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AwnHoTaiusa

[TombITKY TI0/TBECTH KAKO-/TNO0 TEOPETHIECKUii 6ABUC [1/IsT TOCTPOSHUS Mar-
ruuecknx kBagaparos n3 gommuuao (MKJL) noka He yBeHUaIMCh yCrexom u, B
OCHOBHOM, CBOAATCA K oTAenbHBIM TpmMepaMm MK]JL KoTopble He comep:KaT
aJIrOpUTMa peasin3alun Takoro pojga oowekTos [1]. Orcyrcreytor Takoro po-
J1a IOCTPOEHUS U B €JUHCTBEHHOI O0TeYeCTBEHHOI MOHOrpaduu, KaCaIoIeics
BOIIPOCOB YKJIQ/IKU IIPAMOYTOJIBHUKOB U KBa/IPATOB U3 JIOMUHO [2] B mamnoit
pabore 3TOT mpoOes CYIIECTBEHHO BOCIOJIHSAETCS IyTeM pa3paboTku obiieit
KOMOWHATOPHOW TEOPUHU ¥ AJITOPUTMA PEIIEHUs 33/1a49 [IOCTPOCHUS U IIePeTuC-
neansg MK/I. Kacasachs mparmMaTndecKoil CTOPOHBI TAHHOTO BOIIPOCA, OTMETHM,
YTO B TIOCIETHUE TOIBI YKIAIKNA JOMIHO PACCMATPUBAIOTCS B BUIE JUMEPOB HA
JIAHAPHBIX TPadOB B paMKaxX PeIeHus JByMepHoi mogeu 3unra B Teopun
JKUJKUX [IJIEHOK HAHOPa3MepoB [3].

The theory for building magic squares out of domino (MSD) is not made
up yet. There are only separate examples of MSD which do not contain the
algorithms of their building. The only monograph on the domino coverings
in Russia doesn‘t give any answer to this question. In this paper the total
combinatorical theory and the algorithm of building and enumeration of MSD
are created here.
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1 Kiaaccuieckmit HabOp JOMUHO KaK KOMOMHATOP-
HBIIT O0OBEKT

1.1 Wuarepnperanum KJjacCcu4iecKoro Habopa JOMUHO

Kanaccuaecknit Habop JOMUHO coaep:KUT 28 (buliiek B B MPSIMOYTOIbHBIX T1JIa-
CTHHOK, KazK/lasd U3 KOTOPBIX C OJTHOW CTOPOHBI pa3buTa Ha jBa KBaJjpara. Ha kax-
JIOM TaKOM KBaJIpaTe ¢ MOMOIILI0 TOUeK (wau 6e3 HuX) orMmedensbl mudpst ot 0 10 6,
HaIllpUMeEp, TakK, Kak IMOKa3aHo Ha puc. 1.

vd<—=[o]s

Puc. 1

Takoii Ha60p (DUITEK MOKHO PACCMATPUBATH KAK HEYIIOPSIOUEHHbIE TAphl (J1-
Mepbl ), BeiGpannbie u3 Muoxecrsa D = {0;1;2;3;4;5;6} u, ciaenosaresbno, Kiac-
cuYdecKuii HaboOp JIOMUHO ITPEJICTABISIETCS B BUJIE:

D® = {{i:j}li.j € D}, 1)
rje Heynopsiaodenuas napa {i; j} npu i = j upeacrasasier "ny6an". Ecim D onpe-
JeJIATh KaK MHOZKeCTBO BeprnH, a D) — kak MHOMKeCTBO pebep, TO, TEM CaMBIM,

3ajaeTcs HekoTopsiii rpad Gp = (D; D)), npeacras/iennslii Ha puc.2 B BHje Ipa-
BUJIBHOI'O CEMHUYTOJIbHUKA CO BCEBO3MOXKHBIMU JHArOHAISIME. DTOT Trpad umeer 7
seprua: 0; 1; ...;6 u 28 peGep, U3 KOTOPBIX 7 meTedh (MpH KayKJo# BepIiuHe);
ocTaJjibHble pedpa HEOPUEHTHUPOBAHHBIE.

Tabsimna 1

Marpuna cvezxknoctu rpacda Gp

D0|1[|2[3|4]|5]|6
g (4|12 (L)1 (1
11 |2 |1 (1|1 (1|1
211|111 {1 |1{l1
oS8 EISNE (S R SR G |
4111 1(1|1]1|1
3 4 oo U0 B (S G S O
Puc. 2 6 Jd (4|1 (2 (2|2 (42

I'pad Gp aBasieTcs OJHBIM, TaK KaK JIOOBIE JIBE €r0 BePIUHBI COeTMHEHBI Ped-
pPOM W, TaKUM 00Opa30M, MATPHUIA CMEKHOCTH JAHHOTO rpada mMeeT BUJ, IMpe/-
crapyiennslit B Tabnune 1. I'pad Gp, oveBuHO, ABISETCS TAMUJIBTOHOBBIM, Boitee
TOHKHE HaOJIIO/IeHUs T0Ka3biBaloT (puc. 2), uro rpad Gp ob/ajaer eme ojHUM 3a-
MeYaTebHBIM CBOWCTBOM — B KarKJ0# €ro BepIinHe CXOAUTCH 110 6 HeOPHEeHTUPO-
BaHHBIX pedep, T.e. rpad Gp — 3ilaepos u, cjegoBaTeIbHO, €r0 MOKHO HAPUCOBATH,



KOMBMHATOPHA{ TEOPUA MATMHYECKNX KBAJIPATOB U3 ... 137

OJIHHM pOCUYepKOM Kapasjaria. Kcraru, ¢ HaanameM MuKI0B HA rpade Gp CBI3aHO
nosoxkenue "ppiba B XOPOIIO M3BECTHOR HOILYJISIPHON MIPE B JIOMHHO.

