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Îá îáîáùåííûõ ðåçîëüâåíòàõ îäíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî

ïîðÿäêà íà ïîëóîñè

Â ðàáîòå ðàññìàòðèâàåòñÿ ñèììåòðè÷åñêèé èíòåãðî-äèôôåðåíöèàëüíûé îïåðàòîð âòî-
ðîãî ïîðÿäêà íà ïîëóîñè. Èñõîäÿ èç îáùåé ôîðìóëû îáîáùåííûõ ðåçîëüâåíò À.Â.Øòðà-
óñà, îïèñàíî ïðè ïîìîùè êðàåâûõ óñëîâèé êâàçèñàìîñîïðÿæåííîå ðàñøèðåíèå ñèììåò-
ðè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî îïåðàòîðà, ïîñòðîåíà ôîðìóëà âñåõ îáîáùåí-
íûõ ðåçîëüâåíò ýòîãî îïåðàòîðà â ïðîñòðàíñòâå L2(0,+∞). Äîêàçàíî, ÷òî âñÿêàÿ îáîá-
ùåííàÿ ðåçîëüâåíòà Rλ ïðè ëþáîì íåâåùåñòâåííîì λ ÿâëÿåòñÿ èíòåãðàëüíûì îïåðàòî-
ðîì.
Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíûé îïåðàòîð, îáîáùåííàÿ ðåçîëüâåíòà.

1. Ïóñòü a[y] � èíòåãðî-äèôôåðåíöèàëüíîå (è.-ä.) âûðàæåíèå âèäà

a[y] = l[y] + k[y], (1)

ãäå l[y] = −y′′ + q(x)y � ñàìîñîïðÿæåííîå äèôôåðåíöèàëüíîå âûðàæåíèå ñ âåùåñòâåííûì
è ñóììèðóåìûì êîýôôèöèåíòîì q(x) òàêèì, ÷òî äëÿ ëþáîãî b > 0

∫ b
0 |q(x)|dx < +∞, à

k[y] =
∫ +∞
0 K(x, s)y(s)ds � èíòåãðàëüíîå âûðàæåíèå ñ íåíóëåâûì âåùåñòâåííûì ñèììåò-

ðè÷åñêèì ÿäðîì Ãèëüáåðòà-Øìèòäà K(x, s), óäîâëåòâîðÿþùåå óñëîâèÿì:
à) äëÿ ëþáûõ ðåøåíèé u(x, λ) óðàâíåíèÿ l[y]− λy = 0

+∞∫

0

|K(x, s)u(s, λ)|ds < +∞;

á) â îêðåñòíîñòè âåùåñòâåííîé îñè ñóùåñòâóåò è ðåãóëÿðíî ïî λ ðåøåíèå îäíîðîäíîãî
è.-ä. óðàâíåíèÿ a[y]− λy = 0.

Êàê èçâåñòíî [1, ñ. 482], îïåðàöèåé l â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(0, +∞) ïîðîæäàåò-
ñÿ êâàçèäèôôåðåíöèàëüíûé îïåðàòîð L ñ ìèíèìàëüíîé îáëàñòüþ îïðåäåëåíèÿ DL. Îïåðà-
òîð L ìîæåò èìåòü èíäåêñ äåôåêòà ëèáî (1.1), ëèáî (2.2) [1, ñ. 483, òåîðåìà 2]. Â íàñòîÿùåé
ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé èíäåêñà äåôåêòà (1.1).

Îáîçíà÷èì ÷åðåç A = L + K è.-ä. îïåðàòîð, ïîðîæäàåìûé è.-ä. âûðàæåíèåì (1) ñ ìè-
íèìàëüíîé îáëàñòüþ îïðåäåëåíèÿ DA = DL, ãäå Ky = k[y]. Îïåðàòîð K, ïîðîæäàåìûé
âûðàæåíèåì k[y], ÿâëÿåòñÿ ñèììåòðè÷íûì âïîëíå íåïðåðûâíûì îïåðàòîðîì â L2(0, +∞).
Ïðèìåíÿÿ òåîðåìó î âîçìóùåíèèè ñèììåòðè÷åñêîãî îïåðàòîðà [1, ñ. 352] ê îïåðàòîðàì A è
L, çàêëþ÷àåì, ÷òî îïåðàòîð A èìååò èíäåêñ äåôåêòà (1.1).
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2. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

l[y]− λy = 0, (2)

ãäå l � êâàçèäèôôåðåíöèàëüíàÿ îïåðàöèÿ, îïðåäåëåííàÿ âûøå, à λ � ïðîèçâîëüíîå íåâå-
ùåñòâåííîå ÷èñëî. Ïóñòü u1(x, λ), u2(x, λ) � ðåøåíèÿ óðàâíåíèÿ (2), óäîâëåòâîðÿþùèå ñî-
îòâåòñòâåííî íà÷àëüíûì óñëîâèÿì:

u1(0, λ) = 1, u′1(0, λ) = 0; (3)

u2(0, λ) = 0, u′2(0, λ) = −1. (4)
Äîêàçàíî (ñì., íàïðèìåð, [6]), ÷òî äëÿ ëþáîãî íåâåùåñòâåííîãî λ ñóùåñòâóåò åäèíñòâåí-

íîå, ïðèòîì íåâåùåñòâåííîå ÷èñëî m(λ) òàêîå, ÷òî

ψ(x, λ) = u2(x, λ) + m(λ)u1(x, λ) ∈ L2(0, +∞). (5)

Ôóíêöèÿ m(λ), îïðåäåëåííàÿ ñîîòíîøåíèåì (5), ðåãóëÿðíà â âåðõíåé ïîëóïëîñêîñòè è èìååò
òàì ïîëîæèòåëüíóþ ìíèìóþ ÷àñòü, ïðè÷åì ïðè ëþáîì íåâåùåñòâåííîì λ

m(λ) = m(λ).

