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VARIATIONS ON THE BERRY-ESSEEN THEOREM"

IIycts Xi,...,X, — He3aBuCuMbIE OOUHAKOBO PACIPEIETICHHLIE
ClIyJaliHble BEINYNHBI CO CPEIHUM HYJIb U C €OUHUYIHON OUCIIEPCUEN.
penmnomnoxum, uro E | X |* < 6% Mot 3amedaem, 9T0 eCTh MHOTO CIO-
€060B BBIOpaTH Kodhdutments 0y, ...,0, € R, > j 0]2. = 1 Tak, 9T06BI
BBIIIOJTHSIIIOCH HEPABEHCTBO
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rome C' > 0 — yHuUBepcasibHas KOHCTaHTAa. [ cpaBHEHUs, U3BECTHO,
uto ipu 6 = (1,...,1)/y/n ouenxa O(1//n) mewoit wacTu (), cremy-
folas U3 TeopeMbl Beppu—Occena, B 0O6IIIEM Cilyuae HE MOXET ObITH
yiryutnena. SlBHbI npumep kosddunuentos 0 = (0y,...,0,), mia ko-
TOPBIX BBITIOITHEHO HEPABEHCTBO (),

(1,2, -1, -v2,1,v/2,-1,—/2,...)
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npu n, geisieMcst Ha 4. YacThb pacCcyXIeHuil IpuUMEHUMa TaKXKe U
B Gosee obireM ciydae, korma Xi,..., X, — HE3aBUCHUMBIE CIIydali-
HBbIE BEIMYUHBI CO CPENHUM HYJIb U C eOWHUIHON OUCHEepcuelr, He 00s-
3aTEILHO SABJIAIOIINECS ONUHAKOBO PACIpENejeHHBIMU. B 5Toil obiei
nocramoske omenka (x) cmpasemmusa ¢ §* = n~t YT B|XG[* s
GOJIBIIMHCTBA €AUHUIHBIX BeKTOpoB 0 = (61,...,0,) € R™. 3necs
«BOIBIIMHCTBO IOHIMAETCSI OTHOCUTEILHO PABHOMEPHOI BEPOSITHOCT-
HOU MephI Ha €OQUHUTHOU cdepe.
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1. Introduction. This note brings further evidence for the funda-
mental role played by the geometry of the high-dimensional sphere in the
analysis of the central limit theorem, in the spirit of works by Sudakov [14],
Diaconis and Freedman [5] and others. Suppose that X,..., X, are inde-
pendent random variables with finite third moments such that E X; = 0 and
E X? =1 for all j. The classical Berry-Esseen theorem (see, e.g., [7, vol. II,
Chap. XVI)) states that

Cv3

P(ag\/lﬁjilngﬁ)\/z_ﬂ/je_tzpdt i (1)

where v = (3, E|X;[*/n)'/* < max;(E|X;[*)"/* and C' > 0 is a universal
constant. In the general case, where X;,..., X, are nonsymmetric random
variables, the bound (1) is sharp. Even when Xj,..., X, are symmetric
random variables, the bound (1) may not be improved in general: If the
random variables are symmetric Bernoulli variables, for instance, then the
probability P(3; X; = 0) is approximately (7n/2)~'/? for large even n.
Therefore (1) is an asymptotically optimal bound in this case, up to the
value of the constant C.

Quite unexpectedly, we find that there exists a linear combination of
the random variables Xy, ..., X, that is much closer to the standard Gaus-
sian distribution. As it turns out, selecting the coefficients of the linear
combination in a probabilistic fashion can significantly improve the rate of
convergence to the Gaussian distribution. We denote S™"~' = {(z1,...,2,) €
R": Y, 2? = 1}, the unit sphere in R™. Let 0,,_; be the unique rotationally
invariant probability measure on S™"~!, referred to as the uniform distribu-
tion on the sphere. Whenever we say that a random vector is distributed
uniformly on the sphere, we mean that it is distributed according to o, _;.
The coefficients of the linear combination will be selected randomly, uni-
formly over the sphere.

<

sup
a,BeR
a<p

Theorem 1.1. Let n > 1 be an integer, 0 < p < 1. Suppose that
Xi,..., X, are independent random wvariables with finite fourth moments,
such that EX; =0 and EX? =1 for j = 1,...,n. Denote

5= <iiEX§>1/4. (2)

Then, there exists a subset F C S™ ' with 0, 1(F) > 1 — p for which the
following holds: For any 0 = (04,...,0,) € F,

- 1 p 2 C(p)(54
P(a< 94X4<ﬂ>—/ e~t/2 gt
j; I V 2T Ja

n

N ©)

sup
a,BER
a<p

<

where C(p) is a constant depending solely on p. In fact, C(p) < Clog®(1/p),
where C' > 0 is a universal constant.
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A case of interest is when X;, X5, ... is an infinite sequence of indepen-
dent, identically distributed random variables of mean zero and variance one,
with finite fourth moment. In this case, Theorem 1.1 provides a convergence
to the Gaussian distribution, with rate of convergence of the order O(1/n),
for appropriate (or random) choice of linear combinations.

