MATEMATUYECKUE 3AMETKU

1. 38, Ne 1 [1985)

OB OHOM YCJOBUM HOPMHUPYEMOCTH
ITPOCTPAHCTB ®PENIE

B. M. Kapeny, M. H1. Kagen

Beenenne. B mocienmee Bpema mosBuica paj pabor,
TOCBAIIEHHHX NePeHeceHNi0 Ha JuHeHHKe Me1rpusyeMsle npo-
CTPAHCTBA M3BEeCTHOH TeopeMhl J[KefiMca 0 pediaeKCHBHOCTH
6anaxoBa npocrpaucrsa (6uGauorpaduio cm. s [1]). [1. H. 3ap-
Hanse [1] cpemu npyrmx pesyasTaToB sTOTO HampaBlIeHHS
chopMynmpoBax WHTEPECHOE YTBEP;KIEHWE, CBA3HIBAKOIIEE
HOpMHEPYeMoCTh mpocrpancrBa Ppemie ¢ HaJMYUeM B HeM He-
KOTOpPOil HempepHBHOH HOPMEI. K coykajeHunIo, ero jgoxasa-
TEJIBCTBO OKA33aJ0CHh HEBEPHEIM.

[lenxpr Hacrosamedl craTbu — [JOKAa3aTh YTBEP;KIACHHE
[. H. 3apuagse, ocsoGoguB ero OJHOBPEMEHHO OT JIUITHHUX
nonymenuii (reopema 1), moKasaTh ABOUCTBEHHOE, B HEKOTOPOM
cMbICe, YTBep:KAeHue (TeopeMa 2) W mpUBECTH TIPUMEpH,
TMOKa3wBaomue, 49T0 TeopeMsl 1 W 2 He pacmpoCTpAHANTCA
Ha IOJHHE He MeTpH3yeMble JOKAaJbHO BBITYKIHE IPOCT-
paHcTBa.

1. Onpenerenua u BemoMoraTelnbHbie Pe3yabTATHI.

JIEMMA 1 [2, ¢. 57]. IIyecmv X — noanoe mempuueckoe
npocmpancmeo, Y — mempudeckoe nPoCmMparcmeo, U —
Henpepuienoe omobpancenue X 6 Y. Ilycmo, danee, das kancdo-
20 r > 0 wnaiidemcs p > 0 maroe, umo das awbozo z = X
00pa3 samknymozo wapa B, (x) paduyca r ¢ yewmpom 6 T
naomern 6 wape B, (u (z)). To20a das awbozo a >r cnpa-
sedauso ekauenue u (B, (z)) D B, (u(x)).

Onpepmenenue 1. IlogmuOKEecTBO R eIWHHYHOMI
cpeprr S (E) peduexcusHoro Gamaxosa mpocrpascTBa E
Ha3bIBAETCA TPAHEIEH, eCIH NJIA KajKA0To JHHEHHOro GyHK-
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nuonaia fc E' maipmercs x & R rtakoir, dro f(x) =
(A

3amerum, uro, B cuiy u3BecTHOil Teopemsr [[ikeiimca (cM.
[3, ¢. 16]) 0 annefinpiX PyHKIMOHANAX, JOCTUTAIOMEX HOPMBI,
MOHATUE TPAHUIBI MOsKeT GBITH BBEJEHO TOJIBKO HJsA pediaex-
CUBHBIX IPOCTPAHCTB.

JIEMMA 2 [4]. Ecau epanuya R pegaekcusnozo 6anarosa
npocmpancmea E nokpsima eozpacmaioweti nocaedosamesbo-
cmbl0 a6COAIOMHO GHNYKALT 3AMEHYMBL MHOICECME, MO TOMS
61l 00HO U3 HUT UMeem HEnYcmyio 6HYMpeHHOCMmb.

JIEMMA 3. IHycmv X — npocmpancmeo @Ppewe, a ¥ —
pedaekcusnoe 6arnaxroso npocmpancmeo ¢ eparuyeti R. Ilycmo
T — aunetinnii nenpeptisnuii onepamop uz X ¢ Y u T (X) O
D R. Toeda T — copoesyus.