[Tomumo rpada kaaccudeckuit HAOOP JTOMUHO MOZKHO OTOOPA3UTh HA J€KAPTOBOI
mtockocru. g storo myers {i;j} € D). Pacemorpum oTobpazkenue

fAis g} — (dsr), (2)

rae d = i + j,r = maz(i;j). Jlerko Bugernb, uro orobpaxenue (2) siBasiercs Ou-
eKImeit, 1o KOTOpoii BesikoMy daementy D) B3amMHO 0AHO3HAMHO COOTBETCTBYeT
ynopsiiodentas napa (d;r). C napoit (d;r) TakKe B3aHMHO OJHO3HAYHO CBSI3bIBa-
eTCs HEKOTOPask TOYKA JIEKaAPTOBOl MIIOCKOCTH M, TAKMM 00pPA30M, YCTAHABIHBAETCSI
coorsercrue f : D® — R? ¢ mOMONIBbIO KOTOPOrO KIACCHUECKHiT HAGOP TOMHHO
1300pazKaeTCsl HEKOTOPBIM MHOKECTBOM TOYEK Ha JIEKAPTOBOM 1y10cKocTH (puc.3).

Puc. 3

Kax Buano m3 puc.3, JaHHOE MHOXKECTBO — 3TO BCE LEJIbIe TOYKH, OTPAHMYCH-
ubie AOAB: Toukam Ha cropone OA cOOTBETCTBYIOT “MyCTHINKH’ , T.e. (UITKH
0:7}. 7 =0;6 , ToukaM Ha cTopoHe AB — “mecrepku’ , T.e. bumku {6;5},7 = 0:6
) ) ) ) ) ) ) )

, a ToukaM Ha cropone OB coorsercrBytor “ny6nun” {i;i},i = 0;6.

1.2 HexkoTopblie OTHONIEHNS Ha KJIAaCCUIECKOM Habope J1oMu-
HO M X MHTEPIIPETANN

Ha muoxkectse D?) onpenenny ornomenne sxsusasenraoctu I C D) x DO
1o caeayiomenmy upasmiy: V{iy; j1 }; {ig; jo} € D? :

({iv: g1 }s {das go}) € T & iy + J1 =g + Jo. (3)
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Takum obpazom, mopozxaaercs (pakKToOp-MHOKECTBO
DT = {[0]; [1]; ... [12]},

Ky1acchl [d] KoToporo ompesensitorces yeaosueM i@ + j = d; 0 < d < 12 u, manpumep,
[4] = {{0;4};{1;3};{2;2}}.Ornommenne < ecrecTBeHHBIM 06PA30M JHHEHHO yTIOPS-
soumsaer D@ /T p ueun suga: [0] < [1] < ... < [12]. Eciu u3 KazK10ro Kjiacca uenu
Oparh 0 OJHOMY SJIEMEHTY, TO, TeM cambiM, u3 D) Bhigesnsiorcs anmHeiHO yII0-
PSAJIOUYEHHBIE CeMEiCTBa MOIMHOYKECTB, KOTOPbie TPH 00be INHEHH 00pa3y0T CeTh,
npejicTaBieHHy o Ha puc.4. B sroit ceru, krace [0] onpezensier Bxo, a kiacc [12] -
ee BBIXOM; BHeit 1-1-2-2-3-3-4-3-3-2-2-1-1-= 5184 pa3nuuasIx MapuIpyTa,
B KazK/JIOM U3 KOTOPbIX (DUIIKKM PACIoJaralorcs 1o Bo3pacranuio oukosB ot 0 jgo 12.
B 1esiom, B pamMKax 3TOi ceTH ONpeesiioTCs paBujia HEKOTOPOil UI'Pbl B JIOMUHO.

Ecmn wa D® onpenenurs sksusatentnocts V. C D® x D@ no mpasmy:

V{ir; j1}; {io; o} € D®)
({ir; 1} {in; jo}) € V < max(iy; j1) = max(is; Ja), (6)

10 oTHOMeHne V peanusyer daxTopusanmio MEoxecTsa D) Ha KIacchl, KOTOpBIe
onpeensaorcsa yeiaosuem max(i; j) = r = const. Iockonbky 0 < r < 6 (puc. 3), To
KJIACCOB 9KBUBAJIEHTHOCTU Oy/eT 7 u COOTBETCTBYIONIEE (haKTOP-MHOKECTBO UMEET
i D@ /V = 0;1; ;6. Hanprwep, 4 = {{0;4}; {1;4}; {2:4}; {3;4}; {4; 4} }.

PakTOP-MHOZKECTBO D(Q)/V OTHOIIEHHEM < eCTEeCTBEHHbIM 00pa30oM yIOpPsi10-
YUBAETCdA B Ilellb BUJIA: 0 <1<:<b5 < 6. Eci u3 KaXKJ0TO KJIACCa ITOU Ienn
OpaTh 110 OJHOMY 3JIeMeHTY, TO, TeM caMbiM, 3 D3 GyayT BHIIeeHb JTHHEHHO yTI0-
PsIOYeHHBIE CeMeiCTBa MOIMHOXKECTB, KOTOpbIe IIpH 00beINHEeHNN 00pa3yoT CeTh,
MoKa3aHHyIo Ha puc. 5. Kiace 0 ompeesigeT BXoJI 9TO CeTH, a KJIacC MPeICTABUTE I
Kjaacca 6 — ee BEIXOIBIL.

dakTuyecku, TpeyroJibHas ceThb Ha puc. 5 onpesensger 1-2-3-4-5-6-7 = 7! = 5040
PA3JIMYHBIX MApPIIPyTa, B KayKIOM U3 KOTOPBIX (PHUIMIKH PACIOIATAIOTCI IO BO3PAC-
ranuto maz(i;j) or 0 go 6. Takum 06pa3om, JaHHOE OTHOIIEHHE YKBUBAJEHTHOCTH
TaK’Ke MPUBOJIUT K CETH, HA OCHOBE KOTOPOW OIPEIe/IA0TCS MpaBujia HEKOTOPOit
UTrpbl B JOMHUHO.
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Boobie rosops, c10BO “IOMHHO” TPOUCXOIUT OT JATHHCKOrO caoBa‘dominus” -
TOCIIOJIUH, 4TO OTpazkKaeT TOT (pakT, 4TO BCEBO3MOXKHBIE UI'Dbl B JOMHHO OOBIYHO
B KavdeCTBe IpaBUJI IPpeAyCMaTPUBAIOT HEKOTOPOE OTHOIIEHHUE JOMHWHHUPOBAHUA, 110
KOTOPOMY PACCTaB/ISIOTCS (DUIIKH B IIPOIECCE UIPHI.

