIeJIO-
ro pAga TMOCAeAYIOUTX OGOOLUIEHUEA U TO CYTU CBOEU TOmoJormdeckuu. 110 Tou
Xe TPUHIUNUATLHOU CXeMe NOKa3bIBaeTCA U Teopema Xana— Bamaxa. Kak us-
BECTHO, APYTOU MOAX0 K TeOPEeMe 0 MAHUMAKCe CBA3aH ¢ Teopemon Kakyranm,
IEepBOHAMAIBHO TAKXKe MOMyIeHHOU (B Apyrux TepMmuuax) HemaHOM; B 3aMeTKe
MPUBOAUTCA HauboOJIee TPOCTOE €€ M0KA3ATeILCTRBO, TpuHaAIexaee KakyTasu.

1.
28 mexabpsa 2003 r. wucmoanmnock 100 met co mua poxaenus [Txoua (fmoma,
Woranna) ¢pou Heinmama — ogmoro u3 Bemrmuanmmux maTeMaTukoB XX Beka. Emy

MPUHALIEKAT OCHOBOMOJATAIONIME PE3YIbTATHI BO MHOTUX OOJACTAX, U OTHUM W3
MEPBLIX CTAJA TEOpeMa O MUHMMAKCe, TOKA3aHHAas B ero crarbe ,Zur Theorie der
Gesellschaftsspiele*, Mathematische Annalen, 100 (1928), 295-320 (pycckun nepe-
Boz [3]). HosBnenue >Ton paGOTHI CINTAETCSI MOMEHTOM POXKAEHUS TEOPUN UT'D KAK
CaMOCTOATEILHON MaTeMaTUIeCKOn aucuMiuinabl. HenMan chopMyampoBa OCHOB-
HBbIE MOHATHUSA TEOPUU UT'P U MOCTAHOBKY €e 3a1ad, NOKA3AJI €€ KIIUYEBYID TEOpeMy,
KOTOPAsA 3aTeM MOJIYUMIa PA3HOOOpa3HbIE TpUMeHeHUa U 0600menuns. O [HAKO UMeH-
HO MPUHIUNUAILHAA HOBU3HA DTOCO PE3YILTATA MPUBEIA K TOMY, YTO HEPEIKO OH HE
BOCIIPUHUMAJICA B TOJHOM 0OBEME — 3TO OTHOCUTCS U K OOITHOCTU (POPMYIUPOBKH,
¥ K METONY HOKA3aTEeILCTBA.

MOXHO BCTPETUTL yTBEPK IEHU, 9TO MIEPBOHAYANBHOE TOKA3ATEILCTBO Hetmana
U3JIUIIHE YCIOKHEHO. ICTOYHUKOM TAaKOU OIEHKU CIYXKUT HE YTO WHOE, KAK KHUTA
Henmama u Moprenmrepra [4], rae Ha c. 178 rosopurcs crenywoiee: «/JokazaTens-
CTBO HAIIEN TEOPeMEI, IPUBEJEHHOE B IEPBON cTaThe [T. e. cTaThe 1928 .|, 10BOTBLHO
3aMyTaHHBIM 00PA30M UCTIOMB3YET AMMapaT TOMOMOruK U Teopun pyuxiuny. Naorga
MOJATAIOT TAKXKe, 9TO pe3yabTar HermMaHa OTHOCUTCA TOJIBKO K OMINHENHBIM (DYHK-
M. (OJHAKO HEOOXOAUMO OTMETUTH, UTO, Hanpumep, Kaxyranu [9] popmyaupy-
eT — U JOKa3BIBAeT CBOMM MeTonoM — Teopemy Henmana B nomson oommoctu.) Jis
OUIMHENHOTO CIYYas BIOCICICTBUN TOABAINCH GOMEE DIEMEHTAPHBIE JOKA3ATEILCTBRA,
YeM B [EUCTBUTEIHLHOCTU U BLI3BAHO IUTUPOBAHHOE 3AMEUAHUE.

MaTemaTu4eckoe npoceeweHue, cep. 3, Bein. 9, 2005(78-85)
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Ha camom nere Hemman mokasan TeopeMy 0 MUHMMAKCE B I'OPa310 GOJIbIIeR OOII-
HOCTHU: I PYHKIINN, KOTOPHIE HEMPEPHIBHEI HA TIPAMOM TPOU3BEICHUYN CUMILIEKCOB,
KBA3UBOTHYTHI HA, OJHOM U3 HUX U KBA3UBHIMTYKJILI HA, IPYTOM, TPUYEM CUMILIEKCHI B
BTOM IOKA3ATEILCTBE MOXKHO 3AMEHUTDL MPOU3BOILHLIMY BEITYKILIMA KOMIAKTAME B
KOHEIHOMEPHOM BermecTBeHHoM npocTpanctse (eu. m. 3)Y). Teopemoin Heitmama oxsa-
THLIBAETCSA, B YACTHOCTH, MOMYIAPHBIN BIOCASICTBUY CIYIAN HEMPEPHIBHEIX BOTHYTO-
BBIMYKJIBIX (QYHKIAN.

