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Zapiski nauqnyh

seminarov POMI

Tom ���� ���� g�

G� I� Malaschonok

A COMPUTATION OF THE

CHARACTERISTIC POLYNOMIAL OF AN

ENDOMORPHISM OF A FREE MODULE

Abstract� Two methods are given for computationof the characteristic
polynomial of an endomorphism of a free module over a commutative
domain� that require O�n�� and O�nlog�� ring operations�

�� Introduction

Let K be a commutative ring� E a n�dimensional free module over K�
Let f be an endomorphism of E and A the matrix of f in some basis in E�
The characteristic polynomial of the endomorphism f is pf �t� � det�tIn�
A�� One of the important problems of commutative algebra is to construct
an e�ective method for computation of characteristic polynomials�

As tIn � A is the matrix over the polynomial ring K	t
� it is possi�
ble to use one of the methods for matrix determinant computation over
commutative ring 	��

� However� complexity of the Dodgson�s method is
O�n��� and for recurcive method is O�nlog�� operations in the ring K	t
�
Therefore the complexity of these methods are O�n�� and O�n��log���
operations in the ring K itself� But it is known� that in the case when
K is a �eld� there exist the methods with the complexity O�n�� oper�
ations in this �eld� Rapid algorithms for computation of characteristic
polynomials are considered in 	�
 and 	�
�

In this paper we give two methods of the computation of the charac�
teristic polynomial with the complexity O�n�� and O�nlog�� when K is
an commutative domain�

The �rst method is based on the transferring to a such basis� in which
the matrix of the endomorphism f is thridiagonal� It is allowable an
arbitrary initial location of zero elements in the matrix�

The second method is based on the transferring to another basis in
which the endomorphism matrix has the nonzero second diagonal� the
�rst row and the last column�

In both of these bases the characteristic polynomials are easily com�
puted in O�n�� operations in the ring K�

���
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���� The associated matrices�

Let us introduce the operation of association�
Let KL

p�q denote the subgroup of the group GL�p� q�K�� that formed
by the matrices �

aIp �
C dIq

�
� a� d � K�� C � Kq�p�

Ip � the identity matrix of order p� K� � Knf�g� The transposition trans�
fers this subgroup to isomorphic subgroup of upper triangular matrices�
This subgroup will be denoted by KR

p�q� The involutory automorphism of

KL
p�q �

G �

�
aIp �
C dIq

�
�

�
dIp �
�C aIq

�
� eG�

will be called the association� This operation will be denoted by the sign
�tilde��

The involutory automorphism of KR
p�q��

aIp B

� dIq

�
�

�
dIp �B
� aIq

�
is de�ned in such way that the operations of the transposition and the
association are commutative fGT � � eG�T �

Obviously� G eG � eGG � adIp�q is a scalar matrix�gFG � eG eF � eeG � G�eI � I�
The involutory automorphism of the group GL���K���

a b

c d

�
�

�
d �b
�c a

�
will be also called the association� If G is the matrix of the second order�
then its associated matrix is equal to the adjoint one� eG � G��

�� The thridiagonal method

���� The triangular Dodgson decomposition�

Let A � �aij� be the matrix of order n over the ring K�

Ak
i�j �

�
B�

a��� � � � a��k�� a��j
� � � � � � � � � � � �

ak���� � � � ak���k�� ak���j
ai�� � � � ai�k�� ai�j

�
CA
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is the submatrix of order k� k � �� � � � � n� formed by bordering the sub�
matrix of order k � � standing in the upper left corner by row i and
column j� We denote its determinant by akij�

akij � det�Ak
i�j�

and a�ij � aij� Let �k � akkk be the corner minor of order k� Ik � the unit
matrix of order k�

Dk � diag �Ik��� �kIn�k���

the diagonal matrix of order n� Let

A�k�
u �

�
Ak
� Ak

�

Ak
� Ak

	

