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T h e s tabi l i ty of one-step me thods 
fо? non l inear mul t ipo in t boundary value problems 

Исследуется устойчивость одношаговых методов для нелинейной 
многоточечной краевой задачи для системы обыкновенных дифференци­
альных уравнений первого порядка. Нелинейными являются как сами 
дифференциальные уравнения, так и граничные условия. Д л я изолиро­
ванного решения краевой задачи с использованием фундаментального 
решения линеаризованной системы с линеаризованными граничными 
условиями построена оценка константы устойчивости. Но такой ж е схе­
ме строится оценка константы устойчивости в случае использования 
численных методов. 

§ i . In t roduct ion 

W e consider the sys tem of n first order nonl inear ord inary differential 
equat ions 

( 1 . 1 ) Jfy(h)^y'(t)4(t,y(t))=Q, Ш7=[а,Ы <z<6, 

subject to mul t ipo in t ( r -point) boundary condit ions of the form 

(1.2) g ( y ( * i ) , . . . , y ( * r ) ) = = 0 , a<Xi< . . . <xr<b, r > 2 , 

where / : 7 X R n - + R n , g: ( R n ) r - + R n and 6 is zero vector in Rn. I f r = 2 , x^a 
and xz=b t h e n we have the nonl inear two-point boundary va lue problem. 

The re exists a la rge number of methods to compute a solut ion of (1 .1 ) , 
(1 .2 ) . I t is well k n o w n tha t s table and consis tent methods for t h e in i t ia l va­
lue problems can be applied for it. T h e basic problem is of cause to es t imate 
the stabi l i ty cons tan t of employed numer ica l methods . It can be combined 
with the stabi l i ty cons tant for t he cont inuous problem. Such considerat ions are 
m a d e in [1] for l inear two-point boundary value problems, so for / ( £ , » ) = 
=P(t)u—fi(t)4 g(uu u2)^Piui+P2u2~b, where JP, Pi and P> are nXn m a t r i ­
ces and / , , fre=Rn. Such approach gives mater ia l ly be t ter es t imates for t h e 
s tabi l i ty cons tan t t han obtained by the s t andard process for the ini t ia l va lue 
problem as i t was wr i t t en in [ 1 ] . 

T h e purpose of th is paper is to extend the resul ts of [1] to the nonl inear 
mul t ipo in t problems (1 .1) , (1 . 2 ) . Some notat ions and facts are t a k e n from 
the papers [1] — [ 4 ] . W e will be concerned only wi th isolated solut ions of 
( 1 . 1 ) , (1 .2 ) . Recal l t h a t у is an isolated solut ion of (1 .1 ) , (1.2) if t he l i -
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s t e a m e d p r o b l e m 

(1.3) 2?[y)z(t)^z'(t)-A(t, y)z(t)=0, mJ, 
r 

(1.4) B[(/]2^^,B,ii/]z(x,)=e, 

h a s only the tr ival solut ion z(t)^Q. Here 

A(t,y)=fy(t,y(t)), . Д * . [ » ] « й Г | , ( « , ) ( у ( ^ 1 ) , . . - , » ( « г ) ) , 

i = l , 2 , . . . , r . 

Indeed, it will be assumed t h a t fy and gy(X) exist^and are cont inuous is some 
tube about y(t) and y(Xi), 2 , . . . , r, respectively. Let Z denote the fun­
damenta l nXn ma t r ix solution for 2?[y], i. e. 

&[y)Z(t)=e, tezj, Z(a)=I. 

Hert © denotes nXn zero mat r ix . It . is known t h a t the function z(t)*=* 
=Z(t)z(a) is a solution of (1 .3) . Now, (1 .4) yields 

r 

г—0 

and hence it follows t ha t the ma t r ix 
r 

is nons ingu la r because (1 . 3 ) , (1.4) has only the t r ival solution. I t is also 
known tha t the isolated solution is locally un ique (see for example [ 3 ] ) . 