Äëÿ ëþáîé f(x) ∈ L2(0, +∞) ðàññìîòðèì ôóíêöèþ

Φ(x, λ; f) = ψ(x, λ)

x∫

0

u1(s, λ)f(s)ds + u1(x, λ)

+∞∫

x

ψ(s, λ)f(s)ds (Imλ > 0). (6)

Êàê ïîêàçàíî â ðàáîòå [6], ôóíêöèÿ Φ(x, λ; f), îïðåäåëåííàÿ ðàâåíñòâîì (6), ÿâëÿåòñÿ çíà-
÷åíèåì ðåçîëüâåíòû íåêîòîðîãî ñàìîñîïðÿæåííîãî ðàñøèðåíèÿ îïåðàòîðà L íà ýëåìåíòå f .

3. Äëÿ ïîñòðîåíèÿ ôîðìóëû âñåõ îáîáùåííûõ ðåçîëüâåíò îïåðàòîðà A íàì íåîáõîäèìî
çíàòü ðåøåíèå îäíîðîäíîãî è.-ä. óðàâíåíèÿ

a[y]− λy = 0 (7)

è ðåøåíèå íåîäíîðîäíîãî è.-ä. óðàâíåíèÿ

a[y]− λy = f(x). (8)

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ îäíîðîäíîãî è.-ä. óðàâíåíèÿ (7) ïðåîáðàçóåì ýòî óðàâíåíèå ê
ñëåäóþùåìó âèäó:

l[y]− λy = F (x), (9)
ãäå

F (x) = −
+∞∫

0

K(x, s)y(s)ds. (10)

Ïóñòü u1(x, λ), u2(x, λ) � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ (2), óäîâëåòâî-
ðÿþùàÿ ñîîòâåòñòâåííî íà÷àëüíûì óñëîâèÿì (3) è (4). Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (9)
ìîæíî ïðåäñòàâèòü â âèäå

y = c1u1(x, λ) + c2u2(x, λ) + Φ(x, λ;F ), (11)

ãäå c1, c2 � ïðîèçâîëüíûå ïîñòîÿííûå.

72



Ïîäñòàâëÿÿ (11) â ñîîòíîøåíèå (10) è ó÷èòûâàÿ, ÷òî
+∞∫

0

K(x, s)Φ(s, λ; F )ds =

+∞∫

0

F (s)Φ(s, λ; K(x, ◦))ds, (12)

ïðèõîäèì ê ñëåäóþùåìó èíòåãðàëüíîìó óðàâíåíèþ:

F (x) = ϕ(x, λ) +

+∞∫

0

k(x, s, λ)F (s)ds, (13)

ãäå

ϕ(x, λ) = −
+∞∫

0

K(x, s)[c1u1(s, λ) + c2u2(s, λ)]ds, k(x, s, λ) = −Φ(s, λ; K(x, ◦)),

à

Φ(s, λ; K(x, ◦)) = ψ(s, λ)

s∫

0

K(x, t)u1(t, λ) dt + u1(s, λ)

+∞∫

s

K(x, t)ψ(t, λ) dt. (14)

Èòàê, çàäà÷à ðåøåíèÿ îäíîðîäíîãî è.-ä. óðàâíåíèÿ (7) ñâåëàñü ê ðåøåíèþ èíòåãðàëüíîãî
óðàâíåíèÿ (13). Â ñèëó ïðåäïîëîæåíèÿ î ÿäðå è.-ä. óðàâíåíèÿ K(x, s) (ñì. ï. 1) ðåøåíèå
óðàâíåíèÿ (13) ñóùåñòâóåò è ìîæåò áûòü ïðåäñòàâëåíî â âèäå

F (x) = ϕ(x, λ) +

+∞∫

0

r(x, s, λ)ϕ(s, λ)ds, (15)

ãäå

r(x, s, λ) =
∞∑

n=0

kn+1(x, s, λ)−

ðåçîëüâåíòà èíòåãðàëüíîãî óðàâíåíèÿ ñ ÿäðîì k(x, s, λ) = k1(x, s, λ), à

kn(x, s, λ) =
∫ +∞

0
kn−1(x, t, λ)k1(t, s, λ)dt (n = 2, 3, . . . )

� èòåðèðîâàííûå ÿäðà óðàâíåíèÿ (13) è r(x, s, λ) ∈ L2(0, +∞).
Ïîäñòàâëÿÿ (15) â ñîîòíîøåíèå (11), ïîëó÷èì îáùåå ðåøåíèå îäíîðîäíîãî è.-ä. óðàâíå-

íèå â âèäå

y(x, λ) = c1U1(x, λ) + c2U2(x, λ) =

= c1u1(x, λ) + c2u2(x, λ) + Φ

(
x, λ;ϕ(◦, λ) +

+∞∫

0

r(◦, s, λ)ϕ(s, λ)ds

)
, (16)

ãäå
Ui(x, λ) = ui(x, λ) + Φ(x, λ; Gi(◦, λ)) (i = 1, 2), (17)

à

Gi(s, λ) = −
+∞∫

0

K(s, t)ui(t, λ)dt−
+∞∫

0

r(s, τ, λ)

( +∞∫

0

K(τ, t)ui(t, λ)dt

)
dτ (i = 1, 2). (18)
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Íåòðóäíî óáåäèòüñÿ ïîäñòàíîâêîé (17) â óðàâíåíèå (7), ÷òî Ui(x, λ) (i = 1, 2) ÿâëÿþòñÿ ðå-
øåíèÿìè îäíîðîäíîãî è.-ä. óðàâíåíèÿ (7). Ïðè ïðîâåðêå èñïîëüçóåòñÿ ñëåäóþùåå èçâåñòíîå
ñîîòíîøåíèå:

r(s, τ, λ) = k(s, τ, λ) +

+∞∫

0

r(s, t, λ)k(t, τ, λ)dt.

