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1 Введение

‚ [1] à�áá¬®âà¥−ë ª®−¥ç−®¬¥à−ë¥ −¥«¨−¥©−ë¥ áâ�æ¨®−�à−ë¥ ¨ −¥áâ�æ¨®−�à-
−ë¥ ‘â‘, −¥ à�§à¥è¥−−ë¥ ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå, ¢ ãá«®¢¨ïå è¨à®ª®¯®«®á-
−ëå £�ãáá®¢áª¨å ¨ −¥£�ãáá®¢áª¨å ¢®§¬ãé¥−¨©. ’�ª¨¥ ‘â‘ ®¯¨áë¢�îâ ¯®¢¥¤¥−¨¥
¬−®£¨å â¥å−¨ç¥áª¨å á¨áâ¥¬ ¨−ä®à¬�â¨ª¨ ¨ ã¯à�¢«¥−¨ï. „«ï �−�«¨â¨ç¥áª®£®
¬®¤¥«¨à®¢�−¨ï ¨ ®æ¥−ª¨ çã¢áâ¢¨â¥«ì−®áâ¨ ª ¯�à�¬¥âà�¬ −®à¬�«ì−ëå (£�ãáá®¢-
áª¨å) −¥áâ�æ¨®−�à−ëå ¨ áâ�æ¨®−�à−ëå áâ®å�áâ¨ç¥áª¨å ¯à®æ¥áá®¢ (‘â�) ¢ â�ª¨å
‘â‘ à�§à�¡®â�−ë ¤¢� ¬¥â®¤� �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï (Œ�Œ): −� ®á−®¢¥
¬¥â®¤� áâ�â¨áâ¨ç¥áª®© «¨−¥�à¨§�æ¨¨ (Œ‘‹) ¨ ¬¥â®¤� −®à¬�«ì−®© �¯¯à®ªá¨¬�-
æ¨¨ (Œ��). ‚ ¯à¨«®¦¥−¨¨ 1 ¯à¨¢¥¤¥−ë â¨¯®¢ë¥ −¥«¨−¥©−®áâ¨, −¥ à�§à¥è¥−−ë¥
®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå, � ¢ ¯à¨«®¦¥−¨ïå 2 ¨ 3 | ¤¢� â¥áâ®¢ëå ¯à¨¬¥à�.
�«£®à¨â¬ë ¯®«®¦¥−ë ¢ ®á−®¢ã à�§à�¡�âë¢�¥¬®£® ¨−áâàã¬¥−â�«ì−®£® ¯à®£à�¬¬-
−®£® ®¡¥á¯¥ç¥−¨ï ¤«ï à¥è¥−¨ï §�¤�ç −�¤¥¦−®áâ¨ ¨ ¡¥§®¯�á−®áâ¨ â¥å−¨ç¥áª¨å
á¨áâ¥¬.

1”¥¤¥à�«ì−ë© ¨áá«¥¤®¢�â¥«ìáª¨© æ¥−âà úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª; Œ®áª®¢áª¨© �¢¨�æ¨®−−ë© ¨−áâ¨âãâ, sinitsin@dol.ru
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�−�«¨â¨ç¥áª®¥ ¬®¤¥«¨à®¢�−¨¥ ¨ ®æ¥−¨¢�−¨¥ −¥áâ�æ¨®−�à−ëå −®à¬�«ì−ëå ¯à®æ¥áá®¢

Œ¥â®¤ë ¯�à�¬¥âà¨ç¥áª®£® �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï ¤«ï ‘â� ¢ ª®−¥ç-
−®¬¥à−ëå −¥«¨−¥©−ëå áâ�æ¨®−�à−ëå ¨ −¥áâ�æ¨®−�à−ëå ‘â‘, −¥ à�§à¥è¥−−ëå
®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå, à�áá¬®âà¥−ë ¢ [2]. ’�ª¨¥ ¬®¤¥«¨ ®¯¨áë¢�îâ ¯®¢¥-
¤¥−¨¥ ¬−®£¨å â¥å−¨ç¥áª¨å á¨áâ¥¬ ¨−ä®à¬�â¨ª¨ ¨ ã¯à�¢«¥−¨ï, ¥á«¨ ¯à¥−¥¡à¥çì
¯¥à¥å®¤−ë¬¨ ¯à®æ¥áá�¬¨. „«ï �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï ¨ ®æ¥−ª¨ â®ç−®-
áâ¨ ¨ çã¢áâ¢¨â¥«ì−®£® �«£®à¨â¬®¢ à�§à�¡®â�−ë Œ�Œ −� ®á−®¢¥ Œ�� ¨ Œ‘‹,
¬¥â®¤®¢ ®àâ®£®−�«ì−ëå à�§«®¦¥−¨© (Œ�÷) ¨ ª¢�§¨¬®¬¥−â®¢, � â�ª¦¥ ¤àã£¨å
¬¥â®¤®¢ ¯�à�¬¥âà¨§�æ¨¨ ®¤−®- ¨ ¬−®£®¬¥à−ëå ¯«®â−®áâ¥©. �á®¡®¥ ¢−¨¬�−¨¥
ã¤¥«¥−® Œ�Œ ¤«ï ¤¨áªà¥â−ëå ‘â‘ ¯® Œ�÷ −� ®á−®¢¥ íâ�«®−−®£® ¯ã�áá®−®¢-
áª®£® à�á¯à¥¤¥«¥−¨ï. �à¥¤áâ�¢«¥−ë â¨¯®¢ë¥ −¥«¨−¥©−®áâ¨, −¥ à�§à¥è¥−−ë¥
®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå, ¨ ª®íää¨æ¨¥−âë ¨å áâ�â¨áâ¨ç¥áª®© «¨−¥�à¨§�æ¨¨,
� â�ª¦¥ ¤¢� â¥áâ®¢ëå ¯à¨¬¥à�.

‚®¯à®áë á¨−â¥§� −¥«¨−¥©−ëå −®à¬�«ì−ëå (£�ãáá®¢áª¨å) áã¡®¯â¨¬�«ì−ëå
ä¨«ìâà®¢ (�‘�”) ¤«ï ¤¨ää¥à¥−æ¨�«ì−ëå ‘â‘, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−®
¯à®¨§¢®¤−ëå, à�áá¬®âà¥−ë ¢ [3]. �à¥¤áâ�¢«¥−ë ãà�¢−¥−¨ï á®áâ®ï−¨ï ¨ −�-
¡«î¤¥−¨ï −¥«¨−¥©−ëå ¤¨ää¥à¥−æ¨�«ì−ëå ‘â‘, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−®
¯à®¨§¢®¤−ëå. ‘¨−â¥§ �‘�” ¢ë¯®«−¥− ¯à¨ á«¥¤ãîé¨å ãá«®¢¨ïå: (1) ®âáãâáâ¢ã-
îâ ¯ã�áá®−®¢áª¨¥ èã¬ë ¢ −�¡«î¤¥−¨ïå; (2) ª®íää¨æ¨¥−â ¯à¨ £�ãáá®¢áª®¬ èã¬¥
−¥ §�¢¨á¨â ®â á®áâ®ï−¨ï. �®¤à®¡−® à�áá¬®âà¥− á¨−â¥§ �‘�” ¯à¨ �¤¤¨â¨¢−ëå
èã¬�å ¢ ãà�¢−¥−¨ïå á®áâ®ï−¨ï ¨ −�¡«î¤¥−¨ï. „«ï ¨««îáâà�æ¨¨ ¬¥â®¤®¢ á¨−â¥§�
�‘�” ¯à¨¢¥¤¥− ¯à¨¬¥à.

‚ [4] ¤«ï −¥«¨−¥©−ëå ¨−â¥£à®¤¨ää¥à¥−æ¨�«ì−ëå ‘â‘ (ˆ„‘â‘), −¥ à�§à¥-
è¥−−ëå ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå ¨ ¯à¨¢®¤¨¬ëå ª ¤¨ää¥à¥−æ¨�«ì−ë¬ ¬¥â®¤®¬
á¨−£ã«ïà−ëå ï¤¥à, à�§à�¡®â�−ë �«£®à¨â¬ë �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï −®à-
¬�«ì−ëå ‘â�, ¯à¨ íâ®¬ −¥«¨−¥©−®áâì ¯®¤ ¨−â¥£à�«®¬ ¬®¦¥â ¡ëâì à�§àë¢−®©,
� â�ª¦¥ á¨−â¥§� �‘�” ¤«ï ®−«�©−-®¡à�¡®âª¨ ¨−ä®à¬�æ¨¨ ¢ ˆ„‘â‘. �®-
¤à®¡−® à�áá¬®âà¥− â¥áâ®¢ë© ¯à¨¬¥à á à�§àë¢−®© −¥«¨−¥©−®áâìî ¯®¤ §−�ª®¬
¨−â¥£à�«�. �à¥¤«®¦¥−ë �«£®à¨â¬ë ®æ¥−ª¨ ª�ç¥áâ¢� �‘�” −� ®á−®¢¥ â¥®à¨¨
çã¢áâ¢¨â¥«ì−®áâ¨.