OiHaKO B paMKaxX KJIACCHYECKOr0 HaOOpa JIOMHHO CTPOUTCHA KOHeUHas apudme-
THKa, &, TeM CAMBIM, I KOHeUHas reoMerpusd. VIMEHHO, clIipaBeIInBO

[IPEAIOKEHUE 1. Anzebpa (D@ /T;+;-) 2 GF(13); anzebpa (D2 |V +;.)
GF(7).

JIOKABATEJIbCTBO. /lokazaTelbCTBO JAHHOTO yTBepXKIAeHWA odeBUIHO. /laH-
HBIE aJireOpanvecKue CTPYKTYPhI U3 JJOMHHO UMEIOT P HHTEPECHBIX MPII0KEHUIH,
uMest B BUJLy |3|, onHako, B 11€10M, HIPUKJIA/HbIE ACIEKThI JOMUHO TOJIBKO HATHHAIOT
u3y4arsest [4].

2 Teopuda wmarmydeckmx KBaJI[PpaToOB U3 JOMWUHO

(MK/)

2.1 Maruydeckasg cCyMMa U yKJIQJIKN

113 duniek Kiraccudgeckoro nabopa gomuro D) MoKHO BBIKJIAIBIBATE KBaIPATHI
1 pa3Mepbl n X N TAKUX KBaJIPaTOB OyIeM OIpeaeaTh KOJIUIeCTBOM “TIoTy hHIIeK”,
YKJIa/IBIBAIOIIUXCS HA CTOPOHE KBajpara. Torga KojmaecTBO (puiiex, HeoOXommoe
JIJIsI BBIKJIQJIBIBAHUST KBaJpaTa 1 X n, 09eBHIHO, Oy/jeT paBHO n2/2. Orcroga BuIHO,
9TO YHUCJIO0 1 JOJIZKHO 6bITb YEeTHBIM, T.€. Ha CTOPOHE KBaJdpaTa JO0J?KHO BBIKJIAJIbI-
BaTbCs Ie10€e YHUCJI0 (DUIIEK, a caM KBaJIpaT BBIKJIAJIBIBACTCS TOJBKO U3 YETHOI'O
KosimuecTBa (bHUIIeK, Tak, YTOOBI IIPU STOM BBINOJHAIOCH HepaBeHCTBO n’/2 < 28,
orkyna n € {2;4;6}.

Marndgeckuit  KBaJaparT Ha30BeM MAarmdecKuM KBaJApaTOM U3 JOMUHO
(MK/L), ecin BHITIOTHSIFOTCS CIIeyIOMe TpeGOBaHNSI:
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1. ycjaoBUd Maru1HOCTH:

n n n n
E Ty = E Ty = E Tik = E Tnt1—k = Sn, (7)
k=1 =1 =1 =1

e v € D = {0;1;...;6};

2. cymiecTByeT yKaaaka DUIeK JOMUHO, JJist KOTOPOil peann3ytorcs yeaosust (7).

Ecyiu B 1anHOM O1pejie/IeHuN BBITIOJIHSAETCS TOJILKO MepBOe TpeboBaHUe, TO TAKOI
KBaJIpaT OyJAeM Ha3bBaTh MCEBAOMAIrHYECKHM KBaJIPATOM U3 JOMUHO. DJIEMEHTap-
HBI anam3 nokaswpiBaeT, uTo MK/l pasmepa 2 X 2 He cymecTBYIOT, T.K. B 3TOM
caydae B HabOOpe JJOMHHO JIOJIZKHBI CYIIECTBOBATH JiBe OJuHaKoBble duriku. [Ipn
OCTaJIbHbIX 3HAYCHUAX 71 JJId Marvu4yecKoit CYMMBbI Sn ClIpaBe€/JINBO

[IPEAIOKEHUE 2. Cnpasediuso, HepaseHcmaa.:
5 <85, <19;13 < 5 < 23. (8)

JIOKA3ATEJIBCTBO. /1 moKa3aTeIbCcTBa OMEHNM MArHdecKyo CyMMYy Sy JJis
MarmdeckKoro KBaJipaTta u3 JoMuHO pa3mepa 4 X 4. [TockoIbKY /119 TOCTpOeHus KBa/I-
paros 4 X 4 ucnosibzyercs 8 uz 28 duiiek KJjaccuieckoro Habopa JIOMUHO, TO CYMMa
S, Oyzmer orpaHnveHa cBepXy U cHu3y. MuUHHMaJIbHOE KOJHIECTBO OYKOB Ha 8 (ui-
kax paBuo: 1-0+1-14+2-242-342-4 = 19; anajjoruaHo MaKCUMaJIbHOE KOJTHIECTBO
04KOB Ha 8 pumkax papuo: 1-12+1-11+2-10+2-9+2-8 = 77. [logesuB HaiiaeH-
HbIe KOJTMYECTBa OYKOB Ha 4, W, B34B OJmKaiilee O60JIbIIee 1eioe YUCI0, MOy IUM
LEePBOe HEPABEHCTBO B (8); BTOpOe 10JIyvYaeTcsi aHAJIOrU4HO.