The case, where X1, ..., X, are identically distributed, independent ran-
dom variables, is quite remarkable here. In this case the subset .# C S"~1
from Theorem 1.1 can be described explicitly, and it does not depend on the
distribution of the random variables. Following Rudelson and Vershynin [13],
we make use of arithmetic properties of the vector 6. Define

d(z,Z) = mi — R
(0,2) =miglp—2|,  weR,

and for 0 = (0,,...,6,) € R" set

d(o,z") —(ZCF >1/2.

Given 6 € S" ! we denote by .#(f) the minimal R > 1 for which the
following three conditions hold:

(1) 1225 jl R/n;

(i) 3251 6 < R/n;

(iii) for any [£] < n.

n/R}

d(E0,2") > — min{ra B

(the number 10 does not play any special role)

The three conditions above are satisfied by many unit vectors in the unit
sphere, and are not very difficult to verify in certain examples. In order to
appreciate the third condition, observe that for a typical unit vector § € S™~!
we have

d(¢0,Z") > min{|¢],cy/n} for any [¢{] <

where ¢ > 0 is a universal constant. For a concrete example, consider the

unit vector
(17 \/57 _17 _\/57 17 \/57 _17 _\/57 . )
V/3n/2
for n divisible by four. For this unit vector, the sum in (i) is zero, whereas (ii)

clearly holds for any R > 2. The third condition is verified in Lemma 5.4,
hence

6 =

(4)

N (%) <C

for a universal constant C > 0.
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Theorem 1.2. Suppose that Xi,...,X, are independent, identically
distributed random variables with finite fourth moments, such that

EX, =0, EX?=1 and EX; <"
Then, for any 6 € S™71,

n 1 [P C.N(0)5*
Pla<) 6.X, < —7/ t“dt’g, 5
s [ple<on <s)- o [« v ©

where C' > 0 is a universal constant.

Once formulated, Theorem 1.1 and Theorem 1.2 require nothing but an
adaptation of the proofs of the classical quantitative bounds in the central
limit theorem. The following pages contain the details of the argument.
Section 2 serves mostly as a remainder for the proof of the Berry—Esseen
bound using the Fourier transform. In Section 3 and Section 4 we exploit the
randomness involved in the selection of 6, ...,0, in Theorem 1.1. Section 5
is devoted to the proof of Theorem 1.2.

Throughout this text, the letters ¢, ¢, ¢, C, C , C, etc. stand for various
positive universal constants, whose value may change from one line to the
next. We usually use upper-case C' to denote universal constants that we
think of as «sufficiently larges, and lower-case c to denote universal constants
that are «sufficiently small». The notation O(x), for some expression z, is
an abbreviation for some complicated quantity y with the property that
ly| < Cz for some universal constant C' > 0. A standard Gaussian random
variable is a random variable whose density is ¢ > (27)~ /2 exp(—t2/2) on
the real line.

Acknowledgment. We would like to thank Shahar Mendelson for his
help on the subject of Bernstein-type inequalities in the absence of exponen-
tial moments.

2. The Fourier inversion formula. Throughout this note, X;,..., X,
are independent random variables with finite fourth moments such that
EX; =0and EX? =1 for all j. Denote

1/3 1/3 1/4
’Yj:<EX§’> ; 7j:<E|Xj|3) ; 5j:<EXf> (I<j<n).

Note that «; can be negative, since E X J?’ does not have a definite sign, and
the third root of a negative number is negative. To help the reader remember
the roles of the Greek letters, we confess right away that -, the third letter
in the Greek alphabet, represents third moments, while §, the fourth letter
in the Greek alphabet, represents fourth moments. We also set

1 n . 1/4
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According to the Cauchy-Schwarz inequality, 72 = E | X,[* < /EX]EX? =
67. Hence,

vl <3 <8, =21, &>21 forj=1,...,n. (6)
Consider the Fourier transform

¢;(§) =E exp(—i€X;) ((€R, 1<j<n),
where i> = —1. Clearly |¢;(§)| < 1 for any £ € R. The k-th derivative of ¢;
is
i (&) = (=i)" E X} exp(—i¢ X))
for any £ € R, 1 < j < n, and 0 < k < 4. Consequently,
pi(0) =1, @;(0)=0, ¢/(0)=-1, ¢(0)=iy} (7)
for all j, and
P OI<7, leP@<d)  foralléeR, 1<j<n.  (8)
For a unit vector § = (6,,...,6,) € S™!, by independence,
(&) := E exp ( — iﬁZQij) = HE exp(—i0;X;) = H vi(0;€
j=1 i=1 j=1

