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JEI'KOE YTEHUE JJIA IPOPECCUHOHAJIA

KYCOYHO N3OMETPUYIECKUNE OTOBPAKEHNSA

(© A.IIETPYHUH, A. JAIIMHCKHA

OTO0 YacTh Jekuuu, npoyuTanubix Ha MASS-nmporpamme ocensio 2011 1.
(www.math.psu.edu/mass/). aTeprer Bepcusa srTux Jexuuu [23] rakxe
COAEPKUT BUAECOWLTIOCTPALNN, MOACKA3KM K YNPAKHEHUAM U MUHUMA-
JIUCTCKOE BBEJEHUE.

Jlexkuuu 06CyXAAIOT KYCOYHO M30METPUYECKAE OTOOPAXKEHUA U3 IBY-
MEPHBIX TOAM3 APAIbHBIX IPOCTPAHCTB HA IIOCKOCTH. MOXHO AyMaTh, 9TO
IIOIMS JPAIBHOE IPOCTPAHCTBO CKICEHO N3 OYMaKHBIX TPEYTOAbHUAKOB, KAK,
HampuMep, ITOBEPXHOCTH MHOIOTDAHHUKA. TOrga KyCOYHO H30METpHUIE-
CKOe 0TOOpakeHHe Ha INIOCKOCTH €CTh CIOCO0 PasrIaiuTh STy MOIEIb
Ha CTOIe.

YT06BI yIPOCTUTH U3JI0KEHUE, MBI PACCMATPUBAEM TOIBKO ABYMEDHBIN
cayuan. Tem He MeHee GOJbIIAA IaCTh PE3YILTATOB 0000IIAeTCA Ha CTAp-
e PasMEPHOCTH. JTHU PE3YIbTATH 00CYXKTAIOTCA B 3aKIIOTUTEILHBIX
3aMeYaHWAX, TAM K€ JAHBl HEOOXOAMMBIE CCBLIKH.

Beepenue

[lepBbix Tpex riaB kHukKY ,,Kypc merpuueckon reomerpum® [8] mocra-
TOYHO I MOHWUMAHUA DTUX JEKIIHAN.

O6os3Hauenusa. Huxke npuBenen Cnmcok He BIOJHE CTAHIAPTHBIX COLVIAIIE-
HHﬁ, UCHIOJNb3yEMBIX B JICKIINAX.
¢ PaccTosHume MeXxay TOUYKAMHW T W Yy B METPUIECKOM MPOCTpaHCTBe X
OyneT 0603HATATHCA

|z —y|, nm |z — y|x.

o L(a) o603HAMAET QIMHY KPUBOU (1.
¢ MeTpuueckoe mpocTpancTBo X HA3BLIBACTCA SHYMPEHHUM, €CIUA [ JFO-
OBIX OBYX TOUeK z,y € X u moboro € > () cymecTByeT KpuBag o OT &
IO Y TaKasd, 9TO
L(a) < |z —y|x +e.
o Ilycts f: X — Y ecThb HEnpepbIBHOE 0OTOOPAKEHNE MEX 1Y METPUIECKU-
MU TPOCTPAHCTBAMH, TOT /A

Kaouesvie caosa: moImsIpanbHbIe IPOCTPAHCTBA, KYCOYHO M30MeTpUIECKIEe 0TOOpaXkKe-
HUsA, KYCOYHO JUHENHBIE 0TOOPAXKEHUS.
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o f HaA3BIBACTCA U30MEMPUYECKUM, €COAN

[f (@) = fW)ly = |z —ylx
st 000U maphl TOYEK T,y € X;
o f Ha3BLIBAETCA KOPOMKUM, €CIU

lf(z) = f(W)ly < |z —ylx

st 000U maphl TO4YEK T,y € X;
o f corpansem daunvi, €CIU AAA JOO0ON KPpUBOK ¢ B X BBLIIOJIHACTCA
PABEHCTBO
L(a) =L(f o).
¢ MeTpuyeckoe pOCTPAHCTBO P HA3LIBAETCA N0AUIOPAALHBIM, €CIA OHO
MOIMYCKAET KOHEYHYI0 TPUAHTY/IANMIO TAKYI0, 9TO KAXIbIA €€ CUMILIEKC
U30METPUYIEH CUMILIEKCY B €BKIUIOBOM MPOCTPAHCTEE.

§1. Teopema 3anrannepa

[lycts P ects moawmsapasbHoe npocTtpancTso. Orobpaxenune f: P — R"
Ha3BIBAETCA KYCOUHO UB0MEMPUUECKUM, ecau P nomyckaeT TpUaHTyIAIUIO Ta-
KyIO, 9TO [ KaXI0ro ee cuMmiekca A cyxeHue f|A M30MeTPUIHO.

1.1. Yupaxuenmue. /Joxaxcume, 4mo 41000e KYcourno u3oMempuuecroe omo-
Opaxcenue HENPEPLIBHO, COLPAHAET, AAUHBL U, CACJOBAMEADHO, KOPOMKOE.

Crenyroliee yTBEpK JeHUE MOXET MOKA3ATHCA 0YEBU JHBIM, TOIPOOYUTE, TEM
He MeHee, 1aTh (POPMAIbHOE NOKA3ATETHCTBO.

1.2. Yopaxuenue. I[Ipednosoxcum, umo m-meproe noausdpaibHoe npo-
cmpancmso Jonyckaem KYcourno uzomempuueckoe omobpaxcenue 6 R™. /fo-
Ka@cume, 4mo n = m.

O6paTHOE yTBEPK JEHUE K DTOMY YIPAXKHEHUIO OKA3BIBAETCA TAKXKE BEPHO.
[pyrumu caoBaMu, pPasMEpPHOCTH ABIAETCA €IUHCTBEHHBIM MPEMIATCTBUEM K
CYyHIECTBOBAHMUIO KYCOYHO M3OMETPUUECKOT0 OTOOPAXKEHUA B €BKJINIOBO IPO-
crpancTio. Crenyiomas TeopeMa yTBEPXK JA€T, 9TO 3TO BEPHO mpu m = 2.

1.3. Teopema 3aaramaepa. Jhwboe dsymeproe noausdpasbroe npocmpau-
cmeo donyckaem KYcouro u30Mempuueckoe 0moodparcerue 8 naockocmb.

[MompobGyuTe ckaenTh GYMaX)XHYIO MO/IEAb TBYMEPHOTO MOJUS IPATLHOTO TTPO-
CTPAHCTBA, CKaXeM, MOBEPXHOCTHU Ky0Oa, 1 pasriaanuThb ee Ha cromxe. [lo cyTtu
9TO W €CTh KOHCTPYKIHA KYCOYHO M30METPUIECKOro oToOpaxkeHus. IToObI
npuOIU3UTHCA K HACTOAIIEMY OIPENeNeHNI0, HYXKHO IPEJACTABUTH, YTO CIOU
OyMaru CrnocoOHBI MPOXOAUTEH CKBO3b APYr Apyra. Teopema 3airaaiepa ro-
BOPUT, ITO TAKOE ,,PA3TIAKUBAHUE BCErIAa BO3MOKHO.
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Crenyroliee yrmpaxxHeHUe TOKA3BIBAET, YTO IPU TAKOM PA3VIAXKUBAHUYA MO-
KT MOTPEOOBATHCA CrUOATH TPEYTOILHUKY JAHHOW TPUAHTYIANNAA, CM. TaK-
xe ynpaxHenwue 1.8 m 5.3.

1.4. Yopaxuenue. ITycms A ecmb mempasdp 6 R? u nycms OA o0603naua-
em €20 2PanuYY ¢ UHOYYUPoBaAHHOT BHRYMPEHHEL MEMPUKOTE; MO NOAUIIPAAb-
HOE NPOCMPAHCMBO, CKACCHHOE U3 YEMBIPEL MPEY20abHUK08, 2parnet: A.
Iokancume, umo OA we donycraem omobPaHceHus 6 NAOCKOCML, KOMOPoe
UBOMEMPUUHO HaA KaHCAOT u3 wembiper epaneti A.
Onuwume A6HO KYCOUHO UZ0OMEMPUUECKOE OMOOPAHCEHUE

f:0A — R,

KOMOpoe U30MeMPUuUnO Ha 08yr uz wemwviper 2paneti A. (Apyzue dee epanu
00.42CHbL ObIMb NOOPA3OUMbL KA MEHLWUE MPEY2OALHUKY. )

MsbI mpuBOAUM [BA MOXOXKUX MOKA3ATEIHCTBA TEOPEMBI 3airajiepa: BTO-
poOe I0Ka3aTeabCTBO IMOMHOE, IepBO€ He COBCEeM. B mepBOM MBI HCIONB3yeM
crepyioliee yTBepXkaAeHue 6e3 moKa3aTerbCTBa.

O Ipouzsoavroe deymeproe noausdpaibHoe npocmpancmseo Jdonyckaem mpu-
AH2YAAYUIO OCTNPOY2OAbHBIMU MPEY204b HUKAMU.

1.5. Yupaxueunmue. [oxaxcume, 4mo 40601 mpeyz20apnur donycraem mpu-
AH2YAAYUIO OCTNPOY2OAbHBIMU MPEY204bHUKAMU.

MoxasarenscTBo yrBepxaerusa U nano B [24], cm. Takxe [9]. 3ameTbTe, 9TO
yTBepxkaerue [ He cremyeT cpasy u3 ynpaxuenusa 1.5. B mokaszareasctse [,
KpOMe 1opa30ueHna KaXaJoro TPEYyroAbHUKA TPUAHTYIAIUNA, HAMO CAEAUTH
3a TeM, 4TOOBI >TU NOoApa3bueHnsa TOAXOMUIN IPYT NPYry Ha pebpax.

