1943 MATEMATHMUECKWNA CBOPHHMK T. 12 (54), N. 2
RECUEIL MATHEMATIQUE

On the imbedding of normed rings into the ring of operators
in Hilbert space

I. Gelfand (Moscow) and M. Neumark (Moscow)

§ 1. Fundamental notions

" This paper is devoted to the investigation of a class of normed rings.
A set R is called normed ring (cf. [3]) if
() R is a linear normed complete space in the sense of Banach {1];
(B) an (in general non-commutative) operation of multiplication is
defined in R with the ordinary properties (A, p are complex numbers)
X (hy +p2) =hxy +pxz, x(y2)=(xy)%;
(y) for any two elements x, yeR

eyl <l - ¥ s

(8) R possesses a unit i. e. an element e such that ex=xe=x for all
x € R; moreover |e|=1.

A set I, of elements x€ R will be called left ideal, if

1o xel;, yel, imply px--qy€l, for all p, g€R;

2° I, #R.

In a similar manner we define the right ideals [I,. A set I will
be called two-sided ideal, when it is a left and a right ideal.
A normed ring is called simple if it does not contain any two-sided
ideals.

Repeating the argument of [3], p. 5, we can state the following facts:

I. An element x € R possesses a left (right) inverse element, if and only
if it does not belong to any left (right) ideal.

II. The closure of a left (right) ideal is a left (right) ideal.

A left (right) ideal will be called maximal, when it is not a rpoper
subset of a left (right) ideal. The proposition II implies:

II1. Every maximal left (right) ideal is closed.

Further we have:

IV. Every left (right) ideal is contained in a maximal left (right) ideal.

Hence by I and IV:

V. An element x€R possesses a left (right) inverse element, if and
only if it does not belong any maximal left (right) ideal.
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A normed ring R will be called an *-ring if to every x€ R there
corresponds an element x* € R satisfying the following conditions *:

Ve (M +py)* =" +py*;

2. x** =x;

3. (xy)T=y7x%;

4 xx=lx - fx;

5. [x*=lx | **;

6’. x"x-e possesses a two-sided inverse element for all x€ R.

From xe=ex=e we obtain by 3’

e'xT=x"¢"=¢e". (1)

Since by 2’ x* runs through the whole R when x does so (1) means that
" is a unit in R. As R possesses only one unit, we have

et =e. 2)

Every closed subring R of an +-ring is clearly also an +-ring, if x €R
impliesx* € R. As an example of an «-ring we point out the set B of all bound-
ed operatos in Hilbert spacer *** § where x* is the operator adjoint to x
and || x| denotes the norm of x. In fact, 1'—3’, 5'—6" express the well
known properties of adjoint operators in Hilbert space, so that it remains
to prove 4’. By 5" (|&|=|n]|=1; §, 1€9)

Ix*x | = sgg (x*xE, m) | = sup [(x"xE, £) |= sgpllxi P=lxP=]x]-1x*;

on the other hand, by (y)
Ixexp< x| - gxl

B is thus an =+-ring; hence every closed subring R of B is also an
«ring, if x€ R implies x*€R.

The main purpose of this paper is the proof of the following.

Theorem 1. Every normed *-ring can be isomorphically mapped onto
a closed subring R, of the set B of all bounded operators in a Hilbert space
$ in such a manner that, if x€R and X € R, correspond to each other,
then |x|=|X| and x*, X* also correspond to each other by this mapping.

§ 2. Some lemmas

In order to prove this theorem we establish some lemmas that are of
independent interest.

* Here and below 4, p are complex numbers and 4, p the conjugate numbers.

** The authors suppose the last two axioms to be corollaries of 1’—4’, but they have
not succeeded in proof of this fact. We also note thatthe axioms 4’, 5" may be replac-
ed by the axiom: [|x™ | = [ x|* For (y) § 1 implies || x[?={[x™x || <||x"| - [ x|, hence
[ x[|<| x"|l. Replacing x by x* gives | x"|<|/x] hence || x™|| = x|.

#+* Hilbert spaces considered in this paper are not supposed to be separable.
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Lemma 1. Let R be a normed commutative ring and let an opera-
tion be de defined in R putting in correspondence to every element x€R

an element x*under € R the following conditions:

1. (xtpy)" =" +py";

21. x“:.x; »

31. (xy)t — xllyl;

4’ Ix*x]=|x*1-1x].

Then R can be isomorphically mapped onto the ring of all complex-
valued continuous functions x (M) over a bicompact topological space S} in
such a manner that, if x€R and x (M) correspond to each other, then

| x|=max |x (M)|
MEM

and the function corresponding to x' is the conjugate function x- (M)
Proof. We first prove that in R
l*l =[P
By 2'—4'
[ - e =[x =1 ()" (') =] ()] - [ x| =[x [ = ,
=[x - x5 (1)
on the other hand, by (y) § 1
Ea B B PR E S BN BY s
hence (1) can take place if and only if
= =lx"02 x| =fx]

In virtue of Theorem 8 and Theorem 10 in [3] R is therefore iso-
morphic to a subring C, of the set C (i) of all complex-valued continuous
functions x (M) over the set 9)¢ of all maximal ideals M in R. Moreover

| x]|=max || x (M) |
MEM

if x and x (M) correspond to each other.

As G. Silov [4] has proved, 9)} contains a unique minimal closed set
M, on which every function x (M) €C, attains the maximum of its mo-
dulus. Let M, be an element of 9%,; we prove that M;=M,, where
M* denotes the set of all x", when x ranges through M. We first notice
that the mapping TM=M" is a homeomorphism of 9} into itself. In
fact, every neighbourhood U (M,) is given by inequalities of the form

(X, (M)—x, (M) | <e, k=1,2,...,n, >0, (2)
so that U (M) is defined by n, x,, ...,x, and > 0. On the other hand,
by the definition of x (M)

x=x(M)e+m, meM,
hence '

x'=x(M)e=m",
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i. e.,

x* (M) =x (M). (3)
We can therefore write (2) in the form

| %, (M7) —x; (M) | =1 xp (M) — 3, (M) | = %, (M)—X, (M,)| <e
We see that T maps U (M,) onto a neighbourhood V (M;]) defined by n,

X;, ... » X,, e. Hence 7 is a homeomorphism.

Now suppose M, + M,; there exist then two neighbourhoods U(M,),
U(M;) without common element. By the continuity of 7, there exists
in x (M,) such a neighbourhood V(M,) that its 7-map (V(M,))* lies in
U(M;). Thus V(M,) and (V(M,)* have no element in common.