‚ [5] à�§à�¡®â�−® ¬¥â®¤¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ ¤«ï −¥£«�¤ª¨å ¯à�¢ëå ç�áâ¥©
ãà�¢−¥−¨© ‘â‘, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®© (�÷��).
÷�áá¬®âà¥−ë ¢®¯à®áë �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï −®à¬�«ì−ëå ¯à®æ¥áá®¢ −�
®á−®¢¥ −¥«¨−¥©−ëå à¥£à¥áá¨®−−ëå ¬®¤¥«¥©. �á®¡®¥ ¢−¨¬�−¨¥ ã¤¥«¥−® ¬¥â®¤�¬
−®à¬�«ì−®© (£�ãáá®¢áª®©) ä¨«ìâà�æ¨¨ ¨ íªáâà�¯®«ïæ¨¨. ˆ§ãç¥−ë ¢®¯à®áë
ãá«®¢−®-®¯â¨¬�«ì−®© ä¨«ìâà�æ¨¨ ¨ íªáâà�¯®«ïæ¨¨ ¤«ï ‘â‘ �÷�� á ¯�à�¬¥â-
à¨ç¥áª¨¬¨ èã¬�¬¨.

„«ï á¨áâ¥¬, áâ®å�áâ¨ç¥áª¨ −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå, ¢ [6]
à�§à�¡®â�−ë ¤¢� ¯®¤å®¤� ª á¢¥¤¥−¨î â�ª¨å á¨áâ¥¬ ª ¤¥â¥à¬¨−¨à®¢�−−ë¬ ãà�¢−¥-
−¨ï¬, −¥ à�§à¥è¥−−ë¬ ®â−®á¨â¥«ì−® ¬�â¥¬�â¨ç¥áª¨å ®¦¨¤�−¨© ¨ ª®¢�à¨�æ¨®−-
−ëå å�à�ªâ¥à¨áâ¨ª, � â�ª¦¥ ¬�â¥¬�â¨ç¥áª¨å ®¦¨¤�−¨© ¨ ª®®à¤¨−�â−ëå äã−ªæ¨©
ª�−®−¨ç¥áª¨å à�§«®¦¥−¨© (Š÷). �®á«¥ á¢¥¤¥−¨ï â�ª¨å á¨áâ¥¬ ª ¤¥â¥à¬¨−¨à®-
¢�−−ë¬ ¨á¯®«ì§ãîâáï ¨§¢¥áâ−ë¥ à¥§ã«ìâ�âë. �à¨¢¥¤¥− ¯à¨¬¥à. ÷�áá¬®âà¥−ë
¢®¯à®áë ®æ¥−¨¢�−¨ï (ä¨«ìâà�æ¨¨, íªáâà�¯®«ïæ¨¨ ¨ ¤à.), ¨¤¥−â¨ä¨ª�æ¨¨ ¨ ª�-
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«¨¡à®¢ª¨ ¤«ï ¯à¨¢¥¤¥−−ëå ¬®¤¥«¥©. �«£®à¨â¬ë ¯®«®¦¥−ë ¢ ®á−®¢ã à�§à�-
¡�âë¢�¥¬®£® ¨−áâàã¬¥−â�«ì−®£® ¯à®£à�¬¬−®£® ®¡¥á¯¥ç¥−¨ï ¤«ï à¥è¥−¨ï §�¤�ç
−�¤¥¦−®áâ¨ ¨ ¡¥§®¯�á−®áâ¨ â¥å−¨ç¥áª¨å á¨áâ¥¬.

÷�áá¬®âà¨¬ à�§¢¨â¨¥ [5] −� á«ãç�© â¨¯®¢ëå áãé¥áâ¢¥−−® −¥áâ�æ¨®−�à−ëå,
¢ ¯¥à¢ãî ®ç¥à¥¤ì ã¤�à−ëå, ¢®§¬ãé¥−¨©. ‚ à�§¤. 2 à�áá¬®âà¥−ë ¢®¯à®áë �−�-
«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï −®à¬�«ì−ëå ‘â� ¢ áª�«ïà−ëå ¨ ¢¥ªâ®à−ëå ‘â‘
�÷�� á ¯®¬®éìî ®¡é¨å, � â�ª¦¥ ®á−®¢�−−ëå −� Š÷ −¥«¨−¥©−ëå ª®àà¥«ïæ¨-
®−−ëå ¬¥â®¤®¢. �á®¡®¥ ¢−¨¬�−¨¥ ã¤¥«¥−® ª�ª è¨à®ª®¯®«®á−ë¬, â�ª ¨ ã§ª®¯®-
«®á−ë¬ ¨ ã¤�à−ë¬ ¢®§¬ãé¥−¨ï¬. ÷�§¤¥« 3 ¯®á¢ïé¥− ¢®¯à®á�¬ ®¯â¨¬¨§�æ¨¨,
®æ¥−¨¢�−¨î, ¨¤¥−â¨ä¨ª�æ¨¨ ¨ ª�«¨¡à®¢ª¥. ‚ à�§¤. 4 ¯à¨¢¥¤¥− ¯à¨¬¥à, ¨««î-
áâà¨àãîé¨© ¬¥â®¤ë à�§¤. 2 ¨ 3. ‡�ª«îç¥−¨¥ á®¤¥à¦¨â ¢ë¢®¤ë ¨ −¥ª®â®àë¥
®¡®¡é¥−¨ï.

2 Аналитическое моделирование

2.1. ÷�áá¬®âà¨¬ −¥áâ�æ¨®−�à−ãî áª�«ïà−ãî ¤¨ää¥à¥−æ¨�«ì−ãî á¨áâ¥¬ã
á«¥¤ãîé¥£® ¢¨¤�:

ϕ ≡ ϕ
(

t,—,Xt, pXt, . . . , p
(l)Xt, Ut

)

= 0 . (1)

‡¤¥áì — | ¨−áâàã¬¥−â�«ì−ë© ¢¥ªâ®à ¯�à�¬¥âà®¢; p = d/dt; Xt = X(t)

¨ p(l)Xt | áª�«ïà−ë¥ ‘â�, ¯®−¨¬�¥¬ë¥ ¢ áà¥¤−¥ª¢�¤à�â¨ç−®¬ á¬ëá«¥; Ut |
áª�«ïà−ë© ‘â� á ¨§¢¥áâ−ë¬¨ ¢¥à®ïâ−®áâ−ë¬¨ å�à�ªâ¥à¨áâ¨ª�¬¨; ϕ| −¥«¨−¥©-
−�ï, ¢ ®¡é¥¬ á«ãç�¥ à�§àë¢−�ï äã−ªæ¨ï ®â¬¥ç¥−−ëå ¯¥à¥¬¥−−ëå, ¤®¯ãáª�îé�ï
«¨−¥©−ãî à¥£à¥áá¨®−−ãî �¯¯à®ªá¨¬�æ¨î ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®©
¢¨¤�:

ϕ ≈ ϕ0 + k
ϕ
��X
p(l)X0t + k

ϕ
UU
0
t . (2)

‡¤¥áì ¢¢¥¤¥−ë á«¥¤ãîé¨¥ ®¡®§−�ç¥−¨ï:

ϕ0 = ϕ0

(

t,—,m
��X
t ,K

��X
t

)

, ��k
ϕ
��Xl
= kϕ

��Xl

(

t,—,m
��X
t ,K

��X
t

)

,

£¤¥ ��Xt =
[

�XTt Ut

]T
; �Xt =

[

Xt · · ·X
(l−1)
t

]T
. �®á«¥ ¢¢¥¤¥−¨ï ¯¥à¥¬¥−−ëå

pXt = X1, . . . , pX
(l−1)
t = X

(l)
t

¯®«ãç¨¬ ¢¥ªâ®à−ãî ¤¨ää¥à¥−æ¨�«ì−ãî á¨áâ¥¬ã, à�§à¥è¥−−ãî ®â−®á¨â¥«ì−®

áâ�àè¥© ¯à®¨§¢®¤−®© ‘Xl:

‘X1 = X2, . . . , ‘Xl−1 = Xl ; ϕ− ϕ0 = k
ϕ
��Xl

p(l)X0l + k
ϕ
UU
0
t = 0
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�−�«¨â¨ç¥áª®¥ ¬®¤¥«¨à®¢�−¨¥ ¨ ®æ¥−¨¢�−¨¥ −¥áâ�æ¨®−�à−ëå −®à¬�«ì−ëå ¯à®æ¥áá®¢

¨«¨ ¯à¨ ãá«®¢¨¨ kϕ
X 6= 0:

ϕ0 = 0 ; (3)

‘X01 = X
0
2 , . . . , ‘X

0
l−1 = X

0
l ,

‘X0l = −
ϕ0
kϕ

X

X0l −
kϕ

U

kϕ
X

U0t . (4)

÷¥è�ï −¥«¨−¥©−ãî á¨áâ¥¬ã (3) á®¢¬¥áâ−® á ãà�¢−¥−¨ï¬¨ (4) ¯® ä®à¬ã«�¬ ª®àà¥-

«ïæ¨®−−®© â¥®à¨¨ ‘â� [7{9], −�©¤¥¬ ¨áª®¬ë¥ m
��X
t ¨ K

��X
t .