Òàêèì îáðàçîì, ïðè óñëîâèè, íàëîæåííîì íà ÿäðî K(x, s), îäíîðîäíîå è.-ä. óðàâíåíèå (7)
èìååò ðåøåíèå, ïðåäñòàâèìîå â âèäå (16).

Äëÿ íàõîæäåíèÿ ðåøåíèÿ íåîäíîðîäíîãî è.-ä. óðàâíåíèÿ (8) ïðåîáðàçóåì ýòî óðàâíåíèå
ê ñëåäóþùåìó âèäó:

l[y]− λy = f(x) + F (x), (19)
ãäå F (x) ïî-ïðåæíåìó îïðåäåëÿåòñÿ ôîðìóëîé (10). Ðåøàÿ äèôôåðåíöèàëüíîå óðàâíåíèå
(19), ïîëó÷èì

y = c1u1(x, λ) + c2u2(x, λ) + Φ(x, λ; f + F )

èëè
y = c1u1(x, λ) + c2u2(x, λ) + Φ(x, λ; f) + Φ(x, λ; F ), (20)

ãäå u1(x, λ), u2(x, λ) � ôóíäàìåíòàëüíûå ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ, óäî-
âëåòâîðÿþùèå óñëîâèÿì (3) è (4), Φ(x, λ, f) � ðåçîëüâåíòà íåêîòîðîãî ñàìîñîïðÿæåííîãî
îïåðàòîðà L íà ýëåìåíòå f , îïðåäåëÿåìàÿ ôîðìóëîé (6), à c1, c2 � ïðîèçâîëüíûå ïîñòîÿí-
íûå.

Ïîäñòàâëÿÿ (20) â ñîîòíîøåíèå (10), ñ ó÷åòîì (12) ïðèõîäèì ê ñëåäóþùåìó èíòåãðàëü-
íîìó óðàâíåíèþ:

F (x) = ϕ0(x, λ) +

+∞∫

0

k(x, s, λ)F (s)ds, (21)

ãäå

ϕ0(x, λ) = −
+∞∫

0

K(x, s)[c1u1(s, λ) + c2u2(s, λ)]ds−
+∞∫

0

f(s)Φ(s, λ;K(x, ◦))ds. (22)

Ðåøàÿ èíòåãðàëüíîå óðàâíåíèå (21), íàõîäèì, ÷òî

F (x) = ϕ0(x, λ) +

+∞∫

0

r(x, s, λ)ϕ0(s, λ)ds, (23)

ãäå r(x, s, λ) � ïî-ïðåæíåìó ðåçîëüâåíòà èíòåãðàëüíîãî óðàâíåíèÿ (21).
Ïîäñòàâëÿÿ ôîðìóëó (23) â ñîîòíîøåíèå (20), îêîí÷àòåëüíî ïîëó÷àåì îáùåå ðåøåíèå

íåîäíîðîäíîãî è.-ä. óðàâíåíèÿ (8) â âèäå

y(x, λ, f) = c1u1(x, λ) + c2u2(x, λ) + Φ


x, λ; ϕ0(◦, λ) +

+∞∫

0

r(◦, s, λ)ϕ0(s, λ)ds


 + Φ(x, λ; f)

èëè
y(x, λ; f) = c1U1(x, λ) + c2U2(x, λ) + Φ(x, λ; f) + Φ(x, λ; g), (24)

ãäå ôóíêöèè U1(x, λ), U2(x, λ), îïðåäåëåííûå ôîðìóëîé (17), ÿâëÿþòñÿ ðåøåíèÿìè îäíî-
ðîäíîãî è.-ä. óðàâíåíèÿ (7), à

g = g(s; f) = −
+∞∫

0

K(s, t)Φ(t, λ; f)dt−
+∞∫

0

r(s, t, λ)
( +∞∫

0

K(t, τ)Φ(τ, λ; f)dτ
)
dt.
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Ïîñëåäíåå ñîîòíîøåíèå ñ ó÷åòîì (12) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

g(s; f) = −
+∞∫

0

f(t)Φ(t, λ;K(s, ◦))dt−
+∞∫

0

r(s, t, λ)

( +∞∫

0

f(τ)Φ(τ, λ; K(t, ◦)) dτ

)
dt (25)

èëè

g(s; f) =

+∞∫

0

g(t, s, λ)f(t)dt,

g(t, s, λ) = −Φ(t, λ, K(s, ◦))−
+∞∫

0

r(s, τ, λ)Φ(t, λ, K(τ, ◦))dτ. (26)

Ïóñòü U1(x, λ), U2(x, λ) � ðåøåíèÿ îäíîðîäíîãî è.-ä. óðàâíåíèÿ (7). Òîãäà (ñì. [6])
î÷åâèäíî (îïåðàòîð A èìååò èíäåêñ äåôåêòà (1.1)), ÷òî äëÿ ëþáîãî íåâåùåñòâåííîãî λ

Ψ(x, λ) ≡ U2(x, λ) + m(λ)U1(x, λ) ∈ L2(0,+∞), (27)

ïðè ýòîì Ψ(x, λ) = Ψ(x, λ).
Ëåãêî ïîäñ÷èòàòü, ÷òî

Ψ(x, λ) = ψ(x, λ) + ψ(x, λ)

x∫

0

u1(s, λ)G(s, λ)ds + u1(x, λ)

+∞∫

x

ψ(s, λ)G(s, λ) ds, (28)

ãäå

G(s, λ) = −
+∞∫

0

K(s, t)ψ(t, λ) dt−
+∞∫

0

r(s, τ, λ)

( +∞∫

0

K(t, τ)ψ(t, λ)dt

)
dτ. (29)

4. Â ñîîòâåòñòâèè ñ óñòàíîâëåííîé ôîðìóëîé â ðàáîòå [7] ñîâîêóïíîñòü âñåõ îáîáùåííûõ
ðåçîëüâåíò Rλ îïåðàòîðà A îïðåäåëÿåòñÿ ðàâåíñòâîì