By the definition of 9, there exists such a function x, (M) €C, that
[x, (M) | does not attain its maximum on 9}, —V(M,). Hence it attains
this maximum on V(M,). By (3) we have

| X7 (M) | = [x" (M) | =|x"* (M") |=|x (M) |. (4)

Hence |x; (M) | does not attain its maximum on T9R, — (V(M,))", but it
attains this maximumon (V(M,))*. On the other hand, it follows from (4)
that T 9, is also a minimal closed set, on which every function x (M) €C,
attains the maximum of its modulus. By the uniqueness of such a set
we have T9R, =9N,. Hence, by the construction of x, (M),

max| x;(M)x,(M)| = max (|Xo (M) -] x,(M) ] <max|x (M) |- max!x (M),
ME Mo MeMm

i e., .
N AR N

This inequality contradicts 4, and thus M =M for all M e 9R,.

Now consider all x(M)€eC, for Me9R, only. By the definition of 9,
this contraction of the domain of x(M) does not change max|x (M) |, so
that after this contraction R and C, remain isomorphic and |x|=
=max | x (M) |. Moreover by (3) "

M € Mo
| X (M)y=x()=x(M)  for MEW,

so that x (M) € C, implies x (M) € C,. By Theorem 6 in [3] C, is the set of
all continuous functions over C,; on the other hand, C, and R are con-
tinuously isomorphic, hence Y, =M, C,=C (W), q. e. d.

" The lemma just proved implies 5’, 6’ § 1. In fact,

| x"||=max [x (M) | =max|x (M) | =] x]|.
Mem MEM
1 . . . . .
Further XD EFS a continuous function over 9§, consequently (x'x -+ e)

exists. ,
2. We shall now deduce some corollaries from Lemma 1.
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Let R be an arbitrary normed «-ring; an element h € R will be cal-
led Hermitian, if A"=h. Every element x € R can be uniquely repre-
sented in the form x=h, +ih,, where h,,h,€ R are Hermitian. In fact,
if x=~nh,-+ih, is any such representation, then x = h, —ih,, whence

+ x e 5

h="00 =g (5)

Such representation thus is unique. Conversely h,, h, in (5) are Hermi-
tian and x=h,+ih,.

Now let 1€ R be an Hermitian element and R, the minimal closed
subring of R containing h. This ring R, is evidently commutative, hence
it satisfies the conditions of Lemma 1. Thus R, is isomorphic to the
set C (). Denote by h (M) the function corresponding to h; then h=h"
means that h (M) is real. Hence for any non-real A

1
h(M)—12
is a function belonging to C (M), i. e. the two-sided inverse (h— ke)™
exists. If we call the spectrum of x the set of all X\’s, for which the
two-sided (x—Ae)™ does not exist, we have the following result:

Corollary 1. The spectrum of every Hermitian element is real.

Further we have

1
| <
whence

1
max ——————| <1
Mes_m‘l'l‘lh(M)l ’

| (e+im)y™ | <1. (5)

An Hermitian element & will be called positive if its spectrum con-
sists of non-negative numbers*. Evidentely in this case h (M) =0, hence
V/ h (M) belongs to C (9R) and is also = 0. Denote by g the element of R,
corresponding to ]/WM); then g is positive and g*=h. Thus, we have

Corollary 2. Every positive element h can be represented in the
form h=g®, where g is also positive.

We denote g by }/h or by h'/.

Corollary 3. If h, is positive and** h7* exists, then (h,-+ ih,)™
exists also for any Hermitian h,.

In fact,

h, ik, =hi'® (e ihT*h, h'%) mi'%

but, ki "*h,hi*/? being Hermitian, (e 4 ihi /2h,hi /%)™ exists, hence (7, + ih,)™
exists also***,

* The spectrum of h will then be said to be positive.
** Here and below x~! always means the two-sided inverse element.
*** So far we have only used the axioms 1'—5' (p. 198).

2 Maremarndecknit cGoprEK, T. 12 (54), N. 2
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If in 6" § 1 we replace x by LI (e > 0) we obtain that (1_ x"x-!—x) '
VS €
exists; hence (x'x—i—ee)“:lg(l;x’x -+ e> exists also, i. e. x*x is positive
for all x€R.
Corollary 4.1If h,, h, are positive and h,”" exists, then the spectrum
of h, h, is positive.
Put x = hy*h/?; then
h;lzﬁzhi/2 =x*x

is positive, i. e. the spectrum of //2h,hY/? is positive. On the other
hand, the correspondence y = h/z=x//* being a ring-automorphism, it does
not change the spectrum. Hence, the spectrum of

hoh, = 1/* (B/2h, 1'% B2
is also positive.
Corollary 5. The sum of two positive elements is positive.
_Let h,, h, be positive; we have to prove, that h, 4 A, is also positive,
i. e. that (h4h,+eh)™ exists for all e >0. As (h +<ce)™ exists, we

have ‘
by + h,+-ce = (h, + <€) [e + (h, + =€) h,].

By Corollary 4 the .spectrum of (h,+ee)™h, is positive, ~hence
[e+(h, +ee) ™ h,]™ exists. Thus (h,+h,-+ze)™ exists also.

3. A set R will be called algebraic normed ring, if all the
axioms (2) —(3) § 1 are satisfied for R with the eventual exception of
completeness of R. Hence an algebraic normed ring is a normed ring if
and only if it is complete.

Lemma 2. Let R be a commutative ring satisfying the conditions
of Lemma 1, and let R, be an algebraic normed ring containing no ge-
neralized nilpotent elements*. If R end R, are algebraically isomorphic,
then R, is complete, and every algebraic isomorphism between R and
R, is continuous.

Proof. Let R, be the minimal complete ring containing R and
N a maximal ideal in R,. This ideal determines a homomorphism of R into
the field K of all complex numbers, hence a homomorphism of R, into
K. Let now R, and R be isomorphic. Then we have also a homomor-
phism of R into K, which determines a maximal ideal M in R. Thus to
every maximal ideal N in R, there corresponds a maximal ideal M in R.
Moreover if x and y are elements of R and R, which correspond to each
other by the given isomorphism ¢ between R and R, [i. e. x=0(y)],
then by the definition of M

x (M)=y(N). (6)

* An element x == 0 iscalled generalized nilpotent element if

Jim P = 0 (ct. [3]§6).
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This correspondence between maximal idealsin R and R, that we denote
by M=y (N), is one-to-one. In fact, if
P(N) =9(N,)=M

then N,, N, determine the same homomorphism of R, into K, hence by
continuity also the same homomorphism of R, into K. But this can be
only if N,=N,.

Now prove that M =1 (N) is continuous, so that, 9}t being bicompact,
this correspondence is a homeomorphism.

