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3anucKM Hay4JHBIX
cemunapos [ITOMUA
Tom 282,2001 r.

I'. C. Mycradaen

O BIIOJIHE HEIIPEPLIBHOCTHM HERKOTOPOT'O
KJIACCA BAHAXOBDLIX AJITEGP

0. Beenenue.

[ycte A — GamaxoBa ajrebpa Hal MMOJEM KOMIIJIEKCHBIX YUCEIT.
M. Kannauckuii [1] vassau aarebpy A BIoJiHe HeNPEpPLIBHOM, eciiu
BCE OMEepATOpPBl YMHOMKEHUA ciieBa M crpaBa B A Ha siemeHThl A
KOMIIaKTHBL. B Toii ke pabore Kammancknii (Teopema 5.1) morasai
JUCKPETHOCTH CTPYKTYPHOTO TIPOCTPAHCTBA (B ALePHO-060I04edHOM
TOMOJIOTMN ) BIIOJIHE HENTPEPHIBHBIX 6aHaX0BEIX anrebp. B pabote [11]
Ik, Anmekcanmep BBeJ KOMMIAKTHBIE 6aHAXOBHI airebprl: A HaswBa-
eTcA KOMITAKTHOM, ecilu Aid Kaxkaoro a € A omeparopsl b — aba(b €
A) romnakrraer B A. Hanpumep, anre6pa K (X) KOMOaKTHBIX ollepa-
TOpPOB B BaHAX0BOM IpocTpaHcTBe X sABJseTcsA KoMnakTHOR [11, Te-
opema 3.2]. Ho, BooGire ropops, anrebpa K(X) He ABnAeTcs BIIOJIHE
HenpepbiBHoii [7]. OBobIas BLINIEYIOMAHY THIA pesyibrar Kammad-
ckoro, Asekcannep [11, reopema 6.1] goKka3ay AUCKPETHOCTL CTPYK-
TYPHOTO TIPOCTPAHCTBA KOMITAKTHBIX 0aHAXOBBIX ajredp.

AmnamoruyabiM 06pa3zoM MOKHO PACCMOTPETh Kiacc ciaabo BIOJ-
He HeNpephIBHBIX U ciiabo KOMITAaKTHRIX GaHaXoBBIX ajrebp. B sTom
HaIPaBJIEHUN TaKKe UMEIOTCA pPe3yJbTaThl, 00ecleunBaIoNue IUC-
KPEeTHOCTh COOTBETCTBYIOMEro “ayaabHoro obberra”. Hampumep,
usBectHo [4, 21, 24-26], uro rpynmosas amare6pa L'(() nokaibHo
KOMITaKTHOUW Tpynnel (¢ ABAseTcA ciaabo BIOJHE HEIPEPHIBHOR Toraa
¥ TONBKO Torja, Korjga rpynna (G KoMIakTHa (cile1oBaTesNbHO, Iy-
aJIbHOE MPOCTPAHCTBO G JIMCKPETHO).

HamoMmuuM, 9T0 @ € A Ha3BIBACTCA NPABHM KOMRAKMHUM (cAab0
KOMNAKMHBIM) daeMenMmoM alTebpbl A, eCli OllepaTop YMHOMKEHUA
crpaBa Ha & KoMIakTeH (ciabo kommakTeH). Anrebpa A HasbBaeTcsA
npaBoil enoane nenpeprenodl (caabo enoane nenpepsenot ), ecam mpo-
WM3BOJBHBIN 9ileMeHT ¢ € A ABIAETCA NMPABBIM KOMITAKTHEIM (cirabo
KOMITaKTHBIM). JleBble KOMIakTHBIE (C1abo KOMIAKTHBIE) BIEMEHTH
W JieBBI€ BIIOJIHE HeNMpepbiBHbIe (c1abo BIOJHE HeNpepHIBHBIE) alle-
OpBI OTIPENENAIOTCA AHAJIOTUUHBIM 06pa3oM.
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B aToif 3aMeTKe B OCHOBHOM paccMaTpUBaeTCA Kiaacc 6aHaXOBBIX
anrebp, ABIAIONUXCA HETIPEPHLIBHBIMU 06pa3aMy I'PYIMOBLIX alrebp.
OnmcpiBatoTcs npaBble (JeBbIe) KOMITAKTHBIE 9J1EMEHTE 9TUX aJre6p.
IIpm ompenesieHHBIX YCIOBUAX AOKA3BIBAETCA AMCKPETHOCTL CTPYE-
TYPHOTO MPOCTPAHCTBA NMPABBIX (JeBBIX) cnabo BIOJHE HENpPepPHIB-
HEIX 6aHaXOBEBIX alirebp U3 »ToTo Kiaacca. KpoMme Toro, yka3aHbl MHO-
TOYNCIIEHHbIEe IPUIIOKEHUA 9TUX Pe3yJIbTaTOB.

1. OGo3HaueHnd U IpeaBapUTEIbLHBIE CBeIeHuA. |l punaTeie 31ech
obo3Havenna GoJjiee MM MeHee CTAHAAPTHHI: X — 6aHaX0BO MPO-
crpancTBo, X* — ero compsmkentnoe, X — BTOpoe CONpMHKEHHOE U
X1y — 3aMEHyTBIA enunnubblii map B X. s ¢ € X* uz € X,
{(p,2) mmu p(x) Gyner o6o3HAYATH ECTECTBEHHYIO NBONCTBEHHOCTD
Mmexkay X m X*. Caabyro Tomosoruo B X 1 #-ciaabyro TOMOJIOTHIO
B X* GymeM oGo3mHavuaTh depe3 w U w*, COOTBETCTBEHHO. £ OyIeT
o603HavYaTh 3aMblKaHKWe o0 HoOpMe MHOkecTBa F C X. Uepes B(X)
O6yaeM obo3HauaTh ajirebpy OrpaHUUYEHHBIX JUHEWHBIX OTEepaTopPOB
B X.

IIycth A — mpousBoabHaA KOMIITEKCHasA baHaxoBa aiarebpa. Yepes
R, v L, 6ymem 0603Ha4YaTh OllepaTophbl YMHOKEHUA HA a € A cripaBa
W ClleBa COOTBETCTBEHHO: Rob = ba, L,b = ab (b € A). TIpasrie KoM-
nakTHBIE (cabo KOMIIAKTHBIE) 5JE€MEHTH alreGphl A olpeeieHbl BO
Benennu. O6osnaunm uepes K, (A) (WK, (A)) MHOMKeCTBO BCex TIpa-
BBIX KOMITAKTHBIX (CJ1aGo KOMITAKTHBIX ) ®JIeMeHTHI ajareGpel A. AHa-
sormgno onpegendoTcea Ki(A) m WK;(A). HerpynHo Buaerh, 4To
K, (A4), WK,(A), Ki(4) u WK;(A) ABasAoTcA 3aMKHY TBIMEA JIBYCTO-
pouanmu naeanamu B A. Hanee, monokum K(A4) = K.(A) N K (4).
Ecim A = K. (A) (4 = WK,.(A)), 1o anrebpa A HasbBaercsa 8no.a-
He nenpepvenofl cnpasa (caabo enoame nenpepuenofl cnpasa). Axa-
JOTUYHO OTIPEeAENAIOTCA BIIOIHE HElpEPEIBHEIE cileBa (ciabo BIIOJHE
HelpepbIBHbIe cyieBa) anrebprl. [ToaHas HeNpepbIBHOCTH B CMBICTE
Kanmauckoro [1] osHauaer, uro K(A) = A. Ecom R, (L,) KoHeUHO-
MepHBIA onlepaTop, To ¢ 6yaAeM Ha3BIBATE PABBIM (JIEBBIM) KOHEYHO-
MEPHBIM 9JIeMEeHTOM ajrebpbl A.

Kak mssectro [17, c. 50], [27], B A** MoKHO 3a7aTh JBa yMHOMKE-
HIA (YMHOMeHUA ApeHca), KaK10€e 13 KOTOPHIX ABIAETCA eCTECTBEH-
HBIM TTPOJOJKEHUEeM UcXoaHoro ymuoxkenus B A. IlepBoe u3z s1ux
YMHOMKEHUIA OTIpefesAeTcsa CAeAyIonmM obpa3oM: mycTh a, b € A,
p € A*u F, G € A”. Onpenenum ¢ -a € A* u G-¢ € A* pa-
BeHcTBaMu (¢ - a,b) = (p,ab) nu (G- p,a) = (G, ¢ -a). TMonowum
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(F-G,o)={(F,G-p). F-G MOEHO OTIPEAEINTh TaKkKe KaK:

Fr-G= w*—li{nli}fn(akbu),

. .
rae ay — F n bu 2. G. B nambHeiimeM 6y1eM mpeanogarath, aro A
cHabKeHO YMHOMKEHUEM, MOCTPOEeHHBIM BhIme. OTHOCUTENHHO 9TO-
ro ymMHOKeHusa A** craHoBUTCA HaHaXOBOM ajrebpoii, m mostTomy A
MOKHO CUMTaTh noganarebpoit 8 A*™. Masectro [27, memma 3], uro
A sABnserca cnabo BIOJHe HEMpepHIBHOW crmpaba (cieBa) Torma u
TOJIBKO Torja, Koraa A ecTh JeBblid (paBblii) nmean B A*.