Rλ = (AF (λ) − λE)−1 (Imλ · Imλ0 > 0), (30)

ãäå λ0 � êàêîå-ëèáî ôèêñèðîâàííîå íåâåùåñòâåííîå ÷èñëî, F (λ) � ïðîèçâîëüíàÿ ðåãóëÿðíàÿ
â ïîëóïëîñêîñòè îïåðàòîðíàÿ ôóíêöèÿ èç äåôåêòíîãî ïîäïðîñòðàíñòâà Nλ0 îïåðàòîðà A â
Nλ0

, íå ïðåâîñõîäÿùàÿ åäèíèöû ïî íîðìå, à AF (λ) � êâàçèñàìîñîïðÿæåííîå ðàñøèðåíèå
îïåðàòîðà A, îïðåäåëÿåìîå îïåðàòîðîì F (λ).

Äëÿ çíà÷åíèé λ èç äðóãîé ïîëóïëîñêîñòè (Imλ · Imλ0 < 0) ðåçîëüâåíòó Rλ ìîæíî îïðå-
äåëèòü, èñïîëüçóÿ ðàâåíñòâî

Rλ = R∗
λ,

îòêóäà ñîãëàñíî (30)
Rλ = (AF ∗(λ) − λE)−1, (31)

ãäå F ∗(λ) � îïåðàòîðíàÿ ôóíêöèÿ èç Nλ0
â Nλ0 , ñîïðÿæåííàÿ ñ F (λ), à AF ∗ � ñîîò-

âåòñòâóþùåå êâàçèñàìîñîïðÿæåííîå ðàñøèðåíèå îïåðàòîðà A. Â ðàáîòå [7] ïîêàçàíî, ÷òî
AF ∗ = (AF )∗.

Îòìåòèì, ÷òî ðàçëè÷íûì îïåðàòîðíûì ôóíêöèÿì F (λ) ñîîòâåòñòâóþò ðàçëè÷íûå îáîá-
ùåííûå ðåçîëüâåíòû Rλ.

Íàïîìíèì [7], ÷òîNλ (Imλ 6= 0) åñòü îðòîãîíàëüíîå äîïîëíåíèå â L2(0, +∞) ê ëèíåéíîìó
ìíîãîîáðàçèþ ýëåìåíòîâ âèäà (A − λE)f ( f ∈ DA), ò. å. Nλ ñîñòîèò èç âñåâîçìîæíûõ
ðåøåíèé óðàâíåíèÿ (A∗ − λE)g = 0.
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Ïóñòü λ0 � ïðîèçâîëüíîå ôèêñèðîâàííîå íåâåùåñòâåííîå ÷èñëî, F � ëèíåéíûé îïåðà-
òîð, äåéñòâóþùèé èç Nλ0 â Nλ0

. Èçâåñòíî, ÷òî êâàçèñàìîñîïðÿæåííûì ðàñøèðåíèåì îïå-
ðàòîðà A, îïðåäåëÿåìûì îïåðàòîðîì F , íàçûâàåòñÿ îïåðàòîð AF , çàäàííûé íà ìíîæåñòâå

DAF
= DA+̇[F − I]Nλ0

ðàâåíñòâîì
AF f = Af0 − λ0ϕ + λ0Fϕ (f0 ∈ DA, ϕ ∈ Nλ0).

Âûÿñíèì, êàêîâà îáëàñòü îïðåäåëåíèÿ AF (λ). Çàìåòèì, ÷òî ïðè ëþáîì íåâåùåñòâåííîì
λ (Imλ·Imλ0 > 0) îïåðàòîð AF (λ) ÿâëÿåòñÿ ÷àñòüþ îïåðàòîðà A∗, ñîïðÿæåííîãî ñ A. Ââåäåì
îáîçíà÷åíèå Ψλ = Ψ(x, λ) è çàìåòèì, ÷òî ïðè ëþáîì íåâåùåñòâåííîì λ

‖Ψλ‖ = ‖Ψλ‖.

Ïîëîæèì λ0 = i. Òîãäà èç îïðåäåëåíèÿ êâàçèñàìîñîïðÿæåííîãî ðàñøèðåíèÿ îïåðàòîðà A
âûòåêàåò, ÷òî îïåðàòîðíóþ ôóíêöèþ F (λ) ìîæíî çàäàòü ôîðìóëîé

F (λ)Ψi = ω(λ)Ψi (Imλ > 0), (32)

ãäå ω(λ) � ïðîèçâîëüíàÿ ðåãóëÿðíàÿ â âåðõíåé ïîëóïëîñêîñòè ôóíêöèÿ, íå ïðåâîñõîäÿùàÿ
ïî ìîäóëþ åäèíèöû.

Ïîëàãàÿ
Vλ = V (x, λ) = ω(λ)Ψ−i −Ψi (33)

è èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [6], çàêëþ÷àåì, ÷òî ìíîãîîáðàçèå DAF (λ)
åñòü ñîâîêóïíîñòü

âñåõ òåõ ýëåìåíòîâ y = y(x)∈DA∗ , äëÿ êîòîðûõ èìååò ìåñòî ðàâåíñòâî

(A∗y, Vλ)− (y,A∗Vλ) = 0.

Â ñèëó òîæäåñòâà Ëàãðàíæà ýòî ïîñëåäíåå ðàâåíñòâî ðàâíîñèëüíî ñëåäóþùåìó:

[y(0)V ′(0, λ)− y′(0)V (0, λ)] = 0. (34)

Ïîñêîëüêó îïåðàòîð A èìååò èíäåêñ äåôåêòà (1.1), òî (ñì. [6]) äëÿ ëþáûõ y(x) è V (x, λ) èç
DA∗ , ñïðàâåäëèâî ñîîòíîøåíèå

lim
x→+∞[y(x)V ′(x, λ)− y′(x)V (x, λ)] = 0.