OTMGTI/IM pa3HUly C KJIaCCUYE€CKUMU Marn4eCKuMM KBaJpaTaMi, Yy KOTOPbIX 3HA-
venne S, = n(n? + 1)/2 asngerca GpUKCUPOBaHHBIM Yy BCeX KBaJparos n X n [5], B
orimune or MK/I, rme sTa BeJIMUnHA IIepeMeHHasd, I CBI3aHO 3TO C pa3JHdueM MHO-
72KeCTB, Ha KOTOPbIX CTPOATCA 9TU KBaJApPaTbl.

[Tpu pacemorpennn ykiaaok MK/ TpajuninoHHo 3TOT acekT paccMaTpUBAETCS
¢ TOYHOCTBIO JIO TPYIIIBI aBTOMOpPMU3MOB KBajipaTa. B cooTBeTcTBUM € 3TUM, BCe
VKK KBaJIpaToB 4 X 4 paszbuBaroTcs Ha 9 KJIacCOB SKBUBAJEHTHOCTH, ITPEICTA-
BUTEJIH KOTOPBIX (110 OJHOMY U3 KaKJIOr0 KJacca) upejcrasiensl Ha puc.6. Ciemyst
Teopeme rnepeunciaenus [loiia [6], obmiee konmvecrBo yKaagok KBaaparos 4 X 4 co-
craBuT 36 W B ciaydae yKJIAJIOK U3 AuMepoB (DUIeK JOMHUHO) 3TO 0OGCTOSATETHCTBO
Ur'paeT OIpeaeeHHYIO POJIb.

[Tepeuncienue ykJiaJIoK KBajiparoB 6 X 6 sgBjsiercs JOBOJbHO CJIOKHOM KOM-
OMHATOPHON 3a/laueil U Peniaercs C MOMOIIbIO CHEIUAIbHOIO aJIFTOPUTMA, KOTOPbI
MO3BOJIN TiepedncanTh Bee 930 yrmamok kBajapatos 6 X 6.
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Puc. 6

Cremyer TakxKe uMeTb B BHAY, 9T0o B caydae MK/l mossnserca 3dpderT uzo-
Mepuu, KOrja OJUH U TOT ke HabOp (DUIeK CKJIaAbIBAETCS B MAarMYeCKUil KBaIPAT
pas3noii crpykrypbl. Hanpumep, kBajipar, nu3obpakeHHbIil HA PUCYHKE 7a, Peajn3y-
ercs B BUJIe Tpex m3oMepos (puc.7 6, B, T).
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2.2 OcnoBuoe coiicteo MK /]

OcHOBHOE CBOWCTBO MArm9ecKnX KBaJIPATOB W3 JOMUHO OMpEIEIseT CJIeayolee

[IPEAIOKEHUE 3. Ecau wucaa xp € D, k;l = 1;n onpedeasrom MKJ/] ¢ ma-
euneckot cymmot Sy, , mo wucaa Yy = 6 — xp onpedeasrom MK/ ¢ mazuueckoti
cymmoti bn — S, , 2de n € 4,6 — pasmep mazuueckoz20 Keadpama u3 JOMUHO.

JIOKABATEJIBCTBO. Yucia oy = 6 — Yg J0JIZKHBI YJIOBJIETBOPAThH YCJIOBUIO
marmauoctu (7). Tlosromy

D 6—yu)=> (6—yu)=> (6—yw) =D (6= Yrns1-k) = Sn,
k=1 =1 h=1 k=1
OTKY/I2

DU = Y= Yk =Y Ytk = 61— Sy,
K1 =1 k=1 K1

T.€., YUCJA Yk YAOBJIETBOPLAIOT YCJIOBUI MAIrMYHOCTHU, a& MOCKOJBKY COOTBETCTBUE
MEXKY Y U Ti; B3AUMHO OJHO3HAYHOE, TO YHUCJIA Yk TAK2Ke ONPEIEISTIOT HEKOTOPbIIt
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MK/I ¢ marngeckoii cymmoii 6n—.5,, , Toii ke YKIaJIKH, 9TO 1 33JaHHbII MarnIecKuii
KBaIpaT U3 JOMHHO. YTO U TpebOBAIOCH JTOKA3ATD.

CaencrBue 1. Eciiu onpejesienst Bce MK/I 3ajiannoro pasmepa ¢ Maru4eckoit
cyMMoOit S, TO, TeM CaMBbIM OINpEeIeJIeHbl BCe MarndeckKne KBaJIpaThl U3 JOMHHO TOTO
JKe pasMepa, HO ¢ Marmdeckoii cymmoit 6n — S, , rae n — pasmep MK/,

JlokazaHnuble cBOiicTBa (paKTHIECKH HAIOJOBUHY YMEHBINAIOT 00beM BBIYUC/IU-
TeabHO paboTel npu nepeunciaenun MK/, /leiicTBuTeILHO, A1 OIpeIeTeHIS BCEX
MK/I pasmepa 4 x 4 nocrarouno omnpejiesnnth Bce MK/L ¢ maruveckoit cymmoit
5 < Sy <12, a gas onpenenennst Bcex MK/L pasmepa 6 X 6 10¢TaTOYHO ONPeIeTuTh
Bce Takue MK/ ¢ cymmoii 13 < Sg < 18.

YKazaHHBIE CBOHCTBA HJLTIOCTPUPYIOTCA MIpUMePaMu Ha pUC.8, T/ie MOKa3aHo, KaK
m3 MK/I ¢ cymmoii Sy = 5 mosydaercs MarndecKuii KBajapar u3 JOMUHO ¢ Sy = 19
(puc. 8a), a u3 MK/I ¢ cymmoit Sg = 13 nostygaercst Marndeckuii KBajpar u3 JOMUHO

¢ S¢ = 23 (puc. 80).

