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c© 1999 £. �.�.� à¨­®¢∗� ������������������ ������� ������������áá«¥¤ãîâáï ¤¨ää¥à¥­æ¨à®¢ ­¨ï  «£¥¡àë �¥©§¥­¡¥à£ H ¨ á¢ï§ ­­ë¥ á ­¨¬¨ ¢®¯Äà®áë. �á¯®«ì§ãîâáï ¨¤¥¨ ¨ ï§ëª ä®à¬ «ì­®© ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨. �®ª Ä§ ­®, çâ® ¢á¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï  «£¥¡àë H ¢­ãâà¥­­¨¥. �ë¤¥«¥­ë ®á­®¢­ë¥ ¯®¤ «Ä£¥¡àë  «£¥¡àë �¨ D(H) ¢á¥å ¤¨ää¥à¥­æ¨à®¢ ­¨©H ¨ ¨§ãç¥­ë ¨å á¢®©áâ¢ . Ǳ®ª § Ä­®, çâ® á ¬   «£¥¡à H, à áá¬ âà¨¢ ¥¬ ï ª ª  «£¥¡à  �¨ (á ª®¬¬ãâ â®à®¬ ¢ ª ç¥áâ¢¥áª®¡ª¨ �¨), ®¡à §ã¥â ®¤­®¬¥à­®¥ æ¥­âà «ì­®¥ à áè¨à¥­¨¥  «£¥¡àë D(H).���������«£¥¡à �¥©§¥­¡¥à£  (â.¥.  «£¥¡à ¬­®£®ç«¥­®¢ á ®¡à §ãîé¨¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ª¢ ­â®¢ë¬ ¯¥à¥áâ ­®¢®ç­ë¬ á®®â­®è¥­¨ï¬, á¬., ­ ¯à¨¬¥à, [1, 2]) { ®¤¨­ ¨§ äã­¤ ¬¥­Äâ «ì­ëå ®¡ê¥ªâ®¢ ª¢ ­â®¢®© â¥®à¨¨, ¢ â®© ¨«¨ ¨­®© ä®à¬¥ ®­  ¯à¨áãâáâ¢ã¥â ¢® ¬­®£¨åä¨§¨ç¥áª¨å ¨ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«ïå ¨ â¥®à¨ïå. � ¯®á«¥¤­¥¥ ¢à¥¬ï íâ®©  «£¥¡à®© ¨¥¥ ®¡®¡é¥­¨ï¬¨ (¤¥ä®à¬ æ¨ï¬¨)  ªâ¨¢­® ¨­â¥à¥áãîâáï ª ª ä¨§¨ª¨-â¥®à¥â¨ª¨, â ª ¨¬ â¥¬ â¨ª¨, à áá¬ âà¨¢ ï ¥¥ ¨ ª ª äã­¤ ¬¥­â «ì­ë© ®¡ê¥ªâ, ¨ ª ª ã¤®¡­ãî ¬®¤¥«ì¤«ï ¯à®¢¥àª¨ à §­®®¡à §­ëå ä¨§¨ç¥áª¨å ¨ ¬ â¥¬ â¨ç¥áª¨å ¨¤¥© ¨ ª®­áâàãªæ¨© (á¬.,­ ¯à¨¬¥à, [3{8]).� ¯à¥¤« £ ¥¬®© à ¡®â¥ ¨§ãç îâáï  «£¥¡à  �¨ ¢á¥å ¤¨ää¥à¥­æ¨à®¢ ­¨©  «£¥¡àë�¥©§¥­¡¥à£ , ¥¥ ®á­®¢­ë¥ ¯®¤ «£¥¡àë ¨ ¢®§­¨ª îé¨¥ ¯®¯ãâ­® áâàãªâãàë. �¥« ­¨¥á¤¥« âì à ¡®âã § ¬ª­ãâ®© ¯à¨¢¥«® ª â®¬ã, çâ® ®­  ¯à¨®¡à¥«  ®âç áâ¨ ®¡§®à­ë© ¨ ¬¥Äâ®¤¨ç¥áª¨© å à ªâ¥à. � ª, à ¤¨ ¯®«­®âë ¨§«®¦¥­¨ï ¯à¨¢®¤ïâáï ®á­®¢ë ä®à¬ «ì­®©¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨. � ãç¥â®¬ áãé¥áâ¢ãîé¨å à §«¨ç­ëå ¯®¤å®¤®¢ ª ¯®á«¥¤Ä­¥© (á¬., ­ ¯à¨¬¥à, [9{15]) íâ® ¯à¥¤áâ ¢«ï¥âáï à §ã¬­ë¬ (®á®¡¥­­®, çâ® ª á ¥âáï ¯®Ä­ïâ¨ï ¬ã«ìâ¨¯«¨ª â®à  ¨ ¥£® à®«¨ ¢ ¯®áâà®¥­¨¨ â¥®à¨¨, á¬., ­ ¯à¨¬¥à, [16]). �­®£®Ä£à ­­®áâì ¨ ®¡ë¤¥­­®áâì¨á¯®«ì§®¢ ­¨ï  «£¥¡àë�¥©§¥­¡¥à£  ¯à¨¢¥«¨ ª â®¬ã, çâ® ¥¥ ®áÄ­®¢­ë¥ á¢®©áâ¢  ¨§¢¥áâ­ë ç áâ® ­  ãà®¢­¥ ä®«ìª«®à , çâ® § âàã¤­ï¥â ãª § ­¨¥ â®ç­ëåááë«®ª ­  ®à¨£¨­ «ì­ë¥ à ¡®âë. �â® ¬®â¨¢¨à®¢ «® ­ ¯¨á ­¨¥ à §¤¥«  á ä®à¬ «ì­ë¬®¯à¥¤¥«¥­¨¥¬  «£¥¡àë �¥©§¥­¡¥à£  ¨ ¯¥à¥ç¨á«¥­¨¥¬ ¥¥ í«¥¬¥­â à­ëå á¢®©áâ¢. �â¬¥Äâ¨¬, çâ® â ª®¥ ¯®¤à®¡­®¥ ¢¢¥¤¥­¨¥ ¯®§¢®«¨«® á¤¥« âì ¤ «ì­¥©è¥¥ ¨§«®¦¥­¨¥ ïá­ë¬ ¨ª®¬¯ ªâ­ë¬,   â ª¦¥ ¤ âì ¯à¥¤áâ ¢«¥­¨¥ ® ¬¥áâ¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ¢ ª®­â¥ªáâ¥®¡é¥© â¥®à¨¨.
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164 �.�. �������0. �������� �������������������������� ���������0.1. �¡®§­ ç¥­¨ï. Ǳãáâì F { ä¨ªá¨à®¢ ­­®¥ ¯®«¥ ­ã«¥¢®© å à ªâ¥à¨áâ¨ª¨. Ǳãáâì
A { â®¯®«®£¨ç¥áª ï  «£¥¡à  ­ ¤ F (F- «£¥¡à ). �¡®§­ ç¨¬:cenA = {f ∈ A: fg = gf; ∀g ∈ A} { æ¥­âàA,annA = {f ∈ A: fg = gf = 0; ∀g ∈ A} {  ­­ã«ïâ®à A,

L(A) { «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¢á¥å «¨­¥©­ëå ­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© ¨§ A¢ A.�®¬¯®§¨æ¨ïF;G 7→ F ◦g ®¯à¥¤¥«ï¥â ¢L(A) áâàãªâãàã ã­¨â «ì­®© (â.¥. á®¤¥à¦ é¥©¥¤¨­¨æã)  áá®æ¨ â¨¢­®©  «£¥¡àë L0(A),   ª®¬¬ãâ â®à F;G 7→ [F;G] = F ◦ G − G ◦ F®¯à¥¤¥«ï¥â áâàãªâãàã  «£¥¡àë �¨ L[ ; ](A).�¥©áâ¢¨¥ (â®ç­¥¥, «¥¢®¥ ¤¥©áâ¢¨¥) � : A → L(A) ®¯à¥¤¥«ï¥âáï ¯à ¢¨«®¬ f 7→ �(f),�(f)(g) = fg, ∀f; g ∈ A.0.2. �ã«ìâ¨¯«¨ª â®àë. �â®¡à ¦¥­¨¥M ∈ L(A) ­ §ë¢ ¥âáï ¬ã«ìâ¨¯«¨ª â®Äà®¬ (á¬., ­ ¯à¨¬¥à, [16]), ¥á«¨M(fg) =M(f)g = fM(g), ∀f; g ∈ A.�­®¦¥áâ¢®M(A) ¢á¥å ¬ã«ìâ¨¯«¨ª â®à®¢  «£¥¡àëA ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâÄ¢ ¬¨:(1) M(A) { ã­¨â «ì­ ï ¯®¤ «£¥¡à   «£¥¡àë L0(A);(2) ï¤à® kerM = {f ∈ A: M(f) = 0} ¨ ®¡à § imM = M(A) áãâì ¤¢ãáâ®à®­­¨¥¨¤¥ «ë  «£¥¡àëA, ∀M ∈M(A);(3) M : annA → annA ¨M : cenA → cenA, ∀M ∈M(A);(4) [M;N ](f) ∈ annA, ∀M;N ∈M(A) ¨ ∀f ∈ A; ¢ ç áâ­®áâ¨,  «£¥¡à  M(A) ª®¬Ä¬ãâ â¨¢­ ï, ¥á«¨ annA = 0.�á«¨  «£¥¡à A  áá®æ¨ â¨¢­ ï, â® ¤®¯®«­¨â¥«ì­®:(5) � : cenA →M(A), â.¥. ¤¥©áâ¢¨¥ �(f) ∈M(A), ∀f ∈ cenA;(6) ¯¥à¥á¥ç¥­¨¥ ker�∩cenA = {f ∈ cenA: �(f) = 0} = annA; ¢ ç áâ­®áâ¨, ®â®¡à Ä¦¥­¨¥ � : cenA →M(A) ¨­ê¥ªâ¨¢­®¥, ¥á«¨ annA = 0;(7) ¥á«¨ áãé¥áâ¢ã¥â  ¯¯à®ªá¨¬ æ¨ï ¥¤¨­¨æë {Æn} ⊂ A (â ª çâ® Ænf → f ¨ fÆn → f ,n→∞, ∀f ∈ A), â® annA = 0 ¨ ®¡à § �(cenA) ¯«®â¥­ ¢ M(A).� ª®­¥æ, ¥á«¨A { ã­¨â «ì­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à , â®(8) � : cenA ' M(A), ®¡à â­®¥ ®â®¡à ¦¥­¨¥ �−1 ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã M 7→�−1(M) = M(e), ∀M ∈ M(A), £¤¥ e { ¥¤¨­¨æ   «£¥¡àë A; ¢ ç áâ­®áâ¨, ¬®¦Ä­® ®â®¦¤¥áâ¢¨âì  «£¥¡àë M(A) ¨ cenA.0.3. �¨ää¥à¥­æ¨à®¢ ­¨ï. �â®¡à ¦¥­¨¥D ∈ L(A) ­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨à®¢ Ä­¨¥¬, ¥á«¨ ¢ë¯®«­ï¥âáï ¯à ¢¨«® �¥©¡­¨æ : D(fg) = D(f)g + fD(g), ∀f; g ∈ A.



� ������������������ ������� ����������� 165�­®¦¥áâ¢®D(A) ¢á¥å ¤¨ää¥à¥­æ¨à®¢ ­¨©  «£¥¡àëA ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâÄ¢ ¬¨:(1) D(A) ¥áâì «¥¢ë© M(A)-¬®¤ã«ì,MD =M ◦D, ∀M ∈M(A) ¨ ∀D ∈ D(A);(2) D(A) ¥áâì ¯®¤ «£¥¡à   «£¥¡àë �¨ L[ ; ](A);(3) D : annA → annA ¨D : cenA → cenA, ∀D ∈ D(A);(4) ª®¬¬ãâ â®à [D;M ] ∈M(A), ∀D ∈ D(A) ¨ ∀M ∈M(A).� ç áâ­®áâ¨, ¤«ï ª ¦¤®£® D ∈ D(A) ¯à ¢¨«® D̂(M) = [D;M ], M ∈M(A), § ¤ ¥â®â®¡à ¦¥­¨¥ D̂ : M(A)→M(A). �®«¥¥ â®£®, ¢ á¨«ã â®¦¤¥áâ¢  �ª®¡¨(5) D̂(M ◦N) = D̂(M) ◦N +M ◦ D̂(N), ∀D ∈ D(A) ¨ ∀M;N ∈M(A).� ª¨¬®¡à §®¬,¯à ¢¨«®D 7→ �(D) = D̂, D ∈ D(A), ®¯à¥¤¥«ï¥â ¤¥©áâ¢¨¥� : D(A)→
D(M(A)).(6) �¥©áâ¢¨¥ � : D(A)→ D(M(A)) ¥áâì ¬®àä¨§¬  «£¥¡à �¨.(7) �¯à ¢¥¤«¨¢®à áè¨à¥­­®¥ ¯à ¢¨«®�¥©¡­¨æ : D(M(f)) = D̂(M)(f)+M(D(f)),