Ñîãëàñíî (3), (4), (17) è (27) èìåþò ìåñòî ðàâåíñòâà

Ψ(0, λ) = U2(0, λ) + m(λ)U1(0, λ) = M(λ), Ψ′(0, λ) = −1, (35)

ãäå

M(λ) = m(λ) +

+∞∫

0

ψ(s, λ)G(s, λ)ds, (36)

à ôóíêöèÿ G(s, λ) îïðåäåëåíà ôîðìóëîé (29). Òîãäà ñîîòíîøåíèþ (34) ìîæíî ïðèäàòü âèä

y(0)[1− ω(λ)]− [ω(λ)M(i)−M(−i)]y′(0) = 0. (37)

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ

ϑ(λ) =
ω(λ)M(i)−M(−i)

1− ω(λ)
(Imλ > 0), (38)
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ïðè÷åì ïîëàãàåì ϑ(λ) = ∞, åñëè ω(λ) = 1. Ðàññìîòðèì ñîîòíîøåíèå R̃λf ôîðìóëû (24).
Ïðè c1 = c2 = 0 ïîëó÷èì

R̃λf = Φ(x, λ; f + g) = Φ(x, λ; f) + Φ(x, λ; g), (39)

ãäå Φ(x, λ; f + g) � ïîñëåäíèå ñëàãàåìûå â ýòîé ôîðìóëå.
Òàê êàê ñîîòíîøåíèå Φ(x, λ; f), îïðåäåëÿåìîå ðàâåíñòâîì (6), åñòü ðåçîëüâåíòà íåêîòîðî-

ãî ñîïðÿæåííîãî ðàñøèðåíèÿ îïåðàòîðà L íà ýëåìåíòå f(x)∈L2(0,+∞), òî
R̃λf = Φ(x, λ; f + g) ÿâëÿåòñÿ òàêæå ðåçîëüâåíòîé íåêîòîðîãî ñàìîñîïðÿæåííîãî ðàñøè-
ðåíèÿ äèôôåðåíöèàëüíîãî îïåðàòîðà L íà ýëåìåíòå f + g ∈ L2(0,+∞). Íàïîìíèì, ÷òî
g = g(s; f) (ôîðìóëà (25)).

Îïèðàÿñü íà ïîñëåäíèå ðàññóæäåíèÿ, äîêàæåì ëåììó, êîòîðàÿ â äàëüíåéøåì áóäåò ïðè-
ìåíåíà ïðè ïîñòðîåíèè ôîðìóëû âñåõ îáîáùåííûõ ðåçîëüâåíò. Ïðè äîêàçàòåëüñòâå ëåììû
áóäåò èñïîëüçîâàíà ìåòîäèêà À.Â. Øòðàóñà (ñì. [6]).

Ëåììà 1. Îïðåäåëåííàÿ ñîîòíîøåíèåì (36) êîìïëåêñíàÿ ôóíêöèÿ M(λ) ðåãóëÿðíà â
âåðõíåé ïîëóïëîñêîñòè è èìååò òàì ïîëîæèòåëüíóþ ìíèìóþ ÷àñòü.

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî f(x) ∈ L2(0, +∞) èìååì

R̃λf = Φ(x, λ; f + g) =

+∞∫

0

K̃(x, s, λ)f(s)ds (Imλ 6= 0), (40)

ãäå ÿäðî K̃(x, s, λ) ðåçîëüâåíòû R̃λf ìîæåò áûòü ïðåäñòàâëåíî â âèäå

K̃(x, s, λ) =





ψ(x, λ)
(
u1(s, λ) +

+∞∫
0

G(s, λ)u1(s, λ)ds
)

(s ≤ x),

u1(x, λ)
(
ψ(s, λ) +

+∞∫
0

G(s, λ)ψ(s, λ)ds
)

(s > x)

èëè
K̃(x, s, λ) =

{
ψ(x, λ)U1(s, λ) (s ≤ x),
u1(x, λ)Ψ(s, λ) (s > x),

(41)

ãäå ψ(x, λ) îïðåäåëÿåòñÿ ôîðìóëîé (5), à U1(s, λ), Ψ(s, λ) îïðåäåëÿþòñÿ ôîðìóëàìè ñîîò-
âåòñòâåííî (17) è (28).

Â ñèëó (3), (4) è ñîîòíîøåíèÿ (41) èìååì

K̃(0, 0, λ) = M(λ) (Imλ 6= 0). (42)

Ïîëîæèì

fn(x) =





n

(
0 ≤ x ≤ 1

n

)

0
(

x >
1
n

) (n = 1, 2, · · · ).

Òîãäà ñîãëàñíî (42) ïîëó÷èì
lim

n→∞(R̃λfn, fn) = M(λ). (43)

Ñ äðóãîé ñòîðîíû, ïðè ëþáîì n (n = 1, 2, · · · ) (R̃λfn, fn) ÿâëÿåòñÿ ðåãóëÿðíîé â âåðõíåé
ïîëóïëîñêîñòè ôóíêöèåé îò λ, ïðè÷åì ìíèìàÿ ÷àñòü ýòîé ôóíêöèè ïîëîæèòåëüíà, òàê êàê

Im(R̃λfn, fn) = Imλ · ‖R̃λfn‖2. (44)

Èç ñîîòíîøåíèé (43) è (44) ñëåäóåò, ÷òî M(λ) ÿâëÿåòñÿ ðåãóëÿðíîé â âåðõíåé ïîëóïëîñêîñòè
ôóíêöèåé, ïðè÷åì ImM(λ) ≥ 0. Çàìåòèì, ÷òî ïðè ëþáîì íåâåùåñòâåííîì λ M(λ) = M(λ).
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Ïîêàæåì, ÷òî ImM(λ) 6= 0 äëÿ Imλ > 0. Ïðåäïîëîæèì ïðîòèâíîå, ÷òî ImM(λ) = 0 ïðè
íåêîòîðîì λ (Imλ > 0). Òîãäà ñ ó÷åòîì (43) è (44) èìååì

lim
n→∞ Im(R̃λfn, fn) = ImK̃(0, 0, λ) = ImM(λ). (45)