Any neighbourhood U(M,) of a maximal ideal M, €9 can be re-
presented as the set of all Me9R satisfying the inequalities

[xp (M) —xp (M) [ <2, k=1,2,....n; ¢>0, x3€R, (7)

where e >0, n, xx, k=1, ..., n, are fixed for this U(M,). Let M,=9 (N ),
xr=¢ (yx), k=1,2, ..., n; denote by V (N,) the neighbourhood of N, de-
termined by ‘ '
[Ve (N)—yr (N, | <&, k=1,2,..,n. (8)
But in virtue of (6) for M={¢(N,) we have
Y (N)=xp (M), yr(N)=2xr(M,),

so that (8) implies (7), i. e. M=¢(N)€eU (M,), as soon as N€ V (N,).
This means that ¢ is continuous.

Denote by 9, the ¢-map of 9; as a topological map of the bicom-
pact 9t it is also bicompact and therefore closed in 9R. Suppose
M. = IN; there exists then a function x (M) e C (9N), satisfying the con-
ditions

x (M) =0, x(M)=0 for all Me9YR,. 9)
Let x be the corresponding element of R; then (9) can be written in

the form
x=+0, xeM for all Me9R,. (10)

Denote by y the corresponding element in R,, so that x=¢(y). Then
(10) imply
y+0, yeN for all yeN.

By Theorem 8 in [3] this means that y is a generalized nilpotent ele-
ment in R,.

The contradiction so obtained shows that IR, =9R, so that ¢ is
a homeomorphism of 9¢ into J)t. Hence using (6) we can consider R as the ring
C (RN) of all continuous functions over 9¢; by (6) we then have R=R,.
On the other hand, R2R,2R,, hence R, =R,. As R, is complete, by
Theorem 17 in [3] every isomorphism between R and R, is continuous.

Corollary 6. Let R, R, be two normed «rings* and lef y=¢(x) be
an isomorphic mapping of R into R, satisfying the condition y*=¢ (x*).
Then ||yl|=|xll, so that the ¢-map of R is closed in R,.

* In this corollary condition 6' will not be used.
2%
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Proof. Let o be an Hermitian element in R and g=¢ (h) the cor-
responding element in R,. Let further R’ be the minimal closed subring
of R containing h, and R;=¢ (R’)—the ¢-map of R’. Evidentely R’, R,
are commutative and R’ satisfies all the conditions of Lemma 1. Using
the same argument as on p. 199 we get: |y*|=|y[® for all y€eR,.
Thus R; contains no generalized nilpotent elements. By Lemma 2 R;
is complete and ¢ is a continuous isomorphism  between R” and R;.
If 9, N are the sets of all maximal ideals in R’, R, respectively, then
for y=9¢(x), x€R’, yER;

Iyl|=max |y (N)|=max|x (M)|=]x],
. ) Ne®R MEM
in particular,
Ial=lgl=le ()] (11)
We see that (11) holds for any Hermitian h. Now let x be any element
of R and y=g¢ (x) the corresponding element of R,. Then x"x is Hermitian
and y*y=¢ (x"x). Hence by (I1)

e by 4,5 § 1 lxx|={ "yl
= IxPF=lylr, Ixl=lyl

3. Proof of Theorem 1

Let us now proceed to the proof of Theorem 1. First we construct the
Hilbert space. Let M be a maximal left ideal 'in R; we divide R into
equivalence-classes modulo M, the totality of which will be denoted
by $’. These equivalence-classes will be later considered as elements of
a Hilbert space. If a is an element of R, §—an equivalence-class
from 9, then x,, x,€& imply x,—x,€M, hence a(x,—x,)€EM, i. e.
ax,, ax, belong to the same equivalence-class modulo M. We denote
this equivalence-class by A& and write A=¢(a). It is clear that
A is a linear transformation in $’ and that the correspondence ¢ between
a and A so obtained is a homomorphism.

We shall now define a scalar product in $’. To this purpose we
first construct in R a functional f(x) satisfying the following conditions:

1" fOx) =M (x);

2 fxEN=F0+]0);

3 ) =1(x);

4" f(x)= 0 if x is Hermitian and positive;

5 f(x)=1;

6" f(x)=0 for xeM.

We denote by H the set of all Hermitian elements in R and by
P —the set of all elements i of H representable in the form h=m,+ m",
m,, m,eM, i. e. of those belonging to the linear sum M+ M*. All ele-
ments of P can also be written in the form h=m-<+m*, meM.
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In fact, h=m,+m}; m, m,eM implies h=(m,+ m,)" =m,+mj,

hence
_my+m my + my\* ®
h="uE My (AN g,
where m='2%_ﬂ3.
For no positive element 1 € P can h—! exist. In fact, if

_ h=m-+4m*
is a positive element of P and h—! exists, put m=~h,+ih,; h, h,€H.
Then hlz—éh hence h, is positive and h! exists. By corollary 3 this

implies that m—! exists also, which is impossible.

The same is true for the closure P of P. If h€P is a positive ele-

ment and h—! exists, we choose an element g in P in such a way
that

lg—hl <lp=|

g=h+(g—h)y=h"""[e4+ 1" (g—h) K™} 1"/

and write

As
1B @ —m B < Bt g —h) = | B4 - g —RI< 1,

the element

e+h""2(g—hyn"?
is positive and [e—{-h'”2 (g—h) h™'?]—1 exists. Put

e+h~ 2 (g—n) > =h2,
where f, is Hermitian and positive. We obtain that
gEP, g=n"RK" = (k""" (hh')

is positive and

gt =n""n
exists. The obtained contradiction proves our statement also for P.

From this fact we easily deduce that P lies at the distance 1 frome.
Otherwise ,we would have

h=e+x, h€P, x€H, |x[<1,

whence follows that h is positive and h—' exists, which is impossible.
It follows by a well known theorem of Banach ([1], p. 57, Lemma)
that there exists a linear functional defined on the set