NmerHO ¢ OOMIHOCTBLIO pe3yabTaTa W CBA3aH MeTon Henmmana, MpO3PAdHBIA IO
ujee U POACTBEHHBLINA NOKA3ATEILCTBAM PALA MO3JHEUIIX 0600mmeHnn (M. . 3, 4).
C Opyrou CTOPOHBI, 60OTEE DICMEHTAPHEE [OKA3ATEMLCTBA 1A OUIMHENHOTO CIydasa
(cum., mampumep, [4, c¢. 163-167, 178-179]) ommpatoTca HA TeopeMy O Pa3IeIAoIIer
(unu OMOPHOU) TUNEPILIOCKOCTH, TECHO CBA3AHHYIO ¢ Teopemon Xana—Banaxa. Ox-
HAKO aHAIN3 TOKA3ATENbCTBA TEOPEMBI XaHa— BaHaxa MOKAa3BIBAET, 9TO OHO CAMO
CTPOUTCA 1O TOU K€ NPUHIUTUATLHOU CXeMe, 9TO U JoKazarTerbcTeo Henmana (cM.
nn. 4, 5). IuTepecHo OTMETUTh, 9TO 00€ TEOPEMbl OLLIM TOAYYEeHbI TPAKTUICCKN
omHOBpeMeHHO (paboTa Xaua nossunack B 1927, Henmana B 1928 u Banaxa B 1929),
HO B COBEPIIEHHO PA3HOM KOHTEKCTE, I X CBA3b BHAYAJE HE OCO3HABAIACK.

2.

Yro ke B IeUCTBATEILHOCTH AOKas3aa HemMan um B 94eM COCTOUT €r0 METOL?
B cratwe [1] popMyaupyercs cieayromasn

TEOPEMA O MUHUMAKCE [IJI1 BUJIUHENHBIX ®YHKUUNA. ycrs h(€, 1) — Be-
IIIeCTBEHHAA OuanHenHas GPyHKINUA OT BEKTOPOB & U 1) B KOHETHOMEPHEBIX BEIIECTBEH-
HBIX IPOCTPAHCTBAX, MPUYEM STU BEKTOPHI NIPOOETal0T CUMILIEKCH, HATAHYTHIE HA
HYJIEBOU BEKTOP M KOOPAMHATHLIE OPTHL. Toraa

mg,xmin h(¢,m) = minmax h(§,n) - (%)
n n £

Pasmmanee TeOpeMbl 0 MUHUMAKCE OTIMYIAIOTCA OT BLIIIENPUBEICHHON, BO-IIED-
BBEIX, KJIACCOM PACCMATPHUBAEMBLIX (DYHKINU, & BO-BTOPBIX, XapaKTEPOM MX OOIACTH
OTIpENeNICHUA. SAKIIOUCHUE TEOPEMbI OOBIYHO UMEET BU[ «(MAKCMUH DABEH MUHUMAK-
cy». (B pasenctse (*) MAKCMUH WM MAKCUMUH — 3TO JEBAA 9aCTh, & MAHUMAKC —
npasag. PazymeeTcs, B [0KA3aTEIbCTBE HY K IACTCA JUIIb TO, 9TO MAKCMUH HE MEHb-
me muHUMakca. O6GpaTHOEe HEPABEHCTBO BCEr[a CIPABENIUBO: «CAMBIA [IAHHBIA
CPeIu CAMBIX KOPOTKHX IO IIEPEHraM He INHHEe, IeM CAMBIU KOPOTKUU CPEemu Ca-
MBIX IJIMHHBIX 110 KOJOHHAM).)

B nanpEenmeM moABIKCHL BADUAHTEL TEOPEMEI, TA€ PEYb MAET O CyNPEMyMax H
napuMyMax. Ecim ke MUHMMAKC 1 MAKCMUH TeMCTBATEILHO NOCTUTAIOTCA, TO, KAK
JIEPKO TIPOBEPUTHL, UX PABEHCTBO SKBUBAJICHTHO CYIIECTBOBAHUIO CEJA0601 MOUKU,
rle OJHOBPEMEHHO NOCTUTACTCA MAKCUMYM IO & U MUHUMYM 10 7). J[€lCTBUTEILHO,