�
�

�Ak
� � A

k
�� � �aii�j�� i � �� � � � � k � �� j � �� � � � � n�

�Ak
� � A

k
	� � �aki�j�� i � k� � � � � n� j � �� � � � � n�

be the matrix with blocks Ak
� of size �k � �� � �k � �� and Ak

	 of size
�n� k � �� � �n� k � ���

Let us note that aki�j � � for i � k and�or j � k so Ak
� is the upper

triangular matrix and Ak
� � �� For k � n we have A

�n�
u � the upper

triangular matrix� Let

vk � �akk���k� � � � � a
k
n�k�

T

be the column with n� k elements�

Lk �

�
�k �
vk In�k

�
� eLk �

�
� �
�vk �kIn�k

�
� k � �� �� � � � � n� �����

are matrices of order n� k � � and

Lk � diag �Ik��� Lk� �

�
BBBBB�

� � � � � � � � � �
� � � � � � � � � � � � � � � � � �

� � � � �k � � � � �
� � � � akk���k � � � � �
� � � � � � � � � � � � � � � � � �

� � � � akn�k � � � � �

�
CCCCCA �

eLk � diag �Ik��� eLk� �
�
BBBBB�

� � � � � � � � � �
� � � � � � � � � � � � � � � � � �

� � � � � � � � � �
� � � � �akk���k �k � � � �
� � � � � � � � � � � � � � � � � �

� � � � �akn�k � � � � �k

�
CCCCCA �
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L � L�L� � � �Ln���

L � D��
n��
eLn�� � � �D

��
�
eL�
eL�

are the lower triangular matrices of order n� We haveeLkLk � �kIn�k��� LL � T

where
T � diag ���� ����� ����� � � � � �n���n��� �n����

Proposition �� If all the diagonal minors �k �k � �� �� � � � � n � �� of

matrix A are nonzero� then we have the identity�

An
u � LA� �����

Multiplying by the matricesD��
k

always provides the �exact� division�
The proof is based on

Proposition �� For any k� k � �� � � � � n� �� we have the identity

Dk��A
�k���
u � eLkA

�k�
u and A���

u � eL�A� �����

The proof of ����� is based on the Sylvester identity 	�


ak��k���k��a
k��
i�j � akk�ka

k
i�j � aki�ka

k
k�j� �����

If all the diagonal minors �k are nonzero� then we have

A�k���
u � D��

k��
eLkA

�k�
u and

An
u � D��

n��
eLn���D

��
n��
eLn���� � � �eL�A� � � � �� ���
�

We can compute step by step A
�k�
u � k � �� �� � � � � n� because all the ele�

ments of the matrices Dk and eLk are the elements of the matrix A�k�
u �

������ Decomposition with permutations�

Note that the condition to be nonzero for diagonal minors �k �k �
�� �� � � � � n � �� may be taken o� if we use the permutation matrices in
the factorization ������

If the diagonal minor �k of order k equals zero and vk �� �� then it is
necessary to interchange rows i and k if aki�k �� ��

So it is necessary to multiply A
�k�
u by the permutation matrix Pk �

P�i�k� � In �Eik �Eki�Ekk �Eii� Here Eik denotes the matrix� all the
elements of which are zeros� except of �i� k�� that equals one�

If the diagonal minor �k of order k equals zero and vk � �� then
Pk � eLk � Dk�� � In� Dk � Dk��� The formula ����� is true in the

general case� but now eLk � diag �Ik��� eLk�Pk�
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������ Symmetric decomposition� There is also true the identity�
symmetric to ������

A
�n�
l � AU� �����

where Al is the lower triangular matrix�U is the upper triangular matrix�

U � eU�
eU�C

��
� � � � eUn��C

��
n��� �����

eUk � Qkdiag �Ik��� eUk�� where Qk is the permutation matrix� Ck �
�kIn�k� Ck � diag �Ik� Ck��

Uk �

�
�k hk
� In�k

�
� eUk �

�
� �hk
� �kIn�k

�
�����

hk � �akk�k��� � � � � a
k
k�n�� Uk

eUk � Ck�

���� Similar p�triangular matrix�

Further L�A�� T �A�� U �A�� L�A�� U �A� denote L�T�U�L�U for the
matrix A� If A is rectangular matrix� then the computations of the ma�

trices L� T� U� eL� eU are ful�lled for the maximal left upper square block
of A�

Let A �

�
a b

c d

�
be the matrix over R with blocks a of order p and

d of order n� We shall call the matrix A the upper p�triangular� if the
block �c�d� has the upper triangular form� the lower p�triangular� if the
block �b�d�T has the lower triangular form�

We denote by the calligraphic letters the block�diagonal matrices of
order �n�p� of the form diag �Ip� G� � G� where G is the matrix of order
n�

Let G be a some n� n matrix�

eL � eL��c�dG���

L � L��c�dG���

T � T ��c�dG���

If we put G � L� L � diag �Ip�L�� L � diag �Ip�L�� and

Au � LAL

then

Au �

�
Ip �

� L

��
a b

c d

��
Ip �
� L

�
�

�
a bL

Lc LdL

�
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is similar to the matrix diag �Ip�T�A� because LL � T�

Let us show that the matrix Au is the upper p�triangular matrix�

Consider the multiplying of matrix A of order p � n from the right
by the matrix Lk � diag�Ip� Lk�� It does not change the �rst p � k � �
columns� the last n � k columns are only multiplied by the number �k�
The p� k column �the column with the number p� k� is changed by the
linear combination of the columns p� k� p� k � �� � � � � p� n�

The multiplying from the left by the matrix eLk does not change the
�rst p � k rows� Each row with the number i� �i � p � k � �� � � � � n�
is changed by the linear combination of the rows i and p � k and
the �i� k� element becomes zero� So all the elements in the k col�
umn� which are bellow the p � k row �below the lower p�diagonal �
f�p� ��� �p� �� ��� � � � � �n� n� p� ��g�� are zero�

The multiplying by the diagonal matrix do not change the form of the

matrix� Therefore� after the sequential multiplyings by L� and eL� the
elements of the �rst column �below the lower p�diagonal� vanish� by L��eL� and D��

� � the second� and so on� As the result the matrix would be
the upper p�triangular�

If the original matrix already the lower p�triangular �all the �i� j� ele�

ments� i � p� j � p � ��� are zero�� then the multiplyings by Lk and eLk

do not change this form� So the result matrix would be the p�diagonal�

The factors of the matrices L and L may be computed sequentially�

We have �c�dG� � �c�dL�� The �rst p columns of the matrix �c�dL�
form the block c� and do not depend on L� So using these p columns

we may compute consequently the �rst p factors of the matrix eL �eL��D�� eL�� � � � � Dp��� eLp� Then we may write the �rst p factors of the
matrix L� compute p columns of the matrix dL� and then the following
p factors of L� etc�

An example of the upper ��triangle matrix computation see in Ap�
pendix A�

Analogously the lower p�triangle matrix

Al � UAU �

is computed� Here we denote U � diag �Ip�U�� U � diag �Ip�U�� U �

U ��b�Hd�T �� T � T ��b�Hd�T �� H � U� The matrix Al is similar to T A
where T � diag �Ip�T��
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���� Computation of �p� � diagonal matrix�
To compute the �p�� diagonal matrix D �p � ��� we can sequentially

compute the upper and the lower p�triangular matrices�

Au � LAL

D � UAuU

Here L � L��c�dG��� Tl � T ��c�dG��� G � L� U � U �H �Au�� Tu �

T ��H �Au��� H � U� and �Au is the right �n � p� � n block of the matrix
Au�

The matrix D is �p� � diagonal but the matrix D does not similar to
T A� where T � diag �Ip�TuTl� is a diagonal matrix�

The necessary condition is the absence of any permutation in the com�
putation of lower p�triangular matrix� the permutations may lead to the
appearance of nonzero elements under the lower p�diagonal�

It is possible to take o� this limitation and in the same time to comput
the matrix D that is similar to A if the computation of the upper and
the lower p�triangular matrices are ful�lled simultaneously�

A��� � U�
eL� P� A P��

� L�
eU�

� 	 � 
 � � �

A�k��� � Uk D��
k��

eLk Pk A�k� P��
k Lk

eUk C��
k��

� � 	 � 
 � � � � �

k � ��

D � A�n��

whereDk andCk are the matrices of the next kind diag �Ik��� �kIn�k���
and only lasts n � k � � diagonal elements of the matrices Dk and Ck

provides the �exact� division�
The numbers indicate the order of actions� The permutations matrix

Pk is chosen in such way that the pivot element akk�k�p in the upper p�

diagonal and the pivot element akk�p�k in the lower p�diagonal are nonzero�
The following cases are possible�
�� akk�k�p �� �� akk�p�k �� �� then Pk � In�

�� akk�k�r �� �� akk�r�k �� �� for some r� �r � p�� then Pk � P�k�k�r��

�� akk�k�p �� �� akk�p�k � �� akk�p�r �� �� akr�k�p � �� for some r� s �n �

r � k�� then Pk � In � Ek�r�
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�� aks�k�p �� �� akk�p�s � �� akk�p�r �� �� akr�k�p � �� for some r� s �n �

r� s � k�� then Pk � In �Ek�r �Ek�s�


� akk�k�p � �� hk � �� i�e� zero row k� then eUk � Uk � Ck � In�

�� akk�p�k � �� vk � �� i�e� zero column k� then eLk � Lk � Dk � In�
If we have z zero rows r � z� r � z � �� � � � � r � � and nonzero row r

than Cr � diag �Ir�z � �r�zIn�r�z��
If we have z zero columns c� z� c� z � �� � � � � c� � and nonzero row

c than Dc � diag �Ic�z� �c�zIn�c�z��
An example of the tridiagonal matrix computation see in Appendix B�

���� Computation of characteristic polynomial for the thridiag�

onal matrix�

The computation of characteristic polynomial may be ful�lled in two
steps� to compute the thridiagonal matrix D for p � � and then to com�
pute the determinant of the matrix �In � T ��D � T ����T �D��

For the thridiagonal matrix it is easy to receive the recurrent relation
for the computation of the determinant with the help of the Silvester
identity ������

ak��k���k�� � akk�ka
k
k���k�� � ak��k���k��ak�k��ak���k�

k � �� � � � � n� �� ������

as for �i� j� � �k� k���� �k��� k�� �k��� k��� we have aki�j � ai�ja
k��
k���k���

The recurrent formula ������ for the matrix �T �D with the elements
ai�j��� for T � diag �d���� � � � � dn�n�� D � �ai�j� is�

a������� � �d��� � a����

a������� � a���������d��� � a����� a���a���� ������

ak��k���k����� �

akk�k�����dk���k���ak���k����a
k��
k���k�����ak�k��ak���k� ������

�� The dichotomous method

The other method of computation of the characteristic polynomial is
based on the recurrent method from 	

� This method allows to compute
the factorization of the matrix A� adjoint for the matrix A� We give the
description of this factorization�
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���� Factorization of the adjoint matrix�

For the matrix A of size n � m� n � m we denote by AR the right
square n � n block� AL � the left n � �m � n� block� Denote by B� the
matrix adjoint for the matrix B�

Let A be the matrix of size n�m� n 	 m� For the integer s� � 	 s 	 n�

s �
rX

i
�

�pi � � � p� � � � � � pr

we denote by
so � p��bs � �p� �

s � s � bs�
st � s� �t�

The matrix As � �as��ij � have the size �s� �m�s� �s�� i � s��� � � � � s� �s�

j � s � �s � �� � � � �m� The element akij is the bordering minor of matrix
A� as in �����

The matrix Gs � ��sij� have the size �s� �m � s�� i � s� �s � �� � � � � s�

j � s � �� � � � �m� �k � akkk� �
 � �� �sij is the minor� received by the
change of i column by j column in the minor �s�

