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The stability of one-step methods
for nonlinear multipoint boundary value problems

Hccnenyercss yCTOMYMBOCTE OJHOIIATOBRIX METOHOB JJIA  HEJHHEHHOH
MHOTOTOYEYHOIl KPaenoil 3aauu JUist cucTeMbl oOnIkHOBeHHKIX nuddepennn-
ANBHBIX ypAaBHEHMil nepsoro nopspka. HeanHeilRbIMu ABJSIOTCS KAaK CAMH
nudPepeRnMaibHBIC YPABHEHVS, TAK M TPaHUMHbIE YCi0BHA. [laAA u3omxupo-
‘BAHHOTO pemIeHus KPAeBOif 3aaU4ud ¢ MCnonb3oBaHneMm (@yHiaMeHTaNbLHOTO
PelIeHUs JMHeAPH3IOBAHHOW CHCTEMBI C JIMHEAPU3OBAHHALIMH TIDAHWTHBIMU
YCIOBHAMN [OCTPOEHA OLEHKA KOHCTAHTHL ycroitumpoctn. Ilo rakoil sie cxe-
Me CTPOMTCS ONEHKA KOHCTAHTHL. YCTOYHBOCTH B cnyqae UCIOABL3OBAHUA
9HCJEHBBIX METO;I0B.

§ 1. Introduction

We consider the system of n first order nonlinear ordmary differential
equations
(1.1) Hy(h)y=y () ~f(t, y(t)) =6, t=]=[a,b], a<b,

subject to multipoint (r-point) boundary conditions of the form
(1.2) g(y(z),...,y(z))=0, a<r,<...<z<b, r>2,

where f: JIXR*—~R", g: (R*)"~R" and 0 is zero vector in R". If r=2, z,=a
and z,=>b then we have the nonlinear two-point boundary value problem.

There exists a large number of methods to compute a solution of (1.1},
(1.2). It is well known that stable and consistent methods for the initial va-
lue problems can be applied for it. The basic problem is of cause to estimate
the stability constant of employed numerical methods. It can be combined
with the stability constant for the continuous problem. Such considerations are
made in [1] for linear two-point boundary value problems, so for f(¢,u)=
=P(t)u—f(t), g(u, u,)=P,u,+P,u,—b, where P, P, and P, are nXn matri-
ces and f;, b=R". Such approach gives materially better estimates for the
stability constant than obtained by the standard process for the initial value
problem as it was written in [1].

The purpose of this paper is to extend the results of [1] to the nonlinear
multipoint problems (1.1), (1.2). Some notations and facts are taken from
the papers [1]—{[4]. We will be concerned only with isolated solutions of
(1.1). (1.2). Recall that y is an isolated solution of (1.1), (1.2) if the li-
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nearized problem .
(1.3) ZLlylz(t)=z"(t)—A(t, y)z(t)=0, ted,

(1.4) Blylz= XBily'IZ(xi)=9,

has only the trival solution z (¢)=6. Here
A(tvy)=fu(t, y(t))a Bi.[y]=gv(£,-)(y(xl)w . ,y(.’lf,-) )7
i=1,2,...,r.

Indeed, it will be assumed that f, and 8uixy exist and are continuous is some
tube about y(¢) and y(x:), i=1,2,...,r, respectively. Let Z denote the fun-
damental nXn matrix solution for & [y], i. e.

LlylZ(t)=6, t=l, Z(a)=I.

Hert © denotes nXn zero matrix. It is known that the function z2(t)=
=Z(t)z(a) is a solution of (1.3). Now, (1.4) yields

Y, Bily1z(z)z(a)=s,

i=0

and hence it follows that the matrix

Z BilylZ(z))

is nonsingular because (1.3), (1.4) has only the trival solution. It is also
known that the isolated solution is locally unique (see for example [3]).

§ 2. Continuous case

We consider the second system of the form
(2.1a) Hut)y=w (t)—F (t,u(t))=6, t<l,
(2.1b) - gu(zy),...,u(z)),=0,

where f and g are approximations of f and g. The system (2.1) may also d¢-
note the «easier» system than (1.1), (1.2) for finding the approximate solu-
tion of (1.1), (1.2). We assume that u is a unique solution of (2.1) in some
region about the isolated solution y of (1.1), (1.2). Put v=u—y. Then

Sou(t)=0=K (vty) (1) =v ()= [f (1, v+y) (1) =F (2, (y () ]+
+f (¢, (wty) (1)) —F @, (vty) (2))].
Further, the meal_i value theorem yields
2P, y]v(t)r;JY’u(t), tel,
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where 2 is defined by (1.3) with A(t, y) replaced by

Ao =] 1y ()t ) dr.