1) Ormerim, a0 1o DTOMy MOROY B 3aMeTKe [8] LOMyIIeHa HETOYHOCTR: fOKa3aTenhcTRO Heimama,
Tpe6yeT MMEHHO HeNPEPHIBHOCTH HA MPOM3BEJEHUN KOMIAKTOB, & HE TOJIBLKO TIOTYyHEPEPLIBHOCTHA C
COOTBETCTBYIOMEN CTOPOHBI HA Kax oM n3 Hux. OG00menne Ha CIydall HOXyHENPEPHIBHOCTH (U
KBA3WBOTHYTO-KBA3UBHIMYKILIX (DYHKIMA, IPM BO3ZMOXKHOU HEKOMIAKTHOCTH OJHOTO M3 ABYX MHO-
xKecTB onpenenenns) npuragrexut M. Canony (cm. [1, c. 259-260]).
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MyCTh MUHUMAKC JOCTUCAETCA B TOUKE (I,Yo), & MAKCMUH — B Touke (Lg,y). To-
raa f(z,y0) = f(xo,y0) = f(xo,y). Eciu MuHMMAKC paBeH MAaKCMUHY, TO IBOUHOE
HEPABEHCTBO OOPAIAeTCA B PABEHCTBO U TOYKA (Zo,Yo) — cemtoBad. O6GpaTHO, ecau
cemoBas TOYKa CYIIECTBYET, TO 3HAYEHUE (PYHKIMM B HEU HE MEHBIIEe MUHUMAKCA
7 He GOJBIIE MAKCMUHA. TaK KAK MUHUMAKC HE MOXKET OBITH MEHBIEe MAKCMUHA, TO
OHU DABHHI.

Heumvan ¢gopmyaupyer cBoe yTBepxK IeHue IS OWINHENHON (PYHKINM, HO IUIIET,
YTO NPU JOKA3ATEALCTBE TPEOYIOTCS JUIIL HEKOTOPHE U3 ee CBOUCTB (BUAMMO, C
»Tou (HOPMYJUPOBKOU U CBA3AHA WLIIO3UA, ITO €r0 TEOPEMa NOKA3AHA TOMBKO A
OUIUHENHOrO Ciy4dasn). Poib OUIMHENHBIX (QYHKIUA OMPENeIaeTCsa TeM, 9TO B UTpe
IBYX YIACTHUKOB C KOHEYHBEIM YUCIOM BADUAHTOB XONOB (4ucmulx cmpame2uti) urpo-
KU MOT'YT BLIOMPATH UX ¢ HEKOTOPLIMA BEPOATHOCTAMEA — UCIOAL30BATE CMEULGHHBLE
cmpame2u; TOrIA BEIUCPLII UIPOKa (M IPOUTPHIL €r0 IPOTUBHUKA) SABIAETCA OU-
JUHENHON (PYHKIUEN OT DTUX BEPOATHOCTEU. /g TaKOU CUTyaluyu TEOPEMa O MUHU-
MAaKCe O3HAYAET, UTO CYIMIECTBYET PEUEHUE U2Pbl — TAKAA Tapa CMEIIAHHEIX CTPaTe-
UM, KOT I KaXK I UCPOK TTOMYIaeT PE3YIbTAT, HAWIYYIITA TPU JAHHLIX JeNCTBUAX
MIPOTUBHUKA.

PassuTue Teopun urp 3aCTABAIO PACCMATPUBATEL U APYTHE (DYHKIIMYA BEIUTPHIIIA.
Hawuano stomy nmonoxkun Henman B cratse [10], rae npuvensercs Teopema Bpayspa
O HENOBMXKHOU TOYKE M MOKA3AHO €€ O0OOIMEHWEe, KOTOPOEe MO3XKe MOLYIWI APY-
rum cnocobom Kaxyranu (cm. m. 6). 3arem ObUI I0Ka3aH psAl BAPUAHTOB TEOPE-
MBI O MUHUMAKCE, OPUEHTUPOBAHHBIX HA MAKCUMAJBHYIO OOIIHOCTE 00, HA0O0POT,
Ha KOHKpeTHbIe mpuioxkenus (cm. [1, c¢. 238-267, 362]). B 1959 Y Boub-13108b (cM.
[1, c. 258-259]) BepBLIE OMYGIMKOBAT YUCTO TOMOIOTUIECKAN BAPUAHT TEOPEMBI —
HEmpoCTOu 10 (hOPMYIUPOBKE U (KAK CJAEICTBUE) MO NOKA3ATEILCTBY, HO 3aTO OXBa-
TUBIIXY MHOXECTBO U3BECTHBIX BAPDUAHTOB. DTy Teopemy 0606umi Xoaur Tyn (cM.
[1, c. 253-258]), a mo3AHEE U APYTUE ABTOPHL.

3.

Bepuemca k cratbe Henmana. O oTMedaeT, 9TO B IOKA3aTEIbCTBE TpeGyeTcs
He OUIMHENHOCTb (PyHKIuu, a (B COBPEMEHHOU TEPMUHOJIOIUHA) €€ KBA3UBOIHY TOCTH
110 &, KBA3UBHIMTYKIOCTD TI0 7) U HEMIPEPBIBHOCTE MO COBOKYITHOCTH TTepeMeHHbIx. KBa-
3UBOTHYTOCTD (COOTBETCTBEHHO KBA3UBLIMYKJIOCTh) O3HAUAET, YTO €CIU (PYHKIIUA HA,
060UX KOHIIAX OTPE3Ka HE MEHbIIE (COOTBETCTBEHHO HE GOMBINE) HEKOTOPOrO 3HAME-
HILsI, TO DTO BEPHO Ha BCEM oTpeske. Takum cBOUCTBOM 00aagaeT J1i06as BOrHy Tast (Co-
OTBETCTBEHHO BBINyKIasa) GyHKuusa. Ho KIaCChl KBa3UBOTHYTHIX ¥ KBA3UBBILYKIbIX
QyHKIIMU TOPa3 10 MUpPe; HATTPUMED, UM TPUHAIICKUT JTH00aA MOHOTOHHAA (DYHKIIUA.