§ 2. Cont inuous case 

W e consider the second system of the form 

.(2.1a) JPu(t)=u'(t)-f(t,u{t))=Q, fts/, 

(2 .1b) £(tt(*i)v..,a(* r)),=e, 
where f and g are approximat ions of / and g. The sys tem (2.1) m a y also de 
note the «easier» sys tem than (1 .1 ) , (1 .2) for f inding the approximate solu­
t ion of (1 .1) , (1 .2) . W e assume t h a t и is a un ique solution of (2.1) in some 
region about the isolated solution у of (1 .1) , (1 .2 ) , P u t v=u~y. Then 

Jfu(t) =Q=^Jf(v+y) (t) =v (t) - [f(t, v+y) (t))-/(*, (У (t))} + 

+ [№Av+V){t))-f(t, (v+y)(t))]. 

Fur the r , t he mean value theorem yields 

2?l>, y]v{t)=JTu{t), t^J, 
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where S is defined by (1.3) with A (t, y) replaced by 
i 

^ (t, V, ( / ) = j / „ (t, У (t) + TV (t)) dx. 
0 

Similar ly , us ing bounda ry condit ions (1 .2) , (2.1b) and the m e a n va lue theo­
r e m we have 

В[щ v]v=g{u(xi),..., u(Xr)), 

where В is defined by (1.4) wi th B{[y] replaced by 

EAv, y]= \gy{* . > : ( у ( х , + х и ( * , ) , . . . ,y(xr)+ro(xr) )dx, 
о 

i = l , 2 , . . . , r . 

Now we can write 

(2.2) 2?[y)v(l) = (2'[y]-&[v,y])v(t)+jru(t), ml, 

<2.3) Bly]v=(B[y]-B[v, у})и+д(и(Х>) u(xr)). 

Denote by any convenient norm in R". Let 

wi th 
= sup \\y(t)\\ 

ti=J 

i ts l imi t ing va lue as p*-*<x>{Lp(], K n ) denotes the set of all Lebesgue measE= 
rable functions у : for which there exists t he Lebesgue in tegra l of p- th 
power of y). 

Indeed , the solut ion и of (2.2) satisfies the in tegra l equa t ion 
t • 

(2.4) v{t)=Z(t)v{a)+Z(t) lz-l(s)&[y)v(s)ds, tel. 
a 

By (2.3) and (2.4) we have 
r 

• fl[»]p-£e<[ff]i'W = ( B M Z ) 9 ( a ) + 

r xt 

••+YtBt[v]Z(xt) iz-4s)^[y}v(s)ds. 
i = i a 

Find ing from th is v(a) and subs t i tu t ing it to (2.4) we obtain 

(2.5) v{t)^{t)B[y}v-^(t)^Bi[y]Z(xi)jz-i{s)X 
* W a 

am 



Xany]v(s)ds+Z(t) \z^{s)^[y}v{s)ds, Ш], 

where 

®(t)~Z{t){B{y]Zy\ 

After some calculat ions (2.5) can be wri t ten in t he following way 
b 

(2.6) v{t)~<&(t)B[y]v + lG(t,s)3?[y]v(s)ds, ' 
а 

with Green 's function 

- Ф ( < ) Ф " 1 ( 8 ) . * О О ь 
-XF(A% r; t% s)f a<t<x1&ndxk_1<s<xk 

Y ( t , /=-=1; t; s), xk_x < t < xk a n d x h l < s < Xj 
j ™ 2, 3, •« . , , /с —• 1, 

T (1 , Л — 1; s), ^ < s < / < xk, 
~~W(kf r; t, *). * * - ! < ' ? * = 2> 3 

G { h S ) = 1 - ¥ ( / - И , r; *, 5) , ' ^ . j < / < xh and x. < « < х ж 

j=zk, k + \% . . . r — 1 
4 ' (1 , & — 1; *, s) x r < t < b and < s < 

В, ( a < * < * r . * r < s < b ) o r x r < * < s < b 9 

or (a < s < x x < f < b), or a < s < £ < xi 

and 

Ч Ч М ; * , * Н Ф ( 0 2 ^ В г [ у ] Ф ( х 1 . ) ф - Ч ^ ) , 

I t means tha t the solution v of (2 .2 ) , (2.3) satisfies (2 .6) , By us ing Holder ' s 
inequa l i ty and (2 .2 ) , (2.3) we obta in the differential s tabi l i ty re la t ion 