Joka3zarenbcTBO ¢ ucnoab3oBanuem yreepxkaenusa [1. Cormacuo [ P
MOXHO TPUAHTYIUPOBATH OCTPOYTOIbHBIME TpeyroabHuKamu. O603HAYUM 3Ty
rpuanryaanuio 7y, Ilokpacum Bce Bepmmubl 7 GelbiM W O0O3HAMUM UX
{wh s awk}'

[l19 KaxXJOM BEPIIMHBL w; PACCMOTPHUM ee ob.aacmb Bopowozo V;, T.e. mon-
MHOXECTBO

Vi={zeP||z—w|<|z—wj| gna moboro j }.
O6o3uauum [epes S(w;) 36e30y BEPUIMHBI w;, T.e. OOBEAWHEHUE BCEX CUM-
ILIEKCOB B 7(, COMEPKAIIAX W;.
[ToCKOMBKY OCTPOYTOABHBIA TPEYTOIbHUK COAEPRKUT MEHTP OMUCAHHOU OK-

pyxHOCTH, 061acTh BOPOHOTO BEPIIMHBI TPEYTOTHLHUKA HE MOXKET CONEPKATH
TOYEK HA €r0 MPOTUBOMOJIOKHOU cTopore. OTciofa crenyeT, ITo

Vi C S(w;)
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st m060ro 1. B wacTHOCTH, A1 10601 TOUKY T € Vj CyIIEeCTBYeT eqUHCTBEH-
Hasg KPATYAUMAA [w;, ], 9TO IPAMOIUHENHBIA OTPE3OK B OTHOM U3 TPEYTOlb-
HUKOB uId Ha pebpe 7.

O6aactu BopoHOoro BHYTpHU TpeyroJabHUKA.

3aMeTuM, ITO BHYTPU KAaXKJIOTO TPEYTOIbHUKA Tj €CTh eIUHCTBEHHAA TO-
Ka, B KOTOPOU CXOAATCA Tpu obractu BOpOHOro, — HBTO IMEHTP ONUCAHHOU
OKPYXHOCTH, U B CEpeIWHEe KAaXKJAOU CTOPOHBI TPEYTOMbHUKA CXONATCA IBE
ob6aacTu. Pasgenum kaxmgoe peObpo B 7y momagaM U pasoObeM KaXILI Tpe-
YTOIBHUK HA 6 TPEYrOIbHUKOB, KAK MOKA3aHO HA PUCYHKE (TOMBKO CILIOIIHBIE
JIVHUMY).
Takum 06pazoM MBI TOAyYaeM HOBYIO Tpuanryiamuio 7;. [Tokpacum Bce
HOBBIE BEPIIUHLI B 71 Y€PHBIM. 3AMETUM, ITO
1) kaxgas obracts V; ecTh 00beJUHEHNE BCEX TPEYTOJILHUKOB U peGep B 74
C OJHOU BEPIINHOU B W}
2) y Kaxa0ro TpeyroibHuka B 77 0fHA BepuUIMHA GeJas U JBe UePHBIX;
3) mapbl TPEyroJbHUKOB B 77 ¢ AByMs OOIIMMM Y€DHBIMU BEPIIMHAMU DPAB-
HBI.
s Toukm z € P paccMOTPUM BEIUIUHY

o(w) = min{fu; o).

3amerum, uTo ecau = € V;, 1o o(z) = |w; —x|. Janee, eciu = € V;, 06032 UM
4epes J;(2) MUHUMANLHBIA YUOJd MeXAy KpaTdaumien |w;,z] u pebpom B 77,
BBIXOIAIAM 13 W;.

Cormacuo cBoucty 3, ecmn z € V; NV}, 1o 9;(x) = ¥;(x). iEbIME cioBamu,
dbynkuma 9, onpeaereHHAS KaK

J(x) = 9;(z) nna z € V;,

onpegeneHa u HenpepoiBHa B gononderun P\{wi,...,w,}.
Teneps MBI FOTOBBI ONmCATH oTOOpaxenue f: P — R?, ucmoms3ysa moxap-
HBIE KOOPWHATHI Ha MIOCKOCTH. [lonoxum f(w;) = 0 mua mo6oro i u

f(z) = (o(x), I(z))
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aig z € P\{wy,...,w,}.

[Toapaszbuenne Kaxmoro TpeyroabHUKA BIOIL OMCCEKTPUCHL IpU OeI0d Bep-
wuHe (IyHKTUPHBIE JUHAN HA PUCYHKE) NAeT CYNEePHOBYIO TPUAHTYIANNO 7o.
[To mocTpoenunio f M3OMETPUIHO HA KAXKJAOM TPEyroabHUKe 7. U

Teneps MBI H3MEHUM NpegbIAyIIee JOKa3aTeIbCTBO TaK, ITOOBI OHO HE OIH-
panoch Ha yTBepxkaenue [J. 3amerum, uro kiarodenue V; C S(w;) 6bu10 enun-
CTBEHHBIM CBOMCTBOM OCTPOYTOJILHOU TPUAHTYIALNN, KOTOPLIM MBI IIOJIb30Ba-
auck. C 0HOM CTOPOHBI, DTO BKIIOUEHNE HE BLINOIHAECTCA 1A IPOU3BOILHON
TPHAHTYIAnUH. IIpuMep MOXHO HOCTPOUTH, HOAKICUB TPEYTONbHUK K JAJIUH-
HOU CTOPOHE TYNOYI'OJbHOrO TpeyroabHuka. C APYyrou CTOPOHBI, Kak Oyger
BHJHO B JOKA3aTeIbCTBEe HUXe, YBEIMIUB duCIO obaacTernr BopoHOro, MOXHO
Z0OUTBCA TOrO, 4TO BKIodeHua V; C S(w;) BeIDOIHAIOTCA 6e3 TpeGoBaHMA
OCTPOYTOJbHOCTH.

Tpeyroapauk A B 7y ¢ 6€ILIME TOUKAMEI
nepecedeHuaMu ¢ obmactamu Bopororo.

ITonnoe gokasaTeabcTBO. BoibepeM NpOU3BOILHYIO TPUAHTYIALNIO 7( IIO-
JIID JPAILHOTO IPOCTPAHCTBa L. MBI mocTpouM HOBBIE TpuaHryaanun 7 u 7,
noxapasbusas 7y, u onpegemnm orobpaxenne f: P — R?, koTopoe m30MeTpH-
YeCKOe Ha KaXIO0M TpeyroabHuke B 7o. Bepumubr Tpuanrymamuu 7; 6yayT
packpaiensl B GeIbI M YePHBIN [BETA TAK, 9TO KaXIbIU TPEyTOAbHUK B 7y
OyoeT MMeTh ABE YIEPHBIX U ONHY OEIyI0 BEPIIUHBL

CHavaja OnumeM MHOXECTBO GeNbIX BEPIIWH.

Buibepem € > 0. [Tokpacum GenbiM Bce BepmuHBI B 7, a TakKkKe BCE TOYKU
Ha CTOPOHAX TPEYTrOJbHUKOB B 7 HA PACCTOAHUN, KPATHOM €, 10 OMMKAUIIETO
KoH1a. Takum 06pa3oM, MbI TIOKPACKIN KOHEIHOE UCA0 TOYEK, 0003HATUM UX
gTepes3 Wiy ..., Wi

IIycTe V; ecTts obaacts Boponoro w;, T.e.

Vi={zeP||z—w| <|z—wj| gna moboro j }.
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O6osuaaum uwepes S(w;) 3Besny w; B 7y, T.e. 0ObEINHEHUE BCEX CHMILIEKCOB
B 7y, cogepxamux w;. COrMacHO CleAyIOIMEMy YIPAXHEHUIO AII TOCTATOTHO
Masmoro € > 0 Bkmodenne V; C S(w;) BEIIONTHAETCA IPH BCEX 1.

1.6. Yupaxuenme. I[Iycms { ecmv munumasvnas osuna pebpa 6 Ty u o
ecmy munumaabnbii yeoa 60 6cex mpeyeoavnuraz Ty. pednooscum e < L&
Hoxaxcume, umo mo V; C S(w;) daa wasxrdozo i.

3adpukcupyem Tpeyroabuuk A B 7). 3ameTum, UTO ecaum w; € A, TO mme-
pecedenne V; N A eCTh BHIMYKJIBIM MHOTOYTOABHUK. [lociaeamee yTBepX 1eHue
ClefyeT U3 TOro, ITO A1 J060# maphbl GeIbIX TOUeK wj, w; € A HepABEHCTBO

|z —wi| <z — w|

OMMCHLIBAET MHOXECTBO TOUEK & € A ¢ OMHOU CTOPOHBI OT CPEIUHHOTO TTEPIICH-
AUKyxapa K w; 1 wj. [JoKkpacuM wepHBIM BCe BEPIIMHEI BCEX MHOTOYTOJLHIKOB
ViN A, eciu oHM ele HE TOKPAIIEHBI GeIbIM.

B cayuae, ecim 7y comepxuT pe6po, KOTOPOE HE ABIACTCA CTOPOHOU Tpe-
YTOJBHUKA, TO MOKPACUM EPHBIM €r0 CepeNuuy.

Hamra crepyrommas mens onucats Tpuanryaanuio 7;. Yepusie u 6eibie TOYKH,
ONMCAHHBIE BHINIE, CTAHYT BepmuHaMmu B 77. Bemas Bepimna w; coequuAeTCA
pebpoM ¢ Kaxaou depHou sepmmuon V;. Ilapa 4eprbix Bepmme b 1 b coeqn-
HEHBI PeOPOM, €CIYW OHU ABIAAIOTCA COCETHUMU BepmmHamu B V; N A 111 HeKo-
Toporo A m w; € A. B aTom caydae w;, b m b’ Takxe 06pasyoT TpeyrolbHUK
B 71. OTMeTuM, 9TO Kaxjg0e YepHO-IepHOe pebpo ABIIETCA CTOPOHOU ABYX
PaBHBIX TPEYTOJBLHUKOB B 7] ¢ PA3IUIHBIMU OEIBIMU BEPIIUHAMMU.