E={ke+x, x€ P, \ real}
such that

fe)=x, f(x)=0 for x€P.
We prove that it satisfies also 4*. Evidently,

f(hedx)=\ for x €P.
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Let us prove that A>0 if e+t x is positive. If A were negative,
A= —e, e >0 for a positive h=%ke-4x, x € P, then
X=h—Ae=~h--ze
should be a positive element and x—! should exist. This contra-
diction proves our statement. Now consider the set & of all positive
elements of H. It possesses the following properties:
1" x€®, x>0  imply Ax€Q;
2" x€R, x=0 imply —x€R;
3" x,yER implies x+y € & (Corollary 5).
According to the terminologie of M. Krein [5] & is a cone. It contains the
sphere |[x—el|/ <1, hence contains inner points. By a theorem
due to M. Krein [5] f(x) can be extended over the whole H in such
a manner that it remains linear and non-negative on 8.
For an arbitrary element x=h, +ih, of R we put
f(x) =f(h1) +lf(h2)
Evidently f(x) satisfies 1*—6".
Now, for any & m€ 9’ we put
€ ) =10,
where x €&, y€v. The value of (&, n) does not depend on the choice
of the elements x€é&, y €v. In fact, if, e.g., x, is any other element
of & then x, —x € M, hence, y*x, —y"x€ M and by 6*
[y x,—y %) =0, [(yx)=]{yx)
We now prove that (&, ) possesses all the properties of the scalar product.
By 1"—-3* :
(m, =f(xY) =f((y0))=Fx)=(E); x€ YEm
(21+E27 7]) =f(y*(x1+x2)) =f()"x1)+f(}"xz) = (El7 7]) +(Ezv 7]);
X, €8, X, €8, YEN;
(A, ) =f(y"rx) =M(y"x) =1 (&, m); X€E Y€
Further, x*x* being positive, we have by 4*
G, 8)=fx"x)=0; x€&.
Thus it remains to prove that (&, &) =0 implies €=M (M plays here
the role of the null-element). From the properties of (E, m) already
established follows Schwarz inequality
| & ) P < (& 8) (m, m).
Consequently (&, &) =0 implies (§, 1)=0 foranyn€9’, i. e., f(¥"x,)=0
for any y €R. y being arbitrary, we may replace y by y* that gives
flyx*)=0 for all y€ R, x,€5,. 1)
Denote by I the set of all elements x € R satisfying the equality
g (yx)=0 for all y€R. 4
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By (1)
&LET. (2
We shall prove that I is a left ideal containing M. In fact,
X, X,€1; p,q€ER,

O (px,+gx.)) = (yp) %)+ (¥) X,) =0
for all y€R, i. e. px,+qx,€I. Further, I = R, because for y=e, x=e
fyx)=f(x)=1.
Hence x €[ and we see that I'is a left ideal. If x€ M, then yx€ M for all
y€R, and by 6*

imply

f{yx)=0,
i. e. x€I. Thus MSI. M being maximal, this implies M =1, whence
by (2) &, =M. Thus (¢, ) possesses all the properties of the scalar
product.

If now 9’ is not complete with respect to (§, m) we extend it to the
minimal complete space $ containing §’. Clearly § is a Hilbert space.
We have seen that to every a € R there corresponds a linear operator
A =¢(a) in . This operator is bounded with respect to the norm |&|=

= (&, §)'/2. In order to prove this we first note that
<1,

” lla Hgi &
whence

. o _aa -
[(llal*+e)e—a’q] ua||=+s[e IIaH“rs]

exists for any e > 0. This means that |a|*e—a’a is positive. We put
llal|*e—a*a=g*, where g is positive Hermitian. Then for any x€R
x* (| a|l*e—a"a) x=x"g*x = (gx)" (¢x)

is positive and by 4*
. f(x*(la)re—aa)x) =0,
1. 6

[ (x*aax) < | a[f (x"x).
If x€&, the last inequality can be written in the form

(A, AR <]la |G, 8),
i.e. A is bounded in §’. It can therefore be uniquely extended to a
bounded operator in . This operator we alsq denote by A and write
also A =¢(a). Evidently ||A|| < |la|l, where |[A]|l is the norm of the
operator, and ¢ remains to be a homomorphism. If B=¢(a*), then
for &, m€9’, x€E, yen

(A&, m) =] (y'ax)=] ((@"y)" x)= (¢, Bn).
(AE, m) = (&, Bm). )

In virtue of the continuity of the scalar product and by the definition of
A, B in 9 (3) is also valid for any & v€9, i. e.

B=A*, e(a)=[¢(a)]"-

Thus we have
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If now ¢ is an isomorphism, then all the conditions of Corollary 6 are
satisfied; we have only to take for R, the set of all bounded operators
in . By this corollary ||a|=| Al| and our theorem is proved. If R is
simple, then ¢ is an isomorphism. In fact, let 7 be the set of all x€R
such that ¢(x)=0. This set I is a two-sided ideal in R, because
x,y€l; a, beR imply

¢ (ax+by) =¢ (@) ¢ (x) + 9 (B) ¢ (¥) =0,
¢(xa+yb)=9(x)¢ @)+ ()9 () =0,
and ¢ (¢)=1, where 1 is the operator defined by 1-&=E&. Thus, R being

simple, I =(0), i. e. ¢ is an isomorphism and our theorem is proved in
the case of a simple ring R.

Let now R be any «-ring. For every maximal ideal we construct as
above the corresponding Hilbert space and denote it now by 9. Then
we take the direct sum .

@=2@M
M

|

of all these spaces, i.e., the set of, all complexes &€= {¢y}, &n € Ou, With
EIEM |* <+ co* where the operations are defined by

M

M=), Ebm={Entd, G )= Cx, mm)

M
for

E={EM}? "]={7]M}

To every element a € R there corresponds a bounded operator Ay; in Ou.
Write Ay =9y (a). As we have shown

lAuxl| <l all. 4)
A {Eu}={Antul,

where Ay =o¢up (a). A is obviously a linear operator. In virtue of (4)

At = Dl Autu P <llal]* Dleu =1l {Ea} %
M M

Put

i. e. A is bounded. We write A =¢(a); evidently ¢ (a*)=[¢ (a)]".
Suppose that ¢ is an isomorphism. Then by Corollary 6 [[a|=
le(@)||=]lAll and our theorem is proved. It remains to show that ¢ is
really an isomorphism.
Consider the set I of alla€ R such that ¢ (a)=0. It is sufficient to
show that I=(0). a€l is equivalent to ¢(a)=0 or Ay = ou(@)=0

* Whence evidently follows that in every such complex only enumerably many
£’s do not vanish.



Normed rings and the ring of operators 209

for all M. This means further: Apty =M for all &y €9y and all M,
i. e. axeM for all xeR and all M. In particular, for x=e we get:
a€M for all M, i. e. ae€lIM, where UM is the intersection of all M.
But IM=0. In fact as an intersection of left ideals it is also a left
ideal, hence a€ IIM implies a*a€IIM. If X == 0 belongs to the spectrum
of a*a, then a’a—Xe belongs to some of the M, say M,. On the other
hand, a*a, as an element of IIM, belongs to M, too; hence ke € M,,
which is impossible. Thus we see that the spectrum of a*a consists only
of A=0, and we obtain a*a=0, a=0 that completes the proof of the
theorem. s

It follows from the theorem just proved thatall rings discussed by
S. W. P. Steen [10] can be considered as rings of operators in Hilbert
space. Consequently, the results of Steen follow immediately from the
corresponding results of F. J. Murray and J. v. Neumann ([6], [7], [9]).