Similarly, using boundary conditions (1.2), (2.1b) and the mean value theo-
rem we have

Blu; vlv=g(u(z,),..., u(z)),
where B is defined by (1.4) with B;[y] replaced by

1

Bilv,y]= jgu(:a,-;) (y (it (), ...,y @) tw(z,) )dr,

i%1,2,...,r.
Now we can write o
(22)  ZvO)=(ZY1-Zv, y o) +ru@), te,
(2.3) Blylv=(Blyl-Blv, yl)v+g(u(z,),..., u(z,)).

Denote by ||-|| any convenient norm in R”. Let
p .
i/p
o =(Jw@ira)”,  p=1, yerra,ry.
with '
Iyl = sup lly () i

teJ

its limiting value as p—>o (L?(J, R") denotes the set of all Lebesgue measu-
rable functions y : J—R" for which there exists the Lebesgue integral of p-th
power of y).

Indeed, the solution v of (2.2) satisfies the integral equation

(2.4) v(t)y=Z(t)v(a)+Z(2) jZ“’(S)Z”[y]v(s)ds, te].

By (2.3) and (2.4) we have

Blylo= 3 Bilylv(z)=(Bly1Z)v(a)+

Ci=i

+) B2z | 2 )2 1ylv(s)ds.

i=1

Finding from this v (e) and substitutiﬁg it to (2.4) we obtain

@s) v(t)=®(t)B[y]v—(D(t)Z;Bi['ylz(fvi)S'Z"(S)X
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t

X@lylo()ds+2(t) |27 )@ ylw(s)ds,  tel,

where
®(1)=Z() (Bly)2)~

After some calculations (2.5) can be written in the following way

b

(_2.6) v(t)=(I)(t)B[y]‘v+SG(‘t,S)S,”[y]v(s)ds,

with Green's function :
— (1) D1 (s5), t<s<zy
— W (k, r; t; 5), a<tlm andzk_1<s<zh
¥, j—=155s8) 5, << z,and z;_, <s<Zj
j=2,3 o, k—1,
V(1 E—1; ty8) ap  <<s<t<xy
— W (%, r; t, 5), T, <t <s<p,
Gt 5)= — W (-1, 5 2, h Ty, <E<T, and x; <s<Z;ys
j=kk+1, ..., r—1
Y E—1ts) z.<t<bandz, sz,
@ (1) D1 (s), 2, <s<1<b,
0, (<t <z, z,<s<b)orz, Jts<b-
or (a<s <&y, r<t<b), ora<s<t<y

and
q
W (k41 0)= 0 () DL BIYIO @0 (s),  h<q.
=R

It means that the solution v of (2.2), (2.3) satisfies (2.6). By using Holder’s

inequality and (2.2), (2.3) we obtain the differential stability relation

(27)  Ile<Kl(Blyl-Blv, y)vi+K.lgw(z), ...
e u(@)) K (L Y] =L (v, y]) vl e Hulls,

where the interior stability constant is defined by

b

cq=sup{J‘!!G(t,s)ll"dS}”qv 1/p+1/g=1, |

ied @

and
b

K=0la, K= sup | 16t )lds.

ed a

Indeed K,=c,. p
If there are r squarc matrices By, ..., B. of order n and a vector b=R"

such that

g(wy,...,w.)= X Biwi;b,

i=1
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then
Ei[‘vty]‘_"Bl" i=1,2,...,r, 3ndB[y]U=ZB:u(xi)-
i=1
Moreover if f(t,u)=A (t)u then (2.7) has the form

lolo<c|Lull,+K[Bul, — Lu=u'—Au, Bu= ) Bu(z),
i={

.and for r=2 and g=g our problem reduces to the linear case considered
in [1]:
We assume that f, and Buz)) satisfy Lipschitz conditions i. e. there exist

constants K., L;=0, i,j=1, 2, ..., r, such that
(282) i, 2)—f,(t, %) |<Kilz—F|, = F=R",
(2.8b) TP TR 2 o SN A Y| ES

r
= ZLU-HZF—@“, zZ;, E"ERn, i='1,2, NP
j=1

Using the above assumptions, (2.7) takes the form

(2.9) uv[lmSK“v"mz+f:q“./1(’u"p+K,“g(u(:z:,), coou())l,

where
K.K; K,
K=maxﬂI 5 7122;45_; Li,-}.‘
Now (2.9) yields
(2.10) Iollo<K.(y) [l ¥ uls+Killg (uz), - . ., u(z:)) ],
with K, (7)=2/[1+ (1—y)"] provided that
(2.11) 4K [ c | ull,+K g (u(xy), - .., u(z))|]<y<i.