Hoxaszareaxascrtso. [Iycrs na X 3agana MeTpuka,
ompefexsiomas TomoJoruio, u B, — map pagmyca r >0
¢ nearpom B myae. Ilyers V (C B, — BHOyKJIadg OKpecT-

(e8]
Hocts Hyuasa B X. Torma X =[J _ nV. Tak Kak mo ycaosuio

n=1
aemmu T (X) D R, To0 U:;l T (nV) D R. CnemoBareasHo,
mo JeMMe 2 3amhkanue MHOkecrBa ' (V) mMeer HemycTyio
BHYTDEHHOCTH, a 3HAYAT, MHOKeCTBO I (B,) HIOTHO B HEKO-
TOpoM mape mpocrpancTBa Y. Tak Kak r GHIO B3ATO HpoOW3-
BOJIBHEIM, To mo JemMe 1 muO:KectBOo 71 (B,) copepsRuT He-
KOTOpHI map umpocTpadcTBa Y, T.e. 7 — CIOPBEKI(HA.

B caywae, worma X — GaHaxoBO HPOCTPAHCTBO, 3TO
upennoKenue OBIIO [AOoKa3aHo B [D, Teopema 1].

Onpepmenenne 2. Ilyects V — samruyroe aGco-
JIOTHO BBHIOYKJIOE TOJAMHOKECTBO JIOKAJIHHO BHIIYKJIOTO
npocrpaicTBa X; p () — DOIyHOPMAa, IOPOKIEHHAS MHO-
mecTBOM V B ero aumeitnoit oGosouxke Lin V. Jlunednmiit
¢yaruuonan f <= X’ OyneM Ha3HBATh [OCTHTAIIMM JJs
roukn z < Lin V (u oGosmazarp ero f,), ecau f, (z) =
=p (), a f, (¥) << p (y) s Bcex y & Lin V. AuareGpau-
decKko#l rpaHuneir V MHoxecrBa V Ha3oBeM MHOKECTBO TeX
z & V, gasa xoropeix p (z) = 1. Tourky z = 9V Gymem Ha-
3EIBATh JOCTH;KOMOM, ecjd I Hee CYMECTBYET MOCTHTA0-
muit pyEKouonan f,. Ecam mmoskectso V mmeer memyctyio
BHYTPEHHOCTH, TO 0 TeopeMe Xama — Bamaxa Bce TOYKH
ero rpaEmnH 0V pmocTmKEUMEL.

2. OcHoBHBIE DPe3yabTaTHI

TEOPEMA 1. Tyemv X — npocmpancmeéo Ppewe up (-) —
HenpepwisHai Hopma Ha X, ydosiemeopawwas caedyoujemy
yeaosuro  (J): EKamcdwii auneiinwii @gynryuonasr = X',
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02PAMUNEHHBT HA MHONCECTEE
U, ={x= X:p (2) < 1},

docmuzaem na Hem ceéoeil eéepxueli epanu. Toz2da p (-) nopo-
acdaem ucxodnyio monoaozuto na X, komopoe, makum 06pa-
30M, OKaswieaemcs U30MODPHULM pedieKcusHOMY NPOCMPAH-
cmey Banaxa.

HlokxasateabrcTBO. DBemeM B paccMorpeHnue
npoCcTpaHCTBO Y — NOMOJHEeHue mpocrpancrBa X IO HOPMeE
p (+). O6osnagum depe3 7' ToskmecTBeHHOe BIoskeHHe X B Y.
Taxk kaxk HopMa p (-) HempepsiBHa, T0 7 — HempepHIBHAA
uabeknusa. Tak wkak p (-) ymosmersopsier ycuosuio (J), To
to Teopeme JDreitmca [3] Y pednercusro, a T’ (X) cogepskut
HEKOTOpYI0 rpaHmiy B mpocrpanctse Y. CiemoBatesbHoO,
mo Jgemme 3, omeparop /' — ciopweruusa. Torma, coraacuHo
reopeMe Banaxa o6 obpaTtHom omepartope, 7" — m3omopdusm
Mmesxay npocrpancrsoM Dpeme X u pediiekcuBHBHIM IPOCTPaAH-
creoMm bamaxa Y. Teopema pmokasama.

ITepeiinem K MOKa3aTeJbCTBY JBOIICTBEHHOI'O YTBEPie-
HHA, KOTOpoe, B HEKOTOPOM CMbICie, sBJsAETCSI 006paTHBIM
K Teopeme XaHa — banaxa.