∀D ∈ D(A), ∀M ∈M(A) ¨ ∀f ∈ A.�á«¨  «£¥¡à A  áá®æ¨ â¨¢­ ï, â®(8) ¤¥©áâ¢¨ï � ­  cenA ¨ � ­ D(A) á®¢¬¥áâ­ë, â.¥. D̂(�(f)) = �(D(f)), ∀D ∈ D(A)¨ ∀f ∈ cenA;(9) ¤«ï ª ¦¤®£® f ∈ A ¤¥©áâ¢¨¥ �−(f): A → A, �−(f)(g) = [f; g], g ∈ A, ï¢«ï¥âáï¤¨ää¥à¥­æ¨à®¢ ­¨¥¬  «£¥¡àëA (â.¥. �−(f) ∈ D(A)).�¨ää¥à¥­æ¨à®¢ ­¨¥ ¢¨¤  �−(f) ­ §ë¢ ¥âáï ¢­ãâà¥­­¨¬, ®ç¥¢¨¤­®, ®­® ­¥âà¨¢¨Ä «ì­®¥, ¥á«¨ f =∈ cenA.0.4. �®­áâ ­âë. �«¥¬¥­â f ∈ A ­ §ë¢ ¥âáï ª®­áâ ­â®©, ¥á«¨ D(f) = 0, ∀D ∈
D(A). �¡®§­ ç¨¬ conA ¬­®¦¥áâ¢® ¢á¥å ª®­áâ ­â  «£¥¡àëA. �ç¥¢¨¤­®, çâ® conA ¥áâì¯®¤ «£¥¡à   «£¥¡àëA, ¯à¨ç¥¬ ¥á«¨  «£¥¡à A ã­¨â «ì­ , â® ¥¥ ¥¤¨­¨æ  e ∈ conA.Ǳ®¤¬­®¦¥áâ¢® S ⊂ D(A) ­ §ë¢ ¥âáïâ®â «ì­ë¬, ¥á«¨ ãá«®¢¨¥D(f) = 0, ∀D ∈ S,¢«¥ç¥â f ∈ conA.0.5. �¨ää¥à¥­æ¨ «ì­ë¥  «£¥¡àë. �¨ää¥à¥­æ¨ «ì­ ï  «£¥¡à  ¥áâì ¯ à (A;C(A)), £¤¥ A {  «£¥¡à ,   C(A) { ¯®¤ «£¥¡à   «£¥¡àë �¨ D(A) (á¬., ­ ¯à¨-¬¥à, [17, 18]). �¨ää¥à¥­æ¨ «ì­ ï  «£¥¡à  (A;C(A)) ­ §ë¢ ¥âáï áâ ­¤ àâ­®©, ¥á«¨
C(A) ¥áâì á¢®¡®¤­ë© ª®­¥ç­®¬¥à­ë© ¯®¤¬®¤ã«ì «¥¢®£® M(A)-¬®¤ã«ï D(A) á ¯®¯ à­®ª®¬¬ãâ¨àãîé¨¬ ¡ §¨á®¬ D1; : : : ; Dm ∈ D(A) ([D�; D� ] = 0, �; � ∈ 1;m), â ª çâ®

C(A) ≡ [D] = {D = m∑�=1M�D� :M� ∈M(A); � ∈ 1;m}(§¤¥áì ¨ ¢áî¤ã ­¨¦¥ k; l ≡ {k; k + 1; : : : ; l}). �¨ää¥à¥­æ¨ «ì­ë¥  «£¥¡àë ¢®§­¨ª îâ ¢ «£¥¡à®-£¥®¬¥âà¨ç¥áª®¬ ¯®¤å®¤¥ ª ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬. �ç¨âë¢ ï íâ®, ¬ë



166 �.�. �������¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¨­ïâãî â ¬ â¥à¬¨­®«®£¨î (á¬., ­ ¯à¨¬¥à, [19, 20]). � ª, ¤¨ää¥Äà¥­æ¨à®¢ ­¨ï ¨§ ¯®¤ «£¥¡àë C(A) ­ §ë¢ îâáï ª àâ ­®¢ë¬¨.�¨ää¥à¥­æ¨à®¢ ­¨¥ X ∈ D(A) ­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ �¨{�¥ª«ã­¤ , ¥áÄ«¨ [X;D] ∈ C(A), ∀D ∈ C(A). �­®¦¥áâ¢® ¢á¥å â ª¨å ¤¨ää¥à¥­æ¨à®¢ ­¨© ®¡à §ã¥â¯®¤ «£¥¡àã B(A)  «£¥¡àë �¨ D(A), ¯à¨ç¥¬ ¯® ¯®áâà®¥­¨î C(A) ¥áâì ¨¤¥ « ¢ B(A).� ªâ®à- «£¥¡à  SymC(A)A = B(A)/C(A) ­ §ë¢ ¥âáï  «£¥¡à®© �¨ á¨¬¬¥âà¨© ¤¨äÄä¥à¥­æ¨ «ì­®©  «£¥¡àë (A;C(A)).0.6. �¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë. �ã¤¥¬ áç¨â âì, çâ® ¨§ãç ¥¬ ï  «£¥¡à A ã¤®¢Ä«¥â¢®àï¥â ãá«®¢¨î:(i)  «£¥¡à  ¬ã«ìâ¨¯«¨ª â®à®¢M(A) ª®¬¬ãâ â¨¢­ ï (­ ¯à¨¬¥à, annA = 0).� íâ®¬ á«ãç ¥ D(A) ¥áâì M(A)-¬®¤ã«ì, ¨ ®¯à¥¤¥«¥­  ¥£® ¢­¥è­ïï  «£¥¡à 
∧∗D(A) = ∞∏r=0∧rD(A); ∧0D(A) = M(A); ∧1D(A) = D(A); : : : :� ç áâ­®áâ¨, ¤«ï «î¡ëåD1; : : : ; Dr ∈ D(A) ¢­¥è­¥¥ ¯à®¨§¢¥¤¥­¨¥D1 ∧ · · · ∧Dr = 1r! ∑�∈Sr sign�D�(1) ⊗ · · · ⊗D�(r) ∈ ∧rD(A);£¤¥ Sr { £àã¯¯  ¢á¥å ¯¥à¥áâ ­®¢®ª ç¨á¥« 1; : : : ; r.Ǳãáâì K { ¯à®¨§¢®«ì­ ï F- «£¥¡à  â ª ï, çâ®:(ii) ®¯à¥¤¥«¥­ ¬®àä¨§¬  áá®æ¨ â¨¢­ëå  «£¥¡à ': M(A)→M(K),(iii) ®¯à¥¤¥«¥­ ¬®àä¨§¬  «£¥¡à �¨  : D(A)→ D(K),(iv) ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï (MD) = '(M) (D) ¨ '([M;D]) = ['(M);  (D)]; ∀M ∈M(A) ¨ D ∈ D(A):(� ¯®¬­¨¬, çâ® MD ∈ D(A) ¨ [M;D] ∈ M(A).) � ç áâ­®áâ¨,  «£¥¡à  K ¥áâì

M(A)-¬®¤ã«ì.� ¬¥ç ­¨¥. �á«®¢¨ï¬ (ii){(iv) ã¤®¢«¥â¢®àïîâ, ­ ¯à¨¬¥à, á«¥¤ãîé¨¥  «£¥¡àë(áç¨â ¥¬, çâ® ãá«®¢¨¥ (i) ¢ë¯®«­¥­®):(1) á ¬   «£¥¡à A, ¢ íâ®¬ á«ãç ¥ ' = idM(A) ¨  = idD(A);(2)  «£¥¡à  ¬ã«ìâ¨¯«¨ª â®à®¢M(A), ¢ íâ®¬ á«ãç ¥' = idM(A) (¯®ïá­¨¬, çâ® ¢ á¨Ä«ã (i)M(M(A)) ∼= M(A)),   ¬®àä¨§¬ : D(A)→ D(M(A)) ®¯à¥¤¥«ï¥âáï ¯à ¢¨Ä«®¬  (D)(M) = [D;M ], ∀D ∈ D(A), M ∈M(A);(3)  «£¥¡à �¨¤¨ää¥à¥­æ¨à®¢ ­¨©D(A) ¯à¨ ãá«®¢¨¨ [M(A);D(A)] = 0, §¤¥áì¬®àÄä¨§¬ ': M(A) → M(D(A)) ¤ ¥âáï ¯à ¢¨«®¬ '(M)(X) = MX ,   ¬®àä¨§¬  :
D(A)→ D(D(A)) { ¯à ¢¨«®¬  (D)(X) = [D;X ], ∀M ∈M(A) ¨D;X ∈ D(A).



� ������������������ ������� ����������� 167�â¬¥â¨¬, çâ® ãá«®¢¨¥ [M(A);D(A)] = 0 ¢ë¯®«­ï¥âáï, ¥á«¨ M(A) = F · idA, ®ç¥¢¨¤Ä­®, çâ® ¢ íâ®¬ á«ãç ¥ ãá«®¢¨¥ (i) â ª¦¥ ¢ë¯®«­¥­®.Ǳ®«®¦¨¬ 
∗(A;K) = HomM(A)(∧∗D(A);K) = ∞∑r=0
r(A;K):Ǳ®¤à®¡­¥¥, 
0(A;K) = HomM(A)(M(A);K) ∼= K(¨§®¬®àä¨§¬ § ¤ ¥âáï ¯à ¢¨«®¬ 
0(A;K) 3 ! 7→ k = !(idA) ∈ K),   ¯à¨ r > 0!(D1; : : : ; Dr) ≡ !(D1 ∧ · · · ∧Dr); ! ∈ 
r(A;K);¥áâì ª®á®á¨¬¬¥âà¨ç¥áª ï äã­ªæ¨ï, M(A)-«¨­¥©­ ï ¯® ª ¦¤®¬ã ¨§  à£ã¬¥­â®¢D1; : : : ; Dr ∈ D(A). �«¥¬¥­âë ¨§ 
r(A;K) ­ §ë¢ îâáï ¤¨ää¥à¥­æ¨ «ì­ë¬¨ r-ä®à-¬ ¬¨.0.7. �¯¥à æ¨¨ ­ ¤ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ä®à¬ ¬¨. Ǳ¥à¥ç¨á«¨¬ ®á­®¢­ë¥áâàãªâãàë, ®¯à¥¤¥«¥­­ë¥ ­  
∗(A;K), ¨ ¨å á¢®©áâ¢ . Ǳà¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ®
∗(A;K) ¥áâì M(A)-¬®¤ã«ì, ¯à¨ç¥¬ ¯® ®¯à¥¤¥«¥­¨î(M!)(D1; : : : ; Dr) = '(M)(!(D1; : : : ; Dr))¤«ï ¢á¥åM ∈M(A), ! ∈ 
r(A;K) ¨D1; : : : ; Dr ∈ D(A).�¨­¥©­ë¥ ®¯¥à æ¨¨ (áç¨â ¥¬ 
r(A;K = 0) ¯à¨ r < 0 ¨D ∈ D(A)):á¢¥àâª  �D : 
r(A;K)→ 
r−1(A;K);¯à®¨§¢®¤­ ï �¨ LD : 
r(A;K)→ 
r(A;K);¤¨ää¥à¥­æ¨ « d: 
r(A;K)→ 
r+1(A;K);§ ¤ ¤¨¬ á®®â¢¥âáâ¢¥­­® ä®à¬ã« ¬¨ (áç¨â ¥¬ ! ∈ 
r(A;K))(�D!)(D1; : : : ; Dr−1) = !(D;D1; : : : ; Dr−1); D1; : : : ; Dr−1 ∈ D(A)(¢ ç áâ­®áâ¨, �D! = 0 ¯à¨ r = 0);(LD!)(D1; : : : ; Dr) =  (D)(!(D1; : : : ; Dr))− r∑i=1!(D1; : : : ; [D;Di]; : : : ; Dr)¤«ïD1; : : : ; Dr ∈ D(A) ¨, ­ ª®­¥æ,(d!)(D0; : : : ; Dr) = r∑i=0(−1)i (Di)(!(D0; : : : ; �Di; : : : ; Dr))++ ∑06i<j6r(−1)i+j!([Di; Dj]; D0; : : : ; �Di; : : : ; �Dj ; : : : ; Dr)



168 �.�. �������¤«ï D0; : : : ; Dr ∈ D(A), §­ ç®ª�­ ¤ ª ª®©-«¨¡® ¯¥à¥¬¥­­®© ®§­ ç ¥â, çâ® íâ  ¯¥à¥¬¥­Ä­ ï ®¯ãé¥­ .�¢¥¤¥­­ë¥ ®¯¥à æ¨¨ ®¡« ¤ îâ áâ ­¤ àâ­ë¬¨ á¢®©áâ¢ ¬¨:(1) �X ◦ �Y + �Y ◦ �X = 0; ∀X;Y ∈ D(A);(2) LX ◦ LY − LY ◦ LX = L[X;Y ]; ∀X;Y ∈ D(A);(3) d ◦ d = 0;(4) LD = d ◦ �D + �D ◦ d; ∀D ∈ D(A);(5) LD ◦ d = d ◦ LD; ∀D ∈ D(A).�®àà¥ªâ­®áâì ¯à¨¢¥¤¥­­ëå ®¯à¥¤¥«¥­¨© ¨ á¯à ¢¥¤«¨¢®áâì á®®â­®è¥­¨© (1){(5) ¯à®Ä¢¥àï¥âáï á ¯®¬®éìî ãá«®¢¨© (i){(iv) à §¤¥«  0.6.0.8. �«£¥¡à  ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬. �¯à¥¤¥«¨¬ ¢ 
∗(A;K) ã¬­®¦¥­¨¥¯à ¢¨«®¬ ! ∈ 
r(A;K); � ∈ 
s(A;K) 7→ ! · � ∈ 
r+s(A;K);£¤¥ (! · �)(D1; : : : ; Dr+s) == 1(r + s)! ∑�∈Sr+s sign� !(D�(1); : : : ; D�(r))�(D�(r+1); : : : ; D�(r+s))¤«ï ¢á¥åD1; : : : ; Dr+s ∈ D(A).�â® ã¬­®¦¥­¨¥ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨ (áç¨â ¥¬ ! ∈ 
r(A;K), � ∈
s(A;K)):(1) �D(! · �) = (�D!) · � + (−1)r! · (�D�), ∀D ∈ D(A);(2) LD(! · �) = (LD!) · � + ! · (LD�), ∀D ∈ D(A);(3) d(! · �) = (d!) · � + (−1)r! · (d�);(4) ¥á«¨  «£¥¡à  K ª®¬¬ãâ â¨¢­ ï, â® ! · � = (−1)rs� · !.�®àà¥ªâ­®áâì ®¯à¥¤¥«¥­¨ï ®¯¥à æ¨¨ ã¬­®¦¥­¨ï ¨ á¯à ¢¥¤«¨¢®áâì ä®à¬ã« (1){(4)¯à®¢¥àï¥âáï á ¯®¬®éìî ãá«®¢¨© (i){(iv) à §¤¥«  0.6.0.9. �®£®¬®«®£¨¨ ¤¥ � ¬ . � á¨«ã ¯ã­ªâ  (3) à §¤¥«  0.7 ®¯à¥¤¥«¥­ ª®¬¯«¥ªá«¨­¥©­ëå ¯à®áâà ­áâ¢0→ 
0(A;K) d
→ 
1(A;K) d

→ · · ·
d
→ 
r(A;K) d

→ 
r+1(A;K) d
→ · · · ;¥£® ª®£®¬®«®£¨¨ Hr(A;K), r = 0; 1; : : : , ­ §ë¢ îâáï ª®£®¬®«®£¨ï¬¨ ¤¥ � ¬   «£¥¡Äàë A á® §­ ç¥­¨ï¬¨ ¢  «£¥¡à¥ K. � ¯à¨¬¥à,H0(A;K) = {! ∈ K :  (D)(!) = 0; ∀D ∈ D(A)}:Ǳ®«®¦¨¬ H∗(A;K) = ∞∑r=0Hr(A;K):Ǳà ¢¨«® [!] ∈ Hr(A;K); [�] ∈ Hs(A;K) 7→ [!] · [�] = [! · �] ∈ Hr+s(A;K)®¯à¥¤¥«ï¥â ¢ «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ H∗(A;K) ã¬­®¦¥­¨¥ ¨ ¯à¥¢à é ¥â ¥£® ¢ F- «-£¥¡àã.