Denote, for 6 € S"1,

i 1 ¢ 2
—P( G-X-gt), @t:—/ e /%ds t e R).
20X, =—=/_ (t < R)

Recall that when I' is a standard Gaussian random variable, E exp(—i£I") =
exp(—&%/2). In order to control sup, |Fy(t) — ®(t)| it is customary to try and
bound the difference of the Fourier transforms |py(€) — exp(—£2?/2)| for £ in
a large enough interval. According to Lemma 2 in [7, vol. II, Section XVI.3],
whose proof is based on a simple smoothing technique,

T loa(€) — exp(—€2/2)
vi<cf G

for any T' > 0, where C' > 0 is a universal constant.

sup |Fy(t) d§+ — (9)

teR

It is important to mention that for large classes of probability distribu-
tions, the error term C/T in (9) is nonoptimal, and can be improved upon
to C'/T? in some cases. See, for instance, Lemma 9 in [12] for an improve-
ment of this nature pertaining to even, log-concave distributions. We are
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dealing, however, with arbitrary random variables, hence we must rely on
the bound (9). Thus, in order to prove Theorem 1.1, we need to establish

/"/54 |po(€) — exp(—€2/2)] dé < C(p)s*
—n/6t €] T oon

(10)

for all @ € %, where .# is a certain subset of the sphere with o,_1(%) >
1 — p. The rest of this paper is devoted to the proof of (10) and of the
analogous inequality in the context of Theorem 1.2. We divide the domain
of integration in (10) into three parts. The contribution of two of these
domains is analyzed in the following two lemmas.

Lemma 2.1. Let 6 = (0y,...,0,) € S"'. Denote e = (37_, 016%)"/*
and Ry = |37, v303|. Suppose that € < 1. Then,

e—2/3
[ lewe = % < clry 4,
—e=2/3 [3

where C > 0 is a universal constant.

Proof. Recall (7) and (8). Taylor’s theorem implies that for any
j=1,...,nand s € R,

1 i3 52
pi(s) — [1—232—1—6]33} < 2—134.

Recall that max{1,|vy;|} < 5?/3 < d; according to (6). In particular,
3

1

|gpj(s)—1|<4 for s|<d;7, j=1,...,n.
Thus log ¢;(s) is well defined for |s| < &;, and for any |s| < é;' and j =
1,...,n,
1 2 l’yjs 3 4 4
logp;j(s) = —55" + =57+ 0(0;s%), (11)

since |log(1 + z) — z| < 8|z]*> whenever |z| < 3/4. Note that for any £ € R
with €] < e2/3,
10;€] < 105172 < |67 < 67

Summing (11) over j = 1,...,n, we conclude that for any |¢| < e72/3,
n 2 G5 A893
Sloge, @) = -5 + = e o) ()
=

as >;07 = 1 and ¢* = 37, 076;. Recall that |vy,;[* < 02. By the Cauchy-
Schwarz inequality,

> 30
j=1

n

n 1/2
DN HCALES <Z5?|9j\293-> = (13)
1 j=1

Jj=

R1:
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Hence R, |¢[° + e%¢* < 2 for all |¢] < e7%/%. From (12) we learn that for any
€] < e/,

“2fpn(e) | = | T 0,6 1]

j=1

= [eomIer+<eh 1) < C'[Ry g + €],

We integrate the above, to conclude that

—2/3

E P spir -2 86 _ zin
/7572/3‘(’09(5)_6 o ‘|§|</OOC[R1§|3+55]6 </ E<C[R1+€].

Lemma 2.1 is proved.
Lemma 2.2. Let § = (0y,...,0,) € S"'. Denote, as before, € =
(37, 016914, and suppose that Ry > 0 satisfies

1 R
2012'2*, whereY:{1<j<ni |'9j|<_§}- (14)
ey 8 ;

Then, whenever e~2/3 < cR; ",

CR;l 5 d

[ eal€) = e <ot
e=2/3 |§‘

The right-hand side is also an upper bound for the integral from —cR;" to
—e72/3. Here C, ¢ > 0 are universal constants.