The residue ring of an «-ring is an =-ring itself. Hence follows that if
R is a closed »-subring of the ring of operators in Hilbert space, then
any its residue ring can be imbedded into the ring of operators in

Hilbert space.

§ 4. Weakly closed rings

We have proved that every -ring can be considered as a subring of the
ring B of all bounded operators in a Hilbert space . Let us now consider
the case, when this subring is weakly closed (cf. [7]). If & is a subset
of B, denote by &P the set of all projections from &. We then have:

Lemma 3. If I is a left ideal in R, then I?=(0) implies I=(0).

Proof. Let A€l, A ==0. Since R is weakly closed, A can be represen-
ted in the form

A=UH,
where H is positive Hermitian, U—partially isometric and U, HER
(cf. [8], Theorem 7 and [6] I, Lemma 4.4.2). Moreover U*'UH=H,
whence

H=U*A¢l.
Since H=0implies A =0, we must have H = 0. Let E (A), — co < A < + o0,
be the resolution of the identity corresponding to H; H being positive,
E (M) =0 for A < 0. Moreover the equality E (¢)=1 does not hold for all
e > 0, because otherwise we would have H=0. Thus for some &> 0

v E () # 1. (1)

As 1—E(e)eR, we have also H.=[l—E(s)]H€l. The operator

B=[1—E()]H4+E (s) is an element of R and possesses a bounded
inverse. Hence

B—'H.€l. (2)
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On the other hand, it is obvious that B* =H:* on [l —E (¢)]9 and B™*=1
on E(s) 9. Hence B'H.=1 on [l—E(s)]9 and B*H.=0 on E (¢)9,
i. e. B'H.=1—E (), so that by (1) and (2) 1—E(s)€l, 1 —E(s) #0
contrary to the hypothesis: I?=(0).

Lemma 4. Let R be a factor*, I a two-sided ideal in R and P an

element of I®. Then every projection Q equivalent to P (mod R) is also an
element of I,

Proof. By the definition of equivalence modulo Ra partxally isometric
operator UE€ R exists, satisfying
U'u=pr, UU*=Q.
Hence, I being a two-sided ideal,
Q=Q*=UU'UU*=UPU*¢l.

Corollary 7. If R is a factor in the separable Hilbert space
and I is a two-sided ideal in R, then I does not contain infinite projections.

Proof. Let P be an infinite projection from I; then P is equiva-
lent to 1 (mod R) (cf. [6] I, Lemma 7.2.1), and by Lemma 4, 1€/
which is impossible. 4

Corollary 8. Every factor of class 111 in the separable Hilbert
space is a simple ring.

Proof. Let I be a two-sided ideal in R. Since all projections in R
different from zero are all infinite, Corollary 7 gives I”=(0), whence
by Lemma 3, I=(0).

Corollary 9. Every factor R of finite class is simple.

Proof. Let D(P) be the relative dimension in R (cf. [6] I, Theo-
rem VII) and I = (0) a two-sided ideal in R. Then there exists an ele-
ment P,€1”, P,+0, and D(P,)>0. Choose an integer n such that

FI<D(P,,). In virtue of the well known properties of D(P) a pro-
jection** Q << P, exists satisfying the equality D(Q) =%. Moreover

Q=QPOEI
On the other hand, there exist n mutually orthogonal projections
Q. ---, Q. equivalent to Q such that Q,+Q,+ ... +Q.=1. By

Lemma 4 all Q; as well as their sum 1 belong to I that contradicts to
the definition of the ideal.
Lemma 5. Every simple weakly closed ring is a factor.
Proof. Denote by R’ the set of all elements of B that commute with
every element of R. If Z is the centrum of R, we have:
Z=RNR,
whence Z is also a weakly closed ring.

* A weakly closed ring is called a factor (cf. [6] I, p. 138). if its centrum consists
only of elements A1.

** Q<P means QS PP, i.e. QP=PQ=Q.
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Let P be an element of Z”. Then the set
I={AP, A€ER}
is a two-sided ideal, provided that it does not coincide with R. In fact,
ifA,, A,, B,, B,€R then
B, (A,P)+ B, (A;P)=(B,A,+B,A,) P€I,
(AIP)BI+(A2P)32=('AlBl_}_Asz)PEI
But, R being simple, we have either I=(0), or I=R. In the first case
AP=0 for all AP, hence P=1-P=0. In the second case all ele-
ments of R have the form AP, in particular, 1=AP for some A. Then
1.(1—P)=AP(1—P)=0, P=1.We see that, Z” consists only of 0 and
1, consequently Z={A1} (cf. [7] Theorem 2).

Theorem 2. Every factor R of class 1o or 1l in the separable Hil-
bert space is not simple. It possesses only one non-trivial two-sided ideal clos-
ed in the uniform topology, which coincides with the smallest two-sided
ideal 1, containing all finite projections and closed in the uniform
topology. o

Proof. Let I be the set of all such A €R that A§ is finite*; I is
a two-sided ideal. In fact**

(A+B)H<AD+ BY,
hence A€l, Bel imply A+Bel. We have further
ABR S AD.
hence A€, BER imply AB€l. The equality D(A9)=D (A*9) (cf. [6]1,
Lemma 6.2.1) shows that A€l implies A*€I. Consequently, if BED,
Ae€l, then
A*€l, A'B*¢€l, BA=(A'B')€l.
Since, on the other hand, 1 €1 the set I is a two-sided ideal = (0). We see
that R is not simple.

Let now I, be an arbitrary non-trivial two-sided ideal closed in the
uniform topology. According to Lemma 3 IP contains elements different
from zero; by Corollary 7 all these elements must be finite. Suppose that
PelIP, P=0 and Q is any projection from R satisfying the condition
D(Q) < D (P). Then***

. Q~P <P (modR).
Since P"=PP’¢l,, Lemma 4 gives: Q€l,. Now -let Q, be any finite
projection frem R; then Q, can be represented in the form
Qo=P1+P2+”'+Pn+Q’ .
where P;, Q, i=1, 2, ..., n, are mutually orthogonal, P;,~ P (mod R)
and D(Q) <D (P). :

* A% denotes the closure of A9.
*x It + N denotes the set of all € +n, EEM, neN.
#*% Q ~ P’ (mod R) denotes that Q and P’ are equivalent with respect to R.
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By Lemma 4 P;€l; moreover, as we have just proved, Q €I, hence
Q,€1. Thus, I, contains all finite projections and therefore
I,cl,. : (3)
Further we notice that A€/, implies A*€l,. In fact, if A€l,, A=UH,
where H is positive Hermitian and U—partially isometric, then
H=U"A€I,, whence A*= HU*€I,. Therefore if we write
A=H,+iH,, H1=A+2A*y szi%A_*y
we see that A€l, implies H,, H,€l,. Let now E,(}) be the resolu-
tion of the identity corresponding to H,. Repeating the argument used
on p. 209—210 we obtain that E, (A) €1, for any closed interval A, which
does not contain zero. By Corollary 7 every such E, (A) is finite, hence
E, (A)€l,. Since H, can be represented as the limit '

n
H,=1lim 2 ME, (A, 0€4,, k=I1,...,n
k=1
in the sense of the uniform topology, we have H, €1,. Analogously H,€l,,
so that A=H,+iH,€l,. We have proved that A €I, implies A€/, i.e.,
I, 1,. Combining this result with (3) we finally get: I, =1,, that completes
the proof of the theorem.