� ������������������ ������� ����������� 1690.10. � àâ ­®¢ë ä®à¬ë. Ǳãáâì (A;C(A)) { ¤¨ää¥à¥­æ¨ «ì­ ï  «£¥¡à  (á¬. à §Ä¤¥« 0.5), K { ­¥ª®â®à ï F- «£¥¡à , ¨ ¯®-¯à¥¦­¥¬ã ¢ë¯®«­¥­ë ãá«®¢¨ï (i){(iv) à §¤¥Ä«  0.6.�¨ää¥à¥­æ¨ «ì­ ï r-ä®à¬  ! ∈ 
r(A;K) ­ §ë¢ ¥âáï s-ª àâ ­®¢®©, ¥á«¨!(D1; : : : ; Dr) = 0 ¢áïª¨© à §, ª®£¤  áà¥¤¨ ¤¨ää¥à¥­æ¨à®¢ ­¨©D1; : : : ; Dr ¨¬¥îâáï å®Äâï ¡ë r − s + 1 ª àâ ­®¢ëå. M(A)-¬®¤ã«ì ¢á¥å s-ª àâ ­®¢ëå r-ä®à¬ ®¡®§­ ç¨¬ ç¥à¥§Cs
r(A;K).Ǳà¨¢¥¤¥¬ ®á­®¢­ë¥ á¢®©áâ¢  ®¯¥à æ¨© ­ ¤ ª àâ ­®¢ë¬¨ ä®à¬ ¬¨ (¯® ®¯à¥¤¥«¥­¨îCs
r(A;K) = 
r(A;K) ¯à¨ s < 0 ¨ Cs
r(A;K) = 0 ¯à¨ s > r ¨«¨ r < 0):(1) ! · � ∈ Cs+q
r+p(A;K), ∀! ∈ Cs
r(A;K), � ∈ Cq
p(A;K);(2) �D : Cs
r(A;K)→ Cs−1
r−1(A;K), ∀D ∈ D(A);(3) �D : Cs
r(A;K)→ Cs
r−1(A;K), ∀D ∈ C(A);(4) LD : Cs
r(A;K)→ Cs−1
r(A;K), ∀D ∈ D(A);(5) LD : Cs
r(A;K)→ Cs
r(A;K), ∀D ∈ B(A);(6) d: Cs
r(A;K)→ Cs
r+1(A;K).0.11. �¯¥ªâà «ì­ ï¯®á«¥¤®¢ â¥«ì­®áâì. �®åà ­ï¥¬®¡®§­ ç¥­¨ïà §¤¥«  0.10¨ ¤®¡ ¢«ï¥¬ á®ªà é¥­¨¥ Cs
r ≡ Cs
r(A;K). Ǳ® ¯®áâà®¥­¨î ¨¬¥¥âáï ä¨«ìâà æ¨ï
r = C0
r ⊃ C1
r ⊃ C2
r ⊃ · · · ⊃ Cr
r ⊃ 0;á®¢¬¥áâ¨¬ ï á £à ¤ã¨à®¢ª®© 
∗ = ∞∑r=0
r¨ ¤¨ää¥à¥­æ¨ «®¬ d: 
r → 
r+1, r = 0; 1; : : : . �®£« á­® ®¡é¥© â¥®à¨¨ (á¬., ­ ¯à¨Ä¬¥à, [21]) ®¯à¥¤¥«¥­  á¯¥ªâà «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {Ep;qr ; dp;qr ; p; q; r = 0; 1; : : : } áç«¥­ ¬¨ Ep;qr ≡ Ep;qr (A;C(A);K) = Zp;qrBp;qr−1 + Zp+1;q−1r−1 ;£¤¥ Zp;qr = {! ∈ Cp
p+q : d! ∈ Cp+r
p+q+1};Bp;qr = {! = d� ∈ Cp
p+q : � ∈ Cp−r
p+q−1};  «¨­¥©­ë¥ ®â®¡à ¦¥­¨ï dp;qr : Ep;qr → Ep+r;q−r+1r¨­¤ãæ¨à®¢ ­ë ¤¨ää¥à¥­æ¨ «®¬ d (â.¥. dp;qr [!] = [d!], ∀[!] ∈ Ep;qr ). �«¥­ë ¯®àï¤ª r =∞ ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨Ep;q∞ = Zp;q∞Bp;q
∞ + Zp+1;q−1∞

; p; q = 0; 1; : : : ;£¤¥ Zp;q∞ = {! ∈ Cp
p+q : d! = 0};Bp;q
∞ = {! = d� ∈ Cp
p+q : � ∈ 
p+q−1}:



170 �.�. �������Ǳ¥à¥ç¨á«¨¬ ®á­®¢­ë¥ á¢®©áâ¢  á¯¥ªâà «ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨:(1) dp+r;q−r+1r ◦ dp;qr = 0, Ep;qr+1 = ker dp;qr / im dp−r;q+r−1r ;(2) Ep;q∞ = Ep;qr , r > max{p; q + 1}.Ǳãáâì á¨¬¬¥âà¨ï [D] ∈ SymA (á¬. à §¤¥« 0.5),(3) «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ �[D] : Ep;qr → Ep−r;q+r−1r ®¯à¥¤¥«¥­® ¯à ¢¨«®¬ �[D][!] =[�D!], [!] ∈ Ep;qr ;(4) «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ L[D] : Ep;qr → Ep;qr ®¯à¥¤¥«¥­®  ­ «®£¨ç­ë¬ ¯à ¢¨«®¬L[D][!] = [LD!], [!] ∈ Ep;qr ;(5) L[D] ◦ dp;qr = dp;qr ◦ L[D];(6) L[D] = �[D] ◦ dp;qr + dp;qr ◦ �[D].0.12. �¢ï§ì á ª®£®¬®«®£¨ï¬¨ ¤¥ � ¬ . �®åà ­ï¥¬ á®£« è¥­¨ï à §¤¥«  0.11 ¨¤®¡ ¢¨¬ á®ªà é¥­¨¥ Hk ≡ Hk(A;K). �¨«ìâà æ¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ ª àâ ­®Ä¢ë¬¨ ä®à¬ ¬¨ (à §¤¥«  0.11) ¯®à®¦¤ ¥â ä¨«ìâà æ¨î ª®£®¬®«®£¨© ¤¥ � ¬ Hk = H0;k ⊃ H1;k ⊃ H2;k ⊃ · · · ⊃ Hk;k ⊃ 0; k = 0; 1; : : : ;£¤¥ «¨­¥©­ë¥ ¯à®áâà ­áâ¢ Hp;k = {! ∈ Cp
k : d! = 0}
{! = d� ∈ Cp
k : � ∈ 
k−1} ; p; k = 0; 1; : : : :(1) �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  Ep;k−p∞ = Hp;k/Hp+1;k, p; k = 0; 1; : : : , ¤àã£¨¬¨ á«®Ä¢ ¬¨, ¨¬¥¥âáï à ¢¥­áâ¢® £à ¤ã¨à®¢ ­­ëå «¨­¥©­ëå ¯à®áâà ­áâ¢ Ek∞ = G(Hk),k = 0; 1; : : : , £¤¥ ¯® ®¯à¥¤¥«¥­¨îEk∞ = ∑p+q=kEp;q∞ ;  G(Hk) = k∑p=0Hp;k/Hp+1;k{ £à ¤ã¨à®¢ ­­®¥ ¯à®áâà ­áâ¢®,  áá®æ¨¨à®¢ ­­®¥ á ¢¢¥¤¥­­®© ¢ëè¥ ä¨«ìâà æ¨Ä¥©. 1. ������� �����������1.1. �¡®§­ ç¥­¨ï. �ã¤¥¬ ¨á¯®«ì§®¢ âì ¬ã«ìâ¨¨­¤¥ªá­ë¥ ®¡®§­ ç¥­¨ï:

Z = {0;±1;±2; : : :} ⊃ Z+ = {0; 1; 2; : : :} ⊃ N = {1; 2; : : :};i = (i1; : : : ; id) ∈ Z
d, d ∈ N ä¨ªá¨à®¢ ­®;

|i| = i1 + · · ·+ id, i± j = (i1 ± j1; : : : ; id ± jd), i; j ∈ Z;(�) = (0; : : : ; 1; : : : ; 0) ∈ Z
d+, ¥¤¨­¨æ  ­  �-¬ ¬¥áâ¥, � ∈ 1; d ≡ {1; : : : ; d};i 6 j, i; j ∈ Z

d, ¥á«¨ i� 6 j� ¤«ï ¢á¥å � ∈ 1; d;



� ������������������ ������� ����������� 171i! = i1! : : : id!, i ∈ Zd (�! =∞ ¯à¨ � ∈ {−1;−2; : : :});
(ij) = i!j!(i− j)! ; i ∈ Z

d+; j ∈ Z
d;

(i; jk ) = k!(ik)(jk); i; j; k ∈ Z
d+;

(i; j; k; lm ) = (j; km )
−

(l; im); i; j; k; l;m ∈ Z
d+:1.2. �¯à¥¤¥«¥­¨¥. �ã¤¥¬ áç¨â âì, çâ® ä¨ªá¨à®¢ ­ë ¯®«¥ F ­ã«¥¢®© å à ªâ¥à¨áÄâ¨ª¨ (F = R;C; : : : ), à §¬¥à­®áâì d ∈ N ¨ ª®­áâ ­â  κ ∈ F, κ 6= 0.Ǳãáâì F〈r〉 {  «£¥¡à  ­¥ª®¬¬ãâ â¨¢­ëå ¬­®£®ç«¥­®¢ ®â ®¡à §ãîé¨å r = (q; p),q = (q1; : : : ; qd), p = (p1; : : : ; pd) á í«¥¬¥­â ¬¨ f(r) = ∑A cArA, £¤¥r� = q� ¯à¨ � ∈ 1; d; r� = p�−d ¯à¨ � ∈ d+ 1; 2d;A = (�1; : : : ; �N ); �� ∈ 1; 2d; � ∈ 1; N; N = |A|;cA = c�1:::�N ∈ F; «¨èì ª®­¥ç­®¥ ç¨á«® cA 6= 0;rA = r�1 : : : r�N :�¯à¥¤¥«ïîé¨¥ á®®â­®è¥­¨ï (ª¢ ­â®¢ë¥ ¯¥à¥áâ ­®¢®ç­ë¥ á®®â­®è¥­¨ï):q�q� − q�q� = 0; p�p� − p�p� = 0; p�q� − q�p� − κÆ�� = 0; �; � ∈ 1; d;¯®à®¦¤ îâ ¤¢ãáâ®à®­­¨© ¨¤¥ « J  «£¥¡àë F〈r〉. �«£¥¡à  �¥©§¥­¡¥à£  ®¯à¥¤¥«ï¥âáïª ª ä ªâ®à- «£¥¡à H = F〈r〉/J .1.3. �®à¬ «ì­ë¥ ¬­®£®ç«¥­ë. �­®£®ç«¥­ f ∈ F〈r〉 ­ §ë¢ ¥âáï ­®à¬ «ì­ë¬,¥á«¨ f = f(q; p) = ∑i;j fijqipj ;£¤¥ «¨èì ª®­¥ç­®¥ ç¨á«® ª®íää¨æ¨¥­â®¢ fij ∈ F ­¥­ã«¥¢ë¥, qi = (q1)i1 : : : (qd)id , pj =(p1)j1 : : : (pd)jd , i; j ∈ Zd+.1.4. Ǳà¥¤«®¦¥­¨¥. �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ pjqi = ∑k κ

|k|(j;ik )qi−kpj−k (mod J ); j; i ∈ Z
d+:�®ª § â¥«ìáâ¢®. Ǳãáâì á­ ç «  d = 1, â ª çâ® i; j; k ∈ Z+. �ëç¨á«¥­¨ï ¯à®¢®Ä¤¨¬ ¯® mod J , â.¥. ¯à¥­¥¡à¥£ ï á« £ ¥¬ë¬¨, «¥¦ é¨¬¨ ¢ ¨¤¥ «¥ J . � ¢¥­áâ¢  âà¨Ä¢¨ «ì­® á¯à ¢¥¤«¨¢ë ¯à¨ i = j = 0, ¯à¨ i = 0, j > 0 ¨ ¯à¨ i > 0, j = 0. �¥£ª® â ª¦¥¯à®¢¥à¨âì, çâ® pqi = qip+ iκqi−1 ¨ pjq = qpj + jκpj−1; i; j ∈ N:



172 �.�. �������Ǳà¥¤¯®«®¦¨¬, çâ® à ¢¥­áâ¢  á¯à ¢¥¤«¨¢ë ¯à¨ ­¥ª®â®àëå i; j > 0. �®£¤ pj+1qi = p(pjqi) = p∑k κ
k(j;ik )qi−kpj−k = ∑k κ

k(j;ik )(pqi−k)pj−k == ∑k κ
k(j;ik )(qi−kp+ (i− k)κqi−k−1)pj−k == ∑k κ
k(j;ik )qi−kpj+1−k +∑k κ

k+1(j;ik )(i− k)qi−k−1pj−k == ∑k κ

[(j;ik )+ (i+ 1− k)( j;ik−1)] qi−kpj+1−k = ∑k κ
k(j+1;ik )qi−kpj+1−k;¯®áª®«ìªã (j; ik ) + (i+ 1− k)( j; ik − 1) = (j + 1; ik ):�­ «®£¨ç­® ¯à®¢¥àï¥âáï ¯¥à¥å®¤ j; i 7→ j; i+ 1. �â ª, ¢ á«ãç ¥ d = 1 à ¢¥­áâ¢  ¢¥à­ë.�«ãç © d > 1 á¢®¤¨âáï ª ®¤­®¬¥à­®¬ã á ¯®¬®éìî ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨©p�q� = q�p� ¯à¨ � 6= �.1.5. �«¥¤áâ¢¨¥. � ¦¤ë© ¬­®£®ç«¥­ f ∈ F〈r〉 ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ f(r) =g(q; p) + h(r), £¤¥ g(q; p) { ­®à¬ «ì­ë© ¬­®£®ç«¥­,   h(r) ∈ J .1.6. �¯¥à â®à­®¥ ¯à¥¤áâ ¢«¥­¨¥. Ǳãáâì F[x] {  «£¥¡à  ª®¬¬ãâ â¨¢­ëå ¬­®£®Äç«¥­®¢ ®âx = (x1; : : : ; xd) ∈ Fd, L(F[x]) {  «£¥¡à  ­¥¯à¥àë¢­ëå«¨­¥©­ëå®â®¡à ¦¥­¨©