P r oo f. Asinthe beginning of the proof of Lemma 2.1, we use Taylor’s

theorem. We conclude that for j =1,...,n,

1
> when |s| < —.
J

< C¥}ls

1
log ¢;(s) + B 52

Hence, for j =1,...,n and s € R,

05(s)] < exp(—s>/4) when |s| < (15)

<
o
Let ¢ € R be such that |¢] < cR,", where c is the constant from (15). For
any j € .7, we have |;£] < ¢/7?. Therefore,

2

eo(@)1 = TT1e @)1 < [T I, 0,0)] <o (- X 2 < expl—€?),

je& je&

where the last inequality follows from (14). Consequently,

cR;* ) cRy' i ) s ~
/ e (&) — e™¢ /2| ‘dgﬁ < / [e7% + et /2] |d§ < Oe?/B3ec/e / < Cet.
e—2/3 e—2/3

Lemma 2.2 is proved.
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3. Properties of a random direction. We retain the notation of
the previous section, and our first goal is to estimate R, from Lemma 2.2.
The following lemma serves that purpose. For a random variable Y and
a € R we write 1;y,; for the random variable that equals one when Y > a
and vanishes otherwise.

Lemma 3.1. Let M > 1 and suppose that Y is a nonnegative random
variable with EY =1 and EY?2 < M. Then,

(1) P(Y > 1/2) >1/(4M),
(11) EYl{y<5M} > 4/5

P roof. The first inequality is due to Paley and Zygmund (see, e.g.,
[11, section 1.6]). To prove (ii), observe that

1 4
E1l Y=1-E1 Y>1—-—EY?> .
{Y<5M} {Y>5M} 5M 5

Lemma 3.1 is proved.

The rest of this section and the next section are devoted to the proof
of Theorem 1.1. Readers interested only in the proof of Theorem 1.2 may
proceed to Section 5. Suppose that © = (©4,...,0,,) is a random vector,
distributed uniformly on the unit sphere S 1.

Lemma 3.2. Let 7 C{1,...,n} be a subset, denote its cardinality by
k=#(_7), and assume that k > 4n/5. Then the vector © chosen randomly
on the sphere S"~! satisfies

Z @? > %, where & = {j € 710 < 40/\/5},

jes
with probability greater than 1 — Cexp(—cn), where C,c > 0 are universal
constants.

Proof. Let us introduce independent, standard Gaussian random
variables I'; (j € _#), that are independent of the ©;’s. Let Z be a chi-
square random variable with k = #(_¢) degrees of freedom, independent
of the I';’s and the ©;’s. Then Z has the same distribution as }_;c » .
Bernstein’s inequality (see, e.g., [10, Chap. 7]) yields

P(l; <Z< 2k) >1— Cexp(—ck) >1— Cexp(—cn). (16)
Observe that the random variables (I';);c y have exactly the same joint
distribution as the random variables (v/Z' ©;)je #. Therefore, in order to
prove the lemma, it suffices to show that with probability greater than 1 —
Cexp(—cn),

Z r?> g, where .7 = {j € #:|I';] <20}.
jes
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Denote Y; = T'71yr,<20y- Then (Y});c » are independent, identically dis-
tributed random variables, and our goal is to prove that

( Z Y; > ) >1— Cexp(—cn). (17)

i€t
Since ET'j = 3, Lemma 3.1(ii) yields that

4
EY; > 5 and clearly DY} < EYj2 < EI‘? =3

forje 7. According to Bernstein’s inequality,

P( Z YV; < — —1tv3 ) < Cexp(—ct?) for any t > 0. (18)
i€f
Recall that k/n > 4/5. Inequality (17) follows by setting ¢ = 1/n/200 in (18).
Lemma 3.2 is proved.

Corollary 3.1. Set R = 2006%/\/n. Then, the vector © chosen ran-
domly on the sphere S™~! satisfies

1

E 07>, where S = lgjgn:y@,‘<§7
778 Y 3
jeS v

with probability greater than 1 — Cexp(—cn), where C, ¢ > 0 are universal
constants.

Proof Denote 7 ={l<j<n: _]3’ < 5%}, Then,

1 - 4 1 —6 #(/) 2\2
—;Z‘%/ Z% EZ J n (56%)°".
J=1 J=1 ¢z
Denoting k = #(_# ), we thus see that k/n > 24/25 > 4/5. For j € 7, we
have 40/y/n < R/ f_y;.”. In order to prove the lemma, it, therefore, suffices to
show that with probability greater than 1 — C'exp(—cn),

pCH § WhereY:{]E/@| 40/\/_}

jes

This is precisely the content of Lemma 3.2.

Our goal is to bound the integral in (10). Lemma 2.1 and Lemma 2.2
(with the help of Corollary 3.1) control the contribution of the interval
[—cy/n/d%, cy/n/d?]. Next we aim at bounding the contributions of £ € R
with ¢y/n/6% < |€] < n/d*. Denote

Jn(§) = E exp(—i€0:)  (§ €R).