Remark. Consider the quotient-ring —? of equivalence-classes modulo
0

I,. 1t is evidently simple and is also an, sring. By Theorem 1 it can
therefore be considered as a ring of operators in a Hilbert space. If,
in particular, R= B, then the finiteness of a projection P means that P9 is
finite-dimensional in the usual sense. Consequently I, coincides with the
set of all completely-continuous operators, so that Theorems 1 and
2 contain, in particular, the results of J. W. Calkin[2].

Combining Corollaries 8, 9, Lemma 5 and Theorem 2 we obtain:

Theorem 3. The only simple weakly closed rings in the separable
Hilbert space are the factors of the classes 1, 11, and I1I.
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[Moctynuno B peaaxumio 22[VIIT 1941 r.

O BKIOYEHHH HOPMHPOBAHHOTO KOJIbLA B KOJBLO OMNEPaTOPOB
B I'MJAbOEPTOBOM MPOCTPAHCTBE

H. M. Teapdanx (Mockea) u M. A. Haiimapk (MockBa)
(Pestome)
§ 1. OcHOBHBIE NOHATHSA

CoBOKYmHOCTb R 351eMeHTOB X, ¥, ... HasbplBaeTcs ajre6panuyecKUM HOp-
MUpPOBAaHHBIM KOJBLOM, eciu R—(B000Ile, HENOJIHOe) JIMHEHHOe C KOMILJIEKC-
HbIMU K03 duIMeHTaMHU, HOPMUPOBAHHOE MPOCTPAHCTBO B cmbicsle Banaxa [1],
eciu B R BBefieHa omepanusi yYMHOXXeHHUsI, Y[OBJIETBOPSIOIIAsl YCJIOBUIM *:

Xy tpa)=ty+tpxz,  x(y2)=(xy)z
lxyll <l xily 1,
U eciu B R CyulecTBYeT efUWHMIA, T. €. JJIEMEHT € TaKOd, 4YTO ex=xe=X
AJs1 BceX X € R. AnreGpanyeckoe HOpMMPOBAaHHOE KoJbLO R OyneM Hasbl-
BaTb HOPMHMPOBAHHBIM KOJLLOM (cM. [3]), ecau R momHo.

CoBoxynHocTs I, anemMeHTOB R HaspBaeTCsl JIeBHIM MJAEAJIOM, eCJH
I,+R wu ecniu us x, y€l,; p, qeR crepyer px-+qy€l,; ananorumyHo
ompejeisieTcs NpaBelii upean. Miean o HOBpeMeHHO JIeBHIM M MpaBblii Ha-
3bIBaeTC 51 ABYCTOPOHHMM. Kosbno, He wuMelollee [BYCTOPOHHUX H/eayioB
# 0, Ha3pIBaeTcst MpocThIM. JleBBI wupeas Ha3bIBAETCS MAaKCHMAJIbHBIM,
ecJIM OH He SIBJISIETCSI NMPABUJIbHOM YacTbi0 APYTOro JeBoro uaeana. Makcu-
MaJIbHBI M Wfieasl Bcerja 3aMKHYT; BCSKUIT JIeBBIA uAean CONEP)KUTCST B He-
KOTODOM MaKCHMa JIbHOM JIeBOM Wfeajie. JJeMeHT X He MMeeT JeBoro o0part-
HOT0 TOTAA YW TOJIbKO TOT[A, KOTJA OH COAEPXXUTCS B HEKOTOPOM JIeBOM
MaKCMMaJbHOM ujeasie. AHAJIOTUYHBbIE ONpefesIeHUs] U MPEJIOXKEHUST MOYKHO
yCTa HOBUTb U JJIsi MpPaBBIX HJI€aJIOB.

Anre6panyeckoe HOpPMHUPOBaHHOe KojblLo R HasbiBaeTcsl asrebpanye-
CKUM *-KOJIbLIOM, eCJd B R uMeercs omepaiusi, KoTopash KKAOMY X € R
CTaBUT B COOTBETCTBUE HEKOTOPBIA 3/ieMeHT X™ € R Tak, 4ro

1 (Ax4py)" =2x"+wy',

2" x*"=x,

3" () =yx,

* A, p, ... Bcerga 6yayT 0003Ha4aTh KOMILIEKCHBIE qucna,a7,74, .+« KOMILIEKCHO-
CONPsHYKEHHHbIE Yucia.
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4 x| = llxfl | x 1,

5 [Ix" | = llx || *,

6’ x’x+e uMeeT ABYCTOPOHHMH 0OpaTHEII AN Bcex X€ R.

W3 atux axcuom ciepyer, 4To e =e¢. ECJIM KOJbIO elie TMOJIHO, TO OHO
Ha3bIBAETCSI ~ HOPMUPOBAHHBIM *-KOJIbLOM. [IpuMepoM  HOpMHpPOBaHHOIO
*-KOJIbL{a SIBJISIETCS KOJIbLIO B BCeX OrpaHMYeHHbIX ONEpPaTOPOB B TUIbGep-
TOBOM NpPOCTPAHCTBe § **, NpHUYEM B KaueCTBE HOPMBI MOXKHO B3SITb HOPMY
omeparopa, a B KauyecTBe X — ONepaTop, CONPsUKeHHBI# K X. OcHOBHOl
1LIeJIbI0 3TOW CTATbU SIBJISIETCS [I0KA3aTeJIbCTBO CJIE[YIOMEN TeOPeMbl:

Teopema 1. Bcakoe HopMuposanHOe #-KoabYo R MOMCHO U30MOPEPHO
omobpasums Ha 3amxHymoe nookoabyo R coéokynnocmu B 6cex ozpanuyen-
HbIX 0nepamopos 6 2ubbepmosoM npocmpancmee U NPUMOM MaK, 4mo
Hopma snemenma X € R pasna 6 nopme coomsemcmeyiwyezo onepamopa, a x*
CO0MEeMCcmeyen CONPANCCHHOMY 0nepamopy -

§ 2. HekoTtopbie nemMmbl

J10Ka3aTeIbCTBO 3TOM TeOpeMbl OCHOBAHO HAa CJIEAVIOIIMX JEMMaXx:

Jlemma 1. ITycmb R—Kommymamuesoe HOPMUPOBAHHOE KOAbYO U NYCMb
6 R 3aoana onepayus x — X", ydoenremsopawwyas ycaoguam 1'—4' § 1.
To20a R moncno uzomopgdro omobpa3ums HQ KOAbYO 6CeX KOMIMACKCHBIX He-
npepuigrstx @gynkyuli x (M) Ha Hekomopom GUKOMNAKMHOM MONOA0UYECKOM
npocmpancmee YN u npumom mak, 4mo HOpma temenma X€R pasha
MaKcumymy mooyas coomeememeyiowyel @ynkyuu x(M), a x* nepexooum
6 KOMNACKCHO conpancennyio ynxyuw x (M).