TEOPEMA 2. IIycmv X — npocmpancmeo @pewe; V —
3aMEHYmMoOe, 02panuiernoe, a0CoLOMHO BLLNYKA0EC MHOICECMBO,
aurnelinas oboaoura komopozo naomna 6 X. Iyemv V
ydosaemsopsem caedyiowemy ycaosuio (J*): kawcdas moura
€20 anzebpaudeckoii epanuyvl agasemcs docmuncumoii. Toz0a
V — orpecmnocmv wyas 6 X, onpedeasiowas ucxodHymo mo-
nosozuio na X, Komopoe, marum 006pas3on, okaspléaemcs uso-
mopPprvm npocmpancmey banaxa.

HowrasarteasncrBo. llycrs py(+), pa(:)y ... —
BO3pAaCTAONas II0CTIef0BATEIBHOCTh IOJYHOPM, OIpeAesaio-
mas Ttomojoruio mpocrpancrsa X. OGosmauum ueped p (-)
JIIOJIYHOPMY, HOposkAeHHYy MHO:KectBom V Ha Lin V. Homy-
cTuM, 9T0 V MMeeT MyCTYI BHYTPEHHOCTH (T. €. He SABIAETCH
OKPECTHOCTHI0). ITO 3HAYUT, YTO HJIA JIOO0H U3 MOJYHODM,
onmpemeNAmUX B COBOKymHocTH Tomosoruio, inf {p, (x):
x &= oV} = 0. DBospmem anement e & 0V Takoi, UTO
py(e)) < 47'. Bospmem kosppuuumentr a; = (1 + 277
torga p (aze;) = (1 + 27')™L. PaccmorpuMm 3aMKHYTOE IOJ-
NpOCTPAHCTBO Kopasmepuocru ogud X, = ker f, . flcHo, 4To
Lin V (] X, miorso B Xy, a V (| X; umMeer mycTyio BHyTpeH-
HocTh. IToaToMy MoskHO BHIOpATh DiIeMeHT e, & 0V TaK, 4TO
fe, (e) = 0 1 p, (ey) << 4% CornacHo HepaBeHCTBY Tpe-

144



YTOJAbHUKA
max {p (a;e; + €,), p (a1, — e5)} > 1.

Tar wak p (a1e7) = (1 + 271)™, mMsr MoeM BHOpaTs K03~
¢unmenr a,, —1 < a, << 1, Tax, 4TOGH YHOBIETBOPHUTH
PaBeHCTBY

p(ae; + ane;) = (1 + 2727,
PaCCMOTpI/IM 3aMKHYTO€e MO POCTPAHCTBO KOPa3MEepPpHOCTH IBa
X, =Ker f,, [ Ker foe a0,

Ucxomss w3 Tex ke cooOpaskeHuidd, 410 W B caydae X,,
MBL MO3KeM BHIOpaTh dieMeHT ey — dV rTak, uto f, (e;) =
= foeirame, (€3) = 0 1 py(e;) << 4. B oarom caywae omars

max {p (ase; + ae, + eg), p (a1e; + age, — e3)} > 1

U MBI Mo;keM BHIOparh Kosdounment a,, —1 << a; < 1, Tax,
97005 YIOBIETBOPHUTH PABEHCTBY

— ~3\—1
P (e + asey + azes) = (1 + 27970
HpOI[OJI?RaH 9TOT IPOIeCC HEOTrpaHUYEHHO, MBI HOJYYUM IIO-
CIe[0BATEABHOCTh 9JIeMEHTOB {e,};y W KodPPUIMEHTOB

n
{a,}’. Beega o6Gosnauenue s, =Ek=1 axey, MBI MOKEM TakK

3ammcarh CBOMCTBA BHIJIEJI€HHBIX IIOCII€0BATEIHLHOCTEM’
lan | <1, pler) =1, pu(en) < 4
o () = 0 (1 < < ),
ps) =142 n=12,...

Orciofa ciegyer, B 9aCTHOCTH, 4TO PAJ E':=1 (pe, CXORHUTCA
B TOHNOJOTMH IpocTpaHcTBa X, W, B CHIy 3aMKHyTOCTH V,
ero cyMMa $ IPHHAJJIEKHT MHOMKecTBY V: p (s) C 1. U3
ompefiesiens QYHKIMOHAIOB f, TONydaeM Clefylomue He-

paBeHCTBA:
P =1y () =1, (s) = p (s) = (1 + 273,
n=1,2,...
CrnemoBarensHo, p (s) = 1, 7. e. s dV. Jlokaskem Temeps,
4T0 § — HeJOCTIKIMAsA TOUKA MHOskecTBa V. BospMeMm mpoms-