The function J, is even and real-valued, and is related to the Bessel function
of order n/2 — 1.
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Lemma 3.3. We have

2

Jn(f)gl—cmin{gn,l} for all £ € R, (19)

where ¢ > 0 is a universal constant.
Proof. Since E(y/n©;)*> =1 and E (y/n©,)* < C, Taylor’s theorem
yields

Jo(/rr) =1 T; +O()

for |7| < 1, as the odd moments vanish. This implies (19) for |¢| < ¢y/n. The
density f, of the random variable ©; vanishes outside [—1,1], and is pro-

portional to t + (1 — #2)("=3/2 on [~1,1]. Denote g, (t) = n=Y/2f,(n"/%t).
1 t?
gn(t) — exp| — 3 dt — 0,

Then
/;oo V 27T n—00

as can be verified routinely (see, e.g., [6] for quantitative bounds). Therefore,
the Fourier transform satisfies

Jn(Vn€) — exp ( - £2>

sup — 0,

¢eR 2

which implies (19) in the range |¢| > ¢y/n. Lemma 3.3 is proved.
Lemma 3.4. Let j =1,...,n. Then, for any T € R,
72
Ble,(r6,)f" <1 - emin { 0"},
n
where ¢ > 0 is a universal constant.

Proof. As before, denote by f, the density of the random variable
©,. Then,

Elo,(r0,) = [ le,(re)PFe) de.

Let X’j be an independent copy of X;. Define Y = X; — )Z'j, a symmetric
random variable. Then the Fourier transform of Y is

E exp(—igY) = E exp(—i6X;))E exp(~i£ X;) = ¢;(€)9;(6) = le;(€)[*.
Hence the function |¢;(7€)|? is the Fourier transform of the random variable
7Y. Recall that J,, (&) is the Fourier transform of the density f,. The central
observation is that according to the Plancherel theorem,

[eS) 272
Eloy(r0) = [ lei(re)£u(6) d6 = B (rY) < 1 - B min {1},
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where the last inequality is the content of Lemma 3.3. Denote r = 72/n and
Z =Y?/2. In order to complete the proof of the lemma, it suffices to show
that for any r > 0,

E min{rZ,1} > cmin{r,6;*}. (20)

The left-hand side of (20) is nondecreasing in r, hence it is enough to
prove (20) when r < §;%/10. Since ¥ = X; — X; and Z = Y?/2, we
have EZ = 1 and EZ? = (3 +07)/2 < 25;. According to Lemma 3.1(ii),
E 1{Z<105;1}Z > 4/5. Therefore, for 0 < 7 < 5;4/1(),

E min{rZ,1} > E L{z<106%) min{rZ,1} =rE 1{Z<105;}Z > g,
and (20) follows. Lemma 3.4 is thus proved.
When the dimension n is large, the random variables ©4,...,0,, are

«approximately independent». One would thus expect that usually, for func-
tions fi,..., fn: R — C,

B]]6)~IIEf®). (21)

The most straightforward way to obtain estimates in the spirit of (21) is
to compare the distribution of © with that of a Gaussian random vector of
the same expectation and covariance as in the proof of Lemma 3.2 above.
Even though this approach works well in our present context, we prefer to
invoke below a recent inequality due to Carlen, Lieb, and Loss [3]. This
inequality provides a particularly elegant way to exploit the «approximate
independence» of O4,...,0,,. It states that for any nonnegative, measurable
functions f,..., fu: [-1,1] = R,

E ﬁfj(@j) < ﬁ(Efj(@j)2)1/2- (22)

j=
See [2] for ramifications of the Brascamp—Lieb type inequality (22). Re-

call that ¢1,...,¢, are the Fourier transforms of the independent random
variables X1,...,X,.

Lemma 3.5. Let a > 0 and assume that ay/n/é* < n/é*. Then, with

the vector (01,...,0,) chosen randomly on the sphere S™~! satisfies
"/ - 2 5| d C(a)d*
/ [[#:(8;6) e % C(a)exp < - C(a)2> < ) :
o/n/8% i 5 "

j=1

with probability greater than 1 — C(«) exp(—c(a)n/d*). The right-hand side
is also an upper bound for the integral from —n/é* to —a~/n/é%. Here
C(a),C(a),c(a) > 0 are constants depending solely on «.
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Proof Lemma 3.4 and (22) imply that for any £ € R,

ﬁ\/W ﬁ(l—cmin{i,éj‘*}).

Denote # = {1 <j <n:d; <2§}. Repeating a simple argument, we have

54:12n: 254 n-#f) 1654,
"= J&Zf "

hence #(_#) > n/2. For any { € R,

[ 1 (-com S} < T (oo}

j=1 ]ej
2 n/2
< <l—cmin{£,5_4}> gexp(—cm1n{§2 n})
n o4
Therefore,
n/s* d¢
E ©0;(0;8) —e —€/2
ay/n/§? H ! ‘§|

e—émin{gz,n/64} + 6—52/2) df < C(a)e—c(a)n/ézl‘

< P
ax/ﬁ /a\/ﬁ/sz

From the Chebyshev inequality,
( /n / 54
ay/n/é?