„«ï ®¯à¥¤¥«¥−¨ï K
��X

t ¨ K
��X(t1, t2) ¨á¯®«ì§ãîâáï ä®à¬ã«ë ª®àà¥«ïæ¨®−−®©

â¥®à¨¨:

K
��X

t = A
2
tK

U
t ; K

��X(t1, t2) = At1At2K
U (t1, t2) , (5)

£¤¥ At | «¨−¥©−ë© ®¯¥à�â®à, ®¯à¥¤¥«ï¥¬ë© ãà�¢−¥−¨ï¬¨ (4); KU
t | ª®¢�à¨�-

æ¨®−−�ï äã−ªæ¨ï ¢®§¬ãé¥−¨ï Ut.

“â¢¥à¦¤¥−¨¥ 2.1. �ãáâì −¥áâ�æ¨®−�à−�ï áª�«ïà−�ï ¤¨ää¥à¥−æ¨�«ì−�ï á¨áâ¥-
¬� (1), −¥ à�§à¥è¥−−�ï ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®©, ¤®¯ãáª�¥â «¨−¥©−ãî
à¥£à¥áá¨®−−ãî �¯¯à®ªá¨¬�æ¨î ¢¨¤� (2), ¯à¨ç¥¬ Kϕ

X 6= 0. ’®£¤� (1) ¯à¨¢®¤¨â-
áï ª −¥áâ�æ¨®−�à−®© ¤¨ää¥à¥−æ¨�«ì−®© á¨áâ¥¬¥, à�§à¥è¥−−®© ®â−®á¨â¥«ì−®
áâ�àè¥© ¯à®¨§¢®¤−®©, ¢¨¤� (3) ¨ (4) ¯à¨ ãá«®¢¨¨ (5).

2.2. „«ï −¥áâ�æ¨®−�à−®£® áª�«ïà−®£® ¢®§¬ãé¥−¨ï Ut á ª®−¥ç−®© ª®¢�à¨�æ¨-
®−−®© äã−ªæ¨¥© K0t ¨ ¢ëà�¦�¥¬®£® Š÷

Ut = m
U
t +

HU
∑

j=1

Vju
U
jt ,

£¤¥mU
t = MUt; Vj | −¥§�¢¨á¨¬ë¥ á«ãç�©−ë¥ ¢¥«¨ç¨−ë á ¤¨á¯¥àá¨ï¬¨Dj; u

U
jt |

¤¥â¥à¬¨−¨à®¢�−−ë¥ ª®®à¤¨−�â−ë¥ äã−ªæ¨¨, ¨¬¥¥¬ á«¥¤ãîé¨¥ á®®â−®è¥−¨ï:

Xt = m
X
t +

Hx
∑

j=1
Vju

X
jt ;

KX
t =

Hx
∑

j=1
Dj

(

uX
jt

)2
;

KX(t1, t2) =
Hx
∑

j=1
Dju

X
jt1
(uX

jt2
)T;

ϕ ≈ ϕ0 +
Hϕ
∑

j=1
Vju

ϕ
jt = 0 ;

ϕ0 = 0 ;
uϕ

jt = 0 .
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



















(6)
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‡¤¥áì uϕ
jt | ª®®à¤¨−�â−ë¥ äã−ªæ¨¨ «¨−¥©−®© à¥£à¥áá¨®−−®© áâ�â¨áâ¨ç¥áª®©

«¨−¥�à¨§�æ¨¨ ¯®áà¥¤áâ¢®¬ Š÷ [8,9], §�¢¨áïé¨¥ ®â mX
t , mU

t , uU
jt, u

X
jt ¨ Dj.

“â¢¥à¦¤¥−¨¥ 2.2. �ãáâì −¥áâ�æ¨®−�à−�ï áª�«ïà−�ï ¤¨ää¥à¥−æ¨�«ì−�ï á¨áâ¥-
¬� (1), −¥ à�§à¥è¥−−�ï ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®©, ¤®¯ãáª�¥â «¨−¥©−ãî
à¥£à¥áá¨®−−ãî �¯¯à®ªá¨¬�æ¨î ¯® ¬¥â®¤ã Š÷ (ŒŠ÷). ’®£¤� (1) ¯à¨¢®¤¨âáï ª −¥-
áâ�æ¨®−�à−®© ¤¨ää¥à¥−æ¨�«ì−®© á¨áâ¥¬¥, à�§à¥è¥−−®© ®â−®á¨â¥«ì−® áâ�àè¥©
¯à®¨§¢®¤−®©, ¢¨¤� (6).

2.3. Š�ª ¨§¢¥áâ−® [8], ¬¥â®¤ £�à¬®−¨ç¥áª®© «¨−¥�à¨§�æ¨¨ ¬®¦−® à�áá¬�â-
à¨¢�âì ª�ª ç�áâ−ë© á«ãç�© ŒŠ÷ ¯à¨ £�à¬®−¨ç¥áª¨å äã−ªæ¨ïå á® á«ãç�©−®©
à�¢−®¬¥à−® à�á¯à¥¤¥«¥−−®© −�ç�«ì−®© ä�§®©. �®íâ®¬ã ¯à¨ Ut = 0 ¨ �¢â®ª®«¥-
¡�−¨ïå −� ç�áâ®â¥ Ÿ ¨ á«ãç�©−ëå −�ç�«ì−ëå ãá«®¢¨ïå ¨¬¥îâ ¬¥áâ® á®®â−®è¥−¨ï:

Xt = A0 +A sinŸt; ϕ ≈ ϕ0 +
(

q + q′Ÿ−1p
)

(Xt −A0) = 0 , (7)

£¤¥ ϕ0, q ¨ q′ §�¢¨áïâ ®â A0, A ¨ Ÿ:

ϕ0 =
1

2π

2π
∫

0

ϕ (A0 + a sinŸt) dŸt = 0 ;

q =
1

πA

2π
∫

0

ϕ (A0 + a sinŸt) sinŸt dŸt = 0 ;

q′ =
1

πA

2π
∫

0

ϕ (A0 + a sinŸt) cos Ÿt dŸt = 0 .

“â¢¥à¦¤¥−¨¥ 2.3. �ãáâì ¢ á¨áâ¥¬¥ (1) Ut ≡ 0 ¨ ¨¬¥îâ ¬¥áâ® £�à¬®−¨ç¥áª¨¥
�¢â®ª®«¥¡�−¨ï −� ç�áâ®â¥ Ÿ. ’®£¤� ¢ ®á−®¢¥ �«£®à¨â¬� ¯à¨¢¥¤¥−¨ï «¥¦�â
á®®â−®è¥−¨ï (7) ¬¥â®¤� £�à¬®−¨ç¥áª®© «¨−¥�à¨§�æ¨¨.

2.4. „«ï £�à¬®−¨ç¥áª¨å ¢®§¬ãé¥−¨© Ut = A sin(ωt + χm) «¨−¥©−�ï à¥-
£à¥áá¨®−−�ï ¬®¤¥«ì ŒŠ÷ á®¢¯�¤�¥â á ¬®¤¥«ìî £�à¬®−¨ç¥áª®© «¨−¥�à¨§�æ¨¨
¨ ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ à¥§ã«ìâ�â�¬:

“Xt = “A0 + “A sinψ ; ψ = ωt+ “ψ ; ϕ ≈ ϕ0 +
(

q + q′ω−1p
)

(

“Xt − “A0

)

= 0 , (8)

£¤¥ p = d/dt; ϕ0, q ¨ q′ §�¢¨áïâ ®â “A0, “A ¨ “ψ:

ϕ0 =
1

2π

2π
∫

0

ϕdψ = 0 ; q =
1

π “A

2π
∫

0

ϕ sinψ dψ = 0 ; q′ =
1

π “A

2π
∫

0

ϕ cosψ dψ = 0 .

