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A SPECTRUM ASSOCIATED WITH
MINKOWSKI DIAGONAL continued fraction

Alena Aleksenko!

Let a be real irrational number. The function pu,(t) is defined as follows.
The Legendre theorem states that if

A 1
a——=|<—, (A =1 1
then the fraction % is a convergent fraction for the continued fraction expansion of

a. The converse statement is not true. It may happen that % is a convergent to «

but (1) is not valid. One should consider the sequence of the denominators of the
convergents to « for which (1) is true. Let this sequence be

QO<Q1<"'<Qn<Qn+1<"'~

Then for o ¢ Q the function p,(t) is defined by

Qn l_t t_Qn
pa(t) = == [|Qual| + 5" [|@uirall, Qn <t < Quyr.
Qn+1 _Qn

B Qn+1 - Qn

From the other hand, for every v one of the consecutive convergent fractions Z—:, {;”—ﬁ
to « satisfies (1). So either

(Qn7 Qn-‘rl) = (qua qr/-‘rl)

for some v, or
(Qn: Qn—i—l) - (%—17 QV—FI)

for some v.
Actually the function p,(t) was considered by Minkowski [4]. There exists an
alternative geometric definition of p,(t). Some related facts were discussed in |3, 6.
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The quantity
m(a) = limsupt - pq(t).
t—+o00
was considered in [6]. An explicit formula for the value of m(«) in terms of continued
fraction expansion for a was proved in [6]. It is as follows. Put

1

m,(a) = G(ozjj,a;b), if (Qn,Qni1) = (-1, Guy1) with some v, ?)
! F(a;+1’a;—|—2)> if (Qn,@ni1) = (¢, @ +1) with some v,

z+y+1 (1—ay)®
4 ’ 41+ 2y)(1 —z)(1 —y)

and o, come from continued fraction expansion to

G(x,y) = F(x,y) =

a = lag;ay,ag, ... a,...]

in such a way:
J— . * E— .
a, = [ay; apy1, .|, o) =1[0;a,,a,_1,...,a1].

Then
m(a) = limsupm,(«a),

n—-+00o

The specrtum
M={meR: JaeR\Q such that m =m(a)}.

was studied in [6]. It was proven there that M C [, 3] and that {, 3 € M. However
no further structure of the spectrum M is known.

In this paper we consider the spectrum
I={meR: JaeR\Q such that i(a) = m},

where
1(a) = liminf m,, ()

n—oo

(however, compared to M(«), this quantity has no clear Diophantine sense).
It is clear that 1

inll = — I[=-.
min 1 max 5

Theorem. There exists positive wy such that
1
—,wo| C L

The proof is based ol M. Hall’s ideas (see [2]). It uses technique from [5].
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Remark. An ezplicit formula for wy may be obtained from the proof below. It is
interesting to get optimal estimates for the value of wy.

We need some well known results.

Recall the definition of a 7-set F C R. The set F must be of the form

fzS\([]Ay),

where & C R is a segment, and A, C S, v = 1,2,3,... is an ordered sequence of
disjoint intervals. Moreover for every t if

t—1 T
S\ (U A,,) =M,
v+l j=1

is a union of segments M, and A, C M;« then
Mj* :Nll_lAtl_'Nz,

and

min(|N], N?]) > 7]A].
Consider the set
.F5:{O[: [O;bl,bg,bg,...] . by < 5 \V/V}

consisting of all irrational real numbers from the unit interval (0,1) with partial
quotients bounded by 5. One can easily see that

10

B =max F; = [0;1,5] = Y252 = 0.854107.

{A_nunf5 [0;5,1] = Y355 — 0.1708+, )

Put
Ss =[A,B] C[0,1].
The following lemma comes from the results of the papers |1] or [7].
Lemma 1. The set F5 is a T-set with 7 = 15 = 1.788".

Let H(z,y) : S X8 — R be a function in two variables of the class G €
CH(S x S). Consider the set

J={2€R: Ju,yeS z=H(zx,y)}

By continuousity argument J is a segment.
Lemma 2. Suppose that the derivatives OH/0x,0H/Jy do not take zero values
on the box S X §. Suppose that F is T-set and S = [min F, max F|. Suppose that

(57 57ee]) o

T 2 max max
z,yeS
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Then
{z: Jz,y e F suchthat z=H(x,y)} =J.

Lemma 2 is a staightforward generalization of a result from [5]. We do not give
its proof here as the proof follows the argument from [5] word-by-word.

Now we are able to conclude the proof of Theorem.

We consider pairs of integers (Ry, Rs) of the form

(Ri,Rs) = (R,R) or (R,R+1) (5)

with R > 6. Consider a function

1 1
H r,y)=F ) .
R17R2( y) (Rl +z RQ + y)

For Ry, Ry under consideration the function Hp, g,(x,y) decreases both in x and
in y.
For 0 < x,y <1 put

o(z,y) = (1 — 32 + 3zy — 2%y)(1 — z).

For any y € (0,1) the function ¢(z,y) decreases in x. For any = € (0,1) the
function ¢(x,y) increases in y. Now

OF /9y _ o(z,y)
OF 0z »(y,z)’

and

11 )
laHRI,RQ/a?J P\ B Baty <R1—I—x>
aHRl,Rz/aI %) <R21+y’ ﬁ) R2 +vy )

Easy calculation shows that for Ry, Ry > 6 one has

aHRhRQ/ay
8HRl,R2/8I

aHRl’RQ/aZ‘
8HRl,RQ/(9y ’

= <R1+B’R2+A> <R1+B> R1+B R1+A> (R1—|—B)2<

max max
I7y685

( > R2 + A 1 ) R1 + A
Ro+A? R1+ R1+A’ R1+B
6+ B
( *1 (+A> = 1.363" < 7.
6+A’ +B 6 +

Here A and B are defined in (3) and in the last inequalities we use the bounds
6 < Ry < Ry which follows from (5)



A SPECTRUM ASSOCIATED WITH MINKOWSKI DIAGONAL . .. 37

We see that for any Ry, Ry under consideration and for 75-set F5 the condition
(4) is satisfied. We apply Lemma 2 to see that the image of the set F5 x F5 under
the mapping Hg, g,(x,y) is just the segment

le,R2 = [HRl,R2(87 B)a HRl,R2(A> A)]

But
Hpr(B,B) < Hpri1(A, A)

and
Hp r1(B, B) < Hri1,r41(4; A).

That is why if we put
Wy = HRU,RO(A> A)

with Ry > 6 we get

U Jr,r U U Tr,re1 = (1/4, wo).

R>Rg R>Rg

Take m € (0,wp]. Then there exists Ry, Ry such that
m € Jr, .k,
and there exist
B =10;b1,ba,....0,,...], v=1[0;¢1,¢2,...,¢h,...], B,y EFs,
such that

1 1
F , =
(Rl + RQ + B) m
Now we take

o = [0;@17R1,R2,bl,ag,al,Rl,RQ,bl,bQ, ey Qpyy Ay 1, ...,ag,al,Rl,Rg,bl,bQ, ...,byfl,bl,, ]

1 2 v
Standard argument shows that for n, defined from

Pn
- = [0;@1,R1,R2, b17a27a17 R17R27b17b27 vy Ay Qy—1, "'aa2aa'l7R1]

qn,
one has

: . B
VEIEOO F(ay o, ) =m.

At the same time for F'(-,-) and G(-,-) we have

inf  F(o), ang1) > wo
n#n, Yv

and
: * -1
inf G(arw an+2> > Wo,
n€Z+

for large Ry. So i(a) = m and everything is proved.O
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