01410 6 2[5:6
L2/, |351405
o[22 e[
3]0]0:2 36614

84:5 S_1:].9

o [3[3[1[o]2]0] 3[1[5]6]2]6]
41016201 2160465
2110312132 rL: 41513434
L1314 122 50513244
o[5[o[1]1[e] IEGEED
3f1(0(413|2 31516234

S5=13 S5=23
Puc. 8

2.3 MHaoromepHble WHTepPHIpeTalnd M OCHOBHas TEOPEMA
o MK/

Yucna B KaxK/10il CTpOKe, CTOIOIE U JAUANOHAIN MArHIecKOoro KBaJpaTa U3 JI0-
MUHO OIPEJIEISTIOTCS PelleHusIMA YPaBHEHU ST

U+Uy+ ...+ U, =m, 9)

rae U; = 0;6,7 = 1;n , a 3Havenust m 6epyTcst U3 HepaBeHCTB (8) B 3aBUCHMOCTH OT
n € 4;6. Coruacuo |7, koumvecrso peuenuii |N(m)| (9) oupejesnsiercst BoIpazkeHu-
eM:

IN(m)| = Coty oy = Rl s + CROn s = CoCiiil o (10)

m m+n—
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KonuvecrBa pemtennii ypasuenus: (9), mojcuuranubie no dopmyse (10), pansl B
tabune 2, orkyaa Bugno, yro dbyukuus |N(m)| umeer Mmakcumym npu

Tabnuna 1: KonudecTBo pelrennii ypaBHeHMIA.

n—4
m =S4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
[N (m)| 56 84 116 149 180 206 224 231 224 206 180 149 116 84 | 56

n=6
m = Sa 13 14 15 16 17 18 19 20 21 22 23
[N (m)| 5796 | 6891 | 7872 | 8652 | 9156 | 9331 | 9156 | 8652 | 7872 | 6891 | 5796

m = mx = 3n, OTHOCUTETHHO KOTOPOTO 3HAUEHUS ITOH (DYHKIMA CUMMETPUIHBI,
B coryiacuu ¢ upejgioxkenuem 3. Hajmune makcumyma |N(m)| ykaspiBaer Ha 10, 410
oosbrire Bcero MK I peasnmsyercst A1 Marmvaeckoit cymmsor S,, = 3n.

JlaHHbBIe pe3yJIbTAThl KMEIOT YeTKYI0 TeOMeTPUYECKY 0 HHTepIpeTaluio. B camom
J1eJ1e, MHOYKECTBO TOYEK:

OLPEJIEJIALT 1IEJIOYUCICHHY IO PELIeTKY TOYEK N-MepHOro Kyba (,, y KOTOpOro ojgHa
U3 BEepIIMH PACIOJIAraeTcs B Hadajge KOODJMHAT, a pebpa HAlPaBJIEHbI 110 KOOD/H-
HATHBIM OCSIM ¥ UMEIOT JUINHY, paBHyto 6. Ypasuenne (9) — 570 HEKOTOpasi rumep-
IJIOCKOCTH B Rn, oTCeKaonasg Ha KOOPIMHATHBIX OCAX OTPE3KH JTHHBL M = S, OT
HavYaIa KOOPUHAT B TIOJOKUTEILHOM HApaBaeHun. MHOKeCTBO TOUeK 9TOii rurmep-
mrockocTn o6o3HaunM depe3 P(m). Torma N(m) = Q,NP(m) — 570 HOAMHOKECTBO
TOY€EK IeJIOYUCIEHHON pereTKu (), KOOPIHHATHI KOTOPBIX Y/IOBJIETBOPSIOT ypaBHEe-
auio (9), a ux kommuecrso | N (m)| onpenensiercs soipazkennem (10). Takum o6paszom,
1esble pernrenns ypasuenus (9) TpaKTyIOTCs KK TOYKU, HAXO/AIINECS B CEUCHHN TIe-
noancaennoii pemerku rumepky6a (11) rumeprurockocroio (9). Ilpn m = 3n B aToM
CEUeHNH COMEPKUTCS HAMOOJIbINee KOJTHIECTBO TOUEK.

st (pukcupoBaHHOrO M, NpUjaBasi 3HAYEHUsT Maruvdeckoil cymme m = S, co-
rjaacHo (8), MoIyIuM ceMeiicTBO MMIePILIOCKOCTel
{P(m)|Mmin, < m < Myparf, CBI3AHHBIX TTAPAJIETBHBIMEI TTePeHOCAMU (CIBATAMMN)
BHJTA

P(m) = P(m+ 1), Mpin <m < m—+1 < Mgy (12)
P(m) = P(m — 1), Mpin <m —1<m < Mpag (13)

TIE Mypin; Mimaz — COOTBETCTBYIOIIUE MUHAMAILHOE U MaKCHMAJILHOE 3HAYCHUS I
B (8). Beskuit MK/T B R" ounpenenser mekoropyio dburypy MQ(m) u3 n Touek,
KoTOpble pacnosiaratorcs B cedennn MQ(m) O N(m). CsoiicrBa 31oit duryps
onpeaesdroTcd ee TOYKaMu, KOOPpAUHATBI KOTOPbIX, J0JI2KHbI YJI0OBJIETBOPATH YCJIO-
BusM MarungaocTH (7).
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[TPEANIOXKEHUE 4. IIpu m # Myq. cywecmeytom cdsueu MQ(m) — MQ(m+

1), a npu m # Mypin cywecmesyrom cdsuzu MQ(m) —

— MQ(m —1).