62 ‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 32 −®¬¥à 2 2022



�−�«¨â¨ç¥áª®¥ ¬®¤¥«¨à®¢�−¨¥ ¨ ®æ¥−¨¢�−¨¥ −¥áâ�æ¨®−�à−ëå −®à¬�«ì−ëå ¯à®æ¥áá®¢

„«ï Ut, ¡«¨§ª¨å ª áâ�æ¨®−�à−ë¬, ª®®à¤¨−�â−ë¥ äã−ªæ¨¨ ¢ë¡¨à�îâáï ¢ ¢¨¤¥
¯à®¨§¢¥¤¥−¨© e−αt cos(ωt+ β).

„«ï ã¤�à−ëå Ut ®−¨ §�¤�îâáï �«£®à¨â¬¨ç¥áª¨ ¨«¨ ª�ª à¥è¥−¨ï «¨−¥©−ëå
¤¨ää¥à¥−æ¨�«ì−ëå ãà�¢−¥−¨© á ¯¥à¥¬¥−−ë¬¨ ª®íää¨æ¨¥−â�¬¨.

“â¢¥à¦¤¥−¨¥ 2.4. �ãáâì ¢ á¨áâ¥¬¥ (1) ¨¬¥îâ ¬¥áâ® ¢ë−ã¦¤¥−−ë¥ £�à¬®−¨-
ç¥áª¨¥ ª®«¥¡�−¨ï −� ç�áâ®â¥ ω. ’®£¤� ¢ ®á−®¢¥ �«£®à¨â¬� ¯à¨¢¥¤¥−¨ï «¥¦�â
á®®â−®è¥−¨ï (8) ¬¥â®¤� £�à¬®−¨ç¥áª®© «¨−¥�à¨§�æ¨¨.

2.5. �ãáâì ãà�¢−¥−¨¥ (1) ¢¥ªâ®à−®¥ (dim �ϕ = n �ϕ) ¨ ¨¬¥¥â ¢¨¤:

�ϕ = �ϕ
(

t,—, �Xt,
‘�Xt, . . . , p

(l) �Xt, Ut

)

= 0 , (9)

£¤¥ ¢¥ªâ®à á®áâ®ï−¨ï �Xt ¨¬¥¥â à�§¬¥à−®áâì dim �Xt = n
�X, � ¢¥ªâ®à ¢®§¬ãé¥−¨©Ut

®¡«�¤�¥â à�§¬¥à−®áâìî nU . ’®£¤� ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â−®è¥−¨ï:

�ϕ ≈ �ϕ0 + k
�ϕ
�X
�X0t + k

�ϕ
UU
0
t , (10)

£¤¥
k �ϕ�X
�X0t + k

�ϕ
UU
0
t = 0

¨«¨
�X0t = −

(

kϕ
�X

)−1
k �ϕUU

0
t =

�AtU
0
t ¯à¨ det(k �ϕ�X) 6= 0;

�ϕ0 = 0 ; (11)

K
�X

t =
�A2tK

U
t ; (12)

K
�X(t1, t2) = �At2

�At1K
U (t1, t2). (13)

‡¤¥áì �ϕ0, k
�ϕ
�X
, k �ϕU ¨ �At ¯�à�¬¥âà¨ç¥áª¨ §�¢¨áïâ ®â m

�X
t , mU

t , K
�X

t , KU
t ¨ K

�XU
t .

“â¢¥à¦¤¥−¨¥ 2.5. �ãáâì −¥áâ�æ¨®−�à−�ï ¢¥ªâ®à−�ï ¤¨ää¥à¥−æ¨�«ì−�ï á¨áâ¥-
¬� (9), −¥ à�§à¥è¥−−�ï ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®©, ¤®¯ãáª�¥â «¨−¥©−ãî

à¥£à¥áá¨®−−ãî �¯¯à®ªá¨¬�æ¨î (10), ¯à¨ç¥¬ det k �ϕ�X 6= 0. ’®£¤� (9) ¯à¨¢®¤¨âáï

ª à�§à¥è¥−−®© ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®© á¨áâ¥¬¥ (11){(13).

…á«¨ −¥áâ�æ¨®−�à−®¥, −�¯à¨¬¥à ã¤�à−®¥, ¢®§¬ãé¥−¨¥Ut ¢ëà�§¨âì á ¯®¬®éìî
ãà�¢−¥−¨ï ä®à¬¨àãîé¥£® ä¨«ìâà� (””) ç¥à¥§ −¥áâ�æ¨®−�à−ë© £�ãáá®¢áª¨©
(−®à¬�«ì−ë©) ¡¥«ë© èã¬ Vt

‘Ut = A
U
1tUt +B

U
t Vt , (14)

â® ¤«ï á®áâ�¢−®£® ¢¥ªâ®à� ��Xt =
[

�XTt UTt
]T

¯à¨¤¥¬ ª á®®â−®è¥−¨ï¬:

��ϕ ≈ ��ϕ0 + k
�ϕ
��X
��X0t = 0 ; (15)
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‘��X0t = A
��X
1t
��Xt +B

V
t Vt ;

��ϕ0 = 0 ;

‘K
��X

t = A
��X
1tK

��X
t +K

��X
t (A

��X
1t)
T +BV

t νt(B
V
t )
T;

∂K
��X(t1, t2)

∂t2
= K

��X(t1, t2)A
T
1t2
, K

��X(t1, t1) = K
��X

t1 .







































(16)

‡¤¥áì A
��X
t , A

��X
1t ¨ BV

t §�¢¨áïâ ¯�à�¬¥âà¨ç¥áª¨ ®â m
�X
t , mU

t , K
�X

t , KU
t ¨ K

�XU
t .

“â¢¥à¦¤¥−¨¥ 2.6. �ãáâì −¥áâ�æ¨®−�à−�ï ¢¥ªâ®à−�ï ¤¨ää¥à¥−æ¨�«ì−�ï á¨á-
â¥¬� (9), (14), −¥ à�§à¥è¥−−�ï ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−®©, ¤®¯ãáª�¥â «¨−¥©−ãî
à¥£à¥áá¨®−−ãî �¯¯à®ªá¨¬�æ¨î (15). ’®£¤� (9), (14) ¯à¨¢®¤ïâáï ª à�§à¥è¥−−®©
®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®© á¨áâ¥¬¥ (16).

3 Оптимизация, оценивание, идентификация и калибровка

3.1. ‘«¥¤ãï [10{12], ¡ã¤¥¬ áç¨â�âì á¨áâ¥¬ã ®¯â¨¬�«ì−®©, ¥á«¨ ®−� ¯à¨ à¥è¥-
−¨¨ ¯®áâ�¢«¥−−®© §�¤�ç¨ ®¡¥á¯¥ç¨¢�¥â ¬¨−¨¬ã¬ ¯à¨−ïâ®£® ªà¨â¥à¨ï ª�ç¥áâ¢�,
¨ áâ�â¨áâ¨ç¥áª¨ ®¯â¨¬�«ì−®© á¨áâ¥¬®© ¡ã¤¥¬ −�§ë¢�âì á¨áâ¥¬ã, ª®â®à�ï ®¡¥á¯¥-
ç¨¢�¥â ¬¨−¨¬ã¬ áâ�â¨áâ¨ç¥áª®£® ªà¨â¥à¨ï ª�ç¥áâ¢�. ‚ ¤�«ì−¥©è¥¬ áâ�â¨áâ¨ç¥áª¨
®¯â¨¬�«ì−ë¥ á¨áâ¥¬ë ¤«ï ªà�âª®áâ¨ ¡ã¤¥¬ −�§ë¢�âì ¯à®áâ® ®¯â¨¬�«ì−ë¬¨.