Kak ormedeno B m. 1, CUMILIEKCEI, CIyXKalye O0IaACThI0 U3MEHEHUS IePEeMEeHHBIX
& m 1), MOXHO 3aMEHUTH JIOOBIMI BHITYKIBIMA KOMIAKTAMY B KOHEYHOMEPHBIX BeIIe-
CTBEHHBIX TPOCTPAHCTBAX. TO XkKe KacaeTCs «3allyTaHHOI'O» T0KA3aTeIbCTBA Teope-
mer HerMana, TO OHO COCTOUT B CAEAYIOMIEM (HEKOTOPHIE OOO3HAYEHUA OTINIAIOTCA
OT aBTOPCKUX).

HOKABATEJIBCTBO TEOPEMBI HEWUMAHA 1A KBA3BUBOTHYTO-KBA3UBBINY-
KJIBIX HENPEPBIBHBIX ®YHKIUN. Buibepem B mpOCTPaHCTBAX MEPEMEHHBIX £ U 1)
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O ONHOU KOOpAWHATE & U 1)y U PACCMOTPUM (GYHKIUU (OT OCTATBHBEIX KOOPIU-
HAT) mEaX min f(£,7n) u min néax f(&,7), Toe nepeMeHHbIE MEHAIOTCA B peetax obaa-
” Ns Ns ”

ctu onpenenenus pyuxmuu f (£, 7). HemocpencTBeHHO POBEPAETCA, UYTO BBEICHHLIE
GYHKIUE 061a1AI0T TEPEIUCICHHEIME BBIIIE CBONCTBAMY (HENPEPLIBHOCTHIO, KBA3U-
BOTHYTOCTBIO ¥ KBA3WBBLITYKJIOCTBIO IO COOTBETCTBYIOMAM T'PYIIIAM TEPEMEHHEIX ).
Eciu MBI gOKaxkeM, 9TO TH IBE (PYHKIUM TOXKICCTBEHHO COBIAJAIOT, TO TEOPEMa
OyIeT CIeNoBaTh U3 OUEBUIHON UHIYKIIUN.

3aduKcupyeM 3HAYEHUA BCEX IMEPEMEHHBIX, KpoMe &. U 1)s, U OyaeM CIuTaTh f
dyEKIMER 0T ABYX mocaenHux. [lanee, sapuKcupyeM HEKOTOPOe 3HAMEHHE T Hepe-
MEHHOTO &, U PACCMOTPUM MHOXKECTBO TEX 3HAYECHUH 7)s, TIPU KOTOPBIX f(Z,7s) 10~
cTUTraeT MUHUMYMa. V3 HEMPEPHIBHOCTU (GYHKIUA f BEITEKAET, YTO DTO MHOKECTBO
HEMyCTO U 3aMKHYTO, & U3 €€ KBA3UBHIMYKJIOCTH IO 7)s — YTO OHO BHIMYKJI0. Kpo-
Me TOTr0, OHO OTPAHUIEHHO, TAK KAK OTPAHUYCHHA O0JACTH ONpEeIeaeHUS (pyHKIAN.
3HAYUT, 5TO HEKOTOPHIN OTPE30K (BO3BMOXKHO, cBoAamunct K Touke) [K'(x), K" (x)].

3adukcupyeM 3HAYEHHE § HEPEMEHHOTO 7)s U PACCMOTPUM MHOXKECTBO TeX 3Ha-
YEeHUN [ePeMEHHOrO &, npu KOTOPHX f(&.,y) ZocTUraeT MakCuMyMa. AHAJIOTMIHO
IpenBIIyIIEMY IOLyIaeM, 9T0 dTO HeKOTopbi oTpe3ok [L'(y), L" (y)]. M3 menpepois-
HocTu QyHkuuu f BeITekaeT, 9To pynkimuu K'(€,), L'(ns) moLyHENpEepHIBHLI CHU-
3y, a K"(&),L"(n,) momymenpepsBEEI cBepxy?. [leHCTBUTENILHO, MyCTh &, — T,
K'(¢&) — y. Torma f(&,K'(&)) — f(z,y), mockoabKy (yHKIMA f HENpepbIBHA.
Ho Bmecre ¢ men mempepuiBaa u f(&-, K'(§,)) = min,, f(&,ns); sHauur, f(z,y) =
= f(z,K'(z)), orxyna y > K'(x), T.e. pynkuua K' monyuenpeprisaa cuusy. Ilomxy-
menpepeiBHOCTL K, L', L' moxasbiBaeTCa aHATOTMYHO.