[Mycts G — mokaALHO KOMITAKTHAA TpYyIa ¢ JeBoit Mepoid Xaapa
dg, LY(G) — rpynnosas anre6pa rpynmet . JIeBrle u ipaBble CIBUTH
B LY(G) onpenensiorcsa paBeHCTBAMU:

of(2) = Flg™ ), fy(x) = Alg)f(xg) (9 €G),

rae f € LY(G), a A(g) — moxynapuas ¢ymrmma rpymmet . OTMmernm,
uTo Ay npousBodbHbIX f, h € L'(G) cupaBeanusel $popmydibl

g(fxh) = ,fxh, (f*h)g:f*hg.

Ilas npoussosbHoii ¢pyukmuu f € LY(G) nomoxum fU(g) = f(97) u
Flo)=Alg=Hf(g™h).

IIycThb € ecTh e MHWYHDINA paeMeHT rpymmbl (G, v mycTh (@) — CoRU-
MalomaacAd K {e} HalpaBIeHHOCTHL TIPeJIKOMITAKTHBIX OKpEecTHOCTel
pIleMEHTa €, & €, — HeoTpUIaTelbHEIe HelpepEIBHbIE (YHKINU C HO-
CUTeNIeM U3 o 1 Takue, 410 ||ey||1 = 1. Torma (e,) ecTh orpaHudeHHasd
anmpokcumaTuBHas eamuuna (o.a.e.) B LY(G).

Hajee HAM TIOHAM00ATCA CleAyIONMMe 0603HAUCHUA:

C(K) — 6aHaX0BO MPOCTPAHCTBO HENPEPHIBHBIX (YHKIMA Ha KOMIIAK-
Te K,

Coo(G) — mpocTpaHCTBO HENPEPHIBHBIX GYHKIWMI Ha (G ¢ KOMIIAKTHBIM
HOCHUTEJIEM,

Cy((G) — 6aHax0BO MPOCTPAHCTBO HENMPEPBIBHBIX GyHKIWMIA Ha (G, cTpe-
MAMUXCA K HYJIO Ha 6eCKOHEYHOCTH,

AP(G) (WAP(()) — mpocTpaHCTBO OTPAHMUEHHBIX HETIPEePBIBHBIX 110~
UTH HepuouUuecknx (ciaabo mouTH mepuomuecknx) GpyHrmmi vHa G,

Gru(G) (G (G), Gy (G)) — mpocTpaHCcTBO OTpAHUYEHHBIX PABHOMEPHO
HENnpephIBHBIX CIpaBa (cJaeBa, ¢ ABYX CTOPOH) QyHEIMHA Ha G.
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2. KomnoakTHbIe asieMeHTHI B 00pa3e rpynnoBeix axredp. OcHoB-
HBIM Pe3YJbTAaTOM ®TOr0 IYHKTA ABJAETCA CIeAYIONAad TeopeMa.

Teopema 2.1. [lycmy A — 6anazrosa aszebpa, 4 nYcmy cyuecmayem He-
npepuiensiil zomomopdusm 0 @ LY(G) — A ¢ naomunm obpasom. Tozda
CNPABENAUEH CACOYIOULUE YMBEP HCOCHUS:
a) Kp(A) ecmb samxnymad auneldinag 660204Ka MUHUMAABHBL KO-
HeuHOMEPHT Aeeblt udeanos 6 A,
b) Ki(A) ecmy samrnymad aunefinas 060404Ka MUHUMAABHBE KO-
HeuHOMEPHBE Npaebs udeanos 6 A,
¢) K(A) ecmsy 3aMrnymas auneinag 060404Ka MUHUMAABHBLE KOHEU-
HOMEPHBLL deycmoponnus udearos & A.

llnsa mokaszaTenbCTBA BTOW TEOPEMBI HAM MOTPebyeTCA HEKOTOpAs
undopmarmsa. [lycrs 7' — orpaHuyeHHOe HelNpepbIBHOE IIpeACcTaBlile-
uue rpynnsl G B GanaxoBoMm mpoctpaHcTBe X. Berrop z € X Ha-
3BIBaeTCA nowmu nepuoduveckum (I.0.), ecam ero opburta O(x) =
{T,x: g € G} npearoMnakTHa. MHOXKeCTBO ILI. BEKTOPOB NpeIcTa-
Bienua T obosHauaerca depes AP(T). Kak mussectro [30, c. 100],
B AP(T) nosnHa cucTeMa KOHEUYHOMEPHBIX T-MHBAPWAHTHEIX [TOIIPO-
CTPaHCTB (WM.II.), HA KOTOPHIX IpPeACTaBIIeHIMe MOKHO CUMTATH HEPU-
BoMMBIM. T’ Ha3bIBaeTcA n.n. npedcmasaenuem, ecnn AP(T) = X.

JHoxrazarenbcTBo Teopemsl 2.1. a) Ilycts {J;: ¢ € I} ecth MHO-
MKECTBO BCEX MWHUMAJBHLIX KOHEYHOMEPHBIX JIEBLIX MAeaoB B A.
Mbl moiuKHBL ToKasaTh, 410 K,(A) = Span{J;: ¢ € I}. Iyctb a €
spanqJ;: 7 € I}. D10 o3HauaeT, YTO A MPOU3BOILHOTO € > () cylie-

n
crByet Ji,...,J, may € J1,...,a, € J, Takue, uToO ||a— > aiH <e.
=1
n
Orcrona cienyer, 4To ||Ra — > Rl <e.
=1
Tak kak Jy,...,J, — JneBble ugeaywol 1 a1 € Ji,...,a, € J,, TO
R,, oroGpaxkaer A B J;, mw moromy R,, (i = 1,...,n) — KoHeuHO-

MepHBIe omepaTophl. [locienHee HepaBeHCTBO TMOKa3bIBaeT, YTO R,
AN pPOKCUMUPYETCA KOHETHOMEPHBIMHY OITEPATOPAMU U, CJIEAOBATENh-
Ho, R, — KoMmakTHBIA omepatop. Temephr moraxkem, uro K,(A) C
span{J;: i € I}. Onpenenum B A jeBoe u npaBoe peryisapHoe Mpe-
craBieHnsA cienyrommumM obpasom: L,0(f) = 6(,f), RO(f) = 6(f,).
Hycth (eq) ectb o.a.e. B L'(G). Hockombky 0(4e4)0(f) — Ly0(f),
meent: |IL,00F)] < 11 1007)]]
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B cuay nnornoctu muoskectsa {0(f) : f € LY(G)} B A, u3s nocaen-
Hero HepPaBeHCTBa CleAyeT, 4To L, (a Takke u Ry) OpomonKaeTcs
e IMHCTBEHHEIM 06pa30M Ha BCIO anrebpy A Kak orpaHMJeHHOe Hempe-
pHLIBHOE TIpeacTaBiienve. HeTpyaHo BUAeTh, UTO AJA MPOU3BOJILHBIX
a, b € A cupaBennusnl popmynast Ly(ab) = (Lya)b, Ry(ab) = a(R,b).

Teneps mycth a € K,(A). Jlerko Buzners, aro (e, )) Cay®uT 0.a.€.
mian A. Tak wak 6(eq)a — a, umeeM (Ly60(eq))a — Lga (g € G).
Omnaxo ||Ly8(eq)|| = ||10(sea)l| € ||0|| n moromy {Lga : g € G} C
{ba :||b]| € ]|8]]}. Orcroma caenyer, uro MuoxectBo {Lga : g € G}
MpEeJIKOMIIAKTHO M, cjefoBaTenbHo, ¢ € AP(L). 3HauuT, ¢ mpuHai-
JEXKNUT 3aMKHYTO NTMHERHON 060/I0UKEe CUCTEMBI KOHEYHOMEPHEIX -
VHBAapPUAHTHBLIX TI0ANPOCTPAHCTB, Ha KOTOPHLIX TIpeacTaBienue [ He-
npusoumo [30, ¢. 100]. Ocraerca 3ameruTh, 4To L-UHBapUAHTHBIE
MOAIPOCTPAHCTBA — B TOUHOCTHU 3aMKHY THIE JieBhle uaeanbl B A. Jleii-
CTBUTEJLHO, ecaint J ecTh L-MHBapuaHTHOE MOAIpOCTpancTBo u b € J,
TO JIErKo BUETh, 4To aia npoussoibhoro f € LY(G) BepHo pasen-
crBo 0(f)b = [ f(g)Lybdg € J, m nosromy J ectb jeBblil ugean B A.

el

Oycte J — 3amruyThHIl neBbiid ugean B A u b € J. Toraa us coor-
somenuit (Ly0(eq))b € J 1 (Ly8(eq))b — Lyb cnenyer, uro J ects
L-uHBapraHTHOE TOAIPOCTPAHCTBO

YrBepskaeHne b) MoKasbIBaeTCA aHATOTUYHO.