§ 3. Discrete case
We employ arbitrary families of nets {¢;} with

A t0=a, tj=tj—’+hj, i=1, 2, N N, tN=b,
where :
h5=tj—tj_g>0, ]=1, 2, ey N, h = max hj.

i
The net is required to be such that the boundary constraint points ;,
i=1,2,...,r, are contained in the set {¢: t=t; j=0,1,..., N}, say

=t , i=1,2,...,r.

1

Indeed in the practice the numerical solution u of (2.1) is defined on A,
so z,v: A-+R". We need to apply some previous observations for the conti-
nuous case when i and v were defined on J. Due to this fact with any function
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w:J—~R" we associate the step function @ and the broken line @ such that
w(t.i) =W (ti)=aj(tj)1 ]=Oy 1,... ’ N.-

The function w is piecewise constant (in each component) with breakpoints.
%o,..., ty— and it is continuous from the left as its derivative. The function
@ is piecewise linear with breakpoints t,,..., tx and continuous. Indeed,

@, = [Zhllw(t)llp]' C tal=lol. = max )l

J=01,..,N

Each function w is identified with its step function interpolant.
Now (2.1) will be approximated by a one-step discretization of the form

U/J "

(3.1a) N, = ”—h

j
(3.1b) g, ..., u,-r)==6,
with u;=u(t;), j=0, 1,..., N. Here f is a map carrying mesh functions to-
mesh functions too. We assume that u"=(u,, ..., uy) is a unique solution
of (3.1) in some region about the isolated solution y(¢;), j=0, 1,..., N..
Now we try to give some conditions of fa to connect the stability of (1.1),
(1.2) with that of our discrete one (3.1). We have the following.
Theorem 1. Let the conditions (2.8) be satisfied. Suppose that there
exist functions d, and d; independent of A such that

(3.2) W17 st w)—7(t, @) lallo<d, (h) |Wuellptda (R), p>1,
for any mesh function u: A—R", where the notation ||-||a means
”y”AJ=5up{“y(t) “7 tE [tj'"h tj]}? j=1, 21 ety N-
Then we have the following relation v
[7lle =il < Kllvllo*+cq [1+d, (B) HIAullp+
+e,ds () +K, g (s, . .., ujr)ll.
If dy is bounded and d,(h)—0 as h—0 then we have the stability constant
for scheme (3.1). If also d,(k)—0 as h—0, then the resulting stability con-

stant approaches that of the continuous problem.
Proof. For any mesh function v and t=(¢-,,t;), j=1,2,.... N, we have

_fﬂj (tyu)——_ev j=1’72~7"‘9N7

KN () =i’ (1) ot u)+

+fm(t,u)-—'f(t, ﬁ)=mhu3+fA;(t, u)_f(t, ﬁ) ,

where # denotes the linear function in ti-i, ), j=1,2,...,N. By this, the
Minkowski inequality and (‘% 2) we obtain

el =] 2 { IIJY’;.u,*i-)‘A,(t w-1emlra) <

=t tpg

= [ Z j AP+ 7 a5 (8, u) —f (2, @) ||a;” dt ]“’P:

J==1 .y
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1/p

= { Zhj!!ﬂ,huj+fAj(t» u) —f (2, ’7)“"?] <

<( 2 hiwl) | g Wl st w)—1 ) 2] =

=lll 111 s (tw) 7 (8, @) lallp<[1+d, (h) | [ Auull 52 (R).

Now from (2,9) and ii(tjl_)=u,»i, i=1, 2,..., r, we have the assertion of
Theorem 1.
Theorem 1 may be reversed
" Theorem 2. Suppose that there exist functions e, and e, independent
of A such that a

(3.3) - 17t u)—f(t, @) lally<<e.(h) “-’Pii”ﬁ'ez (k)

for any mesh function u: A—R", and functions K and ¢, so that for all A

(3.4) o)l < K (ha) o]l o2 +eq (ha) IAell+ K. (Ro) g (s - u; )|
Vo: AR

Then ’

(3.5) o]l e <K (Ro)l[vl] o+, (o) [1+e, (R) )N ]| o+

+ey () €2 (h) +K, (ho)l|g (5, - . u.,r) I,

for all veL?(J,R") and all A with h<<h,. If e, is bounded and e,(h) >0 as
h—0 then we have the stability constant for the continuous problem (1.1},
(1.2). ’