F[x] ¢ á¥¡ï. Ǳà ¢¨«® q�; p� 7→ q̃�; p̃�, � ∈ 1; d, £¤¥(q̃�')(x) = x�'(x); (p̃�')(x) = κ
@'@x� ; ' ∈ F[x];§ ¤ ¥â ¯à¥¤áâ ¢«¥­¨¥ �: F〈r〉 → L(F[x]), f(r) 7→ f(r̃),  «£¥¡àë ­¥ª®¬¬ãâ â¨¢­ëå ¬­®Ä£®ç«¥­®¢ F〈r〉 ¢ F[x].1.7. Ǳà¥¤«®¦¥­¨¥. Ǳãáâì f(q; p) { ­®à¬ «ì­ë© ¬­®£®ç«¥­ ¨ f(q̃; p̃) { á®®âÄ¢¥âáâ¢ãîé¨© ®¯¥à â®à; f(q̃; p̃) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f(q; p) = 0.�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, çâ® p̃j(xk) = κ|j|j!(kj)xk−j ¤«ï ¢á¥å j; k ∈ Zd+. � Ä«¥¥, ¯ãáâì f(q̃; p̃) = 0, £¤¥f(q; p) = ∑i;j cijqipj = ∑j �j(q)pj ; �j(q) = ∑i cijqi:�®£¤ , ¢ ç áâ­®áâ¨,f(q̃; p̃)(xk) = ∑j6k�j(x)κ|j|j!(kj)xk−j = 0; ∀k ∈ Z

d+:Ǳ®« £ ï ¯®á«¥¤®¢ â¥«ì­® |k| = 0; 1; 2; : : : , ã¡¥¤¨¬áï, çâ®¬­®£®ç«¥­ë�j(q) = 0¯à¨ |j| =0; 1; 2; : : : . �âáî¤  f(q; p) = 0, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.



� ������������������ ������� ����������� 1731.8. �«¥¤áâ¢¨¥. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢® ker� = J , £¤¥ ker� { ï¤à® ¬®àä¨§Ä¬  �.�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥­¨ï 1.7 á ãç¥â®¬ á«¥¤áâ¢¨ï 1.5 ¨ ®ç¥¢¨¤­®£®¢ª«îç¥­¨ï J ⊂ ker�.1.9. �¥®à¥¬ . �«£¥¡à  �¥©§¥­¡¥à£  H ª ­®­¨ç¥áª¨ ¨§®¬®àä­   «£¥¡à¥ ¢á¥å ­®àÄ¬ «ì­ëå ¬­®£®ç«¥­®¢ ¨§ F〈r〉 á ®¡ëç­ë¬¨ «¨­¥©­ë¬¨ ®¯¥à æ¨ï¬¨ ¨ ã¬­®¦¥­¨¥¬,§ ¤ ¢ ¥¬ë¬ ¯à ¢¨«®¬qipj · qkpl = ∑m;nAij;klmn qmpn; Aij;klmn = ∑r κ
|r|(j;kr )Æi+k−rm Æj+l−rn ;£¤¥ i; j; k; l;m; n; r ∈ Zd+.�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥­¨© 1.4, 1.7 ¨ á«¥¤áâ¢¨© 1.5, 1.8.�¨¦¥ ¬ë ®â®¦¤¥áâ¢«ï¥¬H á íâ®©  «£¥¡à®© ­®à¬ «ì­ëå ¬­®£®ç«¥­®¢.1.10. �¥©áâ¢¨ï ­ ¤ ­®à¬ «ì­ë¬¨ ¬­®£®ç«¥­ ¬¨. �§ ¯à ¢¨«  ã¬­®¦¥­¨ïâ¥®à¥¬ë 1.9 á«¥¤ã¥â, çâ® ª®¬¬ãâ â®à ¨¬¥¥â ¢¨¤[qipj; qkpl] = κ

∑m;nCij;klmn qmpn;Cij;klmn = 1
κ

(Aij;klmn −Akl;ijmn ) = ∑r κ
|r|−1(i;j;k;lr )Æi+k−rm Æj+l−rn ; (1.1)£¤¥ i; j; k; l;m; n; r ∈ Zd+. � ç áâ­®áâ¨, ¥á«¨ f(q; p) = ∑i;j fijqipj { ­®à¬ «ì­ë© ¬­®£®Äç«¥­, â® [p�; f(q; p)] = κ

@f(q; p)@q� ;[q�; f(q; p)] = −κ
@f(q; p)@p� ; � ∈ 1; d; (1.2)£¤¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¢ëç¨á«ïîâáï ¯® ®¡ëç­ë¬ ä®à¬ã« ¬@f(q; p)@q� = ∑i;j fiji�qi−(�)pj ;@f(q; p)@p� = ∑i;j fijj�qipj−(�):�®à¬ã«ë (1.2) ¨¬¥îâ ®¡®¡é¥­¨ï[pj ; f ] = ∑

|m|>1κ
|m|

( jm)@|m|f@qm pj−m; [qi; f ] = − ∑

|m|>1κ
|m|

( im)qi−m @|m|f@pm ; (1.3)£¤¥ f = f(q; p) { ­®à¬ «ì­ë© ¬­®£®ç«¥­, i; j ∈ Z
d+.



174 �.�. �������� áâ­ë¥ ¯à®¨§¢®¤­ë¥ ­®à¬ «ì­ëå ¬­®£®ç«¥­®¢ ®¡« ¤ îâ ¬­®£¨¬¨ ®¡ëç­ë¬¨ á¢®©-áâ¢ ¬¨, ­ ¯à¨¬¥à, á¬¥è ­­ë¥ ¯à®¨§¢®¤­ë¥, ¢§ïâë¥ ¢ à §«¨ç­ëå ¯®àï¤ª å, á®¢¯ ¤ îâ:@2f@q�@q� = @2f@q�@q� ; @2f@p�@p� = @2f@p�@p� ; @2f@q�@p� = @2f@p�@q� ; �; � ∈ 1; d:� «¥¥, á¨áâ¥¬  @f�@q� = @f�@q� ; �; � ∈ 1; d; (1.4)¨¬¥¥â ¢ ª« áá¥ ­®à¬ «ì­ëå ¬­®£®ç«¥­®¢ ®¡é¥¥ à¥è¥­¨¥f�(q; p) = g(q; p)@q� ; � ∈ 1; d; g(q; p) = ∫ 10 d∑�=1 q�f�(tq; p)dt+ h(p); (1.5)h(p) { ¯à®¨§¢®«ì­ë© ­®à¬ «ì­ë© ¬­®£®ç«¥­, ­¥ § ¢¨áïé¨© ®â q.�­ «®£¨ç­® á¨áâ¥¬  @f�@p� = @f�@p� ; �; � ∈ 1; d; (1.6)¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥f�(q; p) = g(q; p)@p� ; � ∈ 1; d; g(q; p) = ∫ 10 d∑�=1 f�(q; tp)p�dt+ h(q): (1.7)� ª®­¥æ, á¨áâ¥¬  @2f@q�@p� = 0; �; � ∈ 1; d; (1.8)¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥ f(q; p) = g(q) + h(p) (1.9)á ¯à®¨§¢®«ì­ë¬¨ g(q) ¨ h(p).1.11. �¢®©áâ¢   «£¥¡àë �¥©§¥­¡¥à£ . Ǳ¥à¥ç¨á«¨¬ ®á­®¢­ë¥ á¢®©áâ¢   «£¥¡ÄàëH á ª®à®âª¨¬¨ ¯®ïá­¥­¨ï¬¨.(1) �®à¬ «ì­ë¥ ¬®­®¬ë �ij ≡ qipj, i; j ∈ Zd+, ®¡à §ãîâ ¡ §¨á «¨­¥©­®£® ¯à®áâà ­Äáâ¢ H, ¬®­®¬ 1 = �00 ï¢«ï¥âáï ¥¤¨­¨æ¥©  «£¥¡àëH.(2) �«£¥¡à H  áá®æ¨ â¨¢­ ï.� ¬¥â¨¬, çâ® ¨§  áá®æ¨ â¨¢­®áâ¨ ã¬­®¦¥­¨ï á«¥¤ã¥â, çâ® ª®íää¨æ¨¥­âë Aij;klmn (á¬.â¥®à¥¬ã 1.9) ã¤®¢«¥â¢®àïîâ ­¥ª®â®àë¬ â®¦¤¥áâ¢ ¬, ª®â®àë¥ ¬®¦­® ¯à®¢¥à¨âì ¨ ­¥¯®Äáà¥¤áâ¢¥­­®.(3) �«£¥¡à H ­¥ª®¬¬ãâ â¨¢­ ï, ¥¥ æ¥­âà cenH = F.



� ������������������ ������� ����������� 175�¥©áâ¢¨â¥«ì­®, ¯ãáâì ­®à¬ «ì­ë© ¬­®£®ç«¥­ f(q; p) ∈ cenH. � ç áâ­®áâ¨,[p�; f(q; p)] = 0. Ǳ®« £ ï f(q; p) = ∑j �j(q)pj , ¨§ (1.2) ¢ë¢®¤¨¬@�j(q)@q� = 0¯à¨ ¢á¥å � ∈ 1; d ¨ j ∈ Zd+, ®âªã¤  f = f(p). � «¥¥, [q�; f(p)] = 0, â.¥. ¢ á¨«ã (1.2)@f(p)@q� = 0¤«ï ¢á¥å � ∈ 1; d, â ª çâ® f = c · 1, c ∈ F, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.(4) �«£¥¡à H ¯à®áâ ï, â.¥. ­¥ ¨¬¥¥â ­¥âà¨¢¨ «ì­ëå ¤¢ãáâ®à®­­¨å ¨¤¥ «®¢.�¥©áâ¢¨â¥«ì­®, ¯ãáâì I { ­¥­ã«¥¢®© ¤¢ãáâ®à®­­¨© ¨¤¥ «  «£¥¡àë H ¨ f ∈ I,f(q; p) = ∑j �j(q)pj 6= 0. �§ ®¯à¥¤¥«¥­¨ï ¤¢ãáâ®à®­­¥£® ¨¤¥ « , ¢ ç áâ­®áâ¨, á«¥¤ã¥â,çâ® p�f; fp� ∈ I ¤«ï ¢á¥å � ∈ 1; d, ®âªã¤ 
∑j @�j(q)@q� pj = 1

κ
[p�; f ] ∈ I:Ǳ® ¨­¤ãªæ¨¨

∑j @k�j(q)@qk pj ∈ I¤«ï ¢á¥å k ∈ Z
d+. �ë¡¨à ï k ¯®¤å®¤ïé¨¬ ®¡à §®¬, ¯®áâà®¨¬ ­¥­ã«¥¢®© ¬­®£®ç«¥­g(p) = ∑j cjpj ∈ I, cj ∈ F. � «¥¥, q�g; gq� ∈ I ¤«ï ¢á¥å � ∈ 1; d, ®âªã¤ @lg(p)@pl ∈ I¯à¨ ¢á¥å l ∈ Zd+. �ë¡¨à ï l ¯®¤å®¤ïé¨¬ ®¡à §®¬, ¯®«ãç¨¬ ­¥­ã«¥¢ãî ¯®áâ®ï­­ãî c =c · 1 ∈ I, 0 6= c ∈ F. �â ª, 1 ∈ I ¨, §­ ç¨â, I = H, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.(5) �«£¥¡à  ¬ã«ìâ¨¯«¨ª â®à®¢ M(H) = F.�â¢¥à¦¤¥­¨¥ (5) á«¥¤ã¥â ¨§ à ¢¥­áâ¢  M(H) = cenH (á¬. ¯ã­ªâ (8) à §¤¥«  0.2) ¨á¢®©áâ¢  (3).(6) �«£¥¡à H ¨¬¥¥â Zd-£à ¤ã¨à®¢ªã.�¥©áâ¢¨â¥«ì­®, ª ¦¤®© ¯ à¥ ¬ã«ìâ¨¨­¤¥ªá®¢ i; j ∈ Zd ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ £à Ä¤ã¨à®¢ªã 
(i; j) = i− j,   ¤«ï ª ¦¤®£® ¬ã«ìâ¨¨­¤¥ªá  k ∈ Zd à áá¬®âà¨¬

Hk = {f(q; p) = ∑i−j=k fij�ij ∈ H}{ «¨­¥©­®¥ ¯à®áâà ­áâ¢® 
-®¤­®à®¤­ëå ­®à¬ «ì­ëå ¬­®£®ç«¥­®¢ ¯®àï¤ª  k. �®£¤ 
H = ∑k Hk; Hk · Hl ⊂ Hk+l;â.¥. fg ∈ Hk+l, ¥á«¨ f ∈ Hk, g ∈ Hl (á¬. ¯à ¢¨«® ã¬­®¦¥­¨ï â¥®à¥¬ë 1.9).(7) �  «£¥¡à¥H ®¯à¥¤¥«¥­ë ¤¢¥ ®¯¥à æ¨¨ âà ­á¯®­¨à®¢ ­¨ï.