HokaskeM yTBep:¥IeHMe ). Kak B I0Ka3aTelbCTBe YTBEPKICHAA
a), JIErKo MpOBEPUTH, YTO 3aMKHyTas JNHeHHas 060JoUKa KOHeu-
HOMEDHBIX ABYCTODOHHUX uaeaiiob A coxepwmrca B K(A). Tlycts
a € K(A). ObosHaunm uepes L x R mpsAMoe IPOU3BeAeHIe TPEICTA-
Biennii L u R:

LxR:GxG—B(A), (LxR)g,s)a=LsRsa, (a€A).

Mockonbky a € K(A), muoxecrBa {Lga @ g € G} u {Rsa : s €
(i} npeaROMIAaKTHBI (CM. JOKa3aTellbCTBO MyHKTa a). Herpyano Bu-
neTh, uro ecau {Lga : i =1,...,n} ecTb KoHeuHas ¢/2-ceTh Iy
{Lga : g€G}, a {Rs;a:j=1,...,m} ectb KoHeuHas £/2-ceThb AIs
{Rsa : 5 € G}, o {LyRs,a:i=1,...,nj=1... m} Gyzer ko-
HeuHo# ¢/2-cerpio g {L,R.a: (g,5) € G x G}. D10 oszHavaer, 410
a € AP(L x R). TlosToMy @ IpUHAMIERAT 3aMKHY TOM JTMHERHOA 060-
JOYKe KOHEYHOMEPHEIX [ X R-MHBapUAaHTHBIX MOANPOCTPAHCTB, Ha KO-
TOPHIX mpeacrabienne L X R Henpubomumo. OcTaercs MoKkasaTh, YTo
L x R-vHBapWaHTHEIE MTOANPOCTPAHCTBA — HTO B TOYHOCTH 3aMKHY-
Thie ABycTOopoHHUe maeaybl B A. [lycts J ects L X R-unBapuanTHOE
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noampoctpancTBo u b € J. [IpocThle BHIKIAAKM MOKA3BIBAIOT, UTO

o(h)bo(k) = / h(g)k(s)(L x R)(g,s)bdgds € J. (2.1)

Hockoabky muoskectso {0(f) : f € LY(G)} naorno B A u k — k
ectb uszomerpus LY(G) na LY(G), umeem AJA C J. C apyroii cro-
ponbl, A umeer o.a.e., u mostomy AJ C J u JA C J. Illycts Temepsn
J — 3aMEHyTHIA aByctopomnuii maean B A. Ilokaskem, uro J ecTh
L x R-wnBapuanTHoe moanpoctpancTBo. Ilycts b € J. Ilockoabky
nuHelinas obosouka GyHriwmii uga {h(g)k(s) : h,k € L (G)} naor-

na B L'(G x G), us pasencrba (2.1) momyuaem, uro [ f(g,s)(L x
GXG

R)(g,s)bdgds € J nansa npoussoabhoit pyuknum f € LY(G x G). C
JApYroii CTOPOHBLI, HETPYAHO BUAETH, YTO IJA MPOM3BOJLHON Iaphl

(r,g9) €GXxG

ea(g,s)(p_lyq_l)(L X R)(g,s)bdgds — (L x R)(p,q) b€ J.
GXG

Teopema morazaHa. (I

B xone mokazaTenbcTBa TeopeMbl 2.1 MBI 320/1HO YCTAHOBUIIN Clle-
AYIOIMe YTBePKICHUA.

Teopema 2.2. [lycms evtnoangiomes ycaoeus meopemst 2.1. Tozda:

a) Kr(A) = AP(L), b) Kij(A) = AP(R), ¢) K(A) = AP(L x R), 2de
L u R —aesoe u npasoe pezyagpnoe npedcmasaenus e A, a L X R — ux
npAMOe npouzeedenue.

Teopema 2.3. Iycmys A - 6anazosa anzebpa, u nycmsy cyuecmeyem
nenpepvennii zomomopdusm 0 @ LY(G) — A*™ ¢ naommwm obpasom.
Tozda cnpasedauso saxarvenne meopemvt 2.1.

JoxrazatenbcTBo. JloKaskeM CIPaBeIUBOCTh YTBEPHKICHNAA &) TEO-
pembl 2.1 (yTBepskaenua b) m ¢) mokasBIBAIOTCA aHAJIOTM4YHO). Kak
B JI0Ka3aTelhCcTBe TeopeMbl 2.1 a), Jerko BUAETH, YTO 3aMKHYTas
JuHelHas 060JI0UKa KOHEUHOMEPHBIX JIEBBIX UACaJIoB alrebpel A co-
npepsnresa B Kp(A). Tlycts L — neBoe perynsapHoe peAcTaBIeHE B
A**. Cuepsa mokaskem, yto K,.(A) ABaserca L-MHBapUaHTHBIM MO~
MpOCTPAHCTBOM U, Gojlee TOTO, MIIA Mpou3BosbHOTO ¢ € K. (A) MHO-
wectBo {Lga : g € (G} mpenkommartHo B A, T.e. L|K.(A4) sABma-
eTcA ILII. TpeAcTaBieHneM. Kak MBI yske 3amMeTniin, @(eqy) ciysRnT
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o.a.e. aua A**. He ymansasa oBImMHOCTHM, MOMKHO TIpeanosaraTh, 4To

O(eq) cxomutea (B w*-Tomosorum npocTpaHcTBa A**) K HEKOTOpOMY

E e A" Bamerum, uto F cayxur enuuuieii mig A*Y ) tak kak, eciu
.

e A Ma@w—>F, TO
E-F =w'"lim lign (H(ea)a@) =w"-limb(ey)F = F,

- FE= w*—liérn lim (agﬁ(ea)) = w*—liérna@ =F.

Mycth Temeps a € Kr(A). Tak rar K,.(A) — ABycTOpOHHUWIA naean
B A, To R, oroGpakaer A B K,(A). B cuiy KOMIOakTHOCTH OTle-
partopa R4, omepatop R:* orobpaskaer A** B K,(A) u Towe Kom-
nakreH. [lanee, B cuay Toro, 4ro R¥*F = F - a (F € A*), u3s pa-
BercTBa Lga = Ly(E - a) = (LyE) - a momygaem, uto K,(A) aABma-
erca L-vHBapWaHTHBIM ToanpocTpancTBoM U LK, (A) ABiasercsa m.o.
npeacrapienueM. [lostomy B K, (A) momHa crucTeMa KOHEYHOMEDHBIX
L-uuBapuaHTHBIX ToanpoctpancTs u3 K,.(A). Ham ocraerca mora-
3ath, 4to ecam J C K,(A) ectb L-WHBaprWaHTHOE MOMIPOCTPAHCTBO
Takoe, uTo cyskeuue L|J HenpuBoammo, 10 J eCTh MUHUMAJbLHBIA Jle-
Boii uneasn B A. Ilycts @ € J. Kak B moka3artenbcTBe TeopeMsbr 2.1,

0(f)a = /f(g)Lgadg €J, fellq),

uro Biaever A**J C J u, caemoarenvuo, AJ C J. Ilycts umeercsa
HeHyJeBo# neBbl naean Jo C J, u nmycth a € Jo. B cuny paccy-
*EIeHUil, IpUBeAEHHBIX Bolllle, uMeeM: Lga = Ly(E) - a € Jy, T.e. Jy
ABIAETCA L-MHBAPUAHTHBIM IO AIpOCTpaHcTBOM. B cuiy HempuBo au-
MocTu cyskenusa L|J nmeem Jy = J. d

Hwuxe MBI IpUBeneM HeKOTOPBIE cileACTBUA Teopem 2.1-2.3.
C. Areman [8, Teopema 4] mokasai, yro ecau rpynna G KOMIAKT-
na, To anrebpa L!(G) Bnosne nenpepbiBHa ciipaBa (Uiu cieBa).

Caencreue 2.4. Illycmv evinoangiomes ycaoeus meopemsvt 2.1. Feau
epynna G xomnaxmua, mo A encamne nenpepuena cnpaed (caesa).