(2.7); M.<KiUBly]-B[v, у]М+КЫ»(*1), • • • 

. . . . u(xr) )U+*,|| {& Ы ~ £ \vs y)) vU+ciJfu\\m 

where the inter ior s tabi l i ty cons tan t is defined by 

and 

с , - s u p {J||G(M)IM* У'*, i / p + l / g « l , 

b 

« , = 1 1 0 1 1 . , K2 = Suv[\\G(t,s)\\ds. 

Indeed i ? 2 = C t . * 

If there are r s q u a r e matr ices Bu ..., Br of order a and a vector 6= 
.such t h a t 

£(и?1г...,и05 BiWi—b, 

1737 



then 

5 , [*;,{/]=#,., i = l , 2 , . . . , r , and (x<). 

Moreover if f(tyu)=^A(t)u then (2.7) has the form 
r 

\\v\U^cq\\Lu\\p+Ki\\Bul Lu^u'-Au, Bu^J^BiU(xt), 

and for r = 2 and our problem reduces to the linear case considered 
in [i]. 

We assume that fy and satisfy Lipschitz conditions i. e. there exist 

constants Ks, Lij^Q, i,j=l, 2 , . . . , r, such that 

(2.8a) \\fv(t,x)-fv(t,x)\\<K3\\x-xl z , x « R " , 

(2.8b) l\gv{x()(Zi * , ) - & < « , >(2i , . . . ,z,) i l*£ 
r 

^]tLL*A\zi--*& Zi,Zi^$n, i = l , 2 , . . . , r . 

Using the above assumptions, (2.7) takes the form 

(2.9) U^II^^^II^H-^^o^ll^ixlU^^Hl^C^C^i)..... u(xr))l 
where 

# = m a x | — — , —Z^ZA Lvf-

Now (2.9) yields 

(2.10) \\v\U<K,(if) [ c ^ H p + ^ l k ( " ( * i ) u(xr))l 

w i t h X 4 ( T ) = 2 / [ l + ( l - Y ) ' / 2 ] provided that 

(2 .11) Ш[ся\\Жи\\Р+К^(и{х,),..., и(х г ) ) | | ]<Т<1-

§ 3. DSscffete ease 

W e employ arbitrary families of nets {tj} with 

&:t0=a, t^tj-t+hs, / = 1 , 2 , . . . , iV, 
where 

A j = ^ ~ ^ j - i > 0 , / = 1 , 2 , . . . , / V , й = т а х й 3 . 

The net is required to be such that the boundary constraint points x^ 
1 = 1 , 2 , . . . , r, are contained in the set {t :t—th /=0,1, . . , , # } , say 

i = l , 2 , . . . , r. 

Indeed in the practice the numerical solution и of (2.1) is defined on Д 9 

so и i Д - * Р П . W e need to apply some previous observations for t he cont i ­
nuous case when, и and v were defined on / . Due to t h i s fact w i th a n y funct ion 

1738 ' . 



w : J-+Rn we associate t he s tep function w and the broken l ine w such t h a t 

w(ts)=w(ts)=w{tt), / — 0 , 1 iV. 

T h e function w is piecewise cons tan t (in each component) wi th breakpoints 
J© , . . . , tN-i and it is cont inuous from the left as i ts der ivat ive. The function 
w is piecewise l inear wi th breakpoints t u . . . , tN and cont inuous . Indeed, 

N 

Ы , = \ТАЬ\М*>)\\*]1", 1М-НИ-- max 
Each function г# is identified with its step function interpolant. 