OcraTok A0Ka3aTEaLCTBA HE OTIAMIAETCA OT TMPEABIAyImero. [lycTs

o(z) = min{|w; —z|p}.

Onpegenum 9(z) paa z € V; KAk MUHUMAJIBHBIA yTOX MEXAY KpaTdauiien
[wj, x] m m06BIM peGpoMm B 77, BeIXOAAmUM u3 wj. [lamee ompeneanm oTobpa-
xerme f: P — R? Tak, aro f(w;) = 0 ana mo6oro i u f(z) = (o(z),9(z)) B
MOJAPHBIX KOOP IUHATAX.

[TogpasbuBas KaxAbli TPEYyrOAbHUK B 7 HA ABa BAOJbL OMCCEKTPHUCH U3
6€eJI0U BEpIIUHBI, MOAYIaeM CYNEepHOBY TpuaHryaanuio 7. Ilo mocTpoenuio
oToOpaxenue [ M30METPUUECKOE Ha KaXJIOM TpPeyroabHuke 7. O

Caenyromee ynpaxkHEHUE JETKO CIeNyeT W3 TeOPEMBI SaArajiepa.

1.7. IIpoaBunyToe yupaxuenue. Jhoboe dsymeproe noausdpaibroe npo-
CMPAHCMBO UBOMEMPUUHO NOJAEHCAUEMY NPOCMPAHCMBY HEKOMOPO20 CUM-
NAUYUAALHO20 Komnaerca 8 R™ ¢ undyyuposanmnoti snympenmneti Mempuroi.

B zakaouenne €IIe OMHO Pa3BJICKATEIBHOE YIIPDaXHEHUE.
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1.8. Ymopaxuenue. [Iycmv T ecmv mpuaH2ysayus 8biNYKA020 MHO20Y20.4b-
nuka Q u Kaxcdoiti mpey2oavnur 6 T nokpawen 6 uepubili uau 6eaviti. Jora-
aHecume, umo caedyrowue 08a YCcA08UlL IKEUBAACHIMHDI.
a) Cywecmeyem kycouno uzomempuueckoe omobpaxcenue Q — R? das
MOt MPUAH2YAAYUL, KOMOPOE COLPAHAET, OPUEHMAYUI Ha KaHcIom Oe-
AOM MPEY20AbHUKE U 00PAUAEM OPUECHMAUUID HA KAHCOOM UEPHOM.
b) Cymma uwepnvir yeaos sokpye xaxcdot sepwunvt 6 T, Komopas aexrcum
80 snympenrnocmu Q, pasua 0, T wau 2-m.

§2. Teopema Bpama o npogsonxenun

JI1o60€e KOpOTKOEe 0TOOpaKEHNE N3 KOHETHOTO MHOXECTBA, TOYEK eBKINI0BA
OPOCTPAaHCTBaA B TO XK€ €BKJIANJOBO MPOCTPAHCTBO MOXHO IIPDOAOJXUTH Ha BCE
MPOCTPAHCTBO M0 KYCOYHO M30METPUIECKOTO OTOOPAKEHUS.

2.1. Teopema Bpama o npogomxenaun. Ilycms aq,...,a, uby,..., b, —
d6e KOAAEKYUU MOUEK HA NAOCKOCTU MAKUT, YMO

lai — aj| > |b; — b

048 6CeL i U J, u A ecmb BLINYKABIT MHO20Y204bHUK, COJEPHCAUUT 6CE MOY-
KU Q1,...,an. To2da cywecmsyem Kycouno uzomempuueckoe omobpancenue
f: A — R? maxoe, wumo f(a;) = b; das scex i.

Npyrumu caoBamu, eciu F' = {ay,...,a,} €CTb KOHEIHOE MHOXECTBO B BBHI-
IIyKJIOM MHOTOyToIbHEKe A, Torga moboe KopoTKoe oTobpaxenue ¢: F — R?
IPOOIKAETCA SO KYCOTHO M30METPHIeCKOro oTobpaxkenusa f: A — R2.

MokazarenbcTBo. [[0Ka3aTEILCTBO TPOBOAUTCA UHAYKITUER TI0 7.
Baza n = 1: MBI MOXeM B3ATh OTOOpaKEHME

fl@)=z+ (b1 —a1),

KOTOPOE COXPAHAET PACCTOSHUA MEXK Y JIOOBIMU TOYKAMU A.

[Ipumenum mpenmoJoxenne MHAYKIUANA K MOCACTHUM N — 1 mapam TOYeK.
MBI moIydaeM KycouHO m3oMeTpmdeckoe oTobpaxenme h: A — R? rmakoe,
aro h(a;) = b; nna Beex i > 1. Orobpaxenue h GyneT WCIOAB30BAHO Aajee
IpH MOCTPOEHNH HYXKHOTO HaM oTobpaxernus f: A — R

PaccmoTpuM MHOXeECTBO

Q={zecAllar —z| <|bi —h(z)|}.

MoxHo npeanonoxuTs, 910 a1 € ), mnage h(ay) = by, u, 3HAIAT, MBI MOTJIN
Ob1 B3ATL [ = h.
[lokaxeMm cienymoliee yTBEPXK ICHUE.
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O Mwnoxcecmeo € 38e3dno ommuocumeavro ai. To ecmvb ecau © € £, mo
ompesox [ay, x| aexcum 6 §.

[eucTBurensuo, ecau y € [ay, x], TOrga
lar =yl + |y — 2| = a1 — =.
[TockoabKy x € §), MBI TIOXY9aeM
la; — z| < |by — h(x)|.
[Mockonbky h koporkoe (cMm. ynpaxuenwue 1.1), moaygaem, 9To
|h(z) = h(y)| < |z —yl.
ITo HepaBeHCTBY TpeyroabHUKA
oy —yl = lay — z| = |z —y| < by — h(z)[ — |h(z) — h(y)] < [b1 — h(y)].
To ects y € €2, orcroma [J.

Hamomuum, ato 04€) o6osuauaer rpanuiy ) orHocuTeasuo A. OTHOCH-
TenbHaa rpaHuna d4§) MOXET OTAUIATLCA OT Op2{). 3aMeTuM, ITO

0 lar — | = by — ()

st 11060ro € J482. UTo0BI 5TO YBUAETD, ClIEAYeT PACCMOTPETH MOCIEI0BA-
TEIBHOCTH TOYEK B {1, KOTOPasA CXOAUTCA K T, U JPYTYIO MOCIEA0BATEILHOCTE
Touek B A\(2, KOTOpas CXOAUTCA K T, U Jjajlee BOCIOAb30BATHCA HEIPEPHIBHO-
cTeio h (cm. ynpaxuenme 1.1).

[anee 3ameTum crexgyroree.
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O Ommuocumenvnas 2panuya 048 06pa306aHaA KOHEUHBIM YUCAOM OMPE3KOE
FEq, ..., Ex, xomopbie nepecexaomca moavko 6 obwur xonyazr. bBoaee mozo,
h uzomempuuno na KaHcAOM MAKOM OMPEIKE.

[lenicTBUTENBHO, 3aUKCHPYEM TPUAHTYIAAIUIO A Takyio, 9T0 h usomeTpud-
HO Ha KaxX oM TpeyroabHuke. [lycts € 04). Bribepem Tpeyroabauk A 3 z
B TpuaHryasnuun Takou, 9ro A N Q) # . [lockoabky h msomerTpudno Ha A,
cyxenue h|a MOXHO TIPOAOIKATE ONHOZHATHO A0 m3omeTpun : R? — R2.

Brenem o6osmavenue b = 1~!(by). Tax xak ( — msomerpus u t|n = hla,
nMeem

b} — | = [by — h(z)]

aaa moboro © € A.
3amerum, 9T0 a1 # b|. B npoTuBHOM caydae MBI GbI IOTYIUIA

a1 — 2| = [t} — | = [b1 — h(z)|

IJIA 100010 £ € A, mocaegHee IPOTUBOPEIAT ToMy, ITo A N ) = &,

O60o3HaMMM Uepes {A CpeIUHHBIN NEPIEHAUKYIAD K OTPe3KY [a1, b)]. IlycTs
z € A. 3ameTumM, 910 x € ) TOrJA U TOJIHKO TOT/A, KOTIA T W a1 JEeXKAT C O]
HOU CTOPOHBI OT /. Takum 06pazom, J4€) ecTh o6bequuenue oTpeskos AN/a
g Beex Takux A. TIoCKOIBKY YHCIO TPEYyrOALHUKOB KOHEYTHO, ToxyIaeM [.

[na xkax qoro pebpa F; B 04€) paccMOTpuM TpeyroabHuK T; ¢ BEPIIMHOU aq
u ocHOBaHmMeM F;. Ycaosue [] BIedeT CymecTBOBAHUE M30METPUM TLIOCKOCTH
t; Takou, 9to0 ti(ay) = by u 1;(x) = h(z) nua mobou Touku z € E;.

Oupegenum f(z) = h(z) gra mo6oro = ¢ Q u f(z) = 1;(z) nra xkaxgoro i
u moboro =z € T;. Takum o6Gpasom, mer ompegeaman f na A\ m HA Bcex
OTpEe3KaxX C OJHUM KOHIIOM B a1, a ApyrumM Ha, J4€).