Paccmorpum o6begunenue Bcex orpeskoB [L'(ns),L"(ns)], rae nms mpoberaet
[K'(x), K" (x)]. Ha sToM oTpeske momyrenpepuiBHas cuusy dyrkuua L' (1) moctm-
raer munumyma H'(x), a monymenpeprisHas ceepxy dyukmua L' (ns) — maxcumy-
ma H'"(x). lpeamonoxkum, 9To0 HEKOTOPOE IUCIO &', TpoMexyTounoe mexay H'(x)
u H'"(x), He NPUHALIEKUT yKA3AHHOMY OOBEIUHEHWIO. TOrma KaXKIBU OTPE30K
[L'(ns), L" (ns)] uemuxom pacmosoxer aubo ciaeBa, 1ubo cupaBa OT ', IpudeM Cylie-
CTBYIOT OTPE3KM 000uX BUAOB (Hampumep, Te, KoTopeie conepxkar H'(z) u H"(x)
cooreercTBenHo). Ha orpeske [K'(z), K"(x)] nHanmercs 3HadeHue ns = y, B JIO-
60U OKPECTHOCTU KOTOPOI'0 BCTPEYaroTCA 006a caydad. Tak kak ¢yukmua L'(ns)
(coorBercTBenno L'(1ns)) monyHempepbiBHa CHEU3Y (COOTBETCTBEHHO CBEDXY), TO
L'(y) < 2/, L"(y) > z', v.e. ¢ npunagmexur orpesxy [L'(y),L"(y)], B uporu-
BOPEUNHA C MPEITIONOKEHIEM. SHAYNAT, B JeHCTBATEILHOCTH OOBEINHEHAE OTPE3KOB
[L'(ns),L"(ns)] samonmser secw orpesok [H'(z), H" (z)].

U3 mosyHEIpEepHIBHOCTH ¢ COOTBETCTBYIOmEN cTOoponel ¢pyrkumn K', K", L', L"
HETPYIHO HOAY4IuTh, 4TO pyskuus H'(, ) norynenpepeiBaa cuusy, a H'" (£,.) — csep-
xy. Paccyxk gas kak B mpeasIaymeM ad3alie, yOex 1aeMcs B CYyIIeCTBOBAHUN TaKOT'O T,
aro H'(z) < x < H"(z). 9T0 03Ha9aeT CyMIECTBOBAHNE TAKOTO Y, 9YTO (,y) ABIAECT-
CA TOYKOU MUHUMYMA, TIO 1)y U TOUYKOU MAKCUMYMA MO &, T.€e. CeIJIOBON TOUKOU I/
f. Kax oTMe49eHO BHIIIE, OTCIOA BLITEKACT PABEHCTBO MUHUMAKCA WM MAKCMUHA. L[]

2) dyuknua f(z) DOIyHENpepLIBHA CHE3Y B TOUKE Lo, €CIH U3 & — o, f(z) — y cregyer
y = f(x0). HomyHENPEepEIBHOCTEL CBEPXY ONPEIENAETCA AHAMOTHIHO.
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4.

IMpuHmUNUATBEHYIO CXEeMy, JeXAIIYyI0 B OCHOBE M3JIOXKEHHOT'O [IO0KA3ATEIbLCTBA,
MOXKHO CPOPMyIUPOBATH caeayommM obpasoMm (cMm. [8], rae mo »Tou cxeme HOKa-
3aHO OHO TOmoJormyYeckoe o6o6menue TeopeMbl Henmana). IlycTs Tonosorudeckoe
mpocTpacTBO S (B JaHHOM CJIydYae 3TO OTPE3OK C BHIKOJIOTOU TOYKOU x') cocTouT
U3 IBYX OTKPHITHLIX Hemepecekaiomuxcs MHoxkecTs ST u S~. Mmeercs cemerncTso
{M, | & € I} cBA3HBIX TOAMHOXKECTB IPOCTPAHCTBA S; B JAHHOM CIy4Yae 3TO OTPE3-
ku [L'(ns)], L" (ns)] — B npeanonoxenuu, 9To &' He IPUHALIEKUT UX OOHEIUHEHUIO.
ITpu 5>TOM MHOXKECTBO UHIEKCOB I ABAAETCA CBA3HBIM TOMOJOTMYECKUM TPOCTPAHCT-
BOM (B JaHHOM caydae — OoTpeskom). Ilycts I u I~ — MHOXKECTBa TeX WHIEKCOB
a € I, gna xoToperx M, He mepeceKaeTcsa COOTBETCTBeHHO ¢ ST m ¢ S~. Byayun
cea3EbIME, M, He MOT'yT mepecekaThcs ogaoBpeMernHo ¢ ST u S~ . IloaTomy o6benu-
merne MEOkecTs |7 n I~ coBmagaer ¢ I. 14 KOHKDETHON CUTYAIMN TOKA3LIBACTCH,
4TO 062 MHOXKECTBA 3AMKHYTHL. BBUIY CBA3HOCTU NMPOCTPAHCTBA | OTCIONA BHITEKA-
eT, 97O JrOO OMHO M3 HUX IIyCTO, TUOO OHU MEPECEeKalTCA, U TOrJa IOMXKHO OLITH
MyCTBIM XOTA OBl 0MHO U3 M,. (B mamHOM crydae moaydaeM MPOTUBOPEUUE, KOTO-
pO€ MOKA3HIBAET, UTO TOYKM &' HE CYIIECTBYET. 3aTEM DT CXeMa MPUMEHAETCA eIle
pa3 — k orpeskam [H'(z), H" (z)].)