Now (2.1) will be approximated by a one-step discretization of the form 

(3.1a) JfHUt-^p^-f^(t,a)=Q, / = 1 , 2 , . . . , N . , 
i 

C3.1b) ? ( B » i r . 4 t t i r ) = e , 
with Uj=u(tj), / = 0 , 1 " , i V . Here / A is a m a p car ry ing mesh functions to 
mesh functions too. W e assume tha t м л = ( ц 0 , ^ л ) is a un ique solution 
of (3.1) in some region about the isolated solution у(£,•), / = 0 , 1 , . . . , iV.. 

Now we t ry to give some condit ions of / д to connect the s tabi l i ty of (1 .1) , . 
(1*2) wi th tha t of our discrete one (3 .1) . W e have the*following. 

T h e o r e m 1. Let the conditions (2.8) be satisfied. Suppose that there 
exist functions dA and d2 independent of A such that 

(3.2) HII/^*, u)-f(t, й)IUHP<d.СЛ)||Hrfcu||p+da(Л), p>U 

for any mesh function и : Д - ^ К П , where the notation ЦЦд means 

№!k=sup{ii</(0i l , mitt-,, m, / = i , 2,...,.N. 
Then we have the following relation 

М-=И-<ЩН\-1+с,[1+Ь(к)]рГьи\\Р+ 
+c<d1(h)+KlU(u,n...,ui ) | | . 

г 
/ / d, is bounded and d2(h)-+0 as then we have the stability constant 
for scheme (3.1)'. / / also d,(/fc)->0 as ft->-0, then the resulting stability con­
stant approaches that of the continuous problem. 

P r o o f . For any mesh function и and Ш(1у.и £;), /==1, 2 , . . . . /V, we have 

jfu(t)^U/(t)4{t,u(t))^^^~f\j(t,u) + 
hi 

+f*<t, »)~f(t, й)=ЛГьЩ+Гц& » ) - / ( * , к.), 

where ?7 denotes the l inear function in / = 1 , 2 , . . . , N. By th is , t he 
Minkowski inequa l i ty and (3.2) we obtain 

. N tj 

1!^а|1г=[Ц I IP«e*»,+/'4i(«,ii)-/(t,s)||*A],/' 
* t, 

<[H J I I ^ M - 7 * < ' . » ) - / ( * , « ) I U / ^ ] , / P = 
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- Г | Л | | р + 1 1 1 1 А ( ^ 1 г ) Ч ( ^ tt) U\p<[i+ddh) ] \Whu\\P+d2{h). 

Now from (2.9) and й^^)=щ г==1, 2 , . . . , r, we have the asser t ion of 

Theorem 1. 
Theorem 1 m a y be reversed 
T h e o r e m 2. Suppose that there exist functions et and e2 independent 

of A such that 

(3.3) II !!/"*(*, «)-/(t,S)|U||P<el(A)|H'S||p+e,(*) 
/ o r аш/ mesfe function и: A-^R 7 1 , and functions К and cq so that for all Д 
м;#й й<.А 0 , 

(3.4) | ) i ; |L<X(Ao) IHU^+c^fcoJ i^Mllp+K, ( f t 0 ) f e ( " * i . . . . , * j r ) | | 

Then 

(3.5) ! N U < ^ O M U ^ 

Н^Рд(Ло)е 2 (Л)+Л: 1 (Ло)"| |г(^ - . . . , u, r>iu 
/o r aZ/ i ; e Z , p ( / , R n ) a n d а й A A<A 0 . / / is bounded and ez(h)=*0 аш 
h-+0 then we have the stability constant for the continuous problem ( 1 . 1 )\ ; 

(1.2). 
P r o o f . For a n y fc= (tj~t, t , ) , / = 1, 2 , . . . , N, we have 

Hence 
=Jfu {t) +f(t, u)-fv(t, и ) . 

b 

M " . u | H [ J \№(t)+f(t,u)-rb(t,u)\\rdt]Uv< • 
a 

b b 

< [ J \\Jfu{t)\Ydt\ +[) \\f{t,u)-fAt,u)\\»dt\ -
a a 

= i i ^ u i i P + [ £ 1 \\f{t^)4*{t,u)\\*dtYv < 

= l l ^ | | P + | i j | / a £ ) ~ f A ( z , a ) | U L . 