176 �.�. �������Ǳ¥à¢ ï ®¯¥à æ¨ï âà ­á¯®­¨à®¢ ­¨ï ®¯à¥¤¥«ï¥âáï ª ª «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ t :H →
H, ®¤­®§­ ç­® § ¤ ¢ ¥¬®¥ ¯à ¢¨«®¬ (qipj)t = qjpi, i; j ∈ Zd+. �¥©áâ¢¨â¥«ì­®, íâ®¯à ¢¨«® á®£« á®¢ ­® á ®¯à¥¤¥«ïîé¨¬¨ á®®â­®è¥­¨ï¬¨  «£¥¡àë �¥©§¥­¡¥à£  (á¬. à §-¤¥« 1.2), ­ ¯à¨¬¥à, (p�q� − q�p� − κÆ��)t = p�q� − q�p� − κÆ��, �; � ∈ 1; d, ¨, ªà®¬¥â®£®, (f t)t = f , (fg)t = gtf t, f; g ∈ H. �¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® t :Hk → H−k,k ∈ Zd, â.¥. âà ­á¯®­¨à®¢ ­¨¥ t ¬¥­ï¥â £à ¤ã¨à®¢ªã ­  ¯à®â¨¢®¯®«®¦­ãî, ®áâ ¢«ïï­¥¯®¤¢¨¦­ë¬ ­¥©âà «ì­®¥ ¯à®áâà ­áâ¢®H0.�­ «®£¨ç­ë¬ ®¡à §®¬ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ � :H → H, § ¤ ¢ ¥¬®¥ ¯à ¢¨«®¬(qipj)� = (−p)jqi = (−1)|j| ∑k κ

|k|(i;jk )qi−kpj−k; i; j ∈ Z
d+;®¯à¥¤¥«ï¥â  «ìâ¥à­ â¨¢­ãî ®¯¥à æ¨î âà ­á¯®­¨à®¢ ­¨ï ¢H. � íâ®¬ á«ãç ¥ � :Hk →

Hk, k ∈ Zd, â.¥. âà ­á¯®­¨à®¢ ­¨¥ � á®åà ­ï¥â £à ¤ã¨à®¢ªã.Ǳà ¢¨«® (Af)(q; p) = f(p+ q2 ; p− q); f(q; p) ∈ H;®¯à¥¤¥«ï¥â «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ A:H → H. �­® ®¡à â¨¬®,(A−1g)(q; p) = g(q − 12p; q + 12p); g ∈ H;á®£« á®¢ ­® á ®¯à¥¤¥«ïîé¨¬¨ á®®â­®è¥­¨ï¬¨ à §¤¥«  1.2, ­ ¯à¨¬¥àA(p�q� − q�p� − κÆ��) = 12{(p�p� − p�p�) + (p�q� − q�p� − κÆ��)++ (p�q� − q�p� − κÆ��) + (q�q� − q�q�)}; �; � ∈ 1; d;¨, á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï  ¢â®¬®àä¨§¬®¬  «£¥¡àëH.�¥£ª® ¯à®¢¥àï¥âáï, çâ®  ¢â®¬®àä¨§¬ A ¯¥à¥¢®¤¨â ®¯¥à æ¨¨ âà ­á¯®­¨à®¢ ­¨ï � ¨ t¤àã£ ¢ ¤àã£ , â.¥. (A(f))t = A(f� ), f ∈ H.�à ­á¯®­¨à®¢ ­¨ï ¢ H, ¢ á¢®î ®ç¥à¥¤ì, ¯®à®¦¤ îâ âà ­á¯®­¨à®¢ ­¨ï ¢  «£¥¡à¥
L0(H) ¯à ¢¨« ¬¨F t(f) = (F (f t))t; F � (f) = (F (f� ))� ; F ∈ L(H); f ∈ H:(8) �  «£¥¡à¥H ®¯à¥¤¥«¥­® ¯®­ïâ¨¥ ç¥â­®áâ¨.�¥©áâ¢¨â¥«ì­®,H = Hev +Hod, £¤¥

Hev = {f ∈ H: f(−q;−p) = f(q; p)}; Hod = {f ∈ H: f(−q;−p) = −f(q; p)};¯à¨ç¥¬
Hev · Hev;Hod · Hod ⊂ Hev; Hev · Hod;Hod · Hev ⊂ Hod:(9) �  «£¥¡à¥H ®¯à¥¤¥«¥­  áª®¡ª  Ǳã áá®­ 



� ������������������ ������� ����������� 177�¥©áâ¢¨â¥«ì­®, ¡¨«¨­¥©­ ï ®¯¥à æ¨ï
H 3 f; g 7→ {f; g} = 1

κ

[f; g] ∈ H®¡« ¤ ¥â ¢á¥¬¨ ­¥®¡å®¤¨¬ë¬¨ á¢®©áâ¢ ¬¨. � ç áâ­®áâ¨,
{�ij ; �kl} = ∑m;nCij;klmn �mn; i; j; k; l ∈ Z

d+;áâàãªâãà­ë¥ ª®­áâ ­âëCij;klmn ®¯à¥¤¥«¥­ë ¢ à §¤¥«¥ 1.10.� ª¨¬ ®¡à §®¬, ¢ ¬­®¦¥áâ¢¥ ­®à¬ «ì­ëå ¬­®£®ç«¥­®¢ H ®¯à¥¤¥«¥­ë á«¥¤ãîé¨¥áâàãªâãàë: «¨­¥©­®¥ ¯à®áâà ­áâ¢® { ¬­®¦¥áâ¢®H ¯«îá ®¡ëç­ë¥F-«¨­¥©­ë¥ ®¯¥à Äæ¨¨, ( áá®æ¨ â¨¢­ ï)  «£¥¡à  { «¨­¥©­®¥ ¯à®áâà ­áâ¢®H ¯«îá  áá®æ¨ â¨¢­®¥ ­¥ª®¬Ä¬ãâ â¨¢­®¥ ã¬­®¦¥­¨¥,  «£¥¡à  Ǳã áá®­  {  «£¥¡à H ¯«îá áª®¡ª  Ǳã áá®­ ,  «£¥¡à �¨ { «¨­¥©­®¥ ¯à®áâà ­áâ¢®H ¯«îá áª®¡ª Ǳã áá®­ , à áá¬ âà¨¢ ¥¬ ïª ª áª®¡ª �¨.2. ������� �� ������������������������ �����������2.1. �­ãâà¥­­¨¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï. �®£« á­® ¯ã­ªâã (9) à §¤¥«  0.3 ¢  «Ä£¥¡à¥H ¥áâì ¢­ãâà¥­­¨¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï �−(f), § ¤ ¢ ¥¬ë¥ ¯à ¢¨«®¬�−(f)(g) = 1
κ
[f; g] = {f; g}; f; g ∈ H(¬­®¦¨â¥«ì 1=κ ¤®¡ ¢«¥­ ¤«ï ã¤®¡áâ¢ , áà. á (1.2)); ®ç¥¢¨¤­®, çâ® ¤¨ää¥à¥­æ¨à®¢ ­¨¥�−(f) ­¥âà¨¢¨ «ì­®¥, ¥á«¨ ­®à¬ «ì­ë© ¬­®£®ç«¥­ f(q; p) 6= F · 1. �â ª,(1) ¯à ¢¨«® f 7→ �−(f) § ¤ ¥â «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ �− : H → D(H), ¥£® ï¤à®ker�− = cenH = F.2.2. Ǳà¥¤«®¦¥­¨¥. �á¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï  «£¥¡àë H ¢­ãâà¥­­¨¥, â.¥. ®â®Ä¡à ¦¥­¨¥ �− áîàê¥ªâ¨¢­®¥.�®ª § â¥«ìáâ¢®. Ǳãáâì D ∈ D(H). �ç¥¢¨¤­®, çâ® D ¯®«­®áâìî ®¯à¥¤¥«ï¥âáïá¢®¨¬ ¤¥©áâ¢¨¥¬ ­  ®¡à §ãîé¨¥ q�, p�, â.¥. ­®à¬ «ì­ë¬¨ ¬­®£®ç«¥­ ¬¨f�(q; p) = D(q�); g�(q; p) = D(p�); � ∈ 1; d:� á¢®î ®ç¥à¥¤ì, ­®à¬ «ì­ë¥ ¬­®£®ç«¥­ë f�; g� ∈ H, � ∈ 1; d, ¡ã¤ãâ § ¤ ¢ âì ¤¨äÄä¥à¥­æ¨à®¢ ­¨¥ D ∈ D(H), ¥á«¨ ®­¨ á®£« áãîâáï á ª®¬¬ãâ æ¨®­­ë¬¨ á®®â­®è¥­¨ï¬¨à §¤¥«  1.2, â.¥.D(q�q� − q�q�) = (f�q� + q�f�)− (f�q� + q�f�) = [f�; q� ]− [f� ; q�] == κ

(@f�@p� − @f�@p�) = 0; (2.1)D(p�p� − p�p�) = (g�p� + p�g�)− (g�p� + p�g�) = [g�; p� ]− [g� ; p�] == κ

(@g�@q� − @g�@q� ) = 0; (2.2)D(p�q� − q�p� − κÆ��) = (g�q� + p�f�)− (f�p� + q�g�)− 0 = [g�; q� ] + [p�; f� ] == κ

(@g�@p� + @f�@q�) = 0 (2.3)



178 �.�. �������¤«ï ¢á¥å �; � ∈ 1; d, ¯à¨ç¥¬ ¬ë ¢®á¯®«ì§®¢ «¨áì à ¢¥­áâ¢ ¬¨ (1.2). �®£« á­® ä®à¬ã« ¬(1.6){(1.7) ¨ (1.4){(1.6) á¨áâ¥¬  (2.1) ¤ ¥âf� = @f@p� ;  á¨áâ¥¬  (2.2) { g� = @g@q� ; � ∈ 1; d;¯à¨ç¥¬ ¢ á¨«ã (2.3) ­®à¬ «ì­ë¥ ¬­®£®ç«¥­ë f(q; p) ¨ g(q; p) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥@2(f + g)@q�@p� = 0; �; � ∈ 1; d:� á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ (1.8), (1.9) f(q; p)+ g(q; p) = '(q) + (p), ®âªã¤  f(q; p)−'(q) = −g(q; p)+ (p) = h(q; p), h ∈ H, ¨«¨ f(q; p) = h(q; p)+'(q), g(q; p) = −h(q; p)+ (p). �â ª,D(q�) = f� = @f@p� = @h@p� = 1
κ
[h; q�]; D(p�) = g� = @g@q� = − @h@q� = 1

κ
[h; p�]¤«ï ¢á¥å � ∈ 1; d, â ª çâ®D = {h; ·}, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.2.3. �«£¥¡à  �¨ H?. � §«®¦¨¬ «¨­¥©­®¥ ¯à®áâà ­áâ¢® ­®à¬ «ì­ëå ¬­®£®ç«¥Ä­®¢H ¢ ¯àï¬ãî áã¬¬ã:

H = F · 1 +H?; H? = {f(q; p) ∈ H: f(0; 0) = 0};¨ ¯ãáâì pr1 :H → F · 1, pr? :H → H? { á®®â¢¥âáâ¢ãîé¨¥ ¯à®¥ªâ®àë,pr1(f) = f(0; 0); pr?(f)(q; p) = f(q; p)− f(0; 0); f(q; p) ∈ H:�¯à¥¤¥«¨¬ ­ H? áª®¡ªã [·; ·]? :H? ×H? →H? ¯à ¢¨«®¬[f; g]? = pr?({f; g}); f; g ∈ H?:� ¯®¬®éìî (1.1) «¥£ª® ¯à®¢¥àï¥âáï, çâ®(1) áª®¡ª  [·; ·]? ®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨ áª®¡ª¨�¨ ¨, á«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«ï¥â­ H? áâàãªâãàã  «£¥¡àë �¨;(2) ¬®­®¬ë �ij ≡ qipj , i; j ∈ Zd+, |i+ j| > 0, ®¡à §ãîâ ¡ §¨á ¢H?;(3) áª®¡ª  [·; ·]? ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨[�ij ; �kl]? = ∑

|m+n|>0Cij;klmn �mn; i; j; k; l ∈ Z
d+; |i+ j| > 0; |k + l| > 0;áâàãªâãà­ë¥ ª®­áâ ­âëCij;klmn ®¯à¥¤¥«¥­ë ¢ à §¤¥«¥ 1.10.



� ������������������ ������� ����������� 1792.4. �¥®à¥¬ . �¯à¥¤¥«¥­ ¨§®¬®àä¨§¬  «£¥¡à �¨�− : H? ' D(H);£¤¥ �−(f) = {f; ·} ≡ F , f ∈ H?, ¯à¨ç¥¬�−([f; g]?) = [�−(f); �−(g)]; f; g ∈ H?;�−(f)t = −�−(f t); f ∈ H?:�®ª § â¥«ìáâ¢®. � á¨«ã ¯à¥¤«®¦¥­¨ï 2.2 ¨ ¯à¨¢¥¤¥­­ëå ¢ëè¥ à ááã¦¤¥­¨© ¤®Äª § â¥«ìáâ¢® á¢®¤¨âáï ª ¯à®áâ®© ¯à®¢¥àª¥ (âà ­á¯®­¨à®¢ ­¨¥ ®¯à¥¤¥«¥­® ¢ ¯ãªâ¥ (7)à §¤¥«  1.11).�â ª,  «£¥¡à  �¨
D(H) = {F = {f; ·}: f = ∑

|i+j|>0fij�ij ∈ H}¨¬¥¥â ¡ §¨á Rij = {�ij; ·}, i; j ∈ Zd+, |i+ j| > 0, áª®¡ª  ¨ ¤¥©áâ¢¨¥ ¤ îâáï ä®à¬ã« ¬¨[Rij; Rkl] = ∑

|m+n|>0Cij;klmn Rmn; Rij(�kl) = ∑

|m+n|>0Cij;klmn �mn;áâàãªâãà­ë¥ ª®­áâ ­âë ®¯à¥¤¥«¥­ë ¢ à §¤¥«¥ 1.10.� ç áâ­®áâ¨, [R0(�); Ri+(�);j ] = (i�+1)Rij ¤«ï «î¡ëå� ∈ 1; d, i; j ∈ Zd+, |i+j| > 0,®âªã¤  á«¥¤ã¥â, çâ®(1) ª®¬¬ãâ ­â [D(H);D(H)] = D(H).2.5. �â¥¯¥­ì ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ £à ¤ã¨à®¢ª . �¡®§­ ç¨¬ ç¥à¥§
Hu = {f = ∑

|i+j|=u fij�ij ∈ H}; u ∈ Z+;«¨­¥©­®¥ ¯à®áâà ­áâ¢® ¢á¥å ®¤­®à®¤­ëå ­®à¬ «ì­ëå ¬­®£®ç«¥­®¢ áâ¥¯¥­¨ u. �®£¤ 
H? = ∞∑u=1Hu ¨ [Hv ;Hw]? ⊂ v+w−2∑u=1 Hn; v; w ∈ N:Ǳãáâì Du(H) = {F = {f; ·}: f ∈ Hu} { «¨­¥©­®¥ ¯à®áâà ­áâ¢® ®¤­®à®¤­ëå ¤¨ää¥à¥­Äæ¨à®¢ ­¨© áâ¥¯¥­¨ u ∈ N. �®£« á­® â¥®à¥¬¥ 2.4  «£¥¡à  �¨ D(H) à §« £ ¥âáï ¢ ¯àïÄ¬ãî áã¬¬ã «¨­¥©­ëå ¯à®áâà ­áâ¢