JIOKABATEJILCTBO. /locTaTo4no mocTpouTsh XoTs Obl 0JuH ripumep. Takoit npu-

Mep Jj1sd 1 = 4 1mocTpoeH Ha puc.9.
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1
§=19v | §=20 §=21
6)[10]s576]215 2:0]5]6]25 3[o[s]s]215
0:6J013]6:4 0:6|oj4]6]4 0]6]0]4]6:5
41502332« [a5]2 3] 3 ]3]« [4]5]2]4]3]2
sisf2i2]fa] —|sis]22[24] —|s]s]2]2]3]4
610:5)4)4]10 6.1]5]4:4]0 61116]14:4)0
3[315]1]3]4 3:3]6][1:3]4 3]4]6]1:3]4
§=23 l?szzz
3p1p5461216 31015161216
2|6]0]4]6]5 1[s]o]4]6]|5
54 =N 153 =Y 1 a1 2 A B3 ERE
sis|3)2]4]4] > |sls]2]2]4:4
81116131310 6 1]6]5]4:0
3]s5]6]2]3]4 3:5]6]1]3:4
Puc. 10

3ameuanue. B obimiem ciiydae mporie/ypa rnmapaJjiielbHOTO IepeHoca He COoXpa-
user ykaaaky MK/ (pnc.9,10).

[Iycts [MQ(m)] kracc MK/ ¢ marmdeckoii cymmoit S, = m. Coracuo mpej-
noxkennto 3, omeparop S ¢ MQ(m) — MQ(6n — m) coxpanser yKIaJKy H
oupesenser cummverputo buryp MQ(m) € [MQ(m)] u MQ(6n —m) € [MQ(6n —
m)] ornocurenbro runepmiaockocru P(3n) Tak, uro mpm m = 3n uMeeT MecTo
S3(MQ1(3n)) = MQo(3n), tie MQ1(3n); MQ(3n) € [MQ(3n)]. Paccmorpum
Telepsb Jeiicteue oneparopa casura S': MQ(m) —

— MQ(m+ 1), ie m < Mgz - DTO JEHCTBEE WITIOCTPUPYETCS HA MPUMEpe Tepe-
xoma St : MQ(5) — MQ(6) na puc.9, KOropoe yCJI0BHO OHUCBIBACTCH BbIPAsKEHUEM:

ol 0o of4f1]o0 ofs]1]o
oo o 1 (L2 _ [afa]z2]2
0010 tlol2]2] — [1]o|3]2 (14)
1000 3[ofo]2 afofo]2

U3 coornomtenust (14) Bujno, 4To unTEpecyomee jeiicreue S' peaausyercs mno-
CPeJCTBOM Maruveckoil MaTpuibl ¢ mMarmdeckoit cymmoii 1. ObOparHbrit omeparop
S™1 o MQ(m + 1) — MQ(m) neiictByer nyrem pbiumTanus u3 MKJI coorser-
CTBYIOTIEN eITMHUYHON Marmdeckoit MaTpuipl. KoanaecTBo e IMHNYHBIX MaruIecKuX
marput, |[S'| =8 upu n =4 u |S*| =96 upu n =6 (8.

Besikast eunnanast Mmarmdeckasi MaTpuiia n X n JIeHCTBYeT Ha BIOJIHE ONpeIe-
JIHHBIIT KOMILJIEKC 3j1eMeHTOB coorBercTByomnero MK/I, koropslit OyaeM Ha3bIBAThH
n-KoMILTekcoM. Beskuit n—koMmiuieke HazoBeMm cIBUTOBbIM C'~ — KOMILIEKCOM TSI
omepaTopa S™!, ecin B ero KieTKax oTCyTCTBYIOT Hyaeswle; CT — KOMILTeKcoM, ec-
JIM B €0 KJIETKAX OTCYTCTBYIOT “miecrepku’ u npocto C'—KOMILIEKCOM, €CJIH B €10
KJIeTKaX OTCYTCTBYIOT HYJU M HIECTEPKH, T.e., KOIJIa COOTBETCTBYIONIHE KOMIIJIEKCHI

c-=C".
[IPEAJIOZKEHUE 5. Y 6cakozo xeadpama

MQ(m) € [MQ(m)], mupim <m < 3n,n € {4;6}
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cywecmeyiom cdeuzosvie komnaexco, C.

JIOKABATEJILCTBO. [IpeanosioxkuM MpOTUBHOE — IMYCTh WUMEIOTCS KBaJIpa-
et MQ(m) € [MQ(m)], Mmin < m < 3n,n € {4;6}, He comepkamme KOMIJIEKCH
C*. Torna npu n = 4 KaxKaplil 4—KOMILTCKC JOJIZKeH UMeThb, 0 KpaiiHeil Mepe, OHy
KJIETKY ¢ “mectepkoit”’. O4ueBUIHO, /I 9TOi MeJn KIeTOK ¢ “IecTepKoil” moTpedy-
ercsi, KaKk MUHUMYM, 4 U KOMOMHATOPHO 3TU KJIETKU MOI'YT PaCHOJIararbCs TOJIbKO
Ha [EPeceYeHus X JIByX JIIOObIX TOPU30HTAJIEH U JBYX JIIOOBIX BEepTHKAJIEH JTaHHOTO
MK/JI. V takoro KpajpaTa JAelCTBATEILHO OTCYTCTBYIOT Komiuiekchl C'T, ogHako
CyMMa II0 JIBYM €r0 TOPU30HTAJISM U 10 JIBYM €ro BePTUKAJIAM > 12, 4TO HPOTHUBO-
peduT YCJIOBHIO JEMMBI, T.K. KaK npu n = 4 paccmarpuBaiorca MK/I ¢ marugeckoit
cymmoit m < 12. CuenoBaresnbno, npu n = 4 jemma Jokaszana. B ciydae n = 6
JIOKA3aTeIHCTBO AHAJIOTHIHO.

[Tpeptoxkennst 2—5 pean3yioT ocHOBHYIO Teopemy Teopun MK I aist kKiaaccude-
CKOT'0 HabOpa JTOMUHO:

Teopema. /Ins Toro urodnr mepeuncantbh Bce MK/l 3amanroro pasmepa n X
n,n € {4;6} neodxoaumo u gocrarouno nocrpouts kiaace MK/ ¢ marnueckoii cym-
Moit S, = 3n, u3 koroporo ocrajabubie MK/ mosydaiorcs mocsemoBaTe/IbHBIM DU~
MeHEHUeM TTPeodPa30BaHUST CBUTA.