Lemma 3.5 is proved.

dg
el

H%@ﬁ &/

C(a)ec(a)n/54> < C(a)efc(oc)n/é“'

The results obtained so far can be summarized as follows.

Lemma 3.6. There exists a subset & C S™' with ¢, (F) > 1 —
Cexp(—cn/d*) such that for any 6 = (0y,...,0,) € F with >7_, 046% < 1,

Jj=1%3j"]j
—n /gt !5\ !

where C > 0 is a universal constant.
Proof Let # C S" ! be the set of directions with o, ;(.%;) >

n

HSOJ 9 § . 6752/2 393

) (23)

=

1 — Cexp(—cn) whose existence is guaranteed by Corollary 3.1. Assume
that § € %, is such that -, 6767 < 1. The bound (23) is the culmination
of three arguments: Lemma 2 1 controls the contribution of |¢| < e7%/3
for e = (X0, 0404)/% < 1. Thanks to the definition of .%;, Lemma 2.2

Jj=1"5"J
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with Ry = 20062/4/n provides an upper bound for the contribution up to
€] < ey/n/6%. We conclude with an application of Lemma 3.5, with «
being a universal constant. Denote by %, C S™~! the set with o, (%) >
1 — Cexp(—cn/d*) whose existence is guaranteed by Lemma 3.5. Setting
F = F1 N Fy, we see that (23) holds for any 0 € .F with 3, 0757 <

Lemma 3.6 is proved.

Corollary 3.2. There exists a subset F; C S" ™ with o, 1(F1) > 1 —
Cexp(—cn/d*) with the following property: For any 0 = (6y,...,0,) € %
andt € R,

’P(Zejxj <t> — C|Y 6165 +
J=1 j=1

Here ®(t) = (2m) V2 [* e ¥/2dt and C, ¢ > 0 are universal constants.
Proof. It is enough to consider 6 for which 3= 6767 < 1, since other-
wise (24) holds trivially. The bound (24) is thus an immediate consequence

of the smoothing inequality (9) and Lemma 3.6.
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2 e

4. Deviation inequalities. It remains to deduce Theorem 1.1 from
Corollary 3.2. To this end, we need to analyze the terms Y27, 7?67 and
Y74 0707 appearing in Corollary 3.2. We would like to get a bound in (3)
of the form C(p)d*/n, where C(p) depends on p solely. This is the reason
we use the following crude lemma.

Lemma 4.1. Suppose that (04,...,0,) € S" ! is a random wvector,
distributed uniformly on S™'. Then, for any t > 0,

n 64
P( CHIY n) < Cexp(—ct??) (25)
j=1
and, additionally,
n 4
P(Zaj.@;% >t 5) < Cexp(—eVi). (26)
; n
j=1

Here C, ¢ > 0 are universal constants.

P r o of. Introduce independent, standard Gaussian random variables
I'y,...,T', that are independent of the ©;’s. Let Z be a chi-square random
variable with n degrees of freedom, independent of the I';’s and ©,’s. As
n (16), we know that n/2 < Z < 2n with probability greater than 1 —

Cexp(—cn). Thus,
31’\3
) =P[5 )

e
j=1
3/2t
>

303
,@j

3113

) + Ce ™. (27)
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The random variable Y = Z?zl 'yj-”l"? is the sum of independent, mean zero
random variables. We will apply a moment inequality we learned from [1,
section 3], which builds upon previous work by [9]. Recall that E exp(cI'}) <
2 for a universal constant ¢ > 0. In the terminology of [1], the random
variables I'}, ..., T2 are random variables of class 1,3, hence for any p > 2,

n 1/2 n 1/p
®yPye < o(pr (L) 4+ (Xhi*) )
j=1 j=1
< 5173/2(27?) < Cp**\/nd?,
j=1

since ’y? < 5;* for all j. According to the Chebyshev inequality, for any

t>Co6%\/n,

(1

where p = ct*/?/(§*n)'/? for an appropriate small universal constant ¢ > 0.
From (27) and the last inequality,

e

According to the Cauchy-Schwarz inequality in (13) we always have
130303 < (X7, 62012 < /né® and hence the probability on the
left-hand s1de of (28) vanishes for ¢t > n®2. We can thus deduce (25) from
(28). Inequality (26) is proved in a similar way: Denote W = -7, 07[['; —3].
Then, EW = 0 and for any ¢t > 0,

n n 54 2
P(Zé}*@?>12znjz+t) <P<W>n4t> + Cexp(—cn). (29)
j=1 Jj=1

The random variables I'f — 3,...,T'* — 3 are independent random variables
of class 1)y/2. Again, using the inequality from [1, section 3] we see that for
P22,