JHoxazarenbcrBo. FEciu rpynna (¢ KoMIakTHa, To Jeoe (MpaBoe)
peryinApHoe TipeacTaBiieHne B A ABIAETCA I.I. TPeACTABIEHUEM.
Ocraercsa npuMeHUTH TeopeMy 2.2. (I

C. Cakau [b, Teopema 1] mokazas, uro ecau rpynna G He KoM-
naktHa, To B L1((3) He uMeeTcs HeHyJIEBLIX DJE€MEHTOB KOMITAKTHBIX
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cieBa (crpaba). DToT QaKT molydaercs us TeopeMsl 2.1 crenyromnm
obpaszom: mycTh Tpyimima (G He KOMIIAKTHA, U MyCTh f ecTh HEHYJIeBOU
siement anare6pel L1((), komnakTheii cipasa. Ilo Teopeme 2.2 MHo-
#ecTBO {fy_1 : g € ('} IPeAKOMIAKTHO, X MOTOMY (€q, fy—1) = f *€q
ApnAIoTcA .. GpyHEmmAMU. [Tockonbky f * e, € Co(@), monyuaem,
uto f*xe, =0, MoTOMY UTO Ha HEKOMITAKTHOMN JTOKAJIBHO KOMIIAKTHOM
IpyTile He CyIecTBYeT HeHyeBo# m.a. ¢yurmmn n3 Ch(G); em. [13,
c. 41]. Ommako f * e, — f Mo L'-Hopme, n motomy f = 0.

Hwke MBI TpUBeeM IPOCTOE JOKA3ATENBCTBO O MHOTO U3 OCHOBHBIX
pesyabraToB paborhr [31].

CaencrBue 2.5. Fcau A — 6anazrosa arzeépa, mo 410604 KxomMnaxmuui
eomonmopdusm 0 : LY(G) — A xomeunomepen.

JoxkazaTesnbcTBo. MokHO cumTaTh, 4To § MMeeT TIIOTHBIA obpas.
Jlerko Bumerh, uTo ecam f KOMIIAKTEH, TO JIEBOE PEryJAPHOE TIPE -
craBienue B A ABaserca n.u. npeacrapiaenueM. Ilo Teopeme 2.2, an-
rebpa A BmosHe HenpeprBHa cripaBa. C APYro#l CTOPOHEI, TIpeaehb-
Has Touka (f(ey)) cayswur eamuuneii ana A, m nmotomy aarebpa A
KOHEYHOMepHA. (I

Hwxe yBuamm, uto kiaacc 6aHaAXOBBIX aarebp, yI0BIEeTBOPAIOIINAX
ycaoBUAM TeopeMbl 2.1, moctatouHo mwupok. Ilycts T° — orpanu-
YeHHO€e HelpephIBHOE TIpecTaBiieHre Tpynnbl (¢ B 6aHAXOBOM IIPO-
crpancre X. s mo6oit ¢yuknuu f € LY(G) onpemenum omnepa-
top Ty € B(X), monaraa Tyz = [ f(g)Tyxdg. ycts Ly(G) — nan-

G

MeHbIIasA 3aMEHyTasd mogairebpa B B(X), comepskamasa Bce ofle-
patoper {7} : f € L'Y(G)}. Herpymio Bumerh, 4rto oTobpakeHue
0 : LY(G) — Ly(G), sanaBaemoe npasuiom f — T}, ecTb HelpephIB-
HBIA TOMOMODP(M3M ¢ MIOTHBEIM o6pasom. Temeps nycts X = LP(G)
(1 <p< o), muycrs T — JeBoe perynapHoe npeactienne B LP (G).
Torma Tih = f+h, rae f € LY(G) n h € LP(G). B atom cayuae Ly(G)
obo3nauvaroT depes PF,(G) [32].

B paGore [32 (memma 8.6)] mokaszaHo, uro ecim rpymma (¢ Kom-
nakTHa, To anrebpa PF,((7) Bnosie HempepblBHA cIpaBa (ClleBa).

CaencrBue 2.6. Auazebpa PF,(G) seagemca enoame wenpepbionod
cnpasa (caesa) mozda u moavko mozda, xozda zpynna G xomnaxmmua.

JokazareabcrBo. Ecau rpynna (¢ xommakTHa, 10 aarebpa PF,(G)
ABIAETCA BIOJHE HENpEDPBIBHOW cmpaBa (cieBa) B CHIY CIel-
crBusa 2.4. Teneps mpenamonoxum, 4to rpymmna (¢ HEKOMIIAKTHA, a
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anrebpa PF,(() BIoHe HeNpepHIBHA cIpaBa. B cuiy Teopemsr 2.2
JeBoe peryiApHoe HpexacraBienue B PF,(() ABasgeTcsa mI. Open-
craBienneM, T.e. MHOxecTBo {1 ¢ : g € (G} TpeAKOMTAaKTHO A
npoussoabHoit ¢pymrmmm f € L'(G). Torma meTpyamo BuaeTb, UTO
g — (T, jh k) = (4f * h,k) ABagerca m.m. QyHrImei AJA Mpons-
BosbHEIX h € [P(G) n k € LYG) (1/p+ 1/q = 1). Hanee, mo-
CKOJBRY (g€q * h k) — (,h, k) paBHOMepHO, monydaeMm, 4TO ¢ +
(gh, k) € AP(G), mmotoMy g — {4_1h k)= h+k" € AP(G). Tak rax
h* kv € Co(G), nmeem h* k¥ = 0. B gacTHOCTH, AJIA MPOU3BOIBHOTO
k € Coo(G) mmeem eq x k¥ = 0. Tlocronbry k¥ € LU(G) n eq + kY — kY
mo Li-wHopme, momydaem, uro k = 0. |

MMycts A — C*-anrebpa. Herpyaao BuaeTh, uto ecau a € K, (A4),
To a* € Ki(A) u, nocronbry K;(A) ABnAeTCA 3aMKHY THIM JIBY CTODOH-
HUM WaeaoM, noiydaeM, 4to a = (a*)* € K;(A). Taknm o6pasom,
pisg C*-anre6p umeem K.(A) = Ki(4) = K(A4). Myctp <Ai)ie1 -
cemeiictBo C*-anrebp. Uepes (Z @Ai)oo u (Z @Ai)o ByneMm oBo-

i€l il
3HaYaTh X [ U co-TIpAMOe MpoM3BeIeHNe, COOTBETCTBEHHO.
Caencreue 2.7 [1, teopema 8.2; 28, reopema 2.5]. ITycme A — C*-
anzebpa, w nyemy P.(A) — cemeficmeo MUNUMAAYHIE KOHEUHOMEPHUT
wenmpaavnir npoexmopos & A. Tozda

K. (4) = Kj(A) = K(A) = ( > @pA)O.

PEP(A)

Joka3zarenscTBo. B cuny BBIleCKa3aHHOTO, AOCTATOYHO JOKA3aTh
nocnenHee papercrso ana K(A). Xopomo uspectHo, uto A*™ oTo-
AHIeCTBIAAETCA ¢ obepThIBalolleil anarebpoil pon Helimana anrebper
A. Oycrs T — rpynma (B AMCKPETHOR TOTOJIOTHN) YHUTADHBIX Dile-
MeHTOB anrebpol A**. M3 teopemnl Pycco-Has [17, ¢. 210] cueny-
eT, uTo CyIIecTByeT HellpepbIBHBIA roMomopdusm 0 : L1(T) — A** ¢
IA0THBIM o6pa3oM. Toraa mo Teopeme 2.3 UMeeM

K(A) =spam (J; i € 1),

rae {J; 11 € I} — ceMelicTBO MUHUMAJIbHBIX KOHEYHOMEPHBIX JBYCTO-
pornanx miaecasoB B A. Tak kak miaeansl J; (i € I) MUHAMAJbHBL, TO
JiNJ; =(0) opu i # j, u mosToMy

Ji4. 4 J, = (Z@JZ») .
i=1 o0
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Orcroa HETPYAHO TONYYNUTH PABEHCTBO

K(A) = E &J;
i=1 0

OcraeTca 3aMeTUTh, YTO MUHUMAJIbHBIE KOHEUHOMEPHBIE IBYCTOPOH-

HUe ujeasbl B A B TOUHOCTM COBHAAAIOT ¢ ceMelictBoM {pA : p €

P.(A)}. O

HamomumM, uto (Xaycaop$oBo) TOMOIOIMYECKOe MPOCTPAHCTBO
S Ha3bIBAETCH BIOJHE HECOBEPIINEHHBIM, €Cii S He CONEPKUT HEMmy-
CTBIX COBEPINEHHBIX TOAMHOMKEeCTB. Hampumep, BIoJiHe HECOBEPIIEH-
Hble MHOecTBa B C (mim B R) — 970 cueTHBIe MHOMKeCTBaA (TeopeMa
Kanrtopa—Benaukcona). Masectro [18, c. 113, Teopema 4], uro ecin
K — GeckoHeUHBII BITOJIHE HECOBEPINEHHBIH kKoMmakT, To C'(K) comep-
PKAT NPOCTPAHCTBA, U30MOpQHBIE ¢y, TAE ¢o — MPOCTPAHCTBO CXOIA-
MKXCA K HYJIIO YMCIOBBIX MocienoBaTenbHoctel. ycrs T € B(X).
O6osHaunm depes Ap paBHOMEPHO 3aMKHYTYIO moganre6py B B(X),
MMOPOKAEHHYIO ollepaTopoM 1 U e IMHUYHBIM omlepaTopoM 1x. W3 BEI-
ITeCKA3aHHOTO, B YaCTHOCTH, CIIEAYET, YTO ecyiu I — KOMIAKTHBIA ca-
MOCOTIPAKEHHBIA olepaTop (B IMiL6EePTOBOM MPOCTPAHCTBE) ¢ Gec-
KoHeuHBIM criekTpoM o(T'), To anrebpa Ap ~ C(o (7)) comepEAT moa-
npocTpaHcTBa, udomMopduble ¢g. Humke yBuaum, uTO aHaJJOT'MYHBLIA
daKT ocraeTcsa B Cuile IS KOMIAKTHBIX dPMUTOBBIX OMEpPaTOpPOB B
pedekTUBHLIX 6aHAXOBBIX MpocTpaHcTBaXx. HamoMuuM, uto omepa-
Top T € B(X) nHasbiBaercsa spMuToBBIM, ecan ||exp(itT)|| = 1 mna
Bcex t € R.