SameTum, 910 eciau 0482 = Op2€), To mMb1 onpenenunu f wa Bcem A. Ecam
7 = Op2Q2\ 04 HE myCTO, TO TOYKH, JeXKalye Ha OTPe3KaxX MeXIy (] U TOU-
Kamu Ha Z, 00pasyoT ,,CIenyio 30HY “ — 3TO MOAMHOXECTBO A, HA KOTOPOM
0OCTAETCA MOONMPENETUTD f.

3aMeTnM, 9TO 3aMBIKAHUE CJAETION 30HBI MOXHO MIPEICTABUTEH KaK 00Heau-
HEHME KOHEYHOT'O YUCIA BBIMYKJIBIX MHOTOYTOJIBHUKOB, CKaxeM, (1, ..., Qm,
KOTOPBIE TIEPECEKAIOTCA TOJBKO B 00MIEN BEPIIMHE (1. KaX I MHOTOYTOlb-
HUK (); OTpAHUYEH JOMAHOU, JeXKAIIel B 3aMbIKAHUM 7, U ABYX OTPE3KOB U3
a1 K KOHIIaM JOMAaHOM.

[Toxa aTo oToOpaxenue f ompeneneHO TOABKO HA [BYX CTOPOHAX NPU G
y xkaxgoro ;. Ilo mocrpoenuio f KOpOTKoe, W HA KaXAOU M3 DTUX IBYX
CTOPOH OHO ABIAETCSA M30METPUICCKUM. V3 ynpaX HeHUsA HUXKE CIefyeT, ITo f
MOXHO IIPOJIOIKUTE HA BECH (J;, COXPAHAA €r0 KYCOYHO M30OMETPUIECKUM. [
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2.2. Yopaxuenne. I[Tycmv Q = [a121... 2] ecmb uinykavild mHo2oy2oab-
Huk u by, Y1, yp — mexomopvie mouky Ha naockocmu. Ilpednoaoxcum, umo

b1 —y1| = lar —m1l, b1 —yk| = [a1 — zkl,  |y1 — ye| < |21 — z4|.
Toeda cywecmsyem kycouno usomempuueckoe omobpaxcenue f: Q — R?
maxoe, umo f(r1) =y1, f(zr) =yr u f(ar) = by.
Mp&1 3aKaHIUBAEM JEKIWIO JOTMOJHUTEIbHBIMA YIIPAKHEHUIMHA.

2.3. Yupaxwuenune. I[lycms ay,...,a, uby,... b, ecms dée Koasexyuu mo-
yeKx Ha NA0CKOCTU MaKxue, 4mo

|ai — aj| = |bi — bj]
oas ecex i u j. Ilyemv A u B — ux svinykavie oboaouku. [Joxaxcume, 4mo
P(4) = P(B),

ede P(A) obosnauaem nepumemp A.
Bepno au, umo éce2da 6biN0AHACTCA

S(A) = 8(B),
ede S(A) obosnauaem naowads A.

Caenyromee ympaXHeHUe eCTh ABYMEDPHBIU CAydaul TeopeMbl Amekcammge-
pa [3]. OHO UMeeT O¥YeHBb MPOCTOE pElIeHue, HO MPU 3TOM UTPAET 3aMETHYIO
pPOJIb B KOMOMHATOPHOU T€OMETPUH, OTJIUIHBIN IPUMED — CTaThA be3meka u
Konemnn [6].

2.4. IIpoagsunyTOE ynpaxueuume. I[lycmv ai,...,a, uby,...,b, ecmb dsa
nabopa mouex na naockocmu R?. Pacemompun R* xax R? x R?, Jasatime
dymams npo R? kax npo xoopdunammyro naockocms R? x {0} 6 R* = R2xR2,

Mocmpotiime nabop wpusviz o;: [0,1] — R* mawuz, wmo o;(0) = a; =
(a;,0), a;(1) = b; = (b;,0) das scex i u Pynwyus £; ;(t) = |oi(t) — ()]
monomonna (m.e. 603pacmaow,as, Yobvi8arOULAA UL NOCTNOAHNAL) Oas 6cet i
ujg.

2.5. Yupaxueuue. Hcnoavsytime meopemy Bpama, umobvl dokaszamv meo-
pemy Kupwbpayra, copmyauposanmuyto nuxice, 0as CAyuai, K020a MHOHCECM-
60 Q) KoOMEUHO.

2.6. Teopema Kupmibpayua. [Iycmos (Q ecmb npouszsoavHoe noodmHo*Cecm-
60 naockocmu u f: Q — R? ecmv kopomkoe omobpascenue. Tozda f donyc-
Kaem Kopomroe npodosrHcenue na ¢l NA0CKOCMb.

Huvimu caosamu, cywecmeyem kopomroe omobpascenue F: R? — R? ma-
Koe, umo cyaxcenue F na Q cosnadaem c f.
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§3. Teopema AkonsiHa 06 annpokcUMaLuu

[lycts P ects moawmsapasbuoe mpoctpanctso. OTobpaxenue h: P — R"
HA3BLIBAETCA KYCOUHO AUMETHbIM, €CIU CYIIECTBYET TpUAaHTymAnums P Takasd,
9TO CyXeHue h Ha J000M ee CUMILIEKC A ABIACTCA JIUHEMHBIM OTOOpPaXEeHU-
eM; T.e. eCIU v, . ..,V BEPIIKAHLI A, TOTAa N JI060T0 T € /A BBITOIHACTCA
PABEHCTBO

h(,’li) = Ag-h(v[]) + -+ )\k'h(’vk),

rae (A, ..., Ag) — GAPUIEHTPUIECKUE KOOPAUHATHI TOUKY .

3.1. Yupaxuenue. [loxaxcume, 4mo 41060€ KYCoOUHo u30MEMPUUECKOE OO~
bpaxcenue u3 d8YMepPHO20 NOAUIIPAALHO20 NPOCMPAHCEA HA NAOCKOCTb AG-
AAEMCA KYCOUHO AUHETHDIM.

Hamra 3amada BBIACHUTH, KOTJA KYCOYHO JUHEHHOE OTOOPAXKEHUHE MOXKHO
AMMPOKCUMUPOBATEH KYCOYHO M30METPUIECKUM. [[0CKOMBKY BCe KYCOYHO U30-
MeTpUYIeCKue 0TOOPAKEHUA KOPOTKUE, TAKASA ANMPOKCUMAIIUA MOXKET CYLIECT-
BOBATH TOJBKO [Jis KOPOTKUX OTOOpaxenuu. Cleaymomas TeopeMa yTBepK-
AeT, ITO 3TO YCJAOBUE ABIAETCA TOCTATOTHBIM.

3.2. Teopema Axkonsana. Ilycmv P — deymepnoe noauszdpasvroe npo-
cmpancmso. Tozda awboe KOpomMKoe KYCOUHO AUHEUHOE O0MOOPANHCEHUE
h: P — R? donyckaem annpokcumayuio Kycoumo u3omMempuueckum. 0mo-
opascenusmu. Boaee mouno, das wobo2o € > 0 cywecmsyem Kycouno uzome-
mpuueckoe omobpaxcenue f: P — R? maroe, umo

|f(z) —h(z)| <e
dasa awbo20 x € P.

3ameTum, 9T0 Teopema 3amramrepa (1.3) ecThb 9ACTHBIN CIy9Iall TEOPEMBI
Axonana. ITo6s1 5T0 yBUAETH, paccMoTpuM oTobpaxenue h: P — R?, koTo-
poe otobpaxaer Bce P B OHY TOUKY ILIOCKOCTH. 3AMETHUM, UTO /i KYCOIHO
JUHENHO. SHAYUT, MBI MOXEM IPUMEHUTHL K h TeopeMy AKOnsgHa, TMOJYYeH-
HOe oTOOpaxeHue [ maeT mpuUMep KyCOYHO U30METPUUECKOr0 0TOOPAKEHUA,
TpebyeMoro B TeopeMe 3alarajiepa.

OTobpaxeHue B JOKa3aTEILCTBE TEOPEMbI AKOIAHA CTPOUTCS MEHEE ABHO,
9eM B [OKA3aTeIbCTBE TEOPEMbI 3AAralIepa, OHO UCIOIL3YeT Teopemy Bpoma
7 HE UCIOAb3yeT TEOPEMY SaIrajIepa.

3.3. Yupaxuenue. (Csedume meopemy Axonamna 6 cayuae, xkoz2da P ecmo
BULINYKALLT MHO20Y20AbHUK, K meopeme Bpoma (2.1).

B mokasarenncTBe Mbl TpuHaryiaupyem P um npumensem Teopemy Bpoma k
KaXJI0My TpeyroabHuky. [Ipu sToM npuxoauTcsa 3a00TUThCA, ITOOBI 0TOOpa-
XKEHUA I TPEYTOMbHUKOB COTIACOBAJIUCH HA WX O0IIMX CTOPOHAX.
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[l 5TOT0 MBI IPUMEHAEM CIEAYIOMIEE CIMYNEH-
wamoe nocmpoenue. OHO MaeT KyCOIHO HU30MET-
putUeckoe oToOpaxeHre, KOTOpoe OJM3KO K TaH-
HOMY KOPOTKOMY OTOOpaXeHWIO Ha OTPe3Ke IMpi-
MOU. [IJi 5TOTO MOCTPOEHUA HAM HYKHO 3a(pUKCH-
pPOBATH EIUHUYIHLIN BEKTOP € HA TIOCKOCTH. BbI-
60p e cam o cebe He BaXeH, HO ONWH W TOT Xe
BEKTOP JOJMXKeH OyIeT UCIOIH30BATLCA B KX IOM
CTYIEHYIATOM MOCTPOEHUN JOKA3ATENILCTBA HUKE.