(E|WP)/? < C<p1/2 < zn: 5;3) P < zn: 5?”) 1/17) < Cp? z”: 6 = Cp*né’.
Jj=1 Jj=1 j=1

Using the Chebyshev inequality, as before, we deduce that for any ¢t > C,
P(W > tné*) < Cexp(—cVt). (30)

Inequalities (29) and (32) lead to the bound

31‘13

Bl _ (Cp vty _ L0
> ) 4P 1P <e ngXP( (54 )1/3>

n

Z 3@3

2
> Cexp(—ct??®) + Cexp(—cn) forallt > C. (28)

1/2

(Z 510t > ) C exp(—cv/t) + Cexp(—cn) for all t > 15.
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Since with probability one >
Lemma 4.1 is proved.

Proof of Theorem 1.1. We may assume that log*(1/p) <
én/8*, for a small universal constant ¢ > 0, since otherwise the conclu-
sion (3) of the theorem is trivial, for an appropriate choice of a universal
constant C' in Theorem 1.1. Therefore,

én\ /2 cn
pzexp| — 51 2> exp 5t )

where ¢ > 0 is the constant from Corollary 3.2. Let .%#; C S™~! be the subset
of the sphere with o,,_; (%) > 1—Cexp(—cn/d*) > 1—Cp whose existence is
guaranteed by Corollary 3.2. According to Lemma 4.1, there exists a subset
Fo C S" 1 with 0, 1(%,) > 1 — p such that for any 6 = (6,,...,0,) € F,

3/2 54 _ 54 54
25494 (log ) —l—C(log ) — C’(log ) —.
p p) n p) n
(31)
Denote . = %, N.%,. Then 0, (%) > 1 — C'p. Furthermore, according to
Corollary 3.2 and to (31), the desired bound (3) holds for any 6 € .#, with
C(p) < Clog*(1/p). Theorem 1.1 is proved.

R em ark. There is some wiggle room in the bound for C(p) in The-
orem 1.1. One easily notices that the bounds stated in Lemma 4.1 are, in
many cases, quite weak: When all the §; are comparable, a better analysis
of the moment inequality from [1, section 3] leads to a sub-Gaussian tail, at
least in some range. If one is interested in a version of Theorem 1.1, where

=Y, EX}/n is replaced by the larger quantity max; E X, finer analogs
of Lemma 4.1 may be employed. For such a version of Theorem 1.1, the
power of the logarithm in the bound for C'(p) can essentially be improved,
from 2 to 1/2, at least for p in some range.

6707 < nd*, the bound (26) follows.

j=1%J

303

5. Explicit, universal coefficients. This section is devoted to the
proof of Theorem 1.2 and related statements. We assume that the indepen-
dent random variables Xy, ..., X, are identically distributed, and that they
have the same distribution as a certain random variable X. This random
variable X has mean zero, variance one, and we denote § = (E X*)¥/%. Tts
Fourier transform is

p(&) = E exp(—i¢X) (£ €R).

As before we fix 8 € S* ! and set

“[[e66) (€<R).

j=1



Variations on the Berry—FEsseen theorem 529

Let X be an independent copy of X, and define Y = X — X. The next three
lemmas bound an integral of |¢g| in terms of a certain arithmetic property
of . The property is quite similar to the one introduced by Rudelson and
Vershynin [13]; we closely follow their presentation, taking into account sev-
eral simplifications proposed in [8].

Lemma 5.1. For any £ € R,

wxakmm{—4Ef(gﬁzﬂ}.

Proof. Itis easily verified that

2 0
<1—=d%0,272)=1— 2(z> 0 € R).
cosf < 7r2d (0,27Z) 8d 5 (0 eR)

As in the proof of Lemma 3.4, for any £ € R,

p(€)]* = E exp(—i€Y) = E cos(¢Y)
< 1—8Ed2(€2§:,z) <ex { 8Ed2(€;7: z)}

Therefore,

o (€ ’—H|<,0 €6,)| exp{—4E Zd2<§gﬂ_y Z>}

Lemma 5.1 is proved.
The following lemma summarizes a couple of properties of the even

function
S() = \/Ed2<§Y 0, Zn> (€ €R).

The definition of .#'(#), for a unit vector § € S™~! is the same as in the
Introduction.

Lemma 5.2. For any &,& € R,
S(&1 + &) < S(&1) + S(&2)- (32)
Furthermore, denote R = 4 (0) > 1. Then, for any |£| < n/(R&*),

UM

S@>>cmm{wu i

where ¢ > 0 is a universal constant.
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Proof Notethat for any x,y € R,
d(z+y,2") <d(z,Z") + d(y, Z").