O06beM BBIYUCICHUI IPH OIPeeIeHUA MHOXKECTBA BCEX MAarndecKuX KBaJpaToB
U3 JOMHUHO MO3BOJISIET YMEHBIIUTh:

[TPEJIOKEHUE 6. ITocmpoum omobpasicenue kaacca [MQ(m)] 6 cebsa caedyio-
wum obpazom. Myemv MQ(m) € [MQ(m)] — nexomopuiti keadpam, das Komopozo
no komnaekcy C, cywecmeyem cosue Sgi MQ(m) = MQ(m—1) € [MQ(m—1)].
ITyemu das keadpama MQ(m—1) no xomnaexcy Cy # Cf cywecmeyem cdsue Sg}r :

2
MQ(m —1) - MQ1(m). Tozda komnosuyus

St oS5k s MQ(m) = MQi(m) (15)

no wxeadpamy MQ(m) cmpoum noswi weadpam MQi(m) wus mozo oice
kaacca [MQ(m)] u, maxum obpazom, cemeticmeo komnosuyut euda (15) onpedens-
em nexomopoe omobpascenue kaacca [MQ(m)] 6 ceba, npu xomopom npoobpasamu
cayorcam moavko me keadpamot, y komopux cyuecmsyrom C~ — KOMNAEKCHL.

JIOKABATEJIbCTBO. /loKa3aTe bCTBO 3TOI TeOpeMbl OYEBUIHO U WLTIOCTPUPY-
eTcda Ha puc.11.

s=12 s=11 s=12
4J6]2:0 1i15]270 415211
2|1[613 (201612 2:2]6:2
1416 171]376 '::_2_1:3_6_
5.4J0:3 474J013 4]4i1]3
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Ecau pyis kiaacca kBajgparos [MQ(m)] mepeducyienbl Bee MpeCcTaBUTETH, HMe-
foume C7 — KOMILIEKCBI, TO JiIs HOJHOIO 1OCTpoenus kiaacca [MQ(m)] cuemyer
ele Iepeunc/JuTh Te€ ero MpeacTaBuTeld, KOTopbie He uMeror C'~ — KOMILIEKCOB,
KOJINYECTBO KOTOPHIX YCTAHAB/IUBAET

[IPEANIOKEHUE 7. Jlas kastcdozo kaacca keadpamos [MQ(m)], My, < m <
3n,n € {4;6}, koauuecmeo |-C~| MK/, ne umerowuxr C~ — xomnaekcos, ydos.ie-
MEOPACT. HEPAGEHCTNEAM:

0< =07 < (C))? K(m),n =4 (16)

0<|=C7| < (CF-C) - K(m),n = 6; (17)
2de K(m) sasucum om n.

JTOKABATEJBLCTBO. [Ipu m = My, B cuily HepaBeHCTB (8), peasnsyercsi HUZK-
uuit npegen B nepasencrsax (16); (17). IIpu My, < m < 3n, ecam y kBajgpara Her
C'~ — KOMILJIEKCOB, TO BCE €r0 N—KOMILITEeKChI HMEIOT, [0 KpaifHeil Mepe, OJHY KJIeTKY
¢ 0. Paccyxnast 3/1echb, KaK W B IpeIJIOKEeHUH D, IPH N = 4 JJIg 9TOM TeJn TMOTpe-
Oyercs, KaK MUHEUMYM, 4 KJIeTKH C HYJISMH W 9TU KJIETKH JOJKHBI PaCIOJaraTh-
Cs TOJIPKO B IIEPECEYEHUSIX JBYX JIIOOBIX TOPU30HTAJIEH U JIBYX JIOOBIX BepTUKAJIELT
JanHoro keagapara. O49eBugIHO, 9TO Pa3IMYHBIX KOH(MUrypammii Takoro pojaa oyaer
C?.C% = (0%)2.

[Tycth 3adukcupoBana onHA U3 TaKUX 4—KJAETOYHBIX KOHMUTYpAIUil ¢ HyJIs-
MH ¥ mycTh Tipu 3toM K (m) — KonmvectBo pernenuii cucrembl (7), TPH KOTOPBIX
nosyaaiorest yraagakn MKJI. Bamerum, aro B cuity (10) m ocHOBHO# Teopembl 0
nepeuncyennn MK/ ciienyer nernoyka HepaBeHCTB:

IN (Miin)| < | N (i + 1) < ... < [N(3n —1)| < |[N(3n)], (18)

u Besmauna K (m) # 0, upu My, < m < 3n. Jlrobas apyras takasg 4—KJIeTOIHASI
KoHbUrypamnusa u3 Hyjeil, u3-3a CHMMETPUU B PACIOJOKEHUU HYyJIei, TakyKe 1aeT
K (m) pemennii cucremsr (7). ITostomy Bcero st xmacca [MQ(m)] momydaercs
e Gosee (C3)? - K(m) 4—xaeTounbix KoHbUTypanuii ¢ HyJsSMH, IPH KOTOPHIX CO-
orercrBytonme MK/ we mmeror C~ —KOMILIEKCOB W, TaKUM 00OPa30M, HepaBeH-
crBo (16) moka3ano. AHAJOTMYHBIME PACCYK/IEHUSME YCTAHABIHBAETCSI HEPABEH-
crBo (17). Ilpemtoxenne 7 MOJHOCTHIO TOKA3AHO.