Crynenyaroe nocrpoenue. llycts E ecth oT- h(zp)
pesok npamont u h: E — R? ecTb KOpOoTKOe JIMHEH-
Hoe orobpaxenue. llycts £ = L(E) u ¢/ = L(h(E)). lockonsky h xopoTkoe,
norxygaem ¢ < /.

BriGepem momoxuTenbHOe metoe n 1 pazaenuM F Ha n paBHBIX ©HTEPBAJIOB,
00603HAYUM 9epPe3 20, . . . , 2, UX KOHIIHL.

3ameruMm, 4To 06pa3 h(E) ecTb OTPE30K MpAMOU WX TOYKA. B mepBoM
clIydae BBIGEPEM €IMHUYHBIN BEKTODP U, OpTOroHaabHb K h(E); BO BTOpoM
MOJIOXUM U = €.

Hna x € E nonoxnm

Sp(x) = miin{]zi —z|}, wp(x) =k-sp(z)u+ h(z),

rae k = /1 — (¢//¢)2. Eciu nogpaszbuts E BceMu z; U cepequHAMEA KaXkJOTO
OTpe3sKa [z_1, z;|, TOTAA W, W3OMETPUIHO HA KAXKJOM MHTEPBAJE DTOTO pas-
6uenus. B wacTHOCTH, W, KyCOYHO M30MeTpUIHO. Boaee Toro, Tak kak k < 1
u sp(z) < ﬁ, nMeeM
fwn () — h(2)] < 5

s aoboro x € K.

Orobpaxenue w, U €CTb PE3YAbTAT N-CMYNEHUAMO20 NOCMPOECHUSI, TPHU-
MEHEHHOTO K h.

Sadukcupyem Tpuanryianmio 7 mpocrpancTsa P um o6o3matmM gepes 7
ee ogrOMepHBIH 0cToB. CHaG MM 7 | MHIyIIpPOBAHHON BHY TPEHHEN METPUKOM.
BameTrum, aTo 7 | ABIAETCA 0JHOMEPHBIM IOIM IPATLHBIM IPOCTPAHCTBOM.

Crenyroliee yTBEpXK ACHUE ABIACTCSI OCHOBHBIM TEXHUIECKUM IIATOM B J[O-
KAa3aTeIbCTBE.

3.4. Yreepxgenue. Ilycmv T — mpuanzyiayus 08YmMepro2o noausdpatb-
nozo npocmpancmea P, T1 — ee oonomepnviii ocmos u nycmov h: T+ — R?
eCmob KYcouno aunetinoe omobpaxcenue makoe, umo

h(z) = h(y)le> < |z —ylp
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das mobwiz ,y € T'. Tozda das mobozo € > 0 cywecmsyem Kycouno uzome-
mpuueckoe omobpaxcenue w: T' — R? makoe, umo

w(z) —w(y)lr: < |z —ylp
das mobviz T,y € T u |w(z) — h(z)| < & das scex xz € T .

MokaszareabcTBo. CHavama MbI IPOBEIEM [OKA3ATEALCTBO, UCIOAB3YA CJIe-
OyIOIIee MOTOJHATENBHOE MPEeIION0OXKeHue Ha h.

O Aas wexomopozo § > 0 nepasencmaso
[h(z) = h(y)lr> < (1= 0)-[z —ylp
svinoanaemes npu ecex T,y € T' u
h(v) = h(zx)
das mo60oti eepwunvi v 6 T' u w060t mouru x € T+ maroti, wmo |[v—x|p < 4.

Hyctes S o603maxtaer nogpasbumenne 7! Takoe, 9TO h THHEHHO HA KAXKJOM
pe6pe S. Ilogpasz6usas eme S, MbI MOXEM JOOUTHCA TOrO, YTO Kaxgoe pebpo
S, ucxogamee u3 BepmuHb B 7', umeer gmuny J. ([Ira mocaegHero moapas-
OGueHmsA HAJO0 TMPEATIOIOKUTE, 9TO 0 B [] 10CTATOYIHO MATO.)

O603nrauM wepes ¢ MmakcuMmaabHyio qamay pebep B 7 1. [l1a kax goro pe6pa
B S IpUMEHUM N-CTyNeHIaATOe MOCTPOeHne. [[0CKOIBKY CTyTIEeHIaTOe MOCTPO-
€HUE HE CABUT'ACT KOHIBI MHTEPBAJIA, MBI ITOJAYIa€M KYyCOTHO N30METPUIECKOE
orobpaxenue wy,: 7' — R? rakoe, aT0

O lwn (@) — h(z)] < 355

s Beex € TL.
MBI [OMXKHBI TOKA3aTh, YTO €CAX N JOCTATOYHO BEIUKO, TO HEPABEHCTBO

lwn(z) — wn(y)|r2 < |z —ylp
BBITOMHACTCA AA Beex o,y € 7 1. Ormernm, IT0
O |wp(z) — wa(y)| < |z —y|p, ecau z uy sexmcam na odnom pebpe 6 T'.

[Mocrepuee yTBepXKAeHUE CAEAYET, TOCKOILKY | — y|p = |z — y|p, ecim z u y
JexaT Ha ofHOM pebpe F B 7', u Toro, 4o w, KopoTkoe Ha E.
W3 0 u O MBI BUAUM, ITO

[wn(7) — wn(Y)|r2 < |wn(z) — h(2)[R2 + [M(z) — h(Y) |2 + [h(Y) — wn(Yy)|r2
<l|z—ylp+ (£ =6z —ylp)

g mobbix £ my B T L.
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Mpeanonoxum, 910 |wy, () — wy (y)|re > |2 —y|p a1 HexOTOPEIX 2,9 € T
U3 Brimeckasamnoro mory€aeM |z — y|p < =55, a smaumt,

C
u |z —ylp < o
oA HekoTopou moctosuaHon C, He 3aBucdAmen oT x u y. Takum obpaszom, [

u [ BreveT ciaegyromiee.

O Ipu docmamouno Goavwom' n, ecau |wy(x) — wn(y)| > |z — y|p, mozda
06e MOUKU T U Y AEHCAN KA PASHBIT PEOPAT ¢ 00weli 8epuwunot, cKalcem, v
6 T! u

[z —vlp, ly —vlp <6

[Iycts 7, y m v xax B . OTMeTuM TOUKy x’ Ha TOM Xe peGpe, 9TO 7 Y,
Takyio, 9To [v — z'|p = |v — x|p. 3ameTum, aro wy(z') = wy,(z). Hocaeguee
BEpHO, TaK Kak MO ycjaoBuio [ m mocTpoeHuto Tpuanryaanuu S o6e TOYKHA
u 7’ 1exar Ha pebpax AIMHLL § U3 v U h oToOpaxaeT ob6a >Tux pedpa B OJHY
Touky. Takum o6pasoM, moryIaeMm

|wn (2) = wn (y)lr2 = [wn(2') — wn(y)lre < |2 = ylp

||z —vlp — |y —vlp| < |z —ylp.

To ecTh MBI gOKa3aau, ITO TPU AOCTATOYHO OOJBIIOM 71 HEPABEHCTBO

|wp (z) — wn(y)|re < |z —ylp

BBINOMHACTCA I BCEX TIAD TOUeK 4,y € 7 1. MBI MOXeM JOMOTHATETBHO TIPe/-
MOJOXUTH, ITO % < ¢. Beenem o6o3natvenue w = w, mJIA TAKOTO n. B sTom
ciydae w3 [ momydaem, 910

|lw(z) — h(z)] <e

ana moboro x € 7', Tak MBI 3aKOHUAIN JOKA3ATEILCTBO yTBEPXKICHHA 3.4
B npeamomoxenun [].

OcraeTcsa mokazaTs, aro moboe h: 7' — R?, kak B yTeepxgexumu 3.4,
IOMYCKAET ANMPOKCUMAIXI0 OTOOPAKEHUAMY, YIOBICTBOPAIOIUMY [OTOJHU-
TEJIBHO D, 7 IPUMEHUTH NOCTPOECHUE BBINIEC [T BTOﬁ ANTIIPOKCUMAIIUNA.

! Bemmuma n me sapucnt ot 7 n y. YT0OBI rapaHTUPOBATE TO, YTO & U Y JT€XKAT HA CMEXK-
HEBIX pefpax, Hajo0, 4To0s! BeanunHa C'/n GBLIA MEHBIe MIHAMAIBHOIO PACCTOSHUSI MeX 1y
TOYKAMH Ha HemepeceKaomuxca pebpax. YTo0B rapaHTHPOBATEH TO, UTO £ U Y JexKaT Ha
paccTOoAHUU HE MEHBIIEM, YeM § OT ¥, Ha0 BEIOPATH 7 JOCTATOYHO OOJIBIIAM B 3aBUCAMOCTH
0T MUHUMAJIBHOTO YIVIA B TPEYTOJbHUKAX TPUAHTY LAY, B 060uX CIydasx A1a HAXOXK AeHUA
7. MBI IOTB3YEMCS TeM, UTO TPUAHTYAAnUs 7 KOHETHA.
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Mns manoro § > 0 (ckaxeMm, MEHBIE MOJOBUHBI HAMMEHBIIETO peGpa) pac-
cMoTpuM oTobpaxkenue ¢s: 7' — T, KoTopoe 0To6paxkaeT J-OKPeCTHOCTH
KaX 0 BepmimHbl 7 ' B 5Ty BEpIIMHY ¥ IMHEHHO PACTATHBAET OCTATOK pedpa

(cM. rpad).

I'pad gs A pebpe.