D(H) = ∞∑u=1Du(H) ¨ [Dv(H);Dw(H)] ⊂ v+w−2∑u=1 Du(H); v; w ∈ N:�­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«®¦¨¬H?k = H? ∩Hk, k ∈ Zd (á¬. ¯ã­ªâ (6) à §¤¥«  1.11,§ ¬¥â¨¬, çâ®H?k = Hk ¯à¨ k 6= 0), ¨ ¯ãáâìDk(H) = {F = {f; ·}: f ∈ H?k} { «¨­¥©­ë¥¯à®áâà ­áâ¢  
-®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨© ¯®àï¤ª  k ∈ Zd. �¥£ª® ¯à®¢¥àï¥âáï,çâ®  «£¥¡à  �¨ D(H) ®¡« ¤ ¥â £à ¤ã¨à®¢ª®©:
D(H) = ∑k∈Zd Dk(H); [Dk(H);Dl(H)] ⊂ Dk+l(H); k; l ∈ Z

d:



180 �.�. �������2.6. �« áá¨ç¥áª¨© ¯à¥¤¥«. �®£« á­® à §¤¥«ã 2.4  «£¥¡à  �¨ D(H) ¨¬¥¥â ¡ §¨á�ij = Rij , i; j ∈ Zd+, |i+ j| > 0, ¨ ª®¬¬ãâ â®à[�ij ; �kl] = ∑m;nCij;klmn �mn;£¤¥ áâàãªâãà­ë¥ ª®­áâ ­âëCij;klmn = Cij;klmn (κ) = ∑

|r|>0κ
|r|−1(i;j;k;lr )Æi+k−rm Æj+l−rn == d∑�=1(j�k� − l�i�)Æi+k−(�)m Æj+l−(�)n +O(κ):Ǳ¥à¥å®¤ï ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã κ → 0, ¯®«ãç¨¬  «£¥¡àã �¨Z á ¡ §¨á®¬ �ij ,i; j ∈ Zd+, |i+ j| > 0, ¨ áª®¡ª®©[�ij ; �kl] = d∑

|m+n|>0Zij;klmn �mn;£¤¥ áâàãªâãà­ë¥ ª®­áâ ­âëZij;klmn = d∑�=1(j�k� − l�i�)Æi+k−(�)m Æj+l−(�)n :� ¬¥â¨¬, çâ®  «£¥¡à  H ¢ ¯à¥¤¥«¥ κ → 0 ¯¥à¥å®¤¨â ¢  «£¥¡àã F[r] ª®¬¬ãâ â¨¢­ëå¬­®£®ç«¥­®¢ á ®¡à §ãîé¨¬¨ r = (q1; : : : ; pd) ¨ ®¡ëç­ë¬¨ «¨­¥©­ë¬¨ ®¯¥à æ¨ï¬¨ ¨ ã¬-­®¦¥­¨¥¬. � §¨á­ë¥ áª®¡ª¨ Ǳã áá®­  (á¬. ¯ã­ªâ (9) à §¤¥«  1.11) ¯à¨­¨¬ îâ ¢ íâ®¬á«ãç ¥ ¢¨¤
{�ij; �kl} = ∑m;nZij;klmn �mn = d∑�=1(j�k� − l�i�)�i+k−(�);j+l−(�) == d∑�=1(@�ij@p� @�kl@q� − @�ij@q� @�kl@p� ); i; j; k; l ∈ Z

d+;®âªã¤ 
{f; g} = d∑�=1( @f@p� @g@q� − @f@q� @g@p�); f; g ∈ F[r]; (2.4)¢ ¯®«­®¬ á®£« á¨¨ á ª« áá¨ç¥áª¨¬¨ ¢ëà ¦¥­¨ï¬¨ (á¬., ­ ¯à¨¬¥à, [2]). �àã£¨¬¨ á«®¢ Ä¬¨,(1) ¢ ¯à¥¤¥«¥ κ → 0  «£¥¡à  Ǳã áá®­  H ¯¥à¥å®¤¨â ¢ ª« áá¨ç¥áªãî  «£¥¡àã Ǳã áÄá®­  F[r] ª®¬¬ãâ â¨¢­ëå ¬­®£®ç«¥­®¢ á® áª®¡ª®© (2.4).� ¤àã£®© áâ®à®­ë, à áá¬ âà¨¢ ï F[r] ª ª  «£¥¡àã �¨ á® áª®¡ª®© (2.4), ¯à¨å®¤¨¬ ªãâ¢¥à¦¤¥­¨î:(2) ®¯à¥¤¥«¥­ ¨§®¬®àä¨§¬ «£¥¡à�¨Z ' F[r]/{1}, £¤¥ {1} { æ¥­âà  «£¥¡àë�¨ F[r].



� ������������������ ������� ����������� 1813. �������� Ǳ���������3.1. �¨ää¥à¥­æ¨à®¢ ­¨ï ¯¥à¢®© áâ¥¯¥­¨. �¨ää¥à¥­æ¨à®¢ ­¨ï Q� = {q�; ·},P� = {p�; ·}, � ∈ 1; d, ®¡à §ãîâ ¡ §¨á «¨­¥©­®£® ¯à®áâà ­áâ¢  D1(H) ¤¨ää¥à¥­æ¨à®Ä¢ ­¨© ¯¥à¢®© áâ¥¯¥­¨. � ¯®¬®éìî ä®à¬ã« (1.1), (1.2) «¥£ª® ¯à®¢¥àïîâáï á«¥¤ãîé¨¥ãâ¢¥à¦¤¥­¨ï:(1) ¤¨ää¥à¥­æ¨à®¢ ­¨ïQ�, P� ¤¥©áâ¢ãîâ ­ H ¯® ¯à ¢¨« ¬Q�(f) = − @f@p� ; P�(f) = @f@q� ; f ∈ H; � ∈ 1; d;(2) ¤¨ää¥à¥­æ¨à®¢ ­¨ï Q�, P�, �; � ∈ 1; d, ¯®¯ à­® ª®¬¬ãâ¨àãîâ, â ª çâ® D1(H){ ª®¬¬ãâ â¨¢­ ï ¯®¤ «£¥¡à   «£¥¡àë �¨ D(H);(3) á¥¬¥©áâ¢®Q1; : : : ; Pd â®â «ì­®¥, â.¥. ­®à¬ «ì­ë©¬­®£®ç«¥­ f ∈ H ã¤®¢«¥â¢®àïÄ¥â á¨áâ¥¬¥Q�(f) = P�(f) = 0, � ∈ 1; d, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f ∈ H0 = F;(4) ®¯à¥¤¥«¥­  áâ ­¤ àâ­ ï¤¨ää¥à¥­æ¨ «ì­ ï  «£¥¡à  (H;D1(H)) (á¬. à §¤¥« 0.5).3.2. �ªá¯®­¥­âë. Ǳãáâì c = (a; b) = (a1; : : : ; bd) ∈ F2d. �ã¤¥¬ ­ §ë¢ âì íªá¯®­¥­Äâ ¬¨ (â®ç­¥¥, c-íªá¯®­¥­â ¬¨, á¬., ­ ¯à¨¬¥à, [16]) à¥è¥­¨ï f á¨áâ¥¬ëQ�(f) = a�f; P�(f) = b�f; � ∈ 1; d: (3.1)Ǳ®áª®«ìªã ®¯¥à â®àë Q�, P� áãâì ¤¨ää¥à¥­æ¨à®¢ ­¨ï, íªá¯®­¥­âë ®¡« ¤ îâ å à ªÄâ¥à¨§ãîé¨¬ á¢®©áâ¢®¬:(1) ¯à®¨§¢¥¤¥­¨¥ f ′ · f ′′ ¥áâì (c′ + c′′)-íªá¯®­¥­â , ¥á«¨ f ′ ¥áâì c′-íªá¯®­¥­â ,   f ′′¥áâì c′′-íªá¯®­¥­â .Ǳà®áâë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®(2) ¢áïª®¥ à¥è¥­¨¥ á¨áâ¥¬ë (3.1) ¢ ª« áá¥ ä®à¬ «ì­ëå áâ¥¯¥­­ëå àï¤®¢ ¨¬¥¥â ¢¨¤(á â®ç­®áâìî ¤® ­®à¬¨à®¢ª¨)f(q; p; c) = ∑i∈Z
d+ bii! qi ∑j∈Z

d+(−1)|j| ajj! pj = ∑i;j∈Z
d+(−1)|j| biaji!j! qipj :� ç áâ­®áâ¨, íªá¯®­¥­âë ï¢«ïîâáï ä®à¬ «ì­ë¬¨ (®¡®¡é¥­­ë¬¨) í«¥¬¥­â ¬¨, ­¥¯à¨­ ¤«¥¦ é¨¬¨  «£¥¡à¥ H. �¥¬ ­¥ ¬¥­¥¥ ®­¨ ¬®£ãâ ®ª § âìáï ¯®«¥§­ë¬¨ ¢ ¯à¨«®Ä¦¥­¨ïå.3.3. �¨ää¥à¥­æ¨à®¢ ­¨ï ¢â®à®© áâ¥¯¥­¨. � áá¬®âà¨¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ïQ�� = {q�q� ; ·} = Q��, R�� = {q�p� ; ·}, P�� = {p�p� ; ·} = P��, �; � ∈ 1; d. � ¯®Ä¬®éìî ä®à¬ã« (1.1) «¥£ª® ¯à®¢¥à¨âì, çâ®(1) ¢¢¥¤¥­­ë¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¤¥©áâ¢ãîâ ¯® ä®à¬ã« ¬Q��(f) = −(q� @f@p� + q� @f@p�)

− κ
@2f@p�@p� ;R��(f) = q� @f@q� − @f@p� p� ;P��(f) = ( @f@q� p� + @f@q� p�) + κ

@2f@q�@q�



182 �.�. �������¤«ï ¢á¥å f ∈ H, �; � ∈ 1; d (®¡à â¨¬ ¢­¨¬ ­¨¥ ­  ­ «¨ç¨¥ ¢â®àëå ¯à®¨§¢®¤­ëå);(2) D2(H) { ¯®¤ «£¥¡à   «£¥¡àë �¨ D(H) à §¬¥à­®áâ¨ d(2d + 1) á ¡ §¨á®¬ Q�� ,� 6 �, R�� , �; � ∈ 1; d, P�� , � 6 �, ¨ ª®¬¬ãâ æ¨®­­ë¬¨ á®®â­®è¥­¨ï¬¨[Q��; Q��] = 0; [P��; P�� ] = 0; [R��; Q��] = Æ��Q�� + Æ��Q�� ;[R��; R�� ] = Æ��R�� − Æ��R��; [R��; P�� ] = −Æ��P�� − Æ��P�� ;[Q��; P�� ] = −Æ��R�� − Æ��R�� − Æ��R�� − Æ��R�� ; �; �; �; � ∈ 1; d:� áá¬®âà¨¬  «£¥¡àã �¨ sp(2d;F) (â.¥.  «£¥¡àã �¨ ä®à¬ «ì­®© á¨¬¯«¥ªâ¨ç¥áª®©£àã¯¯ë ¯®àï¤ª  2d) ¢ á«¥¤ãîé¥© à¥ «¨§ æ¨¨:  «£¥¡à  sp(2d;F) á®áâ®¨â ¨§ ¢á¥å ¬ âà¨æM;N; : : : ¯®àï¤ª  2d á í«¥¬¥­â ¬¨ ¨§ F, § ¯¨á ­­ëå ¢ ¡«®ç­®¬ ¢¨¤¥M = ( b ac −bt) ; N = ( y xz −yt) ; : : :(a, b, c, x, y, z, : : : { ª¢ ¤à â­ë¥¬ âà¨æë¯®àï¤ª  d×d á í«¥¬¥­â ¬¨¨§F, ¯à¨ç¥¬ a = at,c = ct, x = xt, z = zt; : : : ), ¨ á® áª®¡ª®©�¨ [M;N ] =MN −NM (á¬., ­ ¯à¨¬¥à, [22]).� ¯®¬®éìî ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨© ¯ã­ªâ  (2) à §¤¥«  3.3 ¬®¦­® ¯à®¢¥à¨âì,çâ®(3) ¯à ¢¨«® M = ( b ac −bt) 7→ D = −aQ2 + bR+ cP2§ ¤ ¥â ¨§®¬®àä¨§¬  «£¥¡à �¨ sp(2d;F) ' D2(H).Ǳ®¤à®¡­¥¥, D = d∑�;�=1(−12a��Q�� + b��R�� + 12c��P��):3.4. �¨¬¬¥âà¨¨ ¤¨ää¥à¥­æ¨ «ì­®©  «£¥¡àë (H;D1(H)). Ǳ® ®¯à¥¤¥«¥­¨î(á¬. à §¤¥« 0.5) ¤¨ää¥à¥­æ¨à®¢ ­¨¥ F ∈ D(H) ­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ �¨{�¥ª«ã­¤  ¤¨ää¥à¥­æ¨ «ì­®©  «£¥¡àë (H;D1(H)), ¥á«¨ ª®¬¬ãâ â®àë [F;Q�]; [F; P�] ∈
D1(H) ¤«ï ¢á¥å � ∈ 1; d. � ¯®¬®éìî ãâ¢¥à¦¤¥­¨ï (1) à §¤¥«  3.1 «¥£ª® ¯à®¢¥àï¥âáï,çâ® íâ® ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  F ∈ D1(H) + D2(H). � á¨«ã ãâ¢¥à¦Ä¤¥­¨© (2) à §¤¥«  3.1 ¨ (2) à §¤¥«  3.3 ®âáî¤  á«¥¤ã¥â, çâ®(1)  «£¥¡à  �¨ á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨ «ì­®©  «£¥¡àë (H;D1(H)) ¨¬¥¥â ¢¨¤SymD1(H)H = D2(H):