ByneM HaseiBaTb CNEKTPOM 3JleMeHTa X COBOKYMHOCTb TeX 3HAueHuil A,

JJIS1 KOTOPBIX He CyllecTByer ***
(x—2e)-1.

JJleMeHT /1 Ha30BeM 3PMUTOBCKUM, ecau h*=h. Bcakuil aynement x € R
MO)KHO, W NMpPUTOM eNUHCTBEHHHIM 00pa3oM, MpeACTaBUTL B Buje x = h, +if,,
rae h,, h,—3pMUTOBCKUE dJieMeHTbl. OueBUJHO,

X + x* X — x*
===, h,="—
PaccmatpuBass MMHUMasbHOE HOPMUPOBAHHOE KOJbi:0, COJepyKaliee 3p-
MUTOBCKUI 3JIeMeHT i U mpuMeHss JieMMy 1, mojydaeMm:
CnepctBue 1. CeKTp 3pMUTOBCKOIO 3JieMEHTA . AeUCTBUTEJIEH.
DPMUTOBCKHUA 3JIeMeHT HA30BeM MO3UTMBHBIM, €CJIM ero CHeKTpP He CO-

[e PXKUT OTpuLlaTesbHBIX unces. 36’ § 1 caegyer, uro x™x BCeraa Mo3UTUBHBIH
3JIEMEHT.

* ABTOpHl MNpeAnonaraloT, YTo TMOCNEAHHE ABE aKCHOMbBI SIBIAIOTCS CIEACTBUS MU
TEPBBIX YETHIPEX; OfHAKO, UM He yNaJIoCh 3TO [0Ka3aTh. '
** 'ub0epTOBbl NMPOCTPAHCTBA, paccMaTpuBaembie B 9TOH paboTe, HE 00s13aTeNbHO:
cenapabesbHbl.
*#* x71 pcerga o6o3HayaeT ABYCTOPOHHMH O0PaTHbIM 9/1EMEHT.



HopmupoBaHHble KOJIbIIA M KOJIbL{A ONEpPaTopoB 215

CnencrtBue 2. Beskuit mo3uTUBHBIR 371eMEHT /I MO)KHO IIPeACTAaBUTH
B Buge h=g*; rie g-—TaKk)Ke NO3WTUBHHII ayemeHT. Mbl OymeM nu-

catb g= he.

CnepctBue 3. Eciin h,—mn0o3UTHBHEINA 3/IeMEHT ¥ €CJIM CymlecTByeT f;',
TO CymecTByeT Taroke (A, -+ ih,)™ npu mo0OM S3PMUTOBCKOM /.

10 CJIeACTBUE MOJyYaercst u3 CIEACTBUS 1 M paBeHCTBa

1 1 _1 1
By 4-ihy =K (e4-ih ® hyh, %) BE.

CnepgctBue 4. Ecnu h,, h, NO3UTUBHBL M ecau cyuiectByeT h7', TO
crieKTp h,h, COCTOUT U3 HeOTPULATEJILHBIX YHCeJI.

11 1 1
Monmarass x=hih:, monyuaem f h,=h; x*xh?, OTKyga u Clepyer
yTBe PXKIeHHe.
CnepgcrBue 5. Cymma [IByX TO3UTHUBHIX 3JIEMEHTOB NO3UTHUBHA.
910 yTBep)K[EHHe CleflyeT M3 paBeHCTBa

hy 4 h,+-ee = (h, +ce) [e+ (b, +2e) h,)
U CJeAcTBust 3.

Jlemma 2. ITycme R—rKomMMymamueroe HOPMUPOSAHHOE KOAbYO, Y0066~
meopswgee gcem yca06usam aemmol 1, a R, — aseebpaudeckoe HopmMuposanroe
KoAblo, He uMeroujee 0600weHHblX HUAbCMeNeHHbX 31emermos (cm. [3] § 6).
Ecau mozoa R u R, ancebpaudecku usomopdnet, mo R, noano u ecaxuii
usomopgusm mencoy R u R, nenpepuien. \

CnepcrBue 6. Ilyctb R, R,--/lBA HOPMHMPOBAHHBIX %-KOJbLlda U
nycTb y=¢(x)—u3oMoppHoe otobparkenne R B R, Takoe, uto o (x*)=
=[p(x)]". Torma Taxe | o(x)|| =] x|, cregoBaTesbHO, ¢-06pa3 R
3aMKHYT B R,.

§ 3. Hnesa noxkasarteabcTsa Teopemnl 1

IMycte M neBwlif MakcumasibHeld upgeasl B R; pasobbeM R Ha Kiaccwl
BBIYETOB MO0 MOAyJi0 M u o06o3HauuM Yepe3 §’ moayyeHHoe (GaKTop-Ipo-
CTPAHCTBO. YMHO)XeHMIO CJieBAa HAa @ € R cooTBeTCTByer JMHelHas omepa-
uusi A Hap oanemeHtamu . DBymem mnucatb A = ¢(@); 04YeBUJHO
¢ — TOMOMOpP(HU3M.

O6Go3Hauum uepe3 H COBOKYIHOCTbL BCEX IPMHUTOBCKUX 3JIeMEHTOB R,
yepe3 P COBOKYNMHOCTbL 2jieMeHToB H Bupa m,-+m;, m,, m,€ M, uepe3 P
3aMblKaHMe P, 4epe3 & — COBOKYIHOCTb BCeX MO3UTHUBHBIX 3JIEMEHTOB H.