O6o03na4um wepe3 L5 HAMAYIMIYIO TOCTOSHHYIO Jlunmmna misa gs, T.e. Mu-
HUMAaJbHOE YUCIO TaKoe, ITO

g5(z) —as(y)|p < Ls-|z — ylp
ans Beex x,y € T'. Bamerum, ato Ls — 1 npu 6 — 0F. Torga orobpaxenue

hs =L 120 (h o g5)

KYCOYHO JUHEUHO U yA0BJIeTBOpAeT ycaosuio [1. Bomee Toro, Beruydnny 6 MOX-
HO BBIOPATH HACTOABKO MAJOU, ITO

|hs(x) = h(z)| < 3

s Beex € TL.
W3 nepBon yacTu H0Ka3aTEAbCTBA CAEAyeT CYLMIECTBOBAHUE KYCOYHO U30Me-
Tpmaeckoro orobpaxenns w: 7 — R? Takoro, 4To

lw(z) —hs(z)| < 5, |w(z) —wly)lp: <|z—ylp
ans Beex x,y € T'. Tlo HepaBeHCTBY TpeyroMbHIKA
|lw(z) — h(z)] < e
as Beex x € T O

JokaszareabcTBo 3.2. Bribepem menkyio TpuaHryasanuio 7 OpOCTPAHCTBA
P, ckaxewm, Takylo, ITO JUaMeTpP KaxIOr0 TPEyrolpHUKa MeHbme 5. [Tycrs
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T' o603naaeT ogHOMepHEBIA 0cTOB 7. COraCHO yTBEpPX ACHUIO 3.4 CyImEecTRY-
eT KyCOTHO M30MeTpHuiIecKoe oTobpaxernne w: 7! — R? makoe, 110

lw(z) — h(z)|g2 < 3
s moboro € T n
[w(z) —w(y)lr2 <[z —ylp

171 Mo0bIX £ my B T 1.

[lanee, masa Toro, 9T0OBI TPOAIUTL OTOGPAKEHNE W HA BCe P, MBI BOCIOIb-
3yeMca TeopemMon Bpoma.

ycts S ecTs mogpasbuenue 7' Taxoe, UTO w M3OMETPHIHO HA KAXKIOM
pebpe S. 3adukcupyem Tpeyroabuuk A B 7. O603HAYMUM Uepe3 ai,...,a,
Bepumubl S Ha rpanune A. Omnpegerum b; = w(a;) aas xkaxgoro i. [Ipume-
HASA TeopeMy BpsMa, MBI TOIYIaeM KYCOUHO M30OMETPHUUIECKOE 0TOOpaKEHUE
fa: A — R2.

[MockombKy w M30METPUYIHO HA KAXKAOM pebpe S, 0oToOpa)eHnua fa u w co-
BnagaioT Ha rparune 0A. Orcioga HaGop orobpaxenun {fa} mas Bcex Tpe-
yroabHUKOB A u3 7 COTJIAaCOBAH W M3 HUX CKIEMBAETCA OJHO KYCOYHO M30MeE-
Tpuieckoe orobpaxenue f: P — R

Ocraercsa mokasaTh, 9TO [ yAOBIETBOPAET YCAOBUAM TeOpeMbl. [lycTb
r € P npowsBoabHAsA TOYKA W TMYyCTh { €CTh TOYKa HA pebpe TpeyroabHU-
ka 7, xoropera cogepxut z. Ilo ycrosmio Beibopa 7 umeem |z — y| < 3.
CremoBaTeabHO,

[f (z) = h=z)| < [f(z) —wly)| + [w(y) — h(y)| + [h(y) — h(z)]
= |f(z) = FW)| + [w(y) — h(y)] + |h(y) — h(z)]
<2z —yl+|wly) —h(y)| <e.

Mockonsky w(y) = f(y), mw 06a orobpaxenus f u h KopoTkwue. O

Hecemymun auTaTens MOXET MPEAMOJOXKUThL, 9TO OToOpax)enne f B Teo-
peMe AkomaHa MOXeET OBITH MOCTPOEHO TAK, ITO OHO COBHNANAET ¢ h HA MaH-
HOM KOHEYHOM MHOX)ecTBe Touek. Ciefyiomee yupaxkHeHue MOKA3bIBAET, ITO
B 00IEM CiIytae 3TO HEBO3MOXKHO.

3.5. Yopaxuenune. Paccmompum caedyowue 5 mouer 6 R3:

0= (anao)a b= (01031)7 a= (21030)7 b= (_11230)3 c= (_11_210)'
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IIyemv P ecmov ,,mpenoza”, noausdpasvroe npo-
CMPAHCMBO, NOAYUCHHOE CKACUBAHUEM MPEL Mpe-
yeoavnuros Nopa, Nopb u Nope 8 R? u cnabacennoe
8HYMpPeEeHHetd mempurod.

Ommemum, umo cyxrcenue K00pOUHAMHOT NPoek-
yuu m(z,y,z) = (z,y,0) na P asiaemeca kopomrum u
KYCOUHO AUHETHBIM, NPU IMOM

C

(o) = 7w(p) =0, w(a) =a, w(b) =b, w(c)=c.

Hokaxcume, umo ne cywecmeyem KYcouno u30Mempuuecko20 omoobpaxce-
nua f: P — R?2 =R? x {0} mawozo, umo f(a) =a, f(b) =bu f(c) =c.

84. Teopema pomosa o cnatowmeaHmu

Hamomumm, aro S? o6o3HadaeT equnmanyio chepy B R? ¢ maaynnposamnomn
BHYTPEHHEN METPHUKOM.

4.1. Teopema. Cywecmsyem omobpaxcenue f: S? — R?, cozpansowee
OAauUNbI.

3aMeTuM, 9TO CKIAIKWA TAaKOr0 OTOOpaxeHwWs f MAOMKHBI 0Opa3OBBIBATH
BCIOJIY ILIOTHOE MHOXecTBO B S. Bozxee TouHo, cyxenue f Ha 1060€ OTKPHITOE
MHOXECTBO S? He MOXeT GBITh WHHLEKTHBHEIM.

B mokasarenbcTBe Teopembr MBI OyIeM MONB30BATHCA CACAYIONIAM yIPAXK-
HEHUEM.

4.2. Yopaxuenune. ITycmv K — swinykaviti muozoepannur 6 R3. Jowa-
gcume, umo das w60t mouru 6 R cywecmeyem eduncmeennas moura
Z € K, kxomopas munumusupyem paccmosnue |z — Z|. Boaee mozo, omobpa-
aHcenue

0:R* = K, o(z)=2

ABAAECTNCA KOPOMKUM.

MokazaTeabcTBO TeopeMsbl 4.1. BriGepeM Bo3pacTaoOIIYIO MOCAETOBATETb-
HocTs Ky C K| C ... BBIIYKILIX MHOIOTPAHHUKOB B R? Taxyo, 9T0 ux 005-
eIVHEHUE ABIACTCA OTKPBITHIM eIMHUIHBIM mapoM. O6o3nauum depes P, =
0K, noBepxuocTh K, ¢ WHAYIUPOBAHHOU BHYTPEHHEN METPUKOU. 3aMETUM,
ar0 P, ABAAETCA NBYMEPHBIM MOJUAPAILHBIM MPOCTPAHCTBOM A KAXKIO-
ro n.

2B camoM gene, eciM f MHBEKTUBHO M COXPAHAET IIMHBI HA OTKPHITOM MHOXKECTBE
U C S% rorga cyxenme f ma U oro6paxaer KpaTdailme B OTPE3KH IPAMBIX (B O-
Ka3aTeTbCTBE HUCHOMB3YeTCA meopema 06 unsapuawmuocmu obaacmu (CM., Hampumep,
[4, 11, §9])). danee nerko BugeTs, 9To cyxenue f Ha U JOKATBHO M30METPUIHO.
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IIycts ¢, obo3nauaeT mpoekiuio HA K,, kak B ynpaxsuenunn 4.2. Hano-
MHUM, 9TO ¢, KopoTkoe. [lockonbky K, C K1, morydaem ¢, (Pp+1) = P,.
3aMeTuM, 9TO MOXHO TPUAHTYIupoBaTh P, u P, Takum o06pasoMm, ITO Cy-
XKEHUE (P, HA TIOO0U CUMILIEKC P, 11 €CTh OPTOrOHAILHAA MPOEKITUA HA HEKO-
TopBIi cuMIuekc B P,. B wacTHOCTH, cyx)enne ¢, Ha P, KyCOIHO IHHEHHO
7 KOPOTKOE IO OTHOILICHUIO K BHYTPEHHUM MeTpukam Ha P, 1 u P,.

MEI yTBepKAaeM, ITO 414 J000# TOUKY & € S? CymecTByeT euHCTBeHHAS
OCAeI0BATENIBHOCTh TOYEK T, € P, Takag, 9T0 =, — & OpU n — OO0 U
on(Tpt1) = T, AT BCEX N.

EAuHCTBEHHOCTD CleAyeT U3 TOrO0, ITO BCE OTOOPAXKEHUA ¢, KOPOTKUE.
Y7068 [0KA3ATH CYIIECTBOBaHME, 3adUKCUPYEM MOCIEI0BATENBHOCTD 2, € P,
TaKyio, 9TO 2, — Z. PaccMOTpUM JBOMHYIO MOCIENOBATENBHOCTD Yp m € P,
OIpefiefleHHY 0 IPA 1 < 1M, TAKYI0, 9TO Ypp = Zn A Ynm = Pn(Ynt1,m) OPH
0 < n < m. [laree moaoXuM

Ty = lim Yy m.
m—oQ
4.3. Yupaxuenue. Joxaxcume, umo npedes sviwe onpededer u pp(Tpi1) =
Ty Oaa ar06o20 n. [Jasee doxaxcume, wmo T, — T Npu n — oO.