CaencrBue 2.8. [lyems T — xomnaxmuwuiii sapmumoswusi onepamop e
peaercuenom banaroeom npocmpancmee X. Feau cnexmp o(T) Gec-
KoMeuer, mo npocmpancmeo Ap codepaucum nodnpocmpancmea, u3o-
Mopdnie ¢p.

JoxkazareancrBo. CyliecTByeT HeNpepLIBHBIA romMoMopdusm 0
LY(R) — Ap (c miaoTHBIM 06pa3oMm), olpeeseHHblil paBeHCTBOM

0(f) :/f(t)exp(itT)dt.

Perynaproe mnpencrabienne B Ap samaerca paBeHcTBoM Li(S) =
exp(itT)S, S € Arp. Hpennonoxnum, 410 Ap He COMEPNRUT MOIIPO-
CTPAHCTB, M30MOPOHBIX c¢g. IlokaskeM, 4TO peryiaspHoe TpenacTa-
BJleHME ABJIAETCA I.I. TpeactaBienueM B Ap. [lia mpou3BoIbHOTO
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S € Ar n ¢purcupoBanHOTO s € R paccMoTpuM ceMelcTBO KOMITAKT-
HBIX OIE€paTOPOB

Ligs(S) — Li(S) = exp(itT) (exp(isT) — 1x)S. (2.2)

N3 BerTopHOTro Bapuanta Teopembl Ackoau—Apuedna [20, ¢. 350] ciae-

ayet, 4To eciii X peeKCHBHO, TO CEMEHCTBO KOMIAKTHBIX ollepa-

TopoB D C B(X) npeakoMmnakTHo, ecam {Sx : S € D} npearoMIakTHO

st moboro z € X1y m gu% [|Szp|| — 0 mas mr060i citabo cxoadmeii-
€

cA K HYJIO MocieIoBaTelbHOCTH (2,) B X.

TMockonbry exp(isT) — lx KoMmmakTHBIA omepatop u exp(itT)Sx
(r € X(1)) orpammdeno, MuOxecTBO exp(itT)(exp(isT) — 1x)Sx mpen-
KOMIIaKTHO Juid qroboro z € X(1y. Tenepp nycth z, 2 0. Tak rax
[|(exp(isT) — 1x)xp|| — 0, TO

sug || exp(itT)(exp(isT) — 1x) Sz, || < IS ||(exp(i5T) — 1X)xn|| — 0.
te

TosTomy cemeiicTBo (2.2) ABIAETCA MPEIKOMIAKTHBIM A KaskKI0T0
s € R. U3 pesyabrara Boseca Bocura [14], aBusiomerocs ecre-
CTBEHHBIM 06061eHueM u3BecTHOro pesyiabrata M. U. Kameuna [12]
0 MOYTU MEPUOIUIYHOCTH MHTErpaja OT BEKTOPHOU MOYUTH II€PUO AU-
JecKo#W (GYHKIMU, clleflyeT, 4To IPU yCJIOBUU MOYUTH TEPUOIUIHOCTI
cemeiicTBa Liys(S) — Li(S) (mna kakgoro s € R) dynrimmsa t — L;(S)
MOYTU TEePUOANYHA. SHAYUT, PEryIApPHOE MpeACTaABIEHUE ABIAETCH
.. npeacraBiaedueM B Ap. [lo teopeme 2.2, Ap — BriosiHe HeTpephIB-
Has aarebpa. [lockombky Ap MMeeT e TMHUYHEBIN DIIEMEHT, IOy YaeM,
uro Ap KOHeUHOMepHa, W, cilefoBaTenbHo, ciektp o(T) KoHedeH. [

IIycts A — mpousBonbHaA GanaxoBa anrebpa. Herpyano Buaers,
UTO €CNIM € — TpaBblid (JeBBIi) KOMIAKTHBIA WIEMIOTEHT B A, T0
€ ABIAETCA MPAaBBIM (JI€BBIM) KOHEYHOMEPHEIM siieMeHToM. OBGo3Ha-
yum uepes 7 (E') MHOMeCTBO BCeX MUHMMAJbLHBIX MPaBbIX (JIeBbIX)
KOHEUHOMEPHBIX (MM KOMITAKTHBIX ) MAEMIOTeHTOB anre6per A. He-
TPYAHO BUAETH, uTo ecam ¢ € EY (e € EY), To Ae (eA) ecth MuHUM-
MaJIbHBIA KOHEYHOMEDPHBIA eBbIi (mpaBblii) waean B A. Ecan anre-
6pa A — moamympocTas, To BEpHO M obpaTHoe: JI060i MUHUMAJThLHBIA
KOHEUHOMEDHBII 7eBhIid (paBblit) wiaeana J B A wmveer Bug J = Ae
(J = eA) ans mexoToporo e € £ (e € E'}) [17, rmasa IV].

CaencrBue 2.9. [lycmy evinoangiomes ycaoeud meopemut 2.1 uau me-

opemut 2.3. Kpoate mozo, nycms aazebpa A noaynpocmas. Tozda
i) K,(A) =span (Ae :e € E7), ii) K;(A) = span (Ae :e € E}). d
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IIycte A — mpomsBoabHas GaHaxoBa ajrebpa. Yepes II4 6y-
neM 0603HaYATh CTPYKTYPHOE MPOCTpaHCTBO anrebpul A ¢ amepHo-
obomoueunoii (hk) Tomonorueii. M3 Teopembl Anekcangepa [11, Te-
opema 6.1] ciemyer, uTo CTPYKTYpHOE MPOCTPAHCTBO HPAaBOi (ie-
BOii) BIIOJIHe HENPEPBIBHOW GaHaxoBoil anrebper anckperHo. OaHaKO
B paccMaTpUBAEMBIX HAMU CIydasaX >TOT (PaKT ABIAECTCA CIeNCTBU-
eM TeopeMbl 2.1 ¥ CIenyIONEro TPeIOKEHNA, KOTOPOE, TI0 MHEHUTIO
aBTOpa, MPEACTABIAET CAMOCTOATENLHBIA UHTEPEC.

IIpennoskenme 2.10. [Tycmvs A — 6anarosa aazebpa, maxad, ¥mo & weil
NOARA CUCTNEME MUNUMAALNBE Aeatlr (npaswiz) udeanos. Tozda npo-
empancmeo 14 duckpemmno.

JokaszarenscTBo. B cuny Toro, 4ro cTpyKTYpHBIE MPOCTPAHCTBA
A/Rad(A) m A romeomopduer u B A/Rad(A4) monna cucrema mu-
HUMAJIbLHBIX JIEBBIX WMIEAJIOB, MOKHO CUMTATh, 4TO ajirebpa A mo-
aynpocta. Ml umeem A = span (Ae : ¢ € F,), rne F4 — MHOKe-
CTBO MUHUMAJJbLHBIX MAeMIIOTeHTOB anrebper A. [lycts P € I14. Ham
HYHO TIoka3aTh, uto 14 \ {P} samrmyTo, T.e. P ¢ I, \ {P} " nmm
MN{Q elly: Q+# P} ¢ P. IockodbKy MHOMKeCTBO P 3aMKHYTO, MMe-
ercd UAeMIoTeHT ¢ € F, 1akoil, uro e ¢ P. locTaTouHo MoKa3aTh,
uro ¢ € Q jus Beex @ € Iy \ {P}. Hycrs e ¢ Q A0 HEKOTOPOTO
Q # P. llockombKy MAeMIOTEHT e MuHUMaJdeH, T.e. eAde = Ce, u P
— aBycToponHWiA uaeai, nmeeM ePe = (0), u moromy AePAe = (0).
Tenepsb ucnonbayem caeayrwoimii parr [17, ¢. 123, npennoxkenue 12
(iii)]: ecam Ly m Lo mBa neBBIX maeana Taknx, 4ro LiLs C Q, To
aubo Ly C Q, aubo Ly C Q. Tak kak ¢ ¢ Q, 1o Ae ¢ Q, u nosto-
My PAe C Q. CHoBa, UCIOJb3YS BBIIEYITOMAHYTHIA QaKT, MOy YNUM,
yro P C Q. Mensas mectamu P u Q, monydaeMm, uto P = @. A 710
MpOTUBOPEUNUT ToMmy, uTo P # Q. (I

3. Cnmabo KOMOAKTHBIE 9JIEMEHTHI B oOpa3e TDYHOHNOBLIX AaJI-
reGp. B oToM MyHKTe MBI HOoKaxkeM (TIPW OTIpeAESEHHBIX YCIOBUAX )
JUCKPETHOCTh CTPYKTYPHOT'O MPOCTpPaHCTBa ciabo BIIOJIHe Hempe-
PBIBHBEIX 6aHaXOBEIX airebp, pacCMOTPEeHHLIX HAMU B 1I. 2.