� ������������������ ������� ����������� 1833.5. Ǳ®¤ «£¥¡à  R  «£¥¡àë �¨ D2(H). �§ ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨© (2)à §¤¥«  3.3 á«¥¤ã¥â, çâ®(1) «¨­¥©­®¥ ¯à®áâà ­áâ¢®
R = 


A = d∑�;�=1 a��R�� : a�� ∈ F



ï¢«ï¥âáï ¯®¤ «£¥¡à®©  «£¥¡àë �¨ D2(H).�®«¥¥ â®£®, «¥£ª® § ¬¥â¨âì, çâ®(2) ¨¬¥¥â ¬¥áâ® ¨§®¬®àä¨§¬  «£¥¡à �¨ gl(d;F) ' R, § ¤ ¢ ¥¬ë© ¯à ¢¨«®¬ a =

‖a��‖ 7→ A = ∑ a��R�� .� ç áâ­®áâ¨ (á¬., ­ ¯à¨¬¥à, [23]),(3) ä®à¬  �¨««¨­£  ­  R ¨¬¥¥â ¢¨¤�(A;B) = 2d tr(ab)− 2 tr(a) tr(b); A = ∑a��R�� ; B = ∑ b��R�� ;(4)   ®¯¥à â®àë � §¨¬¨à  {K1 = d∑�1=1R�1�1 ; : : : ; Kd = d∑�1;:::;�d=1R�1�2 ◦R�2�3 ◦ · · · ◦R�d�1 :� ¯®¬®éìî ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨© (1.1) «¥£ª® ¯à®¢¥àï¥âáï, çâ®R�� :Hk →Hk+(�)−(�); �; � ∈ 1; d; k ∈ Z
d:�ç¥¢¨¤­®, çâ® |k + (�) − (�)| = |k|. �â® § ¬¥ç ­¨¥ ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã ãâ¢¥à¦Ä¤¥­¨î. �«ï ª ¦¤®£® u ∈ Z ¯®«®¦¨¬ Hu = ∑

|k|=uHk. �®£¤  A: Hu → Hu ¤«ï ¢á¥åA ∈ R ¨ u ∈ Z. �«¥¤®¢ â¥«ì­®,(5) ®¯à¥¤¥«¥­ë â®ç­ë¥ ¯à¥¤áâ ¢«¥­¨ï gl(d;F)→ L(Hu)  «£¥¡àë�¨ gl(d;F) ¢ «¨­¥©Ä­ëå ¯à®áâà ­áâ¢ åHu, u ∈ Z.3.6. �à ¤ã¨àãîé¨¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï. Ǳ®«®¦¨¬ �� = R�� (¡¥§ áã¬¬¨à®Ä¢ ­¨ï), � ∈ 1; d, ¨ � = (�1; : : : ;�d). �¥£ª® ¯à®¢¥àï¥âáï, çâ® ¤«ï ¤ ­­ëå ­®à¬ «ì­®£®¬­®£®ç«¥­  f ∈ H ¨ ¢¥ªâ®à  c = (c1; : : : ; cd) ∈ F
d ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢  ��(f) = c�f ,� ∈ 1; d (ª®à®âª®, �(f) = cf), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  c = k = (k1; : : : ; kd) ∈ Zd ¨f ∈ Hk. �àã£¨¬¨ á«®¢ ¬¨,(1) ¢¥ªâ®à­ë© ®¯¥à â®à � ï¢«ï¥âáï £à ¤ã¨àãîé¨¬ ­ H.3.7. �¨ää¥à¥­æ¨à®¢ ­¨ï á ­ã«¥¢®© £à ¤ã¨à®¢ª®©. �¡à â¨¬áï ª «¨­¥©­®Ä¬ã ¯à®áâà ­áâ¢ã D0(H). �®£« á­® à §¤¥«ã 2.5 [D0(H);Dk(H)] ⊂ Dk(H) ¤«ï «î¡®£®k ∈ Zd. �®«¥¥ â®£®, á ¯®¬®éìî ä®à¬ã«ë (1.1) «¥£ª® ãáâ ­ ¢«¨¢ ¥âáï, çâ®(1) D0(H) { ª®¬¬ãâ â¨¢­ ï ¯®¤ «£¥¡à   «£¥¡àë �¨ D(H);(2) ¢ ª ¦¤®¬ ¨§ «¨­¥©­ëå ¯à®áâà ­áâ¢Hk, k ∈ Zd, k 6= 0, ®¯à¥¤¥«¥­® ¯à¥¤áâ ¢«¥Ä­¨¥ D0(H)→ L(Hk)  «£¥¡àë �¨ D0(H).



184 �.�. �������3.8. �«ãç © d = 1. �¤¥áì ¨­¤¥ªáë i; j; k; : : : ∈ Z;Z+;N (¨­¤¥ªá � ®¯ãáª ¥¬ §  ­¥Ä­ ¤®¡­®áâìî). � íâ®¬ á«ãç ¥  «£¥¡à  �¨ sp(2;F) = sl(2;F) ¨ ¨§®¬®àä¨§¬ ¯ã­ªâ  (3)à §¤¥«  3.3 ¯à¨­¨¬ ¥â ¢¨¤
sl(2;F) 3M = ( b ac −b)

7→ D = −aQ2 + bR+ cP2 ∈ D2(H);£¤¥ a; b; c ∈ F. � â®ç­®áâìî ¤® ­®à¬¨à®¢ª¨ äã­ªæ¨®­ « �¨««¨­£  à ¢¥­�(D;V ) = az + 2by + cx; D = −aQ2 + bR+ cP2 ; V = −xQ2 + yR+ z P2 ;  ®¯¥à â®à � §¨¬¨à  { � = R ◦R− 12{Q ◦ P + P ◦Q}:Ǳ®¤áâ ¢«ïï áî¤  ä®à¬ã«ë ¯ã­ªâ  (1) à §¤¥«  3.3, ¯®«ãç¨¬�(f) = 3(q @f@q + @f@p p)+(q2 @2f@q2 + 2q @2f@q@pp+ @2f@p2 p2)++ 2κ(2 @2f@q@p + q @3f@q2@p + @3f@q@p2 p) + κ
2 @4f@q2@p2 ; f ∈ H:� áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  ãà ¢­¥­¨¥�(f) = 0 ¢ ª« áá¥ ä®à¬ «ì­ëå áâ¥¯¥­­ëåàï¤®¢ (áà. á à §¤¥«®¬ 3.2),�(f) = 0; f = ∞∑i;j=0 cijqipj ; cij ∈ F:�«ï ª®íää¨æ¨¥­â®¢ cij ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©(i+ j)(i+ j + 2)cij + 2κ(i+ 1)(j + 1)(i+ j + 2)ci+1;j+1++ κ

2(i+ 1)(j + 1)(i+ 2)(j + 2)ci+2;j+2 = 0; i; j ∈ Z+:Ǳà®¨§¢¥¤¥¬ § ¬¥­ã ¨­¤¥ªá®¢: (i; j ∈ Z+)↔ (k ∈ Z; n ∈ Z+),
{ i = n+ k+;j = n+ k−; k+ = { k; k > 0;0; k < 0; k− = { 0; k > 0;

−k; k < 0;â ª çâ® k = k+ − k−, |k| = k+ + k−, k = i − j, n = (i + j − |i − j|)=2. Ǳ®« £ ïbk;n = ci;j ¨ ãç¨âë¢ ï, çâ® i + j = 2n + |k|, ij = n(n + |k|), ¤«ï ª®íää¨æ¨¥­â®¢ bk;n¯®«ãç ¥¬ à¥ªãàà¥­â­ë¥ á®®â­®è¥­¨ïbk;n+2 = − (|k|+ 2n+ 2)
κ2 2κ(n+ 1)(|k|+ n+ 1)bk;n+1 + (|k|+ 2n)bk;n(n+ 1)(n+ 2)(|k|+ n+ 1)(|k|+ n+ 2) :



� ������������������ ������� ����������� 185Ǳ®á«¥¤­¨¥ ¨¬¥îâ ¤¢¥ á¥à¨¨ à¥è¥­¨©: gkn ¨ hkn, £¤¥gk0 = 1; gk1 = 0; gkn = (−1)n−1(n− 1)n!κn |k|(|k|+ 2) : : : (|k|+ 2n− 2)(|k|+ 1)(|k|+ 2) : : : (|k|+ n) ;hk0 = 0; hk1 = 1; hkn = (−1)n−1(n− 1)!κn−1 (|k|+ 2)(|k|+ 4) : : : (|k|+ 2n− 2)(|k|+ 2)(|k|+ 3) : : : (|k|+ n) :�«¥¤®¢ â¥«ì­®,(1) ãà ¢­¥­¨¥�(f) = 0 ¢ ª« áá¥ ä®à¬ «ì­ëå áâ¥¯¥­­ëå àï¤®¢ ¨¬¥¥â ¡ §¨á «¨­¥©­®­¥§ ¢¨á¨¬ëå à¥è¥­¨©:gk(q; p) = ∞∑n=0 gknqn+k+pn+k− ; hk(q; p) = ∞∑n=0hknqn+k+pn+k− ; k ∈ Z;ª®íää¨æ¨¥­âë gkn, hkn ®¯à¥¤¥«¥­ë ¢ëè¥.4. ����������� ���������� ������� D(H)4.1. �¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë. �«ï  «£¥¡àë �¥©§¥­¡¥à£ H  «£¥¡à  ¬ã«ìâ¨¯Ä«¨ª â®à®¢ M(H) = F (á¬. ¯ã­ªâ (5) à §¤¥«  1.11), â ª çâ® ãá«®¢¨¥ (i) ¨§ à §¤¥«  0.6¢ë¯®«­¥­®,   ¤«ï ¤ ­­®©  «£¥¡àë K ãá«®¢¨ï (ii){(iv) á¢®¤ïâáï ª ¥¤¨­áâ¢¥­­®¬ã ãá«®Ä¢¨î: ®¯à¥¤¥«¥­ ¬®àä¨§¬  «£¥¡à �¨  : D(H) → D(K). �®£« á­® à §¤¥«ã 0.6 £®¤ïâáï «£¥¡àëH, F ¨ D(H).�áâ ¢«ïï ¯®«­®¥ ¨áá«¥¤®¢ ­¨¥ ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ ­  ¡ã¤ãé¥¥, à áá¬®âà¨¬¯à®áâ¥©è¨© á«ãç ©K = M(H) = F, ª®£¤ ' = idF : M(H) = F→M(F) = F;    = 0: D(H)→ D(F) = 0:�¤¥áì, 
∗(H;F) = HomF

(
∧∗D(H);F) = (

∧∗D(H))′. � ç áâ­®áâ¨, 
0(H;F) = F,   «¨Ä­¥©­®¥ ¯à®áâà ­áâ¢® 
1(H;F), ¤ã «ì­®¥ ª «¨­¥©­®¬ã ¯à®áâà ­áâ¢ã D(H), ¨¬¥¥â ¡ §¨á
{�ij ; |i+ j| > 0}, ¤ã «ì­ë© ª ¡ §¨áã {Rij; |i+ j| > 0}, �ij(Rkl) = Æklij .�®£« á­®à §¤¥«ã0.7 ¤¨ää¥à¥­æ¨ « d = du : 
u(H;F)→ 
u+1(H;F), u ∈ Z+, ¤¥©áâÄ¢ã¥â ¯® ¯à ¢¨«ã(d!)(D0; : : : ; Du) = ∑06v<w6u(−1)v+w!([Dv ; Dw]; D0; : : : ; �Dv; : : : ; �Dw; : : : ; Du)¤«ï ¢á¥å! ∈ 
u(H;F). �ç áâ­®áâ¨, d
0(H;F) = dF = 0, ®âªã¤ H0(H;F) = ker d0 = F.�¥£ª® â ª¦¥ ¯à®¢¥àï¥âáï, çâ®d�ij = − ∑k;l;m;nCkl;mnij �kl · �mn; |i+ j| > 0: (4.1)� «¥¥, á ¯®¬®éìî à ¢¥­áâ¢  [D(H);D(H)] = D(H) (á¬. ¯ã­ªâ (1) à §¤¥«  2.4) ¢ë¢®Ä¤¨¬, çâ® ¤¨ää¥à¥­æ¨ « d! = 0, ! ∈ 
1(H;F), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ! = 0, â.¥.ker d1 = 0. � ç áâ­®áâ¨,H1(H;F) = ker d1/ im d0 = 0.