��¨¡®«¥¥ ç�áâ® ¢ ¯à�ªâ¨ç¥áª¨å §�¤�ç�å ¯®«ì§ãîâáï â®ç−®áâ−ë¬¨ ªà¨â¥à¨ï-
¬¨, â. ¥. ªà¨â¥à¨¥¬ ¬¨−¨¬ã¬� áà¥¤−¥© ª¢�¤à�â¨ç¥áª®© ®è¨¡ª¨ (á. ª. ®.). �¡®§−�-
ç¨¬ ç¥à¥§ δ �Xt = �Xt− �XTP ¢¥ªâ®à ®è¨¡ª¨ −®à¬�«ì−® à�á¯à¥¤¥«¥−−®£® ¢ëå®¤−®£®

á¨£−�«� ¬®¤¥«¨, � ç¥à¥§ mδ �X
t ¨ Kδ �X

t | ¢¥ªâ®à ¬�â¥¬�â¨ç¥áª¨å ®¦¨¤�−¨© ¨ ª®-
¢�à¨�æ¨®−−ãî ¬�âà¨æã ¢ ¬®¬¥−â ¢à¥¬¥−¨ t. ’®£¤� ªà¨â¥à¨© ¬¨−¨¬ã¬� á. ª. ®.
¬®¦−® ¯à¥¤áâ�¢¨âì ¢ á«¥¤ãîé¥¬ ¢¥ªâ®à−®-¬�âà¨ç−®¬ ¢¨¤¥:

ε2 = trMN

[

δ �Xtδ �X
T
t

]

= tr •δ �X
t = tr

[

Kδ �X
t +mδ �X

t

(

mδ �X
t

)T
]

,

£¤¥ ç¥à¥§ tr ®¡®§−�ç¥− á«¥¤ á®®â¢¥âáâ¢ãîé¥© ¬�âà¨æë; MN | ¬�â¥¬�â¨ç¥áª®¥
®¦¨¤�−¨¥ ¤«ï −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï.

�ã¤¥¬ à�áá¬�âà¨¢�âì �−á�¬¡«ì á¨áâ¥¬ ª�ª ¯à®¬ëè«¥−−®¥ ¨§¤¥«¨¥, ¢ë¯®«-
−¥−−®¥ ¯® ¨§¢¥áâ−ë¬ áâ�−¤�àâ�¬ ¨ ®¡«�¤�îé¥¥ ¨−áâàã¬¥−â�«ì−ë¬¨ ®è¨¡ª�¬¨,
®¯¨áë¢�¥¬ë¬¨ ¢¥ªâ®à®¬ —, â. ¥. δ �Xt = δ �Xt(—). ’®£¤� á«¥¤ã¥â à�§«¨ç�âì ¬¥â®-
¤¨ç¥áªãî (— ≡ 0) ¨ ¨−áâàã¬¥−â�«ì−ãî â®ç−®áâì (— 6= 0).

„«ï ¢¥à®ïâ−®áâ−®£® �−�«¨§� −®à¬�«ì−ëå ‘â� ¯® �¯à¨®à−ë¬ ¤�−−ë¬ ¤«ï
δ �Xt ¨ δ �Xt(—) ¯à¥¤¯®«�£�¥âáï �¯à¨®à−®¥ §−�−¨¥ ¯�à�¬¥âà®¢ −®à¬�«ì−®£® à�á-
¯à¥¤¥«¥−¨ï. ‚ íâ®¬ á«ãç�¥ ¢¥à®ïâ−®áâ−ë© �−�«¨§ −�àï¤ã á ®æ¥−ª®© â®ç−®áâ¨
¯®§¢®«ï¥â à¥è�âì §�¤�çã ®¯â¨¬¨§�æ¨¨ ¯® ªà¨â¥à¨î ¬¨−¨¬ã¬� á. ª. ®.
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�−�«¨â¨ç¥áª®¥ ¬®¤¥«¨à®¢�−¨¥ ¨ ®æ¥−¨¢�−¨¥ −¥áâ�æ¨®−�à−ëå −®à¬�«ì−ëå ¯à®æ¥áá®¢

‚® ¬−®£¨å ¯à�ªâ¨ç¥áª¨å á«ãç�ïå ®¯â¨¬¨§�æ¨ï å�à�ªâ¥à¨áâ¨ª á¨áâ¥¬ë ª�ª
¯à®¬ëè«¥−−®£® ¨§¤¥«¨ï −¥ ®¡¥á¯¥ç¨¢�¥â âà¥¡ã¥¬ãî â®ç−®áâì −� íâ�¯�å ¦¨§−¥−-
−®£® æ¨ª«�. �¥®¡å®¤¨¬ ãç¥â �¯®áâ¥à¨®à−ëå (ãá«®¢−ëå) ¤�−−ëå ¯®á«¥ ¯à®¢¥¤¥−¨ï
®¯à¥¤¥«¥−−ëå (¯àï¬ëå ¨ ª®á¢¥−−ëå) −�¡«î¤¥−¨© −�¤ á¨áâ¥¬®©.

÷�§«¨ç�îâ ®æ¥−¨¢�−¨¥ ¨ ¨¤¥−â¨ä¨ª�æ¨î [11, 12]. �æ¥−¨¢�−¨¥ | íâ® ¯à®-
æ¥¤ãà� ®æ¥−ª¨ ¯®«¥§−®£® á¨£−�«� ¯® −�¡«î¤¥−¨î −¥ª®â®à®£® ¢å®¤−®£® á¨£−�«�.
�®á«¥¤−¨© ¬®¦¥â ¡ëâì á«ãç�©−®© äã−ªæ¨¥© ¯¥à¥¬¥−−ëå, ®¯¨áë¢�îé¨å äã−ª-
æ¨®−¨à®¢�−¨¥ á¨áâ¥¬ë. ˆ¤¥−â¨ä¨ª�æ¨ï | íâ® ¯à®æ¥¤ãà� ®¯à¥¤¥«¥−¨ï ®æ¥−®ª
å�à�ªâ¥à¨áâ¨ª á¨áâ¥¬ë ¯® à¥§ã«ìâ�â�¬ −�¡«î¤¥−¨ï ¥¥ ¢å®¤−ëå ¨ ¢ëå®¤−ëå á¨£-
−�«®¢. �®«¥§−ë© á¨£−�« ¯à¨ ¨¤¥−â¨ä¨ª�æ¨¨ ¬®¦¥â ¯à¥¤áâ�¢«ïâì á®¡®© ¢¥ªâ®à
−¥¨§¢¥áâ−ëå ¯�à�¬¥âà®¢. �®á«¥¤−îî §�¤�çã −�§ë¢�îâ ª�«¨¡à®¢ª®©. ‡�¤�ç�
¨¤¥−â¨ä¨ª�æ¨¨ á®áâ®¨â ¢ ®æ¥−ª¥ ¢¥ªâ®à� ¯�à�¬¥âà®¢. ÷�§«¨ç¨¥ §�¤�ç ®æ¥−¨-
¢�−¨ï ¨ ¨¤¥−â¨ä¨ª�æ¨¨ −¥¯à¨−æ¨¯¨�«ì−®¥ ¨ §�ª«îç�¥âáï ¢ à�§−ëå ãá«®¢¨ïå
−�¡«î¤¥−¨ï ¨ ®á®¡¥−−®áâïå âà¥¡ã¥¬®£® ¯®«¥§−®£® á¨£−�«�. �â® à�§«¨ç¨¥ ¯à¨-
¢®¤¨â ª −¥ª®â®à®© á¯¥æ¨ä¨ª¥ ®¯â¨¬�«ì−ëå �«£®à¨â¬®¢ ®æ¥−ª¨. �−¨ ¯®¤à®¡−®
¨§ãç¥−ë ¢ [11,12].

3.2. ‚ §�¤�ç�å −®à¬�«ì−®© (£�ãáá®¢áª®©) ä¨«ìâà�æ¨¨ ¨á¯®«ì§ãîâáï ¤¢� â¨¯�
ãà�¢−¥−¨©: ãà�¢−¥−¨ï ¤«ï á®áâ�¢−®£® ¢¥ªâ®à� á®áâ®ï−¨ï

�Xt =
[

Xt, . . . Xt, . . . , X
(l)
t

]T

¨ ¤«ï ¢¥ªâ®à� −�¡«î¤¥−¨©

�Yt =
[

Y1t · · ·Y(l−1)t
]T
.

“à�¢−¥−¨ï á®áâ®ï−¨ï ¨¬¥îâ ¢¨¤:

ϕ
(

t,—, �Xt, �Yt, �Ut

)

= 0 , (17)

£¤¥ �Ut =
[

�UT1
�UT2

]T
. �ã¤¥¬ áç¨â�âì:

(1) −¥áâ�æ¨®−�à−ë¥ ¢®§¬ãé¥−¨ï �Ut á¢ï§�−ë á® áª�«ïà−ë¬ −®à¬�«ì−ë¬ ¡¥«ë¬
èã¬®¬ Vt ãà�¢−¥−¨ï¬¨ ””;

(2) ãà�¢−¥−¨¥ (17) ¤®¯ãáª�¥â ¯à¨¢¥¤¥−¨¥ ª «¨−¥©−®¬ã ¤¥â¥à¬¨−¨à®¢�−−®¬ã
ãà�¢−¥−¨î, à�§à¥è¥−−®¬ã ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®©;

(3) ãà�¢−¥−¨¥ ¤«ï ¢¥ªâ®à� −�¡«î¤¥−¨ï «¨−¥©−® ®â−®á¨â¥«ì−® �Xt ¨ �Yt.