Onucanuoe paccyX IeHue JEKUT B OCHOBE NOKA3aTEIbLCTB Y BoHb-11310Hsa, X0aHT
Tys, a Tak:ke BCeX TOKA3aTEThCTB TEOPEM O MUHIMAKCe, KOTODHLIE OMUPAIOTCSA HA
TEOPEMY O pPa3IeIAIolen MIMePIIOCKOCTH. [[e10 B TOM, ITO OHA ABMAETCA MOIU(U-
kanuen TeopeMbl XaHa — Banaxa, a B [o0Ka3aTeabCTBE TMOCIEIHEN MBI HAXOIUM TY K€
cxemy! Tax uro mo cymectBy Teopema Hemmvana — He ciaegcrBue (B OHINHEMHOM
caydae), a aHanor TeopeMbl XaHa— Banaxa.

5.

YuraTenio, 3HAKOMOMY CO CTAaHIAPTHLIM MOKA3aTeThLCTBOM TeopeMbl XaHa—ba-
Haxa, [MOCJeJHEE YTBEPKIEHIE MOXET MOKA3aThCsA CTPAHHBIM. B 5TOM mOKasaTenb-
CTBE pedb UAeT O PYHKIUOHAIAX B JUHEUHOM HOPMUPOBAHHOM MPOCTPAHCTBE, HAJ
KOTOPBLIMHU BBINOJHAIOTCA anrebpandeckue omnepaiuu. Ha caMom gese, Kak MBI cendac
YBUIUM, 5TO IOKA3aTEJbCTBO AOMYCKAEeT IPO3PATHOE U3TOXKEHNe HA OCHOBE OMUCAH-
HO BHIIIIE TOMOJOMMIECKON cXeMBl. MbI crenyeM 3ameTke [8].

Bynmem mokaswiBaTh Teopemy B caenyooimen hpOpMyIUPOBKE.

TEOPEMA XAHA — BAHAXA. IlycTh Ha BEIIECTBEHHOM JUHEWHOM MPOCTPAHCTBE
N sagan Bumykiabin pyHknuosan P(x), a Ha HEKOTOPOM ero moanpocTpancTee M —
JVHENHBEN QYyHKIMOHAT F'(1), MO IYMHEHHBIN YCIOBIIO

F(z) < P(z) (%)

(oba ¢dynxnmonana — BemecTBenHbe). Torga F(r) mpogoakaeTcs A0 JUHEXHOTO
(YHKIMOHATA Ha BCEM IPOCTPAHCTBE, YIOBICTBOPSIOMIErO YCIOBUIO (k).

JOKABATEJIBCTBO. [[oCcTaTOYHO pacCMOTPETh Caydar, Korga M — rumepinioc-
KOCTb: fajee MpOBOAUTCA (TpaHCHUHUTHAA) UHAYKINAA 10 PA3MEPHOCTHU. BriGepeM
Touky a € N, me npuHamgiexamryo M. IIpogomkenue dpyukumonana F(z) ¢ M Ha
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N MOXeT NpUHUMATH JI000€ 3HAYEHUE B TOYKE ¢ U ONPEIEIACTCA UM OTHO3HAIHO.
Touxku, B KOTOPHIX TAHHOE MPONOMKEHUE HAPYIIAeT (*%), HA30BEM HeJONYCMUuMbl-
mu. Benegcrsue BoimykinocTu P(2) MHOXKECTBO TaKUX TOYEK BHIMYKJIO. [[05TOMY OHO
JIEXUT TI0 OAHY cTOpOoRy 0T M qm6o mycto. C xax nou cTopons: ot M Kakoe-To mpo-
JOJLKEHUE UMEET HEJOMyCTUMBIE TOUKY (M MOTOMY HE MMEET UX C APYT'OU CTOPOHBI):
JIOCTATOYHO MOMOXKWUTHL B 0gHOM ciaydae F(a) > P(a), B apyrom F(a) < —P(—a).