Nna ymobcTBa MaibHERIero M3IoKEeHWA, Be3le B DTOM IYHKTe
TTOJTHYIO HeTIPePLIBHOCTE CIIpaBa 0yaeM Ha3bIBaTh IMIPOCTO MOJTHON He-
MIpPEePBIBHOCTHIO.

IIpennoskenme 3.1. Iycmv A — banarosa arzebpa maxas, 4mo awboe
HenpueoduMoe €€ npedcmasacuie KOHENHOMEPHO, U NYCMb CYULECTNEY-
em nenpepuennil zomomopdusm 0 @ LY (G) — A ¢ naomunm obpasom.
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Tozda xaxcond snemenm a € WK, (A) eduncmeennnm obpazom npeo-
cmaeum 6 eude a = b+ r, 20e b € K.(A) ur € Rad(A).

Jlnsa mokazaTelbCcTBA ®TOr0 MPENIIOKEHNA HAM TOHATOOUTCA cie-
nytottee. [lycts T — orpaHudeHHOe HEMpepBIBHOE IIPENCTABIIEHUE
rpymner ¢ B 6anaxoBom mpoctpaHcTBe X. Bewktop z € X Ha-
3BIBaeTCA caabo nowmu nepuoduveckum, eciam opbura O(x) cia-
60 mpeakommakTHa. MHokecTBO ciabo M.II. BEKTOPOB MpencTa-
Bienua T o6osHauaerca uepes WAP(T). Tlo teopeme jge Jlio—
TmukcBepra [3, Teopema 4.11], WAP(T) = AP(T) ® Xy, rae Xy =

€ X :(0) €0(x)" ;. T HaseIBAETCA €460 NOYMU NEPUOIULECKUM

npedcmaeaenuem, eciu WAP(T) = X.

JHoxazarenscTBo npenmoskerud 3.1. Ilycts a € WK, (A). Tak rak
mHOoxecTBO {ba : ||b]| < ||0]|} caabo mpearoMIAKTHO W BBIIYKIO, TO
MHOxeCTBO {ba : ||b]| < ||0]]} cmaBo rommakTHO. Terneph, Kak B JA0Ka-
3aTenbcTBe TeopeMel 2.1, mmeem: {Lga : g € G} C {ba: 4] < |6l},
rae I — meBoe peryaspHoe mnpeactaBiaerne B A. Orcioma cuemy-
eT, UTo MHO¥%eCTBO {Lja:g € G} cnabo NpeIKOMIAKTHO, U IIOTO-
My a € WAP(L). To reopeme me Jro-T'nukcbepra, npuseneHHOR
BHINIIE, BIIEMEHT @ TPEeJNCTaBUM (eIMHCTBEHHBIM 06pa3oM) B BHiE
a="b+4+r rnebe AP(L) u (0) € {Lyr:g € G}¥. Ilo Teopeme 2.2,
b € K,(A4). Temepr moraxkem, uro r € Rad(A). Ilycts ® — Henpu-
BOAVMMOE TIpejacTaBiienne airebpbl A B KOHEYHOMEDPHOM TIPOCTPaH-
crBe X. Herpyauo BuieThb, uro 7 o f# ecTh HempepbIBHOE HEIIPUBO-
auMoe mpencrasienue aarebper L1(G) B X. B cuany [15, c. 161,
Teopema 1] uMeercsa orpaHUUYeHHOE HENpepbIBHOE HpeicTaBieHue T
rpynmel G B X Takoe, UTo W(H(f)) = [ f(9)T, dg. Orcrona nomyua-
el

eM, 4To ﬂ'(LgH(f)) = Tgﬂ'(ﬁ(f)) (¢ € ). B cuny miloTHOCTH MHOMe-
cta {0(f) : f € LY(G)} B A nveem w(Lyr) = Tyw(r). ockoabky
(0) € {Lyr:g € G}V, nMeeTcsa cxonamasicsa K “GeckoHeunHocTn” Ha-
npaBieHHOCTh (gq) Takad, uro Ly r — 0. Tak Kak mpejacTaBienue T
koHeunoMepno, 10 T, 7(r) = w(L,, r) — 0 no Hopme. Orcioga moy-
qaeM, uro ||7(r)|| < ||T;1 || || T, 7(r)|| — 0. Cnenosarenpro, w(r) =0
u moromy r € Rad (A). O

IIpennoskenume 3.2. Iycmv A — banarosa arzebpa maxas, 4mo awboe
€€ HEnPUBOJUMOE NPEICNABACHUE KOHENXHOMEPHO, U NYCMD CYULECTNEY-
em nenpepuennli zomomopdusm 0 1 LY(G) — A** ¢ naomunm obpasom.
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Tozda cnpasedauso saxaryenue npedroncenud 3.1.

JoxkazatesabcTrBo. Ilycth [ — meBoe peryaspHoe NpeicTaBleHne B
A, Tloraskem, uro WK, (A) Aaserca L-WHBaApWAHTHBEIM ITOIIIPO-
crparctBoM, a L|WK,(A) — caabo m.m. mpeacrtaBienueM. IlycTb
a € WK, (A). lTocronbry WK, (A) — nBycroponuunii naea, R, oro-
Epaskaer A B WK, (A). B cuny cnaboii KOMIAKTHOCTH oflepaTopa Ry,
BTOPOIi CONpPAKEHHHIA ortepaTop R.* otobpaskaer A** B WK, (A) [19,
c. 520, Teopema 2], u o Teopeme Danrmaxepa [19, ¢. 522] oneparop
RY* roxe ciabo xomnakTeH. Jasee 3aMerum, uro ;[ = F' - a, roe
F e A" Tenepsw, ecin F — eananusbiil siaemMent B A*™ (cM. mokasa-
TeJbCTBO TeopeMH 2.3), To u3 paBeHcTB Lga = Ly(E - a) = Ly(E)a
(9 € G) caenyer, uro WK,(A) sasnderca L-vHBapWaHTHBIM IO
npocrpaHcTBoM 1 4to LW K, (A) — cnaBo n.a. npeacrapierne. 1o
TeopeMe e Jlro-T'mukcGepra, sileMeHT ¢ NpeacTaBUM (eIUHCTBEH-
HBIM o6pas3oMm) B Buae ¢ = b+ r, rae b € AP(LIWK,.(A)) u (0) €
{Lyr g € G}Y. 3uaunt, sileMeHT b NPUHAMIEKAT 3aMKHY TON JIHUHEH-
HO# 060/I0UKe KOHEUHOMEPHBIX L-MHBAPUAHTHBIX ITOAIPOCTPAHCTB U3
A. Omnako, Kak B JIOKa3aTelbCTBE TEOPEMEI 2.3, JIErKO BUAETH, UTO
L-vHBapUaHTHLIE TI0ATPOCTPaHCcTBa U3 A ABIATOTCA 3aMKHY THIMU JIe-
BbiMu maeanamu B A. ITostomy b € K, (A). Ocraerca mokasath, 4To
r € Rad(A). Tlycts ™ — HempuBOAMMOe TIpeAcTaBleHe aareGpal A B
KOHeuHoMepHoM npocTpancTtBe X . Herpyano Bumers, uro m** apis-
eTCs HEeNPUBOAMMEIM TIpeAcTaBIeHreM aaredopel A** B X | m moTomy
7** 00 — HenpepbIBHOE HENPUBO AUMOe TIpecTaBienue aarebper L (G)
B X. I[TosToMy cymmecTByeT orpaHMYeHHOE HEIPEPLIBHOE TP eACTaBIIe-
aure T rpymmel G B X Takoe, uTo

T(O(S)

/ f(9)Tydg;

ciieloBaTeNbHO, T (Lg(ﬁ(f))) = T,7*(6(f)). Otcroma momydaem,
uro m(Lgr) = Tyw(r). Hdalee DOKa3aTelbCTBO 3aBepIIAeTCA KaK O-
Ka3aTedbCTBO Mpeioskeruns 3.1. |

OrMmerum OJHO CJHeACTBUE DTOI'O NpEeAJOKEHNA.