’®£¤�, ¯à¨¬¥−ïï â¥®à¨î «¨−¥©−®© ä¨«ìâà�æ¨¨, ®á−®¢�−−ãî −� ¯à¨¢¥¤¥−−ëå
ãà�¢−¥−¨ïå ¢¨¤�

‘�Xt = a �Yt + a1 �Xt + a0 + ψV ; (18)

‘�Yt = b �Yt + b1 �Xt + b0 + ψ1V , (19)

¯à¨¤¥¬ ª ¨áª®¬ë¬ ä¨«ìâà�æ¨®−−ë¬ ãà�¢−¥−¨ï¬ ®¡é¥£® «¨−¥©−®£® ä¨«ìâà� [11]:
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‘��Xt=
(

a �Yt + a1
��Xt + a0

)

+ βt

[

‘�Yt − (b �Yt + b1
��Xt + b0)

]

, ��Xt0 =
�X0 ,

βt =
(

Rtb
T
1 + ψνψ

T
1

) (

ψ1νψ
T
1

)−1
;

‘Rt=a1Rt+Rta
T
1 + ψνψ

T−
(

Rtb
T
1 + ψνψ

T
1

) (

ψ1νψ
T
1

)−1(
b1Rt + ψ1νψ

T
)

,

Rt0 = R0



































(20)

¯à¨ ãá«®¢¨¨ det(ψ1νψ
T
1 ) 6= 0.

“à�¢−¥−¨ï (20) ¯à¨ a = 0 ¨ b = 0 ¯à¥¤áâ�¢«ïîâ á®¡®© ãà�¢−¥−¨ï ä¨«ìâà�
Š�«¬�−�{�ìîá¨ [7,8,11]. �®á«¥¤−¨¥ ã¤®¡−® §�¯¨áë¢�âì ¢ ¢¨¤¥:

‘�Xt = a1t �Xt + a0t + V1 ;

Zt = ‘Yt = b1tXt + V2 ;

}

(21)

‘��Xt = a1t
��Xt + a0t + βt

(

Zt − b1t
��Xt

)

, βt = Rtb
T
1tν

−1
2t ;

‘Rt = a1tRt +Rta
T
1t + ν1t − βtν2tβ

T
t







(22)

¯à¨ ãá«®¢¨¨ det ν2t 6= 0 ¨ á®®â¢¥âáâ¢ãîé¨å −�ç�«ì−ëå ãá«®¢¨ïå.

“â¢¥à¦¤¥−¨¥ 3.1. �ãáâì −¥ à�§à¥è¥−−�ï ®â−®á¨â¥«ì−® áâ�àè¥© ¯à®¨§¢®¤−®©
á¨áâ¥¬� (17) ¤®¯ãáª�¥â ¯à¨¢¥¤¥−¨¥ ª «¨−¥©−®© à¥£à¥áá¨®−−®© á¨áâ¥¬¥ (18),
� ãà�¢−¥−¨¥ −�¡«î¤¥−¨ï ¨¬¥¥â ¢¨¤ (19). ’®£¤� ãà�¢−¥−¨ï −®à¬�«ì−®£® ä¨«ìâà�

¨¬¥îâ ¢¨¤ (20) ¯à¨ ãá«®¢¨¨ det(ψ1νψ
T
1 ) 6= 0.

“â¢¥à¦¤¥−¨¥ 3.2. �ãáâì ¢ ãá«®¢¨ïå ãâ¢¥à¦¤¥−¨ï 3.1 á¨áâ¥¬� ¤®¯ãáª�¥â
¯à¨¢¥¤¥−¨¥ ª ¢¨¤ã (21). ’®£¤� ãà�¢−¥−¨ï −®à¬�«ì−®£® ä¨«ìâà� ¨¬¥îâ ¢¨¤ (22)
¯à¨ ãá«®¢¨¨ det ν2t 6= 0.

3.3. �à¨¬¥−ïï íªáâà�¯®«ïâ®à Š�«¬�−�{�ìîá¨ ª ãà�¢−¥−¨ï¬ ãâ¢¥à¦¤¥-
−¨ï 3.2, ¯®«ãç¨¬ á«¥¤ãîé¨¥ á®®â−®è¥−¨ï:

��Xt+–/t = A1t
��Xt+–/t = u(t+–, t)

��Xt/t+

t+–
∫

t

u(t+–, t)A0τ (τ) dτ (– > 0) ,

[

��Xt+–/t

]

–=0
= �Xt ; (23)

‘Rt+–/t = a1Rt+–/t +Rt+–/ta
T
1 + ψνψ

T,
[

Rt+–/t

]

–=0
= Rt .

‡¤¥áì ut = u(t, τ) | äã−¤�¬¥−â�«ì−®¥ à¥è¥−¨¥ ãà�¢−¥−¨ï ‘ut = A1tut ¯à¨
ãá«®¢¨¨ u(t, t) = I. ’�ª¨¬ ®¡à�§®¬, íªáâà�¯®«ïâ®à ¡ã¤¥â ¯à¥¤áâ�¢«ïâì á®¡®©
¯®á«¥¤®¢�â¥«ì−®¥ á®¥¤¨−¥−¨¥ ãá¨«¨â¥«ï u(t+–, t), áã¬¬�â®à� ¨ ¤®¯®«−¨â¥«ì−®£®

¨−â¥£à�«ì−®£® ç«¥−�
∫ t+–
t u(t+–, τ)A0τ dτ.
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“â¢¥à¦¤¥−¨¥ 3.3. ‚ ãá«®¢¨ïå ãâ¢¥à¦¤¥−¨ï 3.2 −®à¬�«ì−ë© íªáâà�¯®«ïâ®à
®¯à¥¤¥«ï¥âáï ãà�¢−¥−¨ï¬¨ (23).

3.4. “à�¢−¥−¨ï ãâ¢¥à¦¤¥−¨© 3.1{3.3, ¥á«¨ ¢ á®áâ�¢−®¬ ¢¥ªâ®à¥ á®áâ®ï−¨ï
“Xt =

[

�XTt —
T
]T

¯®«®¦¨âì ‘— = 0, ¯à¥¤áâ�¢«ïîâ á®¡®© ¨¤¥−â¨ä¨ª�æ¨®−−ë¥
ãà�¢−¥−¨ï. “à�¢−¥−¨ï ª�«¨¡à®¢ª¨ ¯à¥¤áâ�¢«ïîâ á®¡®© £àã¯¯ã ãà�¢−¥−¨© ¤«ï
−¥¯®áà¥¤áâ¢¥−−®© ®æ¥−ª¨ —.

‚ [7, 8] ¯®ª�§�−®, çâ® ¯à¨ ¨á¯®«ì§®¢�−¨¨ ŒŠ÷ ¢ §�¤�ç�å ®æ¥−¨¢�−¨ï, ¨¤¥−-
â¨ä¨ª�æ¨¨ ¨ ª�«¨¡à®¢ª¨ æ¥«¥á®®¡à�§−® ¯®«ì§®¢�âìáï ¤¨áªà¥â−ë¬¨ ¢¥àá¨ï¬¨
ãà�¢−¥−¨© á®áâ®ï−¨ï, � â�ª¦¥ ä¨«ìâà®¢ ¨ íªáâà�¯®«ïâ®à®¢ Š�«¬�−�{�ìîá¨.

4 Пример

4.1. ‘−�ç�«�, ¯®«ì§ãïáì à¥§ã«ìâ�â�¬¨ à�§¤. 2, ¯®«ãç¨¬ �«£®à¨â¬ �−�«¨â¨ç¥-
áª®£® ¬®¤¥«¨à®¢�−¨ï ¤«ï áª�«ïà−®© á¨áâ¥¬ë

ϕ
(

‘Xt,Xt

)

≡ ϕ1

(

‘Xt

)

+ ϕ2 (Xt) + U1t = 0 ; (24)

‘U1t = α10 + α11U1t + β1V1t . (25)

‡¤¥áì ϕ1 ¨ ϕ2 | áª�«ïà−ë¥, ¢ ®¡é¥¬ á«ãç�¥ −¥«¨−¥©−ë¥, äã−ªæ¨¨; Xt ¨ ‘Xt |
¯¥à¥¬¥−−�ï á®áâ®ï−¨ï ¨ ¥¥ ¯à®¨§¢®¤−�ï; U1t | áª�«ïà−®¥ ã¤�à−®¥ ¢®§¬ãé¥-
−¨¥; V1t | −®à¬�«ì−ë© −¥áâ�æ¨®−�à−ë© ¡¥«ë© èã¬ ¨−â¥−á¨¢−®áâ¨ ν1t; α10,
α11 ¨ β1 | ¯®áâ®ï−−ë¥ ¯�à�¬¥âàë. ‚ë¯®«−¨¬ à¥£à¥áá¨®−−ãî «¨−¥�à¨§�æ¨î
äã−ªæ¨© ϕ1 ¨ ϕ2 á®£«�á−®

ϕ1 ≈ ϕ10 + k
ϕ1
‘X
‘X0t ; ϕ2 ≈ ϕ20 + k

ϕ2
X X0t .