IIycts Teneps I u I~ - MHOXKECTBA 3HAMEHUN B TOUKE ¢ TEX IPOIOMIKEHN (PyHK-
unonata F'(r), y KoTOPBEIX HET HENOIYCTUMBIX TOYEK COOTBETCTBEHHO IO OJHY U II0
opyryto ctopory or M. B cuiy ckazsaHHOTO 5>TH MHOXECTBA HEIYCTHI U UX OOBequ-
HEHIeM CTyXKUT BellecTReHHas npavad. HeTpyaHo BugeTs, aTo IT u [~ 3aMKHYTHI.
IMosTOMY OHE MEPECEKAIOTCA; TOUKH MEPECEUCHUA COOTBETCTBYIOT UCKOMBIM PO T0JI-
KeHuAM QyHKIuoHata F(x). O

Mur BUAUM, 9TO B CBA3U C TEOPEMOU O MUHUMAKCe HerMaH coesan CyIecTBeHHO
6oubiie, yeM Hepenko cumrtaercsa. OH 10Kasam 3Ty TEOpeMy s MUPOKOrO KIAcCa
CUTyalll ¥ CO3JaJ METOJ, BaKHeNmul B no106HkIX Bonpocax. (TyT ymecTHO BCno-
MHUTH CI0Ba, ckazauubie C. B. CTeUYKUHBIM MO TOBOAY TEOPETUKO-YUCJIOBHIX MPOO6-
meM B 1970 r. Ha 3aceganuu MOCKOBCKOT0 MaTEMaTUIECKOTO OOIIECTBA: «Y KIACCUKOB
BCErJ[a HANMCAHO HECKOJBKO OOJBINE, YeM y TeX, KTO uX mepenuchiBam.) Coszgasas
TEOPUIO [ OMUCAHUSA HOBOTO KIACCA CUTyamuu, HemMaH He CTpPeMWICa NOCTUYhL
MAKCUMAJIBHOU «(IPUBA3ZKU K MECTHOCTHY, K HATUIHLIM npumepam. Hao6opoT, ol Xo-
Tel BBIABATH NMPUHIUNAAIBLHYIO CYyTh ABJIEHUU, UX JOIMYIECKyio cxemy. VI mpu sToMm
OOHAPYKMIOCH POACTBO C CYIIECTBEHHBIMU (PAKTAMUI U3 PABIUIHLIX PA3AEIOB MATE-
matuku. Harnsguo nogrsepammuck ciaosa Ilyauxape [7, ¢.388]: « .. MaremaTuka —
5TO UCKYCCTBO AaBATh OMHO U TO YK€ HA3BAHUE PA3IUTHBIM BEIAM.»

6.

ITocne ckazanHOro 6y AeT HEMUITHE [0 TIEPKHY Th, ITO PA3IUIHLIE METOIBI TOKA3a-
TEJIBCTBA TEOPEM O MUHUMAKCE MMEIOT CBOU IPENMYIIeCTBA. B YacTHOCTH, TeopeMa
Henmana serxko ciaegyer u3 TeopeMbl KakyTanu o HemoaBm:KHOU TOYKe. [locienmun
pesyabTaTr mMmeeT OOJBIIOE 3HAYEHWE U B APYIUX BOMPOCAX — HAIPUMED, B CBA3U
¢ mpobieMaMu SKOHOMUYIecKoro paBHoBecus. OIHAKO HA PYCCKOM S3LIKE B TeUEHUE
IOJITOr0 BPEMEHH J0KA3ATeIbCTBO TeopeMmbl KaxyTanu (He caMoe TIpO3pavHoe) uMe-
JIOCH JIMIIb B OJHOM OOIIELOCTYIHOM UCTOYHUKE, a UMEHHO [5, ¢. 97-99]. Jlums coBcem
HEJABHO IEPBOHAYAIBLHOE, H0Jee MPOCTOoe H0Ka3aTenbCcTBO KakyTanu ObLIO H3I0KEHO
B kHure [6, c. 96-97]. [losToMy npeAcTABIAETCA MOJIE3HBIM JOMOJHUTD 3Ty 3aMETKY
IOKA3aTeIHLCTBOM TeopeMbl KakyTanu, BKIIOYNB BHIBOI U3 Hee TeopeMbl HenmmaHa.
Kaxk u [6], MBI B OCHOBHOM CJIeyeM MepBOUCTOYHUKY [9].

TEOPEMA KAKYTAHU. IlycTh B r-MepHOM BelIeCTBEHHOM TPOCTPAHCTBE MaH BHI-
MYKJIBIA KOMITAKT S U KaXIOU €ro TOYKe I MOCTABIEHO B COOTBETCTBUE BBITYKJOE
nogmuoxectso P(z) C S, npuuem orobpaxenue ¢ zamrxnymo (B MHOU TEPMUHOIO-
TUU NOAYHENPEPLIBHO CEPTY): €CIu T; — X, Yy — y u y; € P(x;) upu BCcex i, TO
y € ®(z) («aipenen o6pas3oB comepxKUTCA B 06pase mpegeaay). Torga y oTo6pakeHus
® yMeeTCa HEeNnodBUNCHAA MOUKE — TAKag TOYKA T, 9T0 & € P(x).
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[MOKABATEALCTBO. Ilomectum S BHYTpE r-MepHOTO cuMmILiekca S'. Kax masect-
HO, CYIIECTBYeT HempepwiBHOe oTobGpaxkenue ¢ : S' — S, mpu xoropom ¢(x) = x
o Beex x € S (pempaxyusa cummiekca S’ wa S). Hoaoxus ®(z) = ®(¢(z)) nma
Beex = € S', MBI mpomomxkuM oTobOpaxenne P Ha BECH CUMILIEKC, MPAYEM 3AMKHY-
TOCTB OTOOPAKEHNA U BHITYKJIOCTE OOPA30B COXPAHUTCA. Teneps 0CTATOYHO HANTH
HEMONBMXKHYI TOUKy Ha S’: oHa OymeT mpunHamtexars S, mockoabky ®(S’) C S.