Ecma z,, € P, u x € S?, Kax BbIIe, ompegeauM oTobpaxenue 1, : S* — P,
Kak ¢ (z) = z,. 3ameTum, 4T0 1), KOPOTKOE, 1), = ©p O 1,11 IPU BCEX 7,
uw ecau p, = P (p) 1 g = 1n(q) Ans p,q € S*, 10

g [Pn — GnlpP, — |p — qls> P 1 — oc.

Hyxnoe HaM orobpaxenne f: S? — R? GyzeT mocTpoeHO Kak ,,Ipegen™
HEKOTOPOH TIOCIeJOBATEILHOCTH fp: P, — R? KyCOMHO M30METPUIECKIX OTO-
OpaxeHun. ITa MOCAEJOBATEILHOCTE MOIYIAeTCA PEKYPCUBHBIM TPUMEHEHN-
eM TeopeMbl AKOIIHA TaK, 9TOOBI BHIMOIHAIOCH HEPABEHCTBO

O [fns1(z) = fulon(@))] <en

[JISI DEKYPCUBHO BBIODAHHOU TOCIEAOBATENALHOCTH (£5,) MOJOKUTENLHBIX YH-
cen, O6bICTpO cTpeMammxcd K (.

Pexypcusuoe nocrpoenue f,: P, — R? u ¢,. IIpeamonoxum, HaM JaHEL
KYCOYHO M30MeTpHiIecKoe oTobpaxenue f,: P, — R? u ¢,. 3amernm, 1To

fno(Pn:PnA»l_)RZ

KYCOYHO JUHENHOe U KOpOTKoe. Takum 06pa3oM, IpUMeHUB Teopemy AKomaHa
(3.2), momyuaeM KyCOYHO M30MeTpHIecKoe oTobpaxkenue fni1: Pni1 — R2,
KOTOpOE £,-0MU3K0 K f,, 0 ¢, B cMbIcTe [].

30m. ompeaeneHue Ha c. 228.
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O6o3uaanm wepes M (n + 1) 9mcao TpeyroabHUKOB B TpuaHTyaamana P, 1,
JULSL KOTOPOU [, 11 M30METPUYHO HA KAXA0M Tpeyroabauke. [IycTs
En

0 S N—
T 9 M+ 1)

[anee MBI omumieM peKypCUBHOE MOCTpPOEHME MocienoBaTeasHocTen (fy)
u (en).

1. Bribepem g > 0 1 KyCOIHO H30MeTputIecKoe oTobpaxenue fo: Py — R2,
CymecrBoBanue fy cregyer, HampuMmep, U3 Teopembl 3aaramiepa (1.3).
o g, fo u €9 mocTpoum fi.

Ilo fq BBIMHTCINM €.
ITo 1, f1 u €1 mocTpoum fo.

IIo fo BBIMHTCINM €9.
4

S ot W

. U Tak pmaiee.
OcTaeTcsa nOKa3aTh CIEeAYIOIIEe.

O Hocaedosameavrocmsb omobpascenuti fr, 01y, : S* — R? cxodumes x omo-
6pancenuio f: S? — R2, coxpanarowemy 0aunbl.

3amernM, 9TO £, < 5&. OTcioga Ana mo6oro z € S? mocieoBaTEILHOCTD
(fn 0 ) (z) € R? aBaserca pyHIAMEHTATBHOW M, B JACTHOCTH, CXOJUTCA.
Onpegernm f: S? — R? kax

f(@) = lim (fa o) (x).
[To mocTpoenuio f, umeem

|(fnotn)(z) — f(2)| <én

A mobex ¢ € S? u n. IockorbKy Kaxgoe fy o 1, KOpOTKoe, [ Takke KO-
pPOTKOE.

OcraeTcs mokaszaTs, aTo orobpaxenue f: S? — R? coxpanser gruner. s
DTOr0 AOCTATOYHO HOKA3aTh, 9TO

0 L(foa) > |p—qls

A1 MI060M KPUBOH (v MeX Iy TOYKAMu P, q € S2. 11 OKOHIAHUA [OKA3ATETb-
cTBa HaM MOTPebyeTCs eme OTHO ONmpeJeleHne; ero CAeIyeT BOCIPUHUMATD
KaK aHAJOT [IWHBI KPUBOWU.

4HOCTp0eHne STHX ABYX MOCIENOBATEIBHOCTEN MOX0XKe HA X0Ab0y: mar npasou (mocTpo-
eHre f1) maeT BO3MOXHOCTH CAEIATH IIAT JeBOU (BBIMHUCACHUE £1), OH, B CBOIO 0Y€PEaH, JAET
BO3MOXHOCTB CIEIaTh IIAr MPaBoi (MOCTPOEHUE f2) W TaK Aaee.
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4.4. Onpepgenenne. Ilycts a: [a,b] — X — kpuBag B MeTpUIeCKOM IPO-
ctparctee X. [Tormoxum

Uk () —sup Z\a —alti)|x|a=to<ti<--<txy=0»b

3aMeTuM, 9TO s JI000U KPUBOU BBHITIOJHAECTCA CIEAYIOUIEE:

El(oz) < EQ(O{) < Eg(C!) < ... y
lk(a) — L(a) mpm k — oo,
lk(a) < L) pas mo6oro k.

Bomee Toro, ecin
ek(a) = L(O{),
TO (¢ €CTh JOMAaHasd, COCTABICHHAA U3 He Gomee deM k KpaTJdaullnx.
Ciremyroriee yrpaXHeHIE TOBOPUAT, ITO €CJIN JBE KPUBBIE (v U 3 TOCTATOIHO

6amsku, 10 {i () = i (F). OTmeTnm, 9T0 B TOU Xe cuTyannyu pasHuna L(a)
u L() MmoxeT GBITH BeJauKA.

4.5. Yopaxuenue. Ilycmo o, : 1 — X cymov kpusvie maxue, umo
la(t) = B(t)|x <e
das aoboeo t € . Ilokaxcume, umo

[k () — L (B)] < 2-k-e.

Mg BozBpamaemca k nokazarensctBy [J. Onpemerum p, = ¥, (p) un ¢, =
P (q). TlycTs § ecTh NpOM3BOABHAA KPUBAA, HAYIIAA OT Py, 10 ¢p B P,. 3ame-
TUM, YTO MOXHO HAUTHU KPUBYIO Y OT Py 10 (, C TOU XK€ JJIUHOU I MEHBIIE,
9TO MepPeceveHne vy ¢ JIOOBIM TPEyTOIbHUKOM B TPUAHTYIAIAEA P, eCTh oTpe-
30K TIpAMOH, 1, 60ee TOro, KOHIBI BCEX TAKUX OTPE3KOB JexXaT Ha [ B TOM
xe nopaake. Orcona caeayer, 9To f, 0y eCTh JOMaHasA JUHUA HA IIOCKOCTH C
He Gosee 1em M (n) 3BeHbaAME. Ee BepuIMHBI 0603HAMUM B MOPSAIKE CJIEI0BAHU
KakK

fn(pn) = 20521y 5 Rk = fn(Qn)
Hanmomumwm, ato k < M(n) m kaxnagas ToYKa z; JeXUT HA KPUBOU [y o 3.
Takum ob6pazom,
Pn = @nlp, <L) = Lasny(fn 0 )

0
= |20 — 21| + -+ |zk—1 — 2| < Lpg(n)(fn 0 B)-
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Brifepem xpuByio a ot p 10 ¢ B S°. Cormacuo ympaxuenmio 4.5 u [ gis
BCEX 1 UMEEM

0 [ni(n) (f 0 @) = Lasny(fr 0 pn 0 @)| < 2-M(n)-en = en1.
Mo pamHOMY € > () MOXHO BBHIODATH 7 HACTOMBKO GOMBITBIM, UTO £, 1 < 5 U
P —dqls2 — [P0 — anlp, < 5.

MOCJAEAHETO0 MOXHO A00UTHCA, ucnoab3ysa . [Ipumenus O gua f = ¢, oa u
[, MBI BUAM

(fOOz) >4 (fOOé)fM (anQ/)nOOé) -1
>!pn Inlp, — En—1 > \p—qlg2———6n 12 [p—qls: — e
[MockonbKy € > () TPOM3BOIBLHO, TIOMYYaeM
L(foa) 2 |p —qls.
Owrcroma cregyer L. O

§5. 3apaua ApHonbaa o maTom pybne

ITO JEKIMA TOMTHOCTHIO PA3BACKATENBHAA. 31€Ch MBI 00CY UM CAEIYOILY IO
3ajady, nocrasieHHyo ApHoasgom [5, 3agada 1956-1].

5.1. 3agaga. MoOXHO JU CIOKUTH KBAAPATHBIN JUCT OyMaru Ha TIOCKOCTH
TaK, 9TO MEPUMETP MOJYIEHHOU (PUTYPHI TPEBBICAI ObI TEPUMET]P UCXOJHOTO
aucrta’

S

Oreer Ha 5Ty 3a4a49y 3aBUCAT OT TOTO, YTO MOHUMATH MO CJAOBOM ,,CJIO-
KUTH .

Iopx ,,ckmanpiBanmeM “ MOXHO, HAIPUMED, MOHUMAThH I0CICJ0BATEIHLHOCTD
CIeNVIONINX ,,IepEerudaHun *: BO3bMEM MHOT OYTOJAbHUK M , BHIGEpEM MPAMYIO ¢,
cekytmyio M, neperaem M Baoawb ¢, mpu >Tom dactu M 10 pasHbIE CTOPOHBI
OT ¢ ,,CKIeATCA" B HOBBIA MHOTOYTOabHUK M’ (cM. pucyHOK).

Kak cremyer m3 ympaxHEHUs, TAKAMEA OMEPANUAIME YBEIUYUATH IEPUMETP
HEJb34.
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5.2. Ynpaxuenne. okaxcume, umo nepumemp M’ ne npesoczodum ne-
pumemp M. (IIpu pewenuu 9mozo ynparcnenus obpamume SHUMAHUE, YN0
6 obweMm cayuae npamas q moxcem nepecexamuvcs ¢ M no weckoavkum om-
pesKam.)