�à¨ ãá«®¢¨¨ kϕ1
‘X

6= 0 ¯à¨¤¥¬ ª ãà�¢−¥−¨ï¬ ¤«ï ¬�â¥¬�â¨ç¥áª¨å ®¦¨¤�−¨©
¨ æ¥−âà¨à®¢�−−ëå á®áâ�¢«ïîé¨å:

ϕ10 + ϕ20 +m
U
1t = 0 ; (26)

‘X0t = atX
0
t + btU

0
1t . (27)

‡¤¥áì ¢¢¥¤¥−ë á«¥¤ãîé¨¥ ®¡®§−�ç¥−¨ï:

ϕ10 = ϕ10

(

m
‘X

t ,D
‘X

t

)

; ϕ20 = ϕ20
(

mX
t ,D

X
t

)

; (28)

at = at

(

mX
t ,m

‘X
t ,D

X
t ,D

‘X
t ,D

U1
t ,DXU1

t

)

= −kϕ2
X

(

kϕ1
‘X

)−1
; bt = −

(

kϕ1
‘X

)−1
.

�à¥¤áâ�¢¨¬ ãà�¢−¥−¨ï (27) ¨ (25) ¤«ï U01tU1t − mU1
t ¤«ï �Xt = [XtU1t]

T

¢ ¢¥ªâ®à−®¬ ¢¨¤¥:
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‘m
�X
t = A0t +Atm

�X
t ;

‘�X0t = At
�X0t +BtV1t ,

£¤¥

At =

[

at bt
0 α1

]

; Bt =

[

0
β1

]

.

�à¨ íâ®¬ ª®¢�à¨�æ¨®−−�ï ¬�âà¨æ�

K
�X

t =

[

DX
t KXU1

K
‘XU1

t DU1
t

]

¨ ¬�âà¨æ� ª®¢�à¨�æ¨®−−ëå äã−ªæ¨©

K
�X(t1, t2) =

[

K
�X
11(t1, t2) K

�X
12(t1, t2)

K
�X
21(t1, t2) K

�X
22(t1, t2)

]

¡ã¤ãâ ã¤®¢«¥â¢®àïâì «¨−¥©−ë¬ ãà�¢−¥−¨ï¬ ª®àà¥«ïæ¨®−−®© â¥®à¨¨ [7,8]:

‘K
�X

t = AtK
�X

t +K
�X

t A
T
t +Btν1tB

T
t , K

�X
t0 = K

�X
0 ; (29)

∂K
�X(t1, t2)

∂t2
= K

�X (t1, t2)A
T
t2 , K

�X (t1, t1) = K
�X

t1 . (30)

“à�¢−¥−¨ï (29) ¢ à�§¢¥à−ãâ®¬ ¢¨¤¥ ¨¬¥îâ ¢¨¤:

‘DX
t = 2

(

atD
X
t + btK

XU1
t

)

; ‘DU1
t = 2α1D

U1
t + β

2
1ν1t ;

‘KXU1
t = atK

XU1
t + btD

U1
t + α1K

XU1
t . (31)

‚ á¨«ã (27) ¯®á«¥ ¢ëç¨á«¥−¨ï ¤¨á¯¥àá¨¨ ¯®«ãç�¥¬

D
‘X

t = a
2
tD

X
t + b

2
tD

U1
t + 2atbtK

XU1
t . (32)

’�ª¨¬ ®¡à�§®¬, ¢ ®á−®¢¥ �«£®à¨â¬� �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï á¨áâ¥-
¬ë (24), (25) «¥¦�â ãà�¢−¥−¨ï (26), (28), (29){(32).

4.2. ’¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬� (24), (25) −�¡«î¤�¥âáï â�ª, çâ®

Zt = ‘Yt = Xt + V2t .

’®£¤� ãà�¢−¥−¨ï ä¨«ìâà� Š�«¬�−�{�ìîá¨ ¯à¨−¨¬�îâ á«¥¤ãîé¨© ¢¨¤:

‘�Xt = At
�Xt+βt

(

Zt − �Xt

)

, βt = Rtν
−1
2t (det ν2t 6= 0) , ‘Rt = 2AtRt+ν1−ν2β

2
t .

�ªáâà�¯®«ïâ®à Š�«¬�−�{�ìîá¨ ®¯à¥¤¥«ï¥âáï ãà�¢−¥−¨ï¬¨ ãâ¢¥à¦¤¥−¨ï 3.3 ¯à¨
u(t, τ) = e−a(t−τ).
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5 Заключение

÷�§à�¡®â�−® ¬¥â®¤¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ ¤«ï �−�«¨â¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï,
®æ¥−¨¢�−¨ï, ¨¤¥−â¨ä¨ª�æ¨¨ ¨ ª�«¨¡à®¢ª¨ áãé¥áâ¢¥−−® −¥áâ�æ¨®−�à−ëå, −�¯à¨-
¬¥à ã¤�à−ëå, −®à¬�«ì−ëå ‘â‘, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå,
®á−®¢�−−®¥ −� à¥£à¥áá¨®−−®© «¨−¥�à¨§�æ¨¨. „�− ¨««îáâà�â¨¢−ë© ¯à¨¬¥à.

�®«ãç¥−−ë¥ à¥§ã«ìâ�âë ¬®£ãâ ¡ëâì ®¡®¡é¥−ë −� á«ãç�© ¤¨ää¥à¥−æ¨�«ì−ëå
¨−â¥£à®¤¨ää¥à¥−æ¨�«ì−ëå á¨áâ¥¬, áâ®å�áâ¨ç¥áª¨ −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−®
áâ�àè¨å ¯à®¨§¢®¤−ëå, ¢ ãá«®¢¨ïå ¬−®£®íè¥«®−¨à®¢�−−ëå ã¤�à−ëå ¢®§¤¥©-
áâ¢¨©. ˆáá«¥¤®¢�−¨¥ ¢ë¡à®á®¢ ¨ −�ª®¯«¥−¨¥ ¢®§¬ãé¥−¨© â�ª¦¥ ¨¬¥¥â ¢�¦−®¥
¯à¨ª«�¤−®¥ §−�ç¥−¨¥.

Литература

1. ‘¨−¨æë− ˆ. �. �−�«¨â¨ç¥áª®¥ ¬®¤¥«¨à®¢�−¨¥ è¨à®ª®¯®«®á−ëå ¯à®æ¥áá®¢ ¢ áâ®å�-
áâ¨ç¥áª¨å á¨áâ¥¬�å, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå // ˆ−ä®à¬�â¨ª�
¨ ¥ñ ¯à¨¬¥−¥−¨ï, 2017. ’. 11. ‚ë¯. 1. ‘. 3{10.

2. ‘¨−¨æë− ˆ. �. ��à�¬¥âà¨ç¥áª®¥ �−�«¨â¨ç¥áª®¥ ¬®¤¥«¨à®¢�−¨¥ ¯à®æ¥áá®¢ ¢ áâ®-
å�áâ¨ç¥áª¨å á¨áâ¥¬�å, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå // ‘¨áâ¥¬ë
¨ áà¥¤áâ¢� ¨−ä®à¬�â¨ª¨, 2017. ’. 27. ü 1. ‘. 21{45.

3. ‘¨−¨æë− ˆ. �. �®à¬�«ì−ë¥ áã¡®¯â¨¬�«ì−ë¥ ä¨«ìâàë ¤«ï ¤¨ää¥à¥−æ¨�«ì−ëå áâ®-
å�áâ¨ç¥áª¨å á¨áâ¥¬, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−® ¯à®¨§¢®¤−ëå // ˆ−ä®à¬�â¨ª�
¨ ¥ñ ¯à¨¬¥−¥−¨ï, 2021. ’. 15. ‚ë¯. 1. ‘. 3{10.