The inequality (32) thus follows from the Cauchy—Schwarz inequality. Let
us move to the proof of (33). From the definition of .4(6),

R R
{|g| ”’é }zﬂmin{l,ng/z } for all [¢] < n. (34)

Since Y = X — X, we have EY? = 2 and EY* = 26" + 6 < 85*. Denote
Y = Y1jy|<s62. According to Lemma 3.1(ii),

a€0,2") > 15

EY?> 4
5

For any || < n/6* we have |Y¢|/(2m) < 6%€ < n and (34) yields

Y Y 1 > 2
Eaz2(5 0 zn) > Eoz2(g 0 zn) . <§Ymin{1,~n/R})
40 [YE[2/(42)
1, . n?/R? -~ 1 (., n?/R?
> 4071_26 mln{l,W}EY 2800m1n{ s 58{2 }
Therefore (33) holds for all |£| < n/d*. Lemma 5.2 is proved.

Lemma 5.3. Let 0 < a <1, T > 1 and suppose that f: R — [0,00) is
an even, measurable function which satisfies

f(&1+ &) < f(&) + f(&2) (é1,62 €R) (35)

and

f(§)>am1n{|§| |£|} for any €] < T. (36)

frvagrtr (2570) <

where C' > 0 is a universal constant.
Proof. Fixr > 0. Denote

Then,

A, ={TY? <e<T:r < f(€) <2r}.

Then A, C [aT/(2r),T], thanks to (36). Furthermore, let &,& € A,.
We learn from (35) and from the fact that f is even that f(& — &) <
f(&) + f(&) < 4r. According to (36), either |, — &| < 4r/a, or else

oT oT

S (AR T



Variations on the Berry—FEsseen theorem 531

Therefore, the set A, can be covered by closed intervals of length at most
4r /o, and the distance between two such intervals is at least o1'/(4r). For
this specific purpose, the distance between two closed intervals means the
distance between their left-most points. Since A, C [aT/(2r),T], the num-
ber of such intervals is at most 47/« + 1. Consequently, for any r > 0,

d 2
[ o) < (L) Lexport). 2~ S )
(37)

From Fubini’s theorem,

/ﬁ<|§|<T @ =2 Z / f2(£)|d§ <4/0Oo (/ —2 |d§>

i=—00

We plug in the information from (37) to obtain the bound

/ﬁ<E<T P ( N f2(§)) [ O/oo 2rdgﬂ>e)<p( )‘ir

Additionally, according to (36),

2 d o0 242 d C 2m1/3 é
/ e 2© g 2/ e ¢ f e’ (39)
T/ |E|<T/? [€] =" Jrue el S a7 a’T

The lemma follows from (38) and (39).
Proof of Theorem 1.2. Set R= .4(0). Assume that R§* < n
since otherwise the conclusion of the theorem is vacuous. According to

Lemma 2.1,
[n/(R5)]/© d RS
~[n/(R54))1/ el n
for 42 = E X3 < 6%. Tt still remains to bound the integral for [n/(R§*)]'/¢ <
€] < n/(Rd*). To that end, we use Lemma 5.1, which states that

0o (§)] < exp(—45%(§)) (£ €R).

According to Lemma 5.2, we may apply Lemma 5.3 for the function S(§),
with T'= n/(Ré*) and with a being a universal constant. We deduce that

//\
o)
,ﬂ" Q)

)—e’f /2

I

d§ n 1/3
9o cconl {5
/[n/(Ra4>]1/6<f<n/(R64> ’ ]~ Ro*
d C6*R
" exp(—45%(6)) % <
[n/(R§%)]1/6<|€|<n/(R5%) [

The theorem now follows from (9). Theorem 1.2 is proved.
Let us verify that .4#'(°) < C for a universal constant C' > 0, where 6°
is the unit vector defined in (4).
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Lemma 5.4. For any £ € R,

(e, 2) > min {jg. 7

where ¢ > 0 18 a universal constant.

P roof Liouville’s theorem (see, e.g., [4, section II.6]) states that for
any integer p,q # 0,

-
p

for some universal constant ¢; > 0. Let || > 1/2 and suppose that p,q € Z
are integers that satisfy |€ — p| = d(&,Z) and |€v2 — q| = d(£v/2,Z). Then,

|§r \| < [pV2—ql < [pvV2 - €V2| +16V2 — gl = V2d(&, Z) + d(¢V2, Z).

We deduce that for any £ € R,

d?(&,2) + d*(£v/2,Z) > min{3¢2,e72}.

According to the definition of the unit vector 6°, we see that for £ € R,

d2(¢6°,Z") = {dQ(\/>§ Z>+d2(\/>§\/_ z) mm{§2 ;2}

Lemma 5.4 is proved.
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