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A NOTE ON MINIMAL AND MAXIMAL IDEALS OF
ORDERED SEMIGROUPS

Abstract. Ideals of ordered groupoids were defined by second author
in [2]. Considering the question under what conditions an ordered semi-
group (or semigroup) contains at most one maximal ideal we prove that
in an ordered groupoid S without zero there is at most one minimal ideal
which is the intersection of all ideals of S. In an ordered semigroup, for
which there exists an element a € S such that the ideal of S generated
by a is S, there is at most one maximal ideal which is the union of all
proper ideals of S. In ordered semigroups containing unit, there is at
most one maximal ideal which is the union of all proper ideals of S.

We deal with groupoids without zero. If an ordered groupoid (respectively,
a groupoid) S contains minimal ideals, equivalently, if the intersection of all
ideals of S is non-empty, then the intersection of all ideals of S is the unique
maximal ideal of S — the Kernel of S. So an ordered semigroup (groupoid or
ordered groupoid) contains at most one minimal ideal. The following question
is natural: under what conditions an ordered semigroup (or semigroup) con-
tains at most one maximal ideal? Under what conditions an ordered semigroup
(or semigroup) contains a unique maximal ideal? We prove the following: if
S is an ordered semigroup (or semigroup) for which there is an element a € S
such that S C I(a) (equivalently, S = I(a)) (I(a) is the ideal of S generated
by a), then any two maximal ideals of S coincide. If S is an ordered semigroup
(or semigroup), a € S and S C I(a), and if the set of all proper ideals of S
is non-empty, then the union of all proper ideals of S is the unique maximal
ideal of S. In an ordered semigroup (or semigroup) containing the unit element
“e”, we have S C I(e). So in ordered semigroups (or semigroups) containing
unit any two maximal ideals coincide. In an ordered semigroup (or semigroup)
containing unit and proper ideals, the union of all proper ideals of S is the
unique maximal ideal of S.

If (S,.,<) is an ordered groupoid, a non-empty subset I of S is called a left
(respectively, right) ideal of S [2] if

1) ST C I (respectively, IS C I); and
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2)ael, be S &b<aimpliesb € I.

If (S,.) is a groupoid, a left (respectively, right) ideal of S is a non-empty
subset I of S such that ST C I (respectively, IS C I). If S is a groupoid or
an ordered groupoid and I both a left and a right ideals of .S, then it is called
an ideal of S. If (S, ., <) is an ordered groupoid, a zero of S is an element 0 of
S such that 0x = 20 = 0 and 0 < z for every x € S [1]. If S is a groupoid, a
zero of S is an element 0 of S such that 0z = 20 = 0 for every z € S.

Let S be a groupoid or an ordered groupoid without zero. An ideal M of S is
called minimal if

For every ideal T' of S such that 7" C M, we have T'= M ()

If S has a zero, then the ideal {0} satisfies condition (*). In fact we have the
following: Let T" be an ideal of S such that 7" C {0}. Since T is an ideal of S,
we have 0 € T, then {0} C T, and T' = {0}.

As a consequence, in groupoids (respectively, ordered groupoids) possessing
a zero, the minimal ideal has to be defined as follows: Let S be a groupoid
(respectively, ordered groupoid) with zero. An ideal M of S is called minimal
if

1) M\{0}.

2) For every ideal T" of S such that T'C M, we have T'= {0} or T' = M.
This is whatever the authors call O-minimal ideal. So, when we speak about
minimal ideals in groupoids or in ordered groupoids, we have to distinguish if
the groupoids and the ordered groupoids have or do not have a zero.

1. In this section we consider groupoids and ordered groupoids without zero.
Let S be an ordered groupoid. For H C S, we denote

(H]:={teS | t<h forsome he H}.

For convenience, we denote S! := S U {e} where e is a symbol such that
ae =ea=aforall a e S.

Lemma 1. Let S be an ordered groupoid, L a left ideal and R a right ideal
of S. Then the set (LR] is an ideal of S.

Proof. We have () # (LR] C S (since L # 0, R # 0).

S(LE] = (S|(LR) C ((SL)R) C (LR),

(LR)S = (LR)(S]  (L(RS)| C (LR]

Ifae (LR and S>b<a,thenbe (LR]. O

Therefore, if I, J are ideals of .S, then the set (I.J] is an ideal of S.

Lemma 2. Let S be a groupoid (ordered groupoid) and {I; | i € I} a family
of ideals of S. If N{I; | i € I} # 0, then the set N{I; | i € I} is an ideal of S.

Proposition 1. Let S be an ordered groupoid, and A be the set of all ideals
of S. The following are equivalent:

1) S contains minimal ideals.
2) The set N{J | J € A} is the only minimal ideal of S.
3) {J|Je A} #0.

Proof. 1) = 2). Let I be a minimal ideal of S.



MINIMAL AND MAXIMAL IDEALS >

Then I =nN{J | J € A}. Indeed, let J be an ideal of S

We have JI C SI C I, then (JI] C (I] = I. Since [ is a minimal ideal
and (JI] an ideal of S, we have I = (JI]. Since JI C JS C J, we have
I = (JI] C (J] = J. Hence the set N{J | J € A} is a minimal ideal of S.