CaencrBue 3.3. Ilycms A — C*-anzebpa maxas, wmo awboe nenpueo-
dusoe npedcmasaenue arzebpst A xoneunomepno. Tozda a1060d caabo
KOMRAKMHBLE daeMeNM aa2edPbl A T8ATEMCT U KOMNAKIMHIM.

JoxkazaTeancTBo. Kak B 1oKa3aTellbCTBe CIeACTBUA 2.7, CYIeCTBY-
eT HenpepbiBHbIi roMomopusm 0 : LY(T') — A** ¢ nuoTHbIM 06paszom,
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rae I' — yaurapras rpymnma B A*™. [Tockoabky anrebpa A momympo-
cTa, U3 MpeAoKeHnud 3.2 moaydyaeM To, UTo TpebyeTcd. |

MMycts C*(G) obosHauvaer C*-anreGpy NOKAJIbHO KOMITAKTHOMN
rpynnbl G. Hanomuuwm [32, ¢. 331], uro G maswiBaercs rpynmoit My-
pa, ecau a060e HEMPEPBIBHOE HEMPUBOIMMOE YHUTAPHOE MPenCTa-
BiieHre Tpymmnbl (¢ KoHeuHomepHo. HerpynHo BumeTh, urto ecam G
ecth rpymnmna Mypa, To a06oe HEMPUBOAUMOE MpeACTAaBIEHUE AJTe-
6per C*(() koHeurHoMepHO. JIpyroii IpuMep: yCIOBUAAM ITD € 1I0OMKEHIA
3.2 ynosaerpopswr CCR — C*-anrebpol ¢ eaunutieit [20, c. 114].

Tenepsb chopMynmupyemM OCHOBHOW pe3yJibTaT BTOIO IIyHKTA.

Teopema 3.4. Iycms evinoangiomes yeaosud npedaoxncenus 3.1. Eeau
aazebpa A caabo enoane nenpepviana, mo npocmparcmeo Il 4 duckpem-
HO.

s JOKa3aTeJbCTBa HaM HOHaﬂO6I/ITCH ciaeayrolnasd JeMMa.

JIemma 3.5. [lycmy A — 6anazosa aazebpa u J — deycmoponnuil udeaa
e A. Ecau anzebpa A caabo enoane nenpepviena, mo u gaxmop-aneebpa
AJJ caabo enoane nenpepriana.

JHoxkazareascrBo. [lycts 7 : A — A/J KaHOHUYECKUA TOMOMOP-

¢usm. [lokaxem, uro ausa moboro a € A omeparop Rr(q) ciabo Kom-

nakren B A/J. Tak kak onepaTop R, ciabo KOMIIAKTEH, [0 TeopeMe

FanTvaxepa omepaTop R | J+ Tome ciabo kommakTen. OaHaKO, TI0-
* _ * 1

CKOJIBKY Rﬂ(a) = R | J—, cHOBa mcmonb3ya TeopeMmy [aHTMaxepa,

noJsydaeM, 910 Fy(g) — ci1abo KOMIIAKTHBIA omepaTop. (I

JHoxazarenbcTBo Teopemsr 3.4. Ilycts B= A/Rad(A) un: A — B
kaHoHU4Yeckuii romoMopdusm. [Tockonbky anrebpa A cnabo BrosHe
HelpepbIBHA, MO JeMMe 3.5 anrebpa B Toske cimabo BIoNIHe Hempe-
peisHa. Herpyno Buzsets, uro wo6 : L1(G) — B ecTh HenpepbIBHbI
roMoMOp(U3M € IJIOTHBIM 06pa3zoM U, KpoMe TOoro, aoboe HENPUBO-
IuMOe TIpeAcTaBiienne anrebpel B KoHeuHoMepHO. B cuiy Toro, uto
anrebpa B momymnpocTa, IpuMeHAA Ipediioskenne 3.1, momxydaeM, 4To
OHa BIIOJIHE HEMPEPBIBHA, W MoToMy TpoctpaHctBo llp muckperHo.
CraenoBaTebHo, mpocTpaHcTBo Il4 muckperHo. d

Teopema 3.6. Ilycms evinoangiomes yeaosud npedaoxncenus 3.2. Eeau
aazebpa A caabo enoane nenpepviana, mo npocmparcmeo Il 4 duckpem-
HO.
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HoxazareascTrBo. Ilycts B = A/Rad(A) u7: A — B kaHOHWYECKM
romomopduam. Torma m** 1 A** — A** /Rad (A)*+(= B**) — ranonu-
yeckuii romomopdusm u 7 o 0 : L1(G) — B** ecTb HenpephIBHBII
TOMOMOpP}U3M ¢ NIOTHEIM o6pa3oM. [IpuMmenas npennoskernue 3.2, mo-
aydaem, 4To ajrebpa B BrojiHe HeMpepbIBHA, U MOTOMY MPOCTPaH-
ctBo g muckpetno. CienoBaTeiibHO, TpocTpaHcTBo Il 4 AUCKpeTHO.

d

Kak ussectno [4, 21, 24-26], aare6pa L'(G) sBaserca caabo
BITOJIHE HEIPEPBIBHOW TOTJIa WM TOJNBKO TOrZa, Koraa rpymmna (G KoM-
MmakTHa. B auTepaType M3BECTHBI MHOTOYNCIIEHHBIE TOKA3ATEIbCTBA
sroro Qakra. Hiwke MBI mpuBeneM Hanbosee mpocroe (MO MHEHWIO
aBTopa) MokasarenbcTBo. Ilycth aare6pa L'(G) cnabo Bnosne He-
npepbiBHa. ITo Treopeme Kosna o dakropusammu [23, 32.26], kaskubiii
saement f € LY(G) npeacrasum B Buzse f = h*k, rae b, k € L'(G).
Tar wax L,f = Lgh * k u muokecTtBO {Lsh : g € G} orpamuueno,
TO OTCIoLa CIeIyeT, 4To MHOxecTBO {L,f : g € (G} cnabo mpen-
komnakTHo. ITo Teopeme Dbepaeiina [13, c¢. 36] orobpaskenue g +—
(o, Lyf) = ¢« f¥ saBasercsa caaboit m.I. GpYHKIMeR AIA IPOU3BOIDL-
Horo ¢ € L((). Hockoabky {p* f* 1o € L™=, f € L'} = Cru(G) [23,
32.45], monyuaem, uro Cpy(G) C WAP(G). Ussectho [13, c. 68], uto
WAP(G) C Cy(G), n oromy Bepro paseHcTBO CyW(G) = WAP(G).
A 2T0 BO3MOMKHO TOJbKO HpU KoMmakTtHocTy rpymisl G [16]. Ecawm
rpynna (¢ KomnakrHa, To aire6pa L'(() BHosHe HenpepbiBHA B CU-
ay caenctBus 2.4.

[ycts A — mpowsBosbHas GaHaxoBa anrebpa, a e UIEMIIOTEHT B
Hveii. Herpynno Bumerh, 4To eciu »iieMeHT e caabo KOMITAKTEH, TO
nneas Ae pediercuBen. OaHaKko Mbl UMeeM CllelylOllee.

Ipengoskenue 3.7. [lycms svinoangiomes ycaosud npedaoxncenus 3.1
wan 3.2. Tozda caabo xomnaxmusie udemnomenmst aszebpsr A geagom-
CH KOHEUYHOMEPHHIMU.

JoxkazarensctBo. Ilycth ¢ — ciabo KOMITAKTHBI WIEMIIOTEHT aJi-
rebper A. Ilo mpeasosxkenmsam 3.1 wmam 3.2 wMeeTcA pasiioyKeHUe
€ = €1 + €2, TIe €1 KOMIAKTHBIA »eMeHT aareGpol A u e2 € Rad (A).
3aMeTuM, UuTo €2 + e1e3 + €ge1 ABIAETCA KOMIAKTHBIM JIEMEHTOM

anre6por A u €3 € Rad(A). Tenepb U3 eIUHCTBEHHOCTU pa3iloKe-

HUA € — e% + e1es + ese1 + e% mojgydaem, 4To e% = e5. IlockoabRy
ez € Rad (4), umeem e; = 0. 3HAUUT, € ABAAETCA KOMITAKTHBIM MIEM-

IIOTEHTOM, N I[MOTOMY 9DJIEMEHT € KOHEUHOMEDPCEH. O
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Hycts rpynma (f abesesa, a J — 3amknyThiit naeaa s L(G). B pa-
Bore [6, caencrBue 2.6] goKazaHo, UTO eciu (GAKTOP-IPOCTPAHCTBO
A = LY@)/J usomopdHO HEKOTOPOMY I'MilbGEPTOBY MPOCTPAHCTRY,
1o anrebpa A koHeunomepHa. B paBore [33, caeamcrBue 2.3] mora-
3aH0 Goublie: ecan ajirebpa A pedilekcuBHA, TO OHA KOHEYHOMEDHA.
OnHako cripaBeIUBO CIIEeAYIONEe YTBEPKICHUE.