[Tonb3ysich clleicTBHeM 3, BHIBOAMM, YTO P HAXOMUTCA Ha PACCTOSHHH 1
OT e, CJIe[loBaTejIbHO, Ha COBOKYHMHOCTH E = {he--x, xEP_} (M — BewmecTB.)
cymecTByeT JuHeiHBIl QyHKumoHan f(he+4x)=2\. OH = 0 Ha snemenTax §.
Tak Kak, B cuiy cieacTsust 5, & of6pasyer konyc (cm. [5]), To f(x)
MO)XHO TNpPOAOJDKUTb HA BCe N TaK, UYTO OH OCTaeTcs JuHelHBIM U = O
Ha R.
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TMonoyxum anst x=h,+ih,; h, h,eéN; f(x)=f(h)+if(h,). Torpa
FOX)=2x), [x+N=F@+10), [E&E)I=FX),

f(x)=0, ecru x€8, f(e)=1, f(x)=0 ecmu xeM.
[Monoxum fanee mns &, Me€H U x€E, y€n
¢ ) =10"%);

(¢, m) He 3aBucUT oT BblOOpa X €&, YEM u obsafaeT BceMU CBOWCTBAMHU
CKaJsipHOro mpousBefieHusi. TomoJiorMyecKoe JOMOJHEHUe § IPOCTPAHCTBA
£’ otHocuTesbHO (£, M) ecTb I'Myb0EpPTOBCKOE MPOCTPAHCTBO. TaK Kak dJe-
MmeHT Xx*(||a |* e—a’a) x nosutuBeH, To [ (X" || a ||*x)= fi(x"a'ax), T.e.

f(xaax) <1|d@*f (x'%).
Ecnu x €&, A=¢ (a), 370 HepaBeHCTBO MepeNUUIETCs] B BUJE

(At, AR) <|la|*(, B),
T. e. A —orpaHuyeHHbif omnepatop B £’, a 3Hauur, ¥ B . OueBUMHO,
o (a*)=[p(a)]"; ecsu noaToMy ¢ — usoMoppusm, To, corjacHo CJIeJCTBUIO 6,
lle (@)= a| u Teopema pnokaszana. Ho ¢ HaBepHOe M30MOpPDU3M, ecyu
R —mnpocToe KoOJbLO; 3HAYUT, TeOpeMa [OKa3aHa B CcJiyyae MpPOCTOro

KOJIbLA.
B cayuyae mnpousBosbHOro kosbua R o0o3HauaeM mpe)xHue 9 U
A =0q(a) uepe3 Oy U A ;=9 (@) 4 CTPOUM NpPSIMYI0 CYMMY MPOCTPAHCTB

E)ZESQM,
M

paCIIpOCTPAaHEHHYI0 HA BCeé MAKCUMAaJbHBIE JieBhle Mfeatsl Kosbla R. s
t={t;), E€D, momaraem

Ab={AyEy}, A=¢(a).
JIerko mpoBepUTH, YTO ¢ — M30MOPHH3M | o (@) =[e(a)]’, crnemoBa-
TeJIbHO |[a | =] ¢(@)| ¥ Teopema J0KasaHa.

M3 pmoxkasaHHOH TeopeMbl CJeyeT, YTO BCe KOJbIA, pPaCCMOTPEHHbIE
S. W. P. Steen’om [10], M0o)KHO paccmaTpuBaTh KaK KOJbLA OMePaTOPOB B riJib-
0epToBOM MNPOCTPAHCTBE, CJIeOBATENIbHO, pe3ysbTaTthl Steen’a Hemocpen-
CTBEHHO CJIEAYIOT U3 COOTBETCTBYWOIUX pe3ynbTaToB F. J. Murray u J. v. Neu-
mann’a ([6], [7], [9]).
§ 4. Cra06o 3aMKHYTBIE KOJbLA

Paccmorpum Teneps ciiabo 3aMxHyTsie (cp. [7]) moaxosbua R xosbua B.
Bynem mpu atom o6o3uauats uepes SP (& ( B) COBOKYMHOCTb BCeX Omepa-
TOPOB HPOEKTHPOBaHUsT U3 ©.

JJemma 3. Ecau I—osycmoponnui udean 6 R, mo u3z I?P=(0) cae-
oyem I =(0).

Jlemma 4. Ecau R—paxmop (cp. [6] 1, ctp. 138), I—osycmoponnui
uoear ¢ R, PeI?’, Q ~P (... R), mo maknce Q€IP,
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CnenctBue 7. Eciu R—dakTop B cenmapabenbHoM rusbbeproBoM
npocTpaHcTBe, I — pBycropoHHuit ugean B R, 1o I He copmepyxkur OecKoHedu-
HBIX OIIEPATOPOB HPOEKTHPOBAHMS.

CnepcrBue 8. Beskuif gpaxktop knacca 111 B cenapaﬁenbﬂom TUJIb-
6epToBOM IPOCTPAHCTBE €CTh MPOCTOE KOJIBLQ-

CnepctBue 9. Beakui ¢QaxTop KOHEYHOro KJjacca eCcTh mpoCTOe
KOJIbLIO.

Jlemma 5. Bcsakoe npocmoe c1a60 3aMKHYymoe K0abyo — Paxmop.

Teopema 2. Bcakoe koavyo Kaaccos le, 1l 6 cenapabenvrom 2unb-
Gepmosom npocmpancmee He npocmo. Ono umeem moavko o00un = (0),
3QMKHYMbI 6 CMbICAC HOPMBL 0NEpamopa O08YCMOPOHHUL UQeAn, KOmOpblil
coenadaem ¢ MUHUMAALHBIM MAKUM UO0CAAOM, COOEPHCALJUM 6CC KOHEUHbIE
onepamopel NPOEKMUPOSAHUA KOAbYA.

KomOMHUpYS! 3TU pe3yJIbTaThl, MOJyYaem:

Teopema 3. Eduncmeennvie caab0 3aMKHYMble npocmbie KOAbYQ 6 ce-
napabeabnom 2uavbepmogom npocmpancmee  cymo Paxkmopsl  Kaaccos I,
1L u III.

PaccmoTpum (aktop-Koabuo R/I;; O0HO, OY4EBMAHO, NPOCTOE KOJBLLO M,
KpOMe TOro, *-Kojbllo. [lo3Tomy K Hemy mnpuMmeHuma Teopema 1. Eciu
B YaCTHOCTH, R=B, TO KOHEYHOCTb P 03HAauaeT KOHEYHOMEPHOCTb PY,
CJIeioBaTesIbHO, I, ecTb COBOKYNHOCTL BCeX BHOJIHE HENpePHIBHBIX oOMepa-
TopoB. Taxkum o6pa3oM, Kak YacTHbIf Cjyyail moslyyaercsi pesysbTaT
J. W. Calkin’a [2] oTHocuTenbHo B/I,.

3 Matemarnueckmit c6opHuK, T, 12 (54), N. 2