Èç ïðåäïîëîæåíèÿ â ôîðìóëå (45), ÷òî ImM(λ) = 0, èç ôîðìóëû (46) âûòåêàåò

0 = lim
n→∞ ‖R̃λfn‖2 = lim

n→∞

∫ +∞

0

∣∣∣∣∣
∫ 1

n

0
K̃(x, s, λ)nds

∣∣∣∣∣
2

dx (Imλ > 0). (46)

Èñïîëüçóÿ òåîðåìó Ëåáåãà, ëåãêî óñòàíîâèòü âîçìîæíîñòü ïðåäåëüíîãî ïåðåõîäà ïîä çíàêîì
íåñîáñòâåííîãî èíòåãðàëà â ôîðìóëå (46).

Òàê êàê

lim
n→∞

∫ 1
n

0
K̃(x, s, λ)nds = lim

n→∞ K̃(x, ξ, λ) = K̃(x, 0, λ)
(

0 < ξ <
1
n

)
,

òî ðàâåíñòâî (46) ìîæíî çàïèñàòü â âèäå
∫ +∞

0

∣∣∣K̃(x, 0, λ)
∣∣∣
2
dx = 0.

Îòñþäà âûòåêàåò: K̃(x, 0, λ) = 0 äëÿ âñåõ x∈[0, +∞]. Ïîñëåäíåå ïðîòèâîðå÷èò òîìó, ÷òî
K̃ ′

x(+0, 0, λ) 6= 0, è ïîýòîìó ImM(λ) 6= 0 (Imλ > 0). Òàêèì îáðàçîì, ëåììà äîêàçàíà.
Îáðàòèìñÿ ê ôîðìóëå (38). Ïðèíèìàÿ âî âíèìàíèå, ÷òî M(−i) = M(i) è ImM(i) > 0,

ëåãêî çàêëþ÷èòü, ÷òî ðàâåíñòâîì (38) îïðåäåëÿåòñÿ âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæ-
äó êëàññîì ôóíêöèé ω(λ), ðåãóëÿðíûõ â âåðõíåé ïîëóïëîñêîñòè è íå ïðåâîñõîäÿùèõ ïî ìî-
äóëþ åäèíèöû, è êëàññîì ðåãóëÿðíûõ â ýòîé ïîëóïëîñêîñòè ôóíêöèé ϑ(λ) ñ íåîòðèöàòåëü-
íîé ìíèìîé ÷àñòüþ, ïðè÷åì ïîñëåäíèé êëàññ ïîïîëíåí íåñîáñòâåííîé ôóíêöèåé, ðàâíîé
áåñêîíå÷íîñòè.

Ñîãëàñíî (37) ìîæíî, íàêîíåö, îáëàñòü îïðåäåëåíèÿ DAF (λ)
îïåðàòîðà AF (λ) (Imλ > 0)

îïèñàòü ñëåäóþùèì îáðàçîì: DAF (λ)
åñòü ñîâîêóïíîñòü âñåõ òåõ ôóíêöèé y(x)∈DA∗ , êîòî-

ðûå óäîâëåòâîðÿþò ãðàíè÷íîìó óñëîâèþ

y(0) = ϑ(λ)y′(0) (Imλ > 0); (47)

ïðè ϑ(λ) = ∞ ýòî óñëîâèå çàìåíÿåòñÿ ñëåäóþùèì:

y′(0) = 0.

Ïîñêîëüêó F (λ) ìîæåò áûòü ïðîèçâîëüíîé îïåðàòîðíîé ôóíêöèåé èç Ni â N−i, ðåãóëÿðíîé
â âåðõíåé ïîëóïëîñêîñòè è íå ïðåâîñõîäÿùåé ïî íîðìå åäèíèöû, òî ñîãëàñíî ôîðìóëàì (32)
è (38) ϑ(λ) ìîæåò áûòü ëþáîé ðåãóëÿðíîé â âåðõíåé ïîëóïëîñêîñòè ôóíêöèåé ñ íåîòðèöà-
òåëüíîé ìíèìîé ÷àñòüþ èëè òîæäåñòâåííî îáðàùàåòñÿ â áåñêîíå÷íîñòü.

Èç ïðåäûäóùåãî èçëîæåíèÿ ÿñíî, ÷òî ñîîòâåòñòâèå ìåæäó êëàññîì îïåðàòîðíûõ ôóíê-
öèé F (λ) è êëàññîì ôóíêöèé ϑ(λ) âçàèìíî îäíîçíà÷íî. Ïîïóòíî çàìåòèì, ÷òî ñàìîñîïðÿ-
æåííûå ðàñøèðåíèÿ îïåðàòîðà A ìû ïîëó÷àåì òîãäà è òîëüêî òîãäà, êîãäà ϑ(λ) åñòü âåùå-
ñòâåííàÿ ïîñòîÿííàÿ èëè áåñêîíå÷íîñòü.