Now apply ing (3.3) and (3.4) we have (3 .5 ) . 
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§ 4. Examples 

1. For the contered scheme we have 

№,у)=№-ъ* (щ+Щ-л)1Ъ 7 = 1 , 2 , , . • , N. 
Now l o r t^{tj-u t$) we see t ha t 

fb№,u)-f(t,u)'==f{t^h, . ( t t j + % - i ) / 2 ) ~ / U , S ) = 

T h e mean va lne theorem yields 

ЛЛ*,«0 -/.(*, s [ 1 № , 0 + л ' (0 ] » 

where 

Л (*,_%)-] •/,(<*-*. ('/»+*«>»>+ ( 7 I - « R п „ ) d s , I -
0 

1 

A' (t)« J . / , . ( « « + ( 1 - * ) . * , - % , й .(*) 

0 
Hence we get 

y - i , 2 , . . . , iV, • 
so 

| | | | / л ( А . « ) - / . ( . , й ) | | д | | , - [ £ A , | | / - A ( * , » ) - / ( * , S ) | U * ] U P < 

3=i j—l 

N N 

N N ' 

+ B i 4 , | l - ( b - e ) , / ' j - у <H4l-M».a|U+ 
+ll i | | -BMIp+M - l - (b-a) v ») . 
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Now (3.2) holds wi th 

d,{h) = | - |H |U d2(h) ^~[Ш^ГЛрПА1\ЛЬ-а)^1 

If now uh= (uQ,..., us), is the un ique solution of (3.1) then \\JFu\\p=0(h). 
Moreover if g=g then it is possible to choose h such t h a t (2.11) will be s a ­
tisfied. By (2.10) the centered scheme is convergent and ||г;||оо—0(h). 

Because 

u)4(t, w )= - (^ - ! / 3 ){ l (^ V i ) [^ (0+ / (^ u))+A'(t)}9 

so 
\\\\f*(t,u)-f(t,n)UP 

€an also be bounded in t e rms of ||Л^и|1 Р. 
2. For the t rapezoidal rule we have 

f A i a » ) a = [ / ( ^ - i , » j - i ) + / ( ^ t t i ) l . / 2 . 

Now if t^itj-utf) t hen 

^ ( ^ a ) - / ( « f a E ) - [ / ( / J . L , M J . 0 + / № , t t i ) ] / 2 - / a f f ) ^ -[/a-,, ^ 0 - / ( ^ - 1 , E ) + / ( * i - b f f ) - / ( ^ f f ) ] / 2 + 
+ I / № , t t j ) - / ( t « ) + / ( t B H a s ) ] / 2 . 

Fu r the r , by t h e mean value theorem we get 
0 

Ы*.»)-/(«. в) - - A ' ( « . чн„ *-,) - 2 ^= L '+-

+ 4 - ч ^ ^ . , ) ] - - ^ [ л / а в , , * , ) - ^ ^ - + л - ч * , « ] , 

w h e r e 

Hence 

a n d 

u,T) = J / J т , u + s Щ ^ (* -т) ) ds, / - 1 , 2 , . . . , Я , -
0 ^ 

1 

Л°*(f, г ) « J ft(x+s(*-x), u)ds. 

, и)—/(*,.яс)|и-<лЛ!И*11- [ll>r fc»,|H-||./'Ai(*, и ) | | ] H-IH-B^J, 

^ ( W - f t lU - I U , * ( f c ) « f c [ I H 1 U I I M I , + I U * 1 l - ( f t - « ) 1 / p ] . 

For th i s case also \\Jfu\\p=0{h) if uh is the un ique solution of (3 .1 ) , so (2.11^ 
i s sat isf ied for g^g. 

Indeed for the t rapezoidal scheme we can bound 

|| (|f д ( ^ в ) - / ( * , 1 | ) |Ц| |р in t e rms of ^Jfu\\v. 
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