BOJNBHHU JwHeiHH# ¢yaknmonan [ X' Taxoir, dUTO
f(s) >0. O6pasyem HeBO3pacTAlINYI IOCIELOBATEIHLHOCTE
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BeJIWINH

Ilycts ny — TOT WHAEKC, HaYMHASA C KOTOPOro p, (f) << oo.
He orpanmdamBasg o6mHOCTHE, MOKHO CIUTATH, UTO pn, (f) = 1.
BossmeM m > n, Tak, 9ro0H BHIOOJHANACH HEPABEHCTBA

1 —-m
Fom) > 1> 2 )
Ounpenenum snement y < 9V caenyomum 06pasom:
Yy = Sm/p (Sm) = (1 + 27™) sp,. (2)

CpasunM sHaveHus f (s) u f (y):
1(8) =1 (m) + Dy @l (1) <
< sm) + Dy | @ | i () P ()

arak Kak |a; | <1, pp (f) << pn, () =1, Dpre (&) < &,
TO
F() <f(sm) + 4.
Ecnu rtemeps BocmoabsoBarses (1) u (2), To moaydmm, uro
f (S) <f (Sm) + 2-(mf (S) <f (sm) + 2-mf (Sm) = f (y)

Taxum o0OpasoM, HEKAKOR JguHeiHHA ¢ynrpuoHan fe= X'
He TOCTHTaeT B TOUKe § &= 0V cBoell BepXHeH IrpaHU HA MHOKe-
cree V. Ilporusopeume. CiemoBarenbHO, V mMeeT Hemycrylo
BHYTPEHHOCTH. Temepb, HAaKOHEN, BOCHOJB3YEMCA OTPAHU-
YEHHOCTHIO OKpecTHOCTH HyJs V u mo teopeme Hoimoroposa
moJryauM, 9T0 -V ompefensier HCXOLHYIO TOMOJOTHIO IIPOCTPAH-
ctBa X. Teopema moxasana.

B sariaouenue mnpuBeneM NpUMep NOJIHOTO 0(0YEUHOTO
JOKAJIbHO BHIIYKJIOTO IPOCTPAHCTBA, HA KOTOpOoe He paclupo-
cTpaHsiercsa Tteopema 1.

Isxeitmc [6] mocTpomst mpuMep HEIOAHOTO HOPMUPOBAHHOTO
mpocTpancTBa K,, B KOTOPOM Ka KB JUHEHHH HempepEIB-
HHEIH QYHKI[HOHAJ {OCTUraeT HOPMHL HA e[UHAIHOM IIape (T. e.
Hopma mpocrpancrsa E, o6aamaer csoiictBoM (J)). Hopmy
npocrpaucrsa E, oGosHaumMm p, (). BBegem B E, cuiabHeil-
IIYI0 JIOKAJHHO BHIIYKJIYI TOMOJOTHIO ¥ HOJAYIEHHOE JTOKAIb-
HO BHIOYKJIOe MPOCTPAaHCTBO obosHaumM FE; mssectro [7,
c. 39, 28, 113; 8, ¢. 116, 586], uro E noano u 6oueuno. IToxy-
YaeM: B IOJHOM GOYeYHOM JIOKAJIBHO BHIYKJIOM MPOCTPAHCTBE
E cymectyer HenpepHBHasA HOpMa co csoiictBoM (J), ofHAKO
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E — a6 smopumpyémoé ftpocipaiiciso. IloxameM, Hakoirer,
9TO COIPSIKEHHOE MPOCTpanHcTBo K’ sABisercs KOHTpUpH-
MepoM K pacmpocTpaHeHUI0 teopemsl 2. BospMem B £’ MHOKE-
ctBo V — monapy wmuosectsa U = {x = E: p, (z) < 1}.
Homydum: B momHEOM G0YEYHOM JIOKAJIHPHO BHITYKIOM IPOCTPAH-
cree X = (E’, o (E’, E)) cymecTByer OrpaHUYeHHOE, 3aMK-
HyTOe, a0COMIOTHO BHIYKIOE MHO:KECTBO V CO CBOHWCTBOM
(/*), xoropoe, ogHAKO, He OIpeNeNseT HCXOJHYI0 TOIOJIO-
rao B X.

PocroBckuii MH;KeHepHO- ITocTymmiro
CTPOUTENbHKEN MHCTHTYT 22.05.84
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