Ðåçþìèðóÿ, ïðèõîäèì ê ñëåäóþùåé òåîðåìå.
Òåîðåìà 1. Îáëàñòü îïðåäåëåíèÿ DAF (λ)

êâàçèñàìîñîïðÿæåííîãî ðàñøèðåíèÿ AF (λ) è.-
ä. îïåðàòîðà A åñòü ñîâîêóïíîñòü âñåõ òåõ ôóíêöèé y(x)∈DA∗, êîòîðûå óäîâëåòâîðÿþò
ãðàíè÷íîìó óñëîâèþ (47), ãäå ϑ(λ) � ïðîèçâîëüíàÿ ðåãóëÿðíàÿ â âåðõíåé ïîëóïëîñêîñòè
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ôóíêöèÿ ñ íåîòðèöàòåëüíîé ìíèìîé ÷àñòüþ, èëè îáðàùàåòñÿ â áåñêîíå÷íîñòü. Ïðè ýòîì
ôîðìóëîé (47) îïðåäåëÿþòñÿ ñàìîñîïðÿæåííûå ðàñøèðåíèÿ è.-ä. îïåðàòîðà A â ïðîñòðàí-
ñòâå L2(0, +∞) òîãäà è òîëüêî òîãäà, êîãäà ϑ(λ) åñòü âåùåñòâåííàÿ ïîñòîÿííàÿ èëè
îáðàùàåòñÿ â áåñêîíå÷íîñòü. Ñîîòâåòñòâèå ìåæäó êëàññîì îïåðàòîðíûõ ôóíêöèé F (λ)
è êëàññîì ôóíêöèé ϑ(λ) âçàèìíî îäíîçíà÷íî.

5. Ïóñòü f(x) � ïðîèçâîëüíàÿ ôóíêöèÿ èç L2(0, +∞), îáðàùàþùàÿñÿ â íóëü âíå êîíå÷-
íîãî èíòåðâàëà. Ïîëîæèì

y(x, λ; f) = Rλf (Imλ 6= 0),

ãäå Rλ � êàêàÿ-ëèáî îáîáùåííàÿ ðåçîëüâåíòà îïåðàòîðà A, îïðåäåëÿåìàÿ îïåðàòîðíîé
ôóíêöèåé F (λ) ñîãëàñíî ôîðìóëå (30). Íà îñíîâàíèè ôîðìóëû (30) çàêëþ÷àåì, ÷òî y(x, λ; f)
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (8), ïðè÷åì ýòî ðåøåíèå ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ
îïåðàòîðà AF (λ).

Äëÿ ïîñòðîåíèÿ ôîðìóëû âñåõ îáîáùåííûõ ðåçîëüâåíò ðåøåíèå íåîäíîðîäíîãî è.-ä.
óðàâíåíèÿ çàïèøåì â ñëåäóþùåì âèäå:

y(x, λ; f) = c1U1(x, λ) + c2Ψ(x, λ) + Φ(x, λ; f) + Φ(x, λ; g(◦; f)), (48)

ãäå U1(x, λ), Ψ(x, λ) � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé ñîîòâåòñòâóþùåãî îäíîðîäíîãî
óðàâíåíèÿ (7), îïðåäåëÿåìàÿ óñëîâèÿìè (3), (4) è (35), à ïîñòîÿííûå c1 è c2 åùå ïîäëå-
æàò îïðåäåëåíèþ. Òàê êàê Φ(x, λ; f) è Φ(x, λ; g(◦; f)) ∈ L2(0, +∞) êàê çíà÷åíèÿ ðåçîëüâåíò
íåêîòîðîãî ñàìîñîïðÿæåííîãî ðàñøèðåíèÿ îïåðàòîðà L (ñì. ï. 1) íà ýëåìåíòàõ f è g, òî èç
óñëîâèÿ ïðèíàäëåæíîñòè y(x, λ; f) ∈ L2(0,+∞) ñëåäóåò, ÷òî

c1 = 0. (49)

Òàê êàê y(x, λ; f) ∈ DAF (λ)
, òî îíà äîëæíà óäîâëåòâîðÿòü ãðàíè÷íîìó óñëîâèþ (47), ãäå

ôóíêöèÿ ϑ(λ) ñâÿçàíà ñ F (λ) ñîîòíîøåíèÿìè (32) è (38). Ïðèíèìàÿ âî âíèìàíèå (3), (4) è
(35), ïîëó÷èì

c2M(λ) +

+∞∫

0

Ψ(t, λ)f(t)dt = −c2ϑ(λ). (50)

Òàêèì îáðàçîì, ðàâåíñòâî (50) ïîçâîëÿåò îïðåäåëèòü c2:

c2 = − 1
M(λ) + ϑ(λ)

+∞∫

0

Ψ(t, λ)f(t)dt. (51)

Â ñèëó ðàâåíñòâ (49) è (51) ôîðìóëà (48) ïðèíèìàåò âèä

Rλf = − 1
M(λ) + ϑ(λ)

Ψ(x, λ)

+∞∫

0

Ψ(t, λ)f(t)dt + Φ(x, λ; f) + Φ(x, λ; g(◦; f)),

èëè ñ ó÷åòîì (41) èìååì

Rλf = ψ(x, λ)

x∫

0

U1(t, λ)f(t)dt + u1(x, λ)

+∞∫

x

Ψ(t, λ)f(t)dt −

− 1
M(λ) + ϑ(λ)

Ψ(x, λ)

+∞∫

0

Ψ(t, λ)f(t)dt (Imλ > 0). (52)
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Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèå Rλ = R∗
λ, ëåãêî ïîëó÷èòü èç ôîðìóëû (52) ñëåäó-

þùåå ðàâåíñòâî:

Rλf = ψ(x, λ)

x∫

0

U1(t, λ)f(t)dt + u1(x, λ)

+∞∫

x

Ψ(t, λ)f(t)dt −

− 1
M(λ) + ϑ(λ)

Ψ(x, λ)

+∞∫

0

Ψ(t, λ)f(t)dt (Imλ > 0). (53)

Ôîðìóëó (53) ìîæíî áûëî áû ïîëó÷èòü àíàëîãè÷íî ôîðìóëå (52), åñëè ó÷åñòü, ÷òî

uj(x, λ) = uj(x, λ) (j = 1, 2),Ψ(x, λ) = Ψ(x, λ), M(λ) = M(λ)

è ÷òî èìååò ìåñòî ôîðìóëà (31).
Ôîðìóëà (52) áûëà íàìè âûâåäåíà â ïðåäïîëîæåíèè, ÷òî f(x) åñòü ôóíêöèÿ èç L2(0, +∞),

îáðàùàþùàÿñÿ â íóëü âíå êîíå÷íîãî èíòåðâàëà. Îäíàêî íåñîáñòâåííûå èíòåãðàëû â ïðàâîé
÷àñòè (52) ñõîäÿòñÿ äëÿ ëþáîé f ∈ L2(0,+∞). Ïðèíèìàÿ âî âíèìàíèå îãðàíè÷åííîñòü îïå-
ðàòîðà Rλ, ëåãêî îòñþäà çàêëþ÷èòü, ÷òî ðàâåíñòâî (52) èìååò ìåñòî äëÿ ëþáîé ôóíêöèè
f ∈ L2(0, +∞).