YcranoBsieHHBIE (AKTBI CO3IAI0T HEOOXOAUMYI0 0a3y /g peaju3aliiid SKOHOM-
HOI'O KOMITBIOTEPHOI'O AJI'TOPUTMA Iepednciienus Muozxectsa scex MK/,

3 Aaroputmbl yKaagaku n nepeuncienns MK/I

3.1 Agaropurm ykaagaku MK/JI

g MK/ 4 X 4 ykjiajku onpejieieHbl MpsiMbIM 11€pebOpOM U IpeJiCTaB/IeHbI
Ha puc.6. /[lajiee mokarkem, KakuM 00Opa3oM rocjiegoBare/ ibHocTh U3 0 u 1 B BHIE
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AJITOPUTMa OJTHO3HAYHO OTOOparkaeT YKIAJIKy KBaJIpaTa U3 JTOMUHO.

[IycTs y nac umeercs nocaeaoBareabaoctb 01101100, rie 0 o3navaer, 4To duinka
JIOMUHO PACIoJIaraeTcst TOpU30HTAIBHO, a 1 — BepTHKaabHO. Haunmraem mocsieioBa-
TeJIbHO 3aI0JTHATH KBaJpaT CJIeBa HAIPABO W B pe3yJIbTaTe MOJYIUTCS CJIeyIOTIast
ykiajaka (puc.12).

Puc. 12. ¥Yxnagka MK ¢ kogom 01101100

Jlna MKJI 4 x 4 Takasg mocjie0BaTeIbHOCTD coIepKuT 8 udp, a aia MK/ 6 x 6
MOCIe0BATEIbHOCTh COCTAaBUT 18 nmudp, UTO COBIAIaET ¢ KOJUIECTBOM (hUIIeK B
MEK/I.

B nepBowMm ciydae ajiropuTum nepeducieHus JaeT 36 yKIaJI0K, KOTOpble pa30ouBa-
forcst Ha 9 KyaccoB (puc.6).

Bo Bropom ciayuae ykiiaok okasbiBaercss 930 u Bce oHu npejcrapienbl B [1pu-
JIOZKEHUU K HaCTOosAMeil paboTe, OJIHAKO MPOBECTH WX KJIACCH(DUKANUIO B PaMKax
TeopeMbl [loiia 3aTpyaHuTETHHO.

3.2 Asaropurm nepeuncienus MK/I

Anropurm nepeuncienns MK/l Ha mepBom sTale peaju3yeT BbIJeJ€HHE [ICEBIO-
Maruveckux KBajaparos (m.2.1) myrem npsimoii mporouku ypasuenuii (7). Ha Bropom
sTarne npoucxodutT pacrno3naBanne MK/I u3 mceBmomarnuecknx KBaJIpaToB B paMKax
OIMCAHHOIO ajropuT™a ykjajku. Ha puc.13 nokazano pacupe/jiejienue KOJUIECTBA
MK/JI 4 X 4 B 3aBUCHMOCTHU OT MX MArudecKOil CyMMbl.

Kak BujaHo 3 puc.13 MaKCUMYM 3TOTO paclpe/Ie/IeHus TPUXOIUTCI Ha 3HAUYCHHE
Maru4eckoii cymmbl Sy = 12 u cocrapiser ~ 170000 MK/I. IIpu sTom nabJiogaercs
MOJTHAS CAMMETPHUsI OTHOCUTEJIbHO MAKCUMYMa, KaK 3TO CJe/yeT U3 IMpejjloxKeHus 3
u ocHoBHOIT Teopembr 0 MK/ (m.2.4).

HaTepecHo OTMETUTh, UYTO U3MepeHHbIe (DYHKIHMH pacupemaeeHus M0 KarKIoi
ykaajgke 4 x 4—MKJI nisg wekoropwix ykaagok (00000000, 00111100, 00101000)
nMeror JBa MakcuMyMma (puc.14). TIpogenanapie KOMIBIOTEPHBIE H3MEPEHNUs TT03BO-
JILn oupeienThb obmee koandectso MK/L 4 X 4, koropoe cocraBmio 957078.

[IposecTn 110/100HOe HpsiMOe KOMIbIOTepHOE MoJjejiupoBanue g 6 X 6-MEK/I
B peajibHOe BpeMs IOKa He yJIaeTCsd U B HACTOsIlee BpeMsl pelaercs 3ajiada 110
OTNITUMUBAIMY CJIOYKHOCTU JIAHHOTO aJrOPUTMA.
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SaKJII0UYeHue

B pabore, daktudecknu, nocrpoera komonnaropuas reopust MK I, koropast ycra-
HABJIMBAET IIPUHIUIBI IOCTPOCHHS U IePedrcIeHusl TaKuX 00beKToB. IMeroTcs, Ko-
HEYHO, HEKOTOPbIe MOMEHTHI He JIOBEJICHHBIE 10 KOHIA, CKazKeM, B YACTHU MepeUncie-
Husg MK/ 6 X 6, o1HAKO aJIrOPpUTM CJ0XKHOCTHU STOH 33/ 1aUl He IBJISETCA SKCIOHEH-
HHUAJIBHBIM, & HOTOMY €ro ONTHMHU3AIMs JI0 IPUEeM/IEMbIX HOPM JIeJ10 OJinzKaiiiniero
BpeMenu. HUro Kacaercs NMPUJIOKEHWH JaHHON paboThl, TO, KaK yKe OTMedaJioCh,
pedh MOXKeT MJTH O AWMepax Ha IIaHapHBIX rpadax B paMKax JBYMepPHOH Mo/1esn
3unra Kugkux IeHok HanopasMepos [3|. C apyroit cTOpoHBI, MO CYIIECTBY, Ie-
pedncJieHsl Bce paHee Hem3BecTHbIe 930 yKIa10K KBajpaTa (PUITKAME JOMHHO, UTO
LPEJICTABJISIETCS BAXKHBIM B T€OPUM OPHAMEHTOB U I'PYIII 3aMolenus |9).

A N

5 6 7 & 9 10 M1 12 13 14 1% 16 17 18 19

Puc. 13
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O00T11100 = 00000000

Puc. 14
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