Caencrsue 3.8. IIycmvs A — banazrosa aszebpa maxag, wmo awboe eé
HENPUBOOUMOE NPEOCNABACHUE KOHEHHOMEPHO, U NYCMb cyuLecmayem
nenpepviannii zomomopdusam 0 : L1(G) — A ¢ naommwim obpasom. Ecau
anzebpa A peaexcuena, mo ona KonewHoMepHa.

HMoxrazareabcrBo. FEcnu anrebpa A pediercuBha, 10 oHa cinabo
BIIOJIHE HemlpepbiBHa. C Apyro#i cTopoHsl, ciabad mpeneibHasd TOYKA
o.a.e. cayxur eaunauiieir aasa A. [lpumenss npennoskenue 3.7, mory-
gaeM, uTo ajirebpa A KOHeYHOMEpPHA.

4. KommyTaTuBabm caydau. Ilycth A — koMmMmyTaTuBHaA GaHaxoBa
anrebpa, L4 — eé npocrpanctBo Denbpanga. UYepes a 6yaem o6o-
3HayaThb npeobpazoBanue lenbdanna siementa a € A. A* - A 6yner
oBo3HavYaTh MHOKECTBO {p-a :p € A* a € A}. Uz reopembr Kosna—
Xbrourra o pakropusanuu [23, 32.22] caeayer, uro ecau A umeer
o.a.e., To A* - A ABAAeTCA 3aMKHYTHIM ITOIIPOCTPAHCTBOM B A*.
Bcroay B »ToM nyHkTe OyieM mpezmojgaraTh, 4to G — JOKaJb-
HO KoMIakTHad abemeBa rpymma. [lycTh cyliecTByeT HeNpepbIBHBIMA
romomoppusm 6 : LY (G) — A c maoraeiM o6pazom. Kak usBecTHO
[29, c. 80], ¥4 oroskmectBiaserca ¢ MHoxecTBoM hull (Ker #), kKoTO-
poe ABIAETCA 3aMKHYTHIM I10JMHOKECTBOM I'PYIIIBI XapaKTepoB G.
Meur Takke umeem 6(f)(x) = f(x) (x € X4), rue j?f npeobpasoBaHUe
dypoe pynrimu f € LY(G). Hanee uepes o(p) Gymem obosnauaTh
w*-CHeKTp TMpoM3BoJBbHOTO sileMeHTa ¢ € L™((G). Tlo onpenenenuio

[9, c. 139], o(¢) = hull{f € L} (G) : ¢ f = 0}.

IIpennoxenue 4.1. [lycms cywecmeyem nenpepvionsli 2oMoMop Pusm
0 : LYG) — A ¢ naomunm obpasom. Ecau cnexkmp X4 Ouckpemen,
mo A* - A = 3pan Xy4.

JHoxrazareancrBo. Ilycth ¢ = c1x1+...+CuXn, THE X1,---,Xn € 24.
Umeercs saement f € LY(G) Takoii, uro f(xl) =...= f(xn) =1,
oTEyaa ¢ = ¢ - 0(f). 3HaUUT, B CHIly 3aMKHYTOCTH MHOKecTBa A% - A
umeem Span L4 C A* - A. Teneps nycts ¢ € A*. [lockoabKy MHOXKe-
ctBo {0(f) : f € Ll(G),fE Coo(é)} miroTHo B A, HocTaToOYHO MOKa-
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3aTh, uTo -0(f) € sSpan L4 aus npousBoabueix f € L1(G) rakux, uto
fe C’oo(é). Crepsa mokaxeMm, uro o(0*p) € ¥ 4. Ilycth cymecTByeT
Yo € o(0*¢), Ho Yo & X4. Torma cymecrByer saement f € LY(G)
Takoit, uro f(xo) #0u f =0 B HeKOTOPOIl OKPECTHOCTH MHOMKECTBA
Y. Orciona cienyer, uto f, = 0 (s € G) B HEKOTOPOI OKPECTHOCTH
MHOKECTBa Y 4. SHAUMUT, f; NMPUHAUIEKAT HAaMMEHBLIIEMY MIAeaty B
LY(G) ¢ oBomnoukoii hull (Ker 6), u nosromy 0(f;) =0 (s € (). Hasnee
nmeeM 0 = (¢, 0(fs—1)) = (6*¢) = f. Tlocronbry Xo € o(0*¢), momy-
YaeMm UTo f(Xo) = 0. A »T0 IPOTUBOPEUYUT COOTHOIITEHUIO f(Xo) # 0.
Tenepn nycts Gpynkimsa f € L1(G) Takosa, uto fe C’oo(é). Herpya-
HO BHIETh, YTO 0'((9* P) * f) C o(6*¢p) Nsupp fC Y4 Nsupp f Orcro-
Aa CHeAyeT, UTO CIEKTD U((G*gp) * f) KOoHeueH, U moaToMy (0*¢) * f
ecTb KOHeUHas JIMHeAHAA KOMOUHAIIMA XapakrepoB u3 L4 [9, ¢. 144]:
(@)« f=cix1+ ...+ caXn. 3HAUNT,

((07) % [,h) = (cix1 4 ...+ caXn, k), h € LYG),

nian

{0 -0(f),0h)) ={(cix1+ ...+ caxn,0(h)).
CrenoBarenrHo, ¢ - 0(f) = c1x1+ ... ¢nXn- d

3ameuanue. [lycts rpynna G komnakrna u A = LY(G). Hockoabky
A* A = L™(G) x LYG) = C(G), B 2T0M cayuae npepyioxenue 4.1
yrBepkaaer, uro C(G) = Wé. A 5T0 — KOMMYTATUBHBIA BapUaHT
C-reopemtbr [lerepa—Beiins.

CaencrBue 4.2. [Ipu ycaosusz npedaoncenus 4.1 aazebpa A noaynpo-
cma.

JokazareancrBo. Tak Kak aarebpa A mMeer o.a.e., TO MHOKECTBO

A* - A wr-nmmotno B A*. IlosToMy m3 mpenpmoskenus 4.1 moaydaewm,
p

yrto A* =span® Y4. a

Tenepb JOKayKEM CJeAYIoiee YTBEPHICHUE.

Teopema 4.3. Ilycms cywecmsyem nenpepvienstii zomomopPusm 6 :
LYG) — A ¢ naomunm obpasom. Caedynousue ycaosus sKkeusaaenmmusl:
a) anzebpa A caabo enoane HENPEPHEHA,
b) npocmpancmeo X4 duckpemuo,
¢) aazebpa A enoane wenpepriena,
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d) 6 anzebpe A noanst odnoMeprble 0PMOZOHAALHBIE UIEMNOMERINBL.

JHoxazarenbcTBo. a)=b). Ecin anrebpa A cnabo BmoiHe Hempe-
pBIBHA, TO TipocTpancTBo Il 4 muckpeTrHo mo Teopeme 3.4. [TockoabKy
hk-tortonorus cnabee, yeM reab()aHAOBCKaA TOMOJOTHUA, MOTyUaeT-
Cf, YTO MPOCTPAHCTBO L4 TOXKE TUCKPETHO.

b)=-¢). Ecau npoctpancTtBo 4 mMcKpeTHO, To aiarebpa A momy-
npocra, B cuay ciaeactsus 4.2. Illycrs dynrims f us L1(G) rakosa,

uro f € Cpo(G). Torma supp 0(f) — KoOHeUHOE MHOMKECTBO, W MOHTOMY
Rgy(y) — KOHEUHOMepHBIA omepaTop. B cuily MIOTHOCTH MHOMKECTBA

{10(f): f € Ll(G),fE Coo(é)} B A moayuaem, uro R, — KOMIIaKTHbIA
orepaTop A moboro a € A.

¢)=d). Ecan anreGpa A BrojHe HelpepHIBHA, TO MPOCTPAHCTBO
Y4 MVCKpEeTHO, M TIoTOMY adrebpa A MmoaympocTa B CUIY CJleACTBUA
4.2. Tlo canencruro 2.9, A = span {Ae : e € E4}, rae Ea ecth MHO-
MHECTBO BCEX MMHUMAJBHBIX (KOHEUHOMEDPHBIX ) NAEMIOTEHTOB B A. B
CUIly MUHMMAaJbHOCTU WAEMIOTeHTa ¢ € E4 cymecrByeT (yHKIMO-
HaJ ¢ € A* Takoii, uro ae = p(a)e muA NpomsBoabHHIX ¢ € A. He-
TPYAHO BUAETH, YTO (YHKIMOHAI ¢ MYJIbTUILIUKATUBEH, U [ODTOMY
ae = a(y)e ans HEKOTOPOTO Y € L 4. 3aMernm, uto e(y) = lue(A) =0
opu A # x. O6o3HAUNM TOT DIEMEHT e depes e,. Torma nerxo Bu-
IeTh, UTo (€y : X € X4) — OPTOroHAJIBHBIE OIHOMEPHEIE MIEMITO TEHTHL
nu A=-3span {e, : y €EXa}.

d)=a) TpuBmanbHO. O
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