Proof. For any t=(t;-,,t;), j=1,2,..., N, we have

28— Uj—1
~Jf;.uj =

== Fay(tou) + (@) ~f (1, 8) =
=N (t)+f(t,5) —Fa;(t, u).
Hence
b .
ll”hu|l=[jlieﬂ)ﬁ(t)+f(t,ﬁ)_fA(t’ u) ”pdt] <

b
14/

Jire o -rawiral” =

n

<[ Jwrmorpa ]+

, N oY o
=HWH»+{Z filf(t,ﬁ)—ﬂj(t,u)dl"dt]/ <

=1 {5,

<lral+| g WD~ Tott ] =

=il + 1 @) —Fa ) sl
Now applying (3.3) and (3.4) we have (3.5).
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§ 4. Examples
1. For the contered scheme we have '
Farlt ) =f(bony (wtwin) /2, j=1,2,...,N.
Now for t=(1;-4, t;) we see that

Tt ) —f (6 B =f (b (urbigms) [2) —F (2 7) =
=f(t'-‘/:1 u (t""/z '-f(t ~hy u (t) ) +f(t2—'fav u) f(t u ) .

The mean value theorem yields

oot ) =1 (6, 0y = (t—ty-) | A (110 2

Ui

+A%0]=

£]

e () A (o) [ a6, ) ] +47 (1)),

where
~ ) _ _ ~ t,...(‘:‘*_\,\
A(t-i)=] 1o, ClibsDuct (isDu)ds, 1= =75
A’ (t)= j fe(st+(1—s) t"—v",ﬁ (t))ds.
Hence we get '
IFa(t,u) 12, u)lla;<‘/z{llAMw[ll-/Y’AuJHHif ai(t, n)HH
A by, j=1,2,..., N,
S0
: i/p
M7 a(t,u)—7 (@) |Alla={ X hillfa (2, u) —f(2, 17)“4\5"} <

j=1

<—{Zh[uAn., el 17t ) )7} 7+
(Zh,uA I ) <~§-{(;Z;hfuiuxlmmuv)"”+

+] gh,»uZnaufMu, ] 4l (2 )=

""{"A" (Zh (AP 12 ) P+n§ﬂnw[ Z hllF a5 (2, :;)'ulﬂ Ty

j=1 =1

A =)o} = 2 (Al
FlAfNF sllsHA Y (b—a) ).
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Now (3.2) holds with

a() =5 1Alle, () = ANl 14" (b-a) 1.

If now "= (u,, ..., ux), is the unique solution of (3.1) then | A°@|,=0 (k).
Moreover if g=g then it is possible to choose & such that (2.11) will be sa-

tisfied. By (2.10) the centered scheme is convergent and |#].=0(h).
Because »

Fastt, w)=F(t, ®)==(t=t,-1) (A (4o [FT Q)+, )] + 4' (1)),

80

W7 s (2, w)—f (&, 7) [lsll»

can also be bounded in terms of || A°||,.
2. For the trapezoidal rule we have

fﬁj(tv u’)= _[f(t'—h ui'l)+f(tjv ui) ]/2 -
Now if fE(to_,,tj) then

fAJ'(t7 u)'—j(t7 ﬁ)=[f(11—l~ lli~1)+f(tj3 u’i)] /2_f(t’ ﬁ)=
=[f(t.’u—h "’j—l)—“f(ti—'h ﬁ) +f(t-h ﬁ) —f(t, ii)]/2+
T w) =1 (&, @)+ (8, B)—1 (¢, @) 1/2.

Further, by the mean value theorem we get
[+
. u;—uj-
“iAs (8, Wjy, tiy) ;}7 .
i

t—t;_y . +

Fas(t,u)—f(t, &) = —

. 1—t; . U—Uj—y o :
a0 |- 4 ey B 4 |,
where .
. .
A;(t, u, r)«-—-—_i jy( T, u-l-si%l?‘;’— (t-r)) ds, j=14,2,...,N,
4°°(t, 1)= 5 fi(v+s(t—=), &) ds.
Hence
MF s w)—f @, @) <l 4"« Al HIFai (8, w) [T ] AT,
and

d,(R)=hiA"w,  &(h)=h[[A]]F sl 414" (b—a)"'?).

For this case also ||#°#]l,=0 (k) if u" is the unique solution of (3.1), so {2.11)

is satisfied for g=g.
Indeed for the trapezoidal scheme we can bound

ﬂ ”fA(ty ll)—f( tv ﬁ)"A”p in terms of !I‘/Y)a:“P
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