4. ‘¨−¨æë− ˆ. �. �−�«¨â¨ç¥áª®¥ ¬®¤¥«¨à®¢�−¨¥ ¨ ä¨«ìâà�æ¨ï −®à¬�«ì−ëå ¯à®æ¥áá®¢
¢ ¨−â¥£à®¤¨ää¥à¥−æ¨�«ì−ëå áâ®å�áâ¨ç¥áª¨å á¨áâ¥¬�å, −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì-
−® ¯à®¨§¢®¤−ëå // ‘¨áâ¥¬ë ¨ áà¥¤áâ¢� ¨−ä®à¬�â¨ª¨, 2021. ’. 31. ü 1. ‘. 31{56.

5. Sinitsyn I. N. Analytical modeling and estimation of normal processes defined by
stochastic differential equations with unsolved derivatives // J. Mathematics Statistics
Research, 2021. Vol. 3. Iss. 1. Art. 139. 7 p. doi: 10.36266/JMSR/139.

6. ‘¨−¨æë− ˆ. �. �®à¬�«¨§�æ¨ï á¨áâ¥¬, áâ®å�áâ¨ç¥áª¨ −¥ à�§à¥è¥−−ëå ®â−®á¨â¥«ì−®
¯à®¨§¢®¤−ëå // ˆ−ä®à¬�â¨ª� ¨ ¥ñ ¯à¨¬¥−¥−¨ï, 2022. ’. 16. ‚ë¯. 1. ‘. 32{38.

7. �ã£�ç¥¢ ‚. ‘., ‘¨−¨æë− ˆ. �. ‘â®å�áâ¨ç¥áª¨¥ ¤¨ää¥à¥−æ¨�«ì−ë¥ á¨áâ¥¬ë. �−�-
«¨§ ¨ ä¨«ìâà�æ¨ï. | Œ.: ��ãª�, 1990. 632 á.

8. �ã£�ç¥¢ ‚. ‘., ‘¨−¨æë− ˆ. �. ’¥®à¨ï áâ®å�áâ¨ç¥áª¨å á¨áâ¥¬. | Œ.: ‹®£®á, 2000;
2004. 1000 á.

9. ‘¨−¨æë− ˆ. �. Š�−®−¨ç¥áª¨¥ ¯à¥¤áâ�¢«¥−¨ï á«ãç�©−ëå äã−ªæ¨© ¨ ¨å ¯à¨¬¥−¥-
−¨¥ ¢ §�¤�ç�å ª®¬¯ìîâ¥à−®© ¯®¤¤¥à¦ª¨ −�ãç−ëå ¨áá«¥¤®¢�−¨©. | Œ.: ’�÷“‘
�÷…‘‘, 2009. 768 á.

10. …¢«�−®¢ ‹. ƒ., Š®−áâ�−â¨−®¢ ‚. Œ. ‘¨áâ¥¬ë á® á«ãç�©−ë¬¨ ¯�à�¬¥âà�¬¨. | Œ.:
��ãª�, 1976. 568 á.

11. ‘¨−¨æë− ˆ. �. ”¨«ìâàë Š�«¬�−� ¨ �ã£�ç¥¢�. | 2-¥ ¨§¤. | Œ.: ‹®£®á, 2007.
776 á.

12. ‘¨−¨æë− ˆ. �., ˜�«�¬®¢ �. ‘. ‹¥ªæ¨¨ ¯® â¥®à¨¨ á¨áâ¥¬ ¨−â¥£à¨à®¢�−−®© «®£¨-
áâ¨ç¥áª®© ¯®¤¤¥à¦ª¨. | 2-¥ ¨§¤. | Œ.: ’�÷“‘ �÷…‘‘, 2019. 1072 á.

�®áâã¯¨«� ¢ à¥¤�ªæ¨î 26.04.21

‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 32 −®¬¥à 2 2022 69



I. N. Sinitsyn

ANALYTICAL MODELING AND ESTIMATION
OF NONSTATIONARY NORMAL PROCESSORS

WITH UNSOLVED DERIVATIVES

I. N. Sinitsyn1,2

1Federal Research Center \Computer Science and Control" of the Russian Academy
of Sciences, 44-2 Vavilov Str., Moscow 119333, Russian Federation
2Moscow State Aviation Institute (National Research University), 4 Volokolamskoe
Shosse, Moscow 125933, Russian Federation

Abstract: Methodological and algorithmic support for analytical modeling,
estimation, identification, and calibration for essentially nonstationary (e. g.,
shock) stochastic systems with unsolved derivatives is proposed. Basic theorems
are given. Special attention is paid to shock disturbances. An example is
provided. Some possible generalizations are presented.

Keywords: calibration; estimation (filtering and extrapolation); identification;
Kalman and Bucy filter and estimator; shock system with unsolved derivatives;
system with stochastically unsolved derivatives

DOI: 10.14357/08696527220206

References

1. Sinitsyn, I. N. 2017. Analiticheskoe modelirovanie shirokopolosnykh protsessov v sto-
khasticheskikh sistemakh, ne razreshennykh otnositel'no proizvodnykh [Analytical
modeling of wide band processes in stochastic systems with unsolved derivatives].
Informatika i ee Primeneniya | Inform. Appl. 11(1):3{10.

2. Sinitsyn, I. N. 2017. Parametricheskoe analiticheskoe modelirovanie protsessov v sto-
khasticheskikh sistemakh, ne razreshennykh otnositel'no proizvodnykh [Parametric
analytical modeling of processes in stochastic systems that are not allowed with respect
to derivatives]. Sistemy i Sredstva Informatiki | Systems and Means of Informatics
27(1):21{45.

3. Sinitsyn, I. N. 2021. Normal'nye suboptimal'nye fil'try dlya differentsial'nykh sto-
khasticheskikh sistem, ne razreshennykh otnositel'no proizvodnykh [Normal suboptimal
filtering for differential stochastic systems with unsolved derivatives]. Informatika i ee
Primeneniya | Inform. Appl. 15(1):3{10.

4. Sinitsyn, I. N. 2021. Analiticheskoe modelirovanie i fil'tratsiya normal'nykh protsessov
v integrodifferentsial'nykh stokhasticheskikh sistemakh, ne razreshennykh otnositel'no
proizvodnykh [Analytical modeling and filtering for integrodifferential systems with
unsolved derivatives]. Sistemy i Sredstva Informatiki | Systems and Means of
Informatics 31(1):31{56.

5. Sinitsyn, I. N. 2021. Analytical modeling and estimation of normal processes defined by
stochastic differential equations with unsolved derivatives. J. Mathematics Statistics
Research 3(1):139. 7 p. doi: 10.36266/JMSR/139.

70 Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2022 vol 32 no 2



Analytical modeling and estimation of nonstationary normal processors with derivatives

6. Sinitsyn, I. N. 2022. Normalizatsiya sistem, stokhasticheski ne razreshennykh otnosi-
tel'no proizvodnykh [Normalization of systems with stochastically unsolved derivatives].
Informatika i ee Primeneniya | Inform. Appl. 16(1):32{38.

7. Pugachev, V. S., and I. N. Sinitsyn. 1987. Stochastic differential systems. Analysis
and filtering. Chichester, NY: J. Wiley & Sons. 549 p.

8. Pugachev, V. S., and I. N. Sinitsyn. 2001. Stochastic systems. Theory and applications.
Singapore: World Scientific. 908 p.

9. Sinitsyn, I. N. 2009. Kanonicheskie predstavleniya sluchaynykh funktsiy i ikh prime-
nenie v zadachakh komp'yuternoy podderzhki nauchnykh issledovaniy [Canonical
expansions of random functions and their applications in computer-aided support].
Moscow: TORUS PRESS. 768 p.

10. Evlanov, L. G., and V. M. Konstantinov. 1976. Sistemy so sluchaynymi parametrami
[Systems with random parameters]. Moscow: Nauka. 568 p.

11. Sinitsyn, I. N. 2007. Fil'try Kalmana i Pugacheva [Kalman and Pugachev filters]. 2nd
ed. Moscow: Logos. 776 p.

12. Sinitsyn, I. N., and A. S. Shalamov. 2019. Lektsii po teorii sistem integrirovannoy
logisticheskoy podderzhki [Lectures on theory of integrated logistic support systems].
2nd ed. Moscow: TORUS PRESS. 1072 p.

Received April 26, 2021

Contributor

Sinitsyn Igor N. (b. 1940) | Doctor of Science in technology, professor, honored
scientist of RF, principal scientist, Institute of Informatics Problems, Federal
Research Center \Computer Science and Control" of the Russian Academy of
Sciences, 44-2 Vavilov Str., Moscow 119333, Russian Federation; professor,
Moscow State Aviation Institute (National Research University), 4 Volokolamskoe
Shosse, Moscow 125933, Russian Federation; sinitsin@dol.ru

Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2022 vol 32 no 2 71