Èòàê, ïðèõîäèì ê ñëåäóþùåé òåîðåìå.
Òåîðåìà 2. Ñîâîêóïíîñòü âñåõ îáîáùåííûõ ðåçîëüâåíò Rλ è.-ä. îïåðàòîðà A ïðè ëþ-

áîì íåâåùåñòâåííîì λ ÿâëÿåòñÿ èíòåãðàëüíûì îïåðàòîðîì (52), ãäå ϑ(λ) � ïðîèçâîëü-
íàÿ ðåãóëÿðíàÿ â âåðõíåé ïîëóïëîñêîñòè ôóíêöèÿ ñ íåîòðèöàòåëüíîé ìíèìîé ÷àñòüþ
èëè îáðàùàåòñÿ â áåñêîíå÷íîñòü. Ïðè ýòîì ðàçëè÷íûì ôóíêöèÿì ϑ(λ) ñîîòâåòñòâóþò
ðàçëè÷íûå îáîáùåííûå ðåçîëüâåíòû. Ôîðìóëîé (52) îïðåäåëÿåòñÿ ðåçîëüâåíòà ñàìîñîïðÿ-
æåííîãî ðàñøèðåíèÿ â ïðîñòðàíñòâå L2(0,+∞) è.-ä. îïåðàòîðà A òîãäà è òîëüêî òîãäà,
êîãäà ϑ(λ) åñòü âåùåñòâåííàÿ ïîñòîÿííàÿ èëè îáðàùàåòñÿ â áåñêîíå÷íîñòü.

Â çàêëþ÷åíèå îòìåòèì, ÷òî àíàëîãè÷íûå âîïðîñû êîíå÷íîìåðíîãî âîçìóùåíèÿ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ ðàññìàòðèâàëèñü ðàíåå â ðàáîòàõ [2�5].

Ñïèñîê ëèòåðàòóðû
1. Àõèåçåð Í.È., Ãëàçìàí È.Í. Òåîðèÿ ëèíåéíûõ îïåðàòîðîâ â ãèëüáåðòîâîì ïðîñòðàí-

ñòâå. Ì.: Íàóêà, 1966. 543 ñ.

2. Êðóãëèêîâà Î.Ï. Îáîáùåííûå ðåçîëüâåíòû è ñïåêòðàëüíûå ôóíêöèè îäíîãî èíòåãðî-
äèôôåðåíöèàëüíîãî îïåðàòîðà ïåðâîãî ïîðÿäêà â ïðîñòðàíñòâå âåêòîðíîçíà÷íûõ ôóíê-
öèé // Ôóíêöèîíàëüíûé àíàëèç: ìåæâóç. ñá. Óëüÿíîâñê, 1997. Ñ. 24�30.

3. Ñèíüêî Ã.È. Îá îáîáùåííîé ðåçîëüâåíòå îäíîãî èíòåãðî-äèôôåðåíöèàëüíîãî îïåðàòî-
ðà // Äàëüíåâîñòî÷íûé ìàòåìàòè÷åñêèé ñáîðíèê. Âëàäèâîñòîê: Äàëüíàóêà, 1998. N6.
Ñ. 57�63.

4. Ñèíüêî Ã.È. Ñïåêòðàëüíàÿ òåîðèÿ èíòåãðî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ãèëüáåð-
òîâîì ïðîñòðàíñòâå. Óññóðèéñê: Èçä-âî ÓÃÏÈ, 1999. 151 ñ.

5. Öûãàíîâ À.Â. Î ñïåêòðàëüíûõ ðàçëîæåíèÿõ îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ // Ôóíê-
öèîíàëüíûé àíàëèç: ìåæâóç. ñá. Óëüÿíîâñê, 1999. Ñ. 53�63.

6. Øòðàóñ À.Â. Î ñïåêòðàëüíûõ ôóíêöèÿõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ // Èçâ. ÀÍ
ÑÑÑÐ. Cåð. ìàò. 1955. Ò. 19, N4. Ñ. 201�220.

80



7. Øòðàóñ À.Â. Îáîáùåííûå ðåçîëüâåíòû ñèììåòðè÷åñêèõ îïåðàòîðîâ // Èçâ. ÀÍ ÑÑÑÐ.
Ñåð. ìàò. 1954. Ò. 18, N1. Ñ. 51�86.

Ïðåäñòàâëåíî â Äàëüíåâîñòî÷íûé ìàòå-
ìàòè÷åñêèé æóðíàë 2 ìàÿ 2005 ã.

Sinko G.I. About generalized resolvent of one integro-diferential operator of the
second order on semiaxis. Far Eastern Mathematical Journal. 2005. V. 6. � 1�2.
P. 71�81.

ABSTRACT
In this article a symmetrical integro-di�erential operator of the second order on
semiaxis is considered. Its quasiselfadjoint extension is described, and the formula
for all generalized resolvents of this operator in L2(0, +∞) is constructed. It also
prooves that any generalized resolvent Rλ is an integral operator for any nonreal λ.
Key words: integro-di�erential operator, generalized resolvents.