[Tpm momomum »>Tou Omepanuu Helb3s OTOTHYThH YacTh JUCTA, KOTOPad Je-
KUT HA ApyroM. Hampumep, HEBO3ZMOXKHO TTPOBECTH MOCAEJOBATEALHOCTD ,, e~
peruba“ u ,,orruba“, KaK Ha PUCYHKE.

Bropas onepanus yBernvauBaeT nepuMeTp, XOTSA OH OCTAETCA BCE €Ile MeHb-
e nmepuMeTpa UCXOAHOrO KBanpaTa. Kcium mofn ,,CKiIanblBAHUEM “ MOHUMATH
MOCAE0BATENBHOCTh TAKUX MEPErubaHuil U OTTUOAHUN, TO OTBET HA 3a4aTy
[0 CUX TOP HUKTO HE 3HAET (XOTA, BOZMOXHO, HUKTO ¥ HE XO9IET Y3HATH).

Anonckum xypasauk. [[o1 CKIagbIBaHEEM MOXHO MOHMMATH eme Gojee
o6IIyIo omeparnuio: IpeicTaBbTe cefe, ITO MBI PAa3METWIN CKJIATKU 3apaHee
u crubaeM JUCT MEIUKOM, TaK, ITO Bce 0OJaCTH, HA KOTOpBIE pa3bUT JUCT
CKJAAKAMU, OCTAIOTCA IIOCKAM, a Teperubanre TpOUCXOAUT TOIHKO IO CKIA -
KaM.

B Taxom mocTaHOBKE MpPABUILHBIM OTBET — ,,MOXHO“. YIUBUTEILHEE TO,
9TO BO3MOXHOCTb HEMHOT'O YBEAUYATH MEPUMETD BUHA, B MIOCTPOECHUY OJHOU
73 CAMBIX JIPEBHUX (PUTYPOK OPUTaMU — TPATUNUOHHOTO AMOHCKOTO XKYPaB-
muka.’ TIpo To, 9TO OPUraMWUCTHI 3HAIM OTBET, HEPBEIM MATEMATHK y3HAI
ToabKO B 1998 r.

2Kypasnuka CKIAIBIBAIOT U3 CHEMUAILHOU 3ar0TOBKU, KOTOPAsA UMEET [e-
ThIpe OOMBININX KOHIA U €Ile OAWH KOPOTKUU. V3 MIBYX KOHIIOB [eJaI0TCS ABA
KPBLIa, a IBa IPYTUE ,,yTOHBIIAIOTCA , U3 HUX MOy IAI0TCA XBOCT u 1ned. Kcan
XKe DTy ,,0lepannio YTOHBIICHNUA “ TPUMEHUTH [BAXKIBI K KAXKI0MY OO0IBIIO-
My KOHILy, TO 3arOTOBKY MOXHO OyJeT BBUIOKUTH HA IUIOCKOCTH TAaK, 9TO
epuMeTP MPEBBICUT MEPUMETP UCXOTHOTO KBAAPATA.

5HepBaﬂ pomenmas A0 Hac kHura mo opuramum ,,Cembamypy opukara“ Oblia m3naHa
B 1797 r. Beca xHUra mocBAIeHA TOJABKO CKIAABIBAHUIO KYpaBanKa. be3 coMHeHU, dTa
Jurypka opuramMu ropasio JPEBHEE 3TOU KHUTH.
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"\

Ha pucynke — cioxeHHas 3aroTOBKa XYPAaBIUKA C IBAXKIBI 330CTPEHHBI-
MM KOHIIaMMA. CnpaBa — 3arl'OTOBKa XYpPaBaAUKa C paCIpPaBJICHHBIMU KOHIIAMU.
CJIeBa — CeTKa CKJIaO0K; YIVIBI MEXK Ny BCEMU CKJIAOAKAMU IIPU BEPHINHAX KBa-
JApaTa PaBHBI; HA KaX/JOM TPEYrOIbHUKE YKa3aH HOMED ero CJI0oA B 3arOTOB-
Ke; CKJIAJKW, KOTOpble NO0OABIAIOTCA NMPU PACIPABICHUHN KOHIIOB, HOMEYEHBI
TOYEYHBIM IIyHKTHAPOM.

B nmonydenHou ¢purype nepuMeTp yBeIMUUBAETCA BCETO HA MOIIPOIEHTA, U
c/leaTh ee PyKaMu He IPOCTO, XOTA Bo3MOxHO. CleyeT HAUTH OU€Hb TOHKYIO
6yMary, Tak KaK KOIXIeCTBO CJIOEB IOCIe PACIPABICHUA KOHIIOB CTAHET PABHO
BoceMugecATH. [lono6uem mpumep omucan B kuure Jlsura [17].

[Ipeamonoxum, Haml KBaApaT eJUHUYHBIA. ECIN Omepanuio yTOHbLIIEHUA
IPOBECTH MHOTO pa3, TO 00X0J KaXJIOU U3 YeThIpeX ULV 3aUMeT UyTb MeHb-
me 1, a 06X0 KOPOTKOIO TYIOro KOHIA 3aiMeT okomo (v/2 — 1), mMeHHO
3a CYeT TOr0 MOCIeJHEro KOHIA MBI HOMydIaeM NpuOaBKy K mepuMmeTpy. To
€CTh TaKUM CIOCOO0M MOXHO JOOUTBHCA yBeIWTEHUA HepUMeTpa HOYTH Ha

~ 2
(V2-1)~ 2

Cnoco06bl yBeIuvIeHus IepuMeTpa, OMUCAHHBIE BHIIE, 0018 JaI0T OJHUM He-

AJOCTATKOM — BO BpPEMA CKJAJABIBAHWUS HeO6XOrZ[I/IMO OMTHOBPEMEHHO crubaThb
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JUCT B OrPOMHOM |mcie mecT. Caeqyiommi npuMep OCHOBAH Ha uiaee Bana
Amenko [28], oH TakXke MAET JUNIL HE3HAYUTEALHOE YBEJIMUCHNE IEPUMETPA,
HO COCTOWUT B MOCJIEIOBATEILHOM MPUMEHEHUU ONHOTO W TOTO e MPOCTOr0
IerCcTBUA. Ecium mOBTOPUTE €ro JOCTATOYHO MHOTO pa3, TO MOIy<IuM GUTrypy
CKOIb YyrOAHO OIM3KyI0 K (urype cupasa, y Hee MepUMETp CJIerka OoJbIie,
weM y kBagpara. Kaxmgas urepanus f106aBafeT mapy CI0EB OKOJO BOTHYTOrO
yria; obIee 9ucao CI0€B B 3TOU MOAEIM ropasno GOJbINe, ¥eM B 3aTOTOBKE
KYPaBIUKA.

Exuk u pacuecka. OKa3bBaeTCsa, 9TO MEPUMETP CAOKEHHOU (PUTYPHI MOK-
HO CJIeJaTh MPOU3BOABHO GOJBIINM. JTO MOXKHO YBUAETH U3 MOCTPOEHUA APY-
rou pUrypKU OPUTaMu, TaK HA3BIBAEMOTO ,,MOPCKOT'0 €Xa* CJIeBa Ha PUCYHKE
HKe. JTa purypka onucana B kamxkke Morrpomta u JIsuara [19].

He 3uas uu mpo exuka, Hu mpo xkypasauka, Ausekcen Tapacos onucan apy-
roe pemenue B [26], cnoxus GUrypKy, KOTOPyIO Mbl HazoBeM pacueckot Tapa-
cosa, oHa m306paxena cupasa. OH mogoIIeN K 3a1a4e KaK MATEMATUK, TPUBEJ
TOYHYI0 (POPMYJUPOBKY M MOKA3ajd, 9TO B MPOIECCe MOAOGHOTO CKJIAIbIBA-
HUA MOXHO 00OUTHUCH 0€3 PACTATUBAHUN W CKXUMAHWN JUCTA (IPUEMBI, KOTO-
PBIMYM OPUTaMUCTHI 9aCTO TOAB3YI0OTCA). VHTepHeT-Bepcus sTux Jeknui [23]
BKJIIOYAET TPU MPENOCTABICHHBIX TapacoBBIM BUI€OWLIIOCTPAIINY, ONUCHIBA-
IOIUE DTO MOCTPOEHMUE.
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Opuramu B 4YeThIpEXMEPHOM HOpoOCTpaHcTBE. ,,CKIagbIBAHUE MOXHO
OTIPEEIUTh KaK KYCOIHO U30METPUIECKOE OTOOpaXKeHNe 13 KBAAPATA B IJIOC-
KOCTh. DTO onpeeneHue 6ojaee 06110, IeM BCe paccMOTpeHHbe Bhite. Ciaenyio-
Imee yopaXHeHUe MOKA3bIBAET, ITO TakKoe 0TOoOpaX)eHue He BCera BO3MOXKHO
peaIm30BaTh ¢ MOMOIIBI0 GYMAXHOU MOIEJIH.

5.3. Yupaxueune. Paccmompum pazbuenue xeadpama [, xax na pucynke
HUNCE, IMO UACMb PERYAAPHO20 3AMOWEHUS NAOCKOCTU HA KEadPambl, Npa-
BUALHBIE ULECTNUYZOALHUKY U TP EY20AbHUK Y.

Hoxaxcume, umo cywecmseyem omobpaxcenue f: 0 — R?, xomopoe u3o-
MEMPUUHO HA KAHCOOM MHOZOY20AbHUKE 3AMOUEHUA U KOMOPOE 00pau,aem
OPUEHTNAYUIO MOABKO