Pazobbem S’ ma mManenbkue cuMiniekcer. Ecium v — Bepmmaa OQHOTO U3 HUX, TO
BeIOepeM Touky v’ € ®(v) u momoxkum @ (v) = v'. CoenraeM Tak LA BCEX BEPIIMH
Pa3bueHn 1 TPOSOMIKNAM OTOOPAKEHNE (1 HA OCTATBHBIE TOYKM KAXKJOTO MATCHBKO-
0 CUMILIEKCA TIO JTUHEMHOCTU. MBI TOMYyIuM HEMPEPHIBHOE OTOOPAKEHNE CUMILICKCA,
S’ B ce6s. Cormacuo Teopeme Bpayspa (cm., Hampumep, [2, ¢. 502-507]) oHO nmeer
HENOABMIKHYIO TOUKY T = A1,0Z1,0 + - + A1 T1,p, A€ T1,0,...,T1,, — BEPIIAHBI
OJHOI'O U3 CUMILTEKCOB pa3bueHusd, Ajo+---+ A, =1, A0 >0,...,A,, > 0. IIpn
aTOM 1 = @1(Z1) = A1,001(21,0) + -+ - + A1 ro1(21,0).

Basas 6osee menkoe pazbueHne CUMILIEKCA, TOCTPOUM AHAJIOITYIHOE OTOOPAKEHIE
(2 C HEHOABIKHOM TOYKOU Tz = A20Z20 + - + A2 Z2,. [Ipogomxum mpouece,
YCTPEMUB IMAMETP pasbueHna K Hy. 0. MOXHO BEIOPATH TAKyIO TOAMOCICIOBATETh-
HOCTb HOMEPOB 4, [Jf KOTOPOU: I; CXOMATCA K HEKOTOPOU TOYKe I (KaK CIeICTBUE,
Zi0y- - -5 Tip CXOTATCA K TOU K€ TOUKE); A0, - - -, Aj,r CXOLATCA COOTBETCTBEHHO K He-
KOTOPBIM )‘07 teey )"f‘7 rne A0 + -+ Ar = ]-7 )‘0 2 0: teey AT‘ 2 Oa Qoi(:ri,O)a teey ‘Pi(l'i,r)
CXOIATCA K HEKOTOPBIM Yo, ..., Yr. lOrga x = AoYo + - -+ + Ay, U3 3amMKHyTOCTH
orobpaxenus ¢ caenyer, 4TO ¥o,..., Y, npudagaexar P(x). Tak kax 510 MHOKe-
CTBO BBIMYKJIO, TO T TAKKe €My TPUHAIIEKNAT, T.€. ABIACTCA HETOABMKHON TOIKON
otoOpaxenus P. O

BuiBO TEOPEMBI HEMMAHA M3 TEOPEMbI KAKYTAHU. IlycTh HA mpsmom mpo-
U3BEOCHUN BBIITYKJ/IBIX KOMIIAKTOB K n L B KOHETHOMEPDHOM BEIIECTBEHHOM IIPOCTPAaH-
CTBe 3alaHa HempepbiBHAA QyHKIMA f(2,y), KBasuBOrHyTaa Ha K mpu KaxkmoMm y u
KBasuBBINMyKJaaa Ha L mpu kaxaom x. [[asa Bcex x € K moaoxum

Ly ={y € L| f(z,y') = min f(z,y")};
y'eL

Ky ={a'€ K| f(z',y) = max f(a",y)};
®(z,y) = Ky x L,.

JIerko mpoBepuTh, 9TO TOYETHO-MHOKECTBEHHOE 0TOOpakeHue ® yaoBmeTBOpsAET yC-
aoBusaM Teopembl KakyTann u, 3HAYUT, nMeeT HemoaBMKHyI Touky. OHa aBrseTca
ceaoBonl Toukon yukuuu f(x,y), orkyga (CM. m. 2) BHITEKAET PABEHCTBO MUHU-
MaKCa U MAaKCMUHA. ]

AsTop Gmaromaper B. M. TuxoMupoBy 3a BHUMaHUE K PabOTe U TOJE3HLIE 3aMe-
TaHUA.
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