2) = 3). Since C {J | J € A} is an ideal of S, we have N{J | J € A} # ().

3) = 1). Since N{J | J € A} # 0, by Lemma 2, the set N{J | J € A} is an
ideal of S. The set N{J | J € A} is a minimal ideal of S.

Indeed, let K be an ideal of S such that K C N{J | J € A}.

Since K is an ideal of S, we have N{J | J € A} C K. O

Therefore, if an ordered groupoid S contains minimal ideals, equivalently, if the
intersection of all ideals of S is non-empty, then this minimal ideal is unique,
and it is the intersection of all ideals of S. This is the so-called Kernel of S.

Note that Proposition 1 also holds for groupoids instead of ordered groupoids.

2. In this section we consider maximal ideals of ordered semigroups.

An ideal M of a groupoid or an ordered groupoid S is called proper if M # S
[3]. Since there is no ideal T of S such that T O S, exactly as in the case
of ordered groupoids with zero, the maximal ideal has to be defined (only
for proper ideals) as follows: a proper ideal M of a groupoid or an ordered
groupoid S is called maximal if for each ideal T" of .S such that T D M, we have
T = M or T = S (equivalently, there is no ideal T" of S such that M C T' C 5)
(cf. also [2]).

If S is an ordered semigroup (respectively, semigroup) and () # A C S, we
denote by Z(A) the ideal of S generated by A i. e. the smallest — under
inclusion relation— ideal of S containing A. For an ordered semigroup S, we
have Z(A) = (AU SAU AS U SAS] (cf. [2]). For a semigroup S, we have
I(A)=AUSAUASUSAS. For A = {a}, we write Z(a) instead of Z({a}).

Lemma 3. Let (5, ., <) be an ordered semigroup, a € S and S C Z(a). Let
M be a proper ideal of S and M, a maximal ideal of S. Then M; C M.

Proof. Let x € M such that = ¢ M. We have
Since Z(My U {z}) is an ideal and M, a maximal ideal of S, we have
I(MyU{x}) =M, or Z(MyU{z})=S.

Since x € Mo U{z} CZ(MyU{z}) and x ¢ My, we have Z(M, U {x}) # Ms.
Thus Z(M; U {z}) = S. On the other hand,
I(MyU{x}) = (MyU{z})US(MayU{x})U(MyU{x})SUS(MyU{x})S].
Hence we have

a€ (MyU{a})USMeU{z})U(MyU{x})SUS(MyU{x})S].
Then there exist u,v € S' and y € M, U {x} such that a < uyv.
If y € My, then uyv € S'MyS' C My, a € My, S C I(a) C My, and My = S.
A contradiction.
If y = z, then a < uxv € S'M; St C My, a € My, S C Z(a) C M, and
M, = S. Again this is a contradiction. O
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As an immediate consequence of Lemma 3, we have the following Lemma 4.

Let S be an ordered semigroup, a € S, and S C Z(a). Then, for any two
maximal ideals M; and M, of S, we have M; = M.

Lemma 5. Let S be a groupoid (resp. ordered groupoid) and {I; | i € I} a
non-empty family of ideals of S. Then the set U{I; | i € I} is an ideal of S.

Proposition 2. Let S be an ordered semigroup, a € S, S C Z(a). Let A be
the set of all proper ideals of S. If A # (), then the set U{J | J € A} is the

unique maximal ideal of S.

Proof. Since A # (), then by Lemma 5 the set U{J | J € A} is an ideal of S.
The set U{J | J € A} is a proper ideal of S. Indeed, let U{J | J € A} = S.
Let J € A such that a € J. Since J is an ideal of S, a € J, and S C Z(a), we
have S C Z(a) C J, then J = S. This is impossible. Let now 7" be an ideal
of S such that U{J | J € A} C T, and let T" # S. Since T' € A, we have
TCUWJ|Je A} Then T =U{J | J € A}.

If M is a maximal ideal of S then, by Lemma 4, we have M = U{J | J € A}.
So the set U{J | J € A} is the unique maximal ideal of S. O

Therefore, if an ordered semigroup for which there is an element a € S such
that S C Z(a) contains proper ideals, then the union of all proper ideals of S
is an ideal, and the union of all proper ideals of S is the unique maximal ideal

of S.

Remark. If S is an ordered semigroup containing the unit element “e”, then
we have S = Se C (Se] CZ(e). O
Now it follows from Lemma 3, Lemma 4 and Proposition 2 the following:

Lemma 6. Let S be an ordered semigroup containing unit. Let M; be a
proper ideal of S, and M, be a maximal ideal of S. Then M; C M,.

Lemma 7. Let S be an ordered semigroup containing unit. Then for any two
maximal ideals M; and M, of S, we have M, = M.

Proposition 3. Let S be an ordered semigroup containing unit. If the set A
of all proper ideals of S is non-empty, then the set U{.J | J € A} is the unique
maximal ideal of S. O
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