Let

F� �

�
a�� a��
a�� a��

�
� eF� �

�
a�� �a��
�a�� a��

�
�

Ls �

�
�s�Ibs� �
As��L I

bs�

�
� eLs � � I

bs� �
�As��L �s�Ibs�

�
�

M s �

�
as��s���s�� as��s���s

as��s�s�� as��s�s

�
� fM s �

�
as��s�s �as��s���s

�as��s�s�� as��s���s��

�
�

U s
t �

�
I�t Gst�L

� �sI�t

�
� eU s

t �

�
�sI�t �Gst�L

� I�t

�
�

t � �� �� � � � � so � ��
Denote

Ls � diag �Is� � L
s� In�s�bs��� eLs � diag �Is� � eLs� In�s�bs���

Ms � diag �Is� �M
s� In�s��fMs � diag �Is� �

fM s� In�s��

Ds
l � diag �Is� � �

��
s�
I
bs� � In�s��bs���D

s
m � diag �Is� � �

��
s�
I�� In�s��

Us
t � diag �Ist��t� U

s
t � In�s�� eUs

t � diag �Ist��t�
eU s
t � In�s��

Ds
t � diag �Ist��t� �

��
st
I�t � In�st�� t � �� �� � � � � so � ��
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Theorem �� On the dichotomous factorization

Let A be the matrix of order n � �r� If all its diagonal minors �k
�k � �� �� � � � � n � �� are nonzero� then for the adjoint matrix A� there

exists the factorization

A� � Fn � � �F	F��

F� � diag � eF�� In����Fs � Ds
so��

eUs
so�� � � �D

s
�
eUs
�D

s
m
fMsDs

l
eLs�

s � �� �� � � � � n�

The proof of the theorem is based on the determinant identity from
the recursive method 	

�

Further F denote F �A� for the matrixA� If A is not the square matrix�
then the factorization is ful�lled for the maximal left upper square block
of A�

To reduce the matrix A of size n � m to the diagonal form we must
multiply it by the adjoint matrix A�

L� A
�

LA � ��nIn� Gn�� We may use
the dichotomous factorization of the matrix A�

L� The complexity of such
computations �	

� has the same order as the matrix multiplications� that
participate in them�

If the multiplication of the matrices is ful�lled by the Strassen method
	�
� then the complexity of such computations is O�nlog���

���� Computation of the surrounded diagonal matrix�

Let A be the matrix of order n � � and A� � its submatrix� received
by the crossing out the �rst row� E � diag ���E� � a matrix of order
n � �� Let F � F �A�E� be the dichotomous factorization of the left
block of the matrix A�E� If E � F�F	 � � �Fn� F� � diag �F�� In���� Fs �

LsMsUs
� � � �U

s
so��� then eFE � T� where T is the diagonal matrix�

Moreover� if F � diag ���F�� then Ab � FAE is the matrix that has
the nonzero elements only in the second diagonal �the diagonal of the
block A��� in the �rst row and in the last column� The matrix Ab is
similar to TA� The computations are ful�lled according to the scheme�
analogous of the scheme in ����

���� Computation of the characteristic polynomial� For the sur�
rounded diagonal matrixD� of order n with nonzero elements in the �rst
row d��i� last column di�n and in the second diagonal di � di���i� the
characteristic polynomial det��In �D�� is easily computed�

det��In�D
�� � ����n��d��nd� � � �dn�������n��d��n��d� � � �dn��� � � �
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� � � � �����ndn�n�n���

where

�� � � � d����

�� � ���� d�d����

�k�� � �k�� ����kd� � � � dkd��k���

k � ��

�� Appendix A

Example for the computation of a similar p�triangular matrix

Let us have a matrix

A �

�
BBB�

� � � � �
� � � � �
� � � � �
� � � � �
� � � � �

�
CCCA �

then �see the section ���� we obtain�

eL� �

�
BBB�

� � � � �
� � � � �
� � � � �
� �� � � �
� �� � � �

�
CCCA � L� �

�
BBB�

� � � � �
� � � � �
� � � � �
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The ��triangular matrix A�	� is similar to diag��� �� ������������A�
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�� Appendix B

Example for the computation of a similar tridiagonal matrix

Let we have the same initial matrix as in Appendix A��
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This tridiagonal matrix is similar to initial matrix A and has the same
characteristic polynomial �A����
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