186 �.�. �������4.2. �«£¥¡à  �¨ H. Ǳ à ««¥«ì­® á  «£¥¡à®© �¨ D(H) à áá¬®âà¨¬  «£¥¡àã �¨
H á® áª®¡ª®© {·; ·} (á¬. ¯ã­ªâ (9) à §¤¥«  1.11). � ¯®¬­¨¬, çâ®  «£¥¡à  �¨ H ¨¬¥¥â¡ §¨á �ij , i; j ∈ Zd+, ¨ ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï

{�ij ; �kl} = ∑m;nCij;klmn �mn:� ª ¨ ¢ á«ãç ¥  «£¥¡àë D(H) (á¬. ¯ã­ªâ (1) à §¤¥«  2.4), ª®¬¬ãâ ­â {H;H} = H. � Ä¬¥â¨¬, çâ® æ¥­âà  «£¥¡àë �¨H ¥áâì cenH = F (áà. á ¯ã­ªâ®¬ (3) à §¤¥«  1.11).Ǳãáâì ∧∗H { ¢­¥è­ïï  «£¥¡à  «¨­¥©­®£® ¯à®áâà ­áâ¢  H. �®£« á­® ®¡é¥© â¥®à¨¨(á¬. [15]) u-ª®æ¥¯¨  «£¥¡àë �¨ H á® §­ ç¥­¨ï¬¨ ¢ F ®¯à¥¤¥«ïîâáï ª ª «¨­¥©­ë¥ ®â®Ä¡à ¦¥­¨ï ¨§∧uH ¢ F, u ∈ Z+, â ª çâ® «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¢á¥å ª®æ¥¯¥©  «£¥¡àë�¨
H á® §­ ç¥­¨ï¬¨ ¢ F ¥áâì

C∗(H;F) = HomF(∧∗H;F) = (
∧∗H

)′:� ç áâ­®áâ¨, C0(H;F) = F, «¨­¥©­®¥ ¯à®áâà ­áâ¢® C1(H;F), ¤ã «ì­®¥ ª H, ¨¬¥¥â ¤ãÄ «ì­ë© ¡ §¨á #ij , #ij(�kl) = Æklij , i; j; k; l ∈ Z
d+. �¨ää¥à¥­æ¨ « d = du : Cu(H;F) →

Cu+1(H;F), u ∈ Z+, § ¤ ¥âáï ¯à ¢¨«®¬(d!)(f0; : : : ; fu) = ∑06v<w6u(−1)v+w!(
{fv; fw}; f0; : : : ; �fu; : : : ; �fw; : : : ; fu)¤«ï ¢á¥å ! ∈ Cu(H;F). �¤¥áì â ª¦¥ du+1 ◦ du = 0, â ª çâ® ®¯à¥¤¥«¥­ ª®¬¯«¥ªá �¨

{Cu(H;F); du; u ∈ Z+} á ª®£®¬®«®£¨ï¬¨HuLie(H;F) = ker du/ im du−1.Ǳ® ¯®áâà®¥­¨î dC0(H;F) = dF = 0, ®âªã¤ H0Lie(H;F) = F. � «¥¥, ¢ á¨«ã à ¢¥­áâ¢ 
{H;H} = H, ker d1 = 0, â ª çâ®H1Lie(H;F) = 0. � ª ¨ ¢ëè¥ (á¬. (4.1)), «¥£ª® ¯à®¢¥àïÄ¥âáï à ¢¥­áâ¢® d#ij = − ∑k;l;m;nCkl;mnij #kl · #mn; i; j ∈ Z

d+: (4.2)4.3. �¥­âà «ì­®¥ à áè¨à¥­¨¥  «£¥¡àë �¨D(H). �¨¤­®, çâ®  «£¥¡àë�¨H ¨
D(H) ®ç¥­ì ¯®å®¦¨. �¥©áâ¢¨â¥«ì­®, á ¯®¬®éìî â¥®à¥¬ë 2.4 «¥£ª® ¯à®¢¥à¨âì, çâ®(1) ®¯à¥¤¥«¥­  â®ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì  «£¥¡à �¨0→ F→H

�
→ D(H)→ 0; (4.3)£¤¥ F à áá¬ âà¨¢ ¥âáï ª ª âà¨¢¨ «ì­ ï ª®¬¬ãâ â¨¢­ ï  «£¥¡à  �¨, ¬®àä¨§¬ �§ ¤ ¥âáï ¯à ¢¨«®¬: H 3 f 7→ �(f) = {f; ·} ∈ D(H).�àã£¨¬¨ á«®¢ ¬¨,  «£¥¡à �¨H ¥áâì ®¤­®¬¥à­®¥ æ¥­âà «ì­®¥ à áè¨à¥­¨¥  «£¥¡Äàë �¨ D(H). � ¬¥â¨¬, çâ® �(�00) = 0, �(�ij) = Rij, i; j ∈ Zd+, |i+ j| > 0.�ã «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨¬¥¥â ¢¨¤0←− F←− C1(H;F) �∗

←− 
1(H;F)←− 0; (4.4)



� ������������������ ������� ����������� 187£¤¥ �∗(�ij) = #ij , i; j ∈ Zd+, |i+ j| > 0.�®£« á­® ®¡é¥© â¥®à¨¨ ª®£®¬®«®£¨©  «£¥¡à �¨ (á¬. [15]), ª ¦¤®¥ ®¤­®¬¥à­®¥ æ¥­âÄà «ì­®¥ à áè¨à¥­¨¥  «£¥¡àë �¨  áá®æ¨¨à®¢ ­® á ­¥ª®â®à®© § ¬ª­ãâ®© 2-ä®à¬®© ­ íâ®©  «£¥¡à¥. � ­ è¥¬ á«ãç ¥ ¨¬¥¥âáï à §«®¦¥­¨¥ H = F · 1 + H? (á¬. à §¤¥« 2.3),¨ ¨áª®¬ ï ä®à¬  � ∈ 
2(H;F) ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬�(�(f); �(g)) = pr1({f; g}); f; g ∈ H;£¤¥ ¯à®¥ªæ¨ï pr1 : H → F. Ǳ®¤à®¡­¥¥, pr1(f) = f(0) = f00 = #00(f) ¤«ï ¢áïª®£® f =∑i;j fij�ij ∈ H. �«¥¤®¢ â¥«ì­®, pr1({f; g}) = #00({f; g}) = −(d#00)(f; g), â ª çâ®®¯à¥¤¥«ïîé¥¥ ãá«®¢¨¥ ¯à¨­¨¬ ¥â ¢¨¤ �(�(f); �(g)) = −(d#00)(f; g). �ç¨âë¢ ï à ¢¥­Äáâ¢® (4.2), ä®à¬ã«ã Cij;kl00 = ∑

|r|>0κ
|r|−1r!(Æi0ÆjrÆkr Æl0 − ÆirÆj0Æk0 Ælr);á®®â­®è¥­¨¥ ¯ã­ªâ  (4) à §¤¥«  0.8 ¨ à ¢¥­áâ¢  â¨¯  #ij(f) = fij = �ij(�(f)), ®ª®­ç Äâ¥«ì­® ¯®«ãç ¥¬, çâ®(2) ®¤­®¬¥à­®¥ æ¥­âà «ì­®¥ à áè¨à¥­¨¥ (4.3)  áá®æ¨¨à®¢ ­® á 2-ä®à¬®©� = 2 ∑

|r|>0κ
|r|−1r!�0r · �r0 ∈ 
2(H;F): (4.5)�¡à â¨¬áï ª á¢®©áâ¢ ¬ ä®à¬ë �. Ǳ® ¯®áâà®¥­¨î íâ  ä®à¬  § ¬ª­ãâ ï. Ǳà®¢¥à¨¬íâ® á¢®©áâ¢® ­¥¯®áà¥¤áâ¢¥­­®: ¯ãáâì f1; f2; f3 ∈ H, â®£¤ 

(d�)(�(f1); �(f2); �(f3)) = −�([�(f1); �(f2)]; �(f3))−
− �([�(f2); �(f3)]; �(f1))− �([�(f3); �(f1)]; �(f2)) == −#00({{f1; f2} ; f3}+ {{f2; f3} ; f1}+ {{f3; f1} ; f2}) = 0;£¤¥ ¬ë ¨á¯®«ì§®¢ «¨ à ¢¥­áâ¢® [�(f); �(g)] = �(

{f; g}), f; g ∈ H, (á¬. ¯ã­ªâ (1) à §¤¥Ä«  4.3) ¨ â®¦¤¥áâ¢® �ª®¡¨.�¤­ ª® ä®à¬  � ­¥ ï¢«ï¥âáï â®ç­®©. �¥©áâ¢¨â¥«ì­®, ¯à¥¤¯®«®¦¨¬, çâ® � = d	 á­¥ª®â®à®© 1-ä®à¬®© 	 = ∑

|i+j|>0	ij�ij ∈ 
1(H;F);ª®íää¨æ¨¥­âë 	ij ∈ F. �®£¤  ¤«ï ¢á¥å f; g ∈ H ¡ã¤¥¬ ¨¬¥âì�(�(f); �(g)) = (d	)(�(g); �(g)) = −	([�(f); �(g)]) = −	(�(
{f; g})) == − (

{f; g}) = (d )(f; g);
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|i+j|>0	ij#ij ∈ C1(H;F):� ¤àã£®© áâ®à®­ë, ¯® ¯®áâà®¥­¨î �(�(f); �(g)) = −(d#00)(f; g). �â ª, d( +#00) = 0,¨, §­ ç¨â,  + #00 = 0, ¯®áª®«ìªã ker d1 = 0 (á¬. à §¤¥« 4.2). Ǳ®¤à®¡­¥¥,
∑

|i+j|>0	ij#ij + #00 = 0;çâ®, ®ç¥¢¨¤­®, ­¥¢®§¬®¦­®. Ǳ®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® � ­¥ ï¢«ï¥âáïâ®ç­®©.� ª¨¬ ®¡à §®¬, ¤®ª § ­®4.4. Ǳà¥¤«®¦¥­¨¥. �®à¬ � = 2 ∑

|r|>0κ
|r|−1r!�0r · �r0§ ¤ ¥â ­¥âà¨¢¨ «ì­ë© í«¥¬¥­â [�] ∈ H2(H;F).� ç áâ­®áâ¨, æ¥­âà «ì­®¥ à áè¨à¥­¨¥ (4.3) ­¥âà¨¢¨ «ì­®¥, ¨H2(H;F) 6= 0.4.5. �«£¥¡à  ¨­¢ à¨ ­â­®áâ¨ ä®à¬ë �. �®à¬  ! ∈ 
∗(A;K) ­ §ë¢ ¥âáï ¨­Ä¢ à¨ ­â­®© ®â­®á¨â¥«ì­® ¤¨ää¥à¥­æ¨à®¢ ­¨ï D ∈ D(A) (¬ë ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥Ä­¨ï à §¤¥«  0.7), ¥á«¨ LD! = 0. � á¨«ã à ¢¥­áâ¢  ¯ã­ªâ  (2) à §¤¥«  0.7 ¬­®¦¥áâ¢®¢á¥å ¤¨ää¥à¥­æ¨à®¢ ­¨©, ®â­®á¨â¥«ì­® ª®â®àëå ! ¨­¢ à¨ ­â­ , ®¡à §ã¥â ¯®¤ «£¥¡àã( «£¥¡àã ¨­¢ à¨ ­â­®áâ¨ !)  «£¥¡àë �¨ D(A).�ëç¨á«¨¬  «£¥¡àã ¨­¢ à¨ ­â­®áâ¨ ä®à¬ë �. ǱãáâìF = ∑

|i+j|>0 fijRij ;â®£¤  ¢ á¨«ã ¯ã­ªâ  (4) à §¤¥«  0.7 LF� = �F (d�) + d(�F�) = d(�F�), £¤¥ ¬ë ãç«¨, çâ®d� = 0. �®à¬  �F� ∈ 
1(H;F) ¨ ker d1 = 0 (á¬. à §¤¥« 4.1), â ª çâ® LF� = 0 â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  �F� = 0. Ǳ®¤à®¡­¥¥ ¯®á«¥¤­¥¥ ãá«®¢¨¥ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥�(F;G) = ∑

|r|>0κ
|r|−1r!(f0rgr0 − fr0g0r); ∀G = ∑

|k+l|>0 gklRkl ∈ D(H);¨ ¨¬¥¥â ®ç¥¢¨¤­®¥ à¥è¥­¨¥ f0r = fr0 = 0 ¯à¨ |r| > 0, ®áâ «ì­ë¥ ª®íää¨æ¨¥­âë fij ¯à®Ä¨§¢®«ì­ë¥. �â ª,(1)  «£¥¡à  ¨­¢ à¨ ­â­®áâ¨ ä®à¬ë � á®áâ®¨â ¨§ ¢á¥å ¤¨ää¥à¥­æ¨à®¢ ­¨© ¢¨¤ F = ∑

|i|>0;|j|>0fijRij ∈ D(H):�« £®¤ à­®áâ¨. � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ £à ­â  ���� 98-01-00640.



� ������������������ ������� ����������� 189�¯¨á®ª «¨â¥à âãàë[1] �¦. � ªª¨. �¥ªæ¨¨ ¯® ¬ â¥¬ â¨ç¥áª¨¬ ®á­®¢ ¬ ª¢ ­â®¢®© ¬¥å ­¨ª¨. �.: �¨à, 1965.[2] �.�. � ¤¤¥¥¢, �.�. �ªã¡®¢áª¨©. �¥ªæ¨¨ ¯® ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¤«ï áâã¤¥­â®¢ ¬ â¥¬ â¨Äª®¢. �.: �§¤-¢® ���, 1980.[3] N. Fleury, A. Turbiner . On polynomial relations in the Heisenberg algebra. Preprint,funct-an/9403002, 1994.[4] A. Turbiner . Invariant identities in the Heisenberg algebra. Preprint, hep-th/9410128, 1998.[5] M. Pillin. On the deformability of Heisenberg algebras. Preprint, q-alg/9508014, 1995.[6] M. Irac-Astaud . A three-parameter deformation of the Weyl{Heisenberg algebra: di�erentialcalculus and invariance. Preprint, q-alg/9609008, 1996.[7] B. Abdesselam. The twisted Heisenberg algebra. Preprint, q-alg/9610021, 1996.[8] M.S. Plyushchay . R-deformed Heisenberg algebra. Preprint, hep-th/9701065, 1997.[9] A. Connes. Noncommutative geometry. New York: Academic Press, 1994.[10] J. Madore. An introduction to noncommutative di�erential geometry and its physical applicaÄtions. Cambridge: Cambridge University Press, 1995.[11] M. Dubois-Violette, R. Kerner, J. Madore. J. Math. Phys. 1990. V. 31. ò 2. P. 316.[12] M. Dubois-Violette, P.W. Michor. J. Geom. Phys. 1996. V. 20. P. 218.[13] T. Masson. J. Math. Phys. 1996. V. 37. ò 5. P. 2484.[14] H.-D. Cao, J. Zhou. On quantum de Rham cohomology. Preprint, DG/9806157, 1998.[15] �.�. �ãªá. �®£®¬®«®£¨¨ ¡¥áª®­¥ç­®¬¥à­ëå  «£¥¡à �¨. �.: � ãª , 1984.[16] V.V. Zharinov. Integral transforms and special functions. 1998. V. 7. ò 1{2. P. 155.[17] E.R. Kolchin. Di�erential algebra and algebraic groups. New York: Academic Press, 1950.[18] I. Kaplansky . An introduction to di�erential algebra. Paris: Hermann, 1957.[19] �.�. �¡à £¨¬®¢. �àã¯¯ë ¯à¥®¡à §®¢ ­¨© ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥. �.: � ãª , 1983.[20] V.V. Zharinov . Lecturenotes ongeometrical aspects of partial di�erential equations. Singapore:World Scienti�c, 1992.[21] �. � ª«¥©­. �®¬®«®£¨ï. �.: �¨à, 1966.[22] �.�. � ©¬ àª . �¥®à¨ï ¯à¥¤áâ ¢«¥­¨© £àã¯¯. �.: � ãª , 1976.[23] �.Ǳ. �¥«®¡¥­ª®. �¥ªæ¨¨ ¯® â¥®à¨¨ £àã¯¯ �¨. �ã¡­ : ����, 1965.Ǳ®áâã¯¨«  ¢ à¥¤ ªæ¨î 21.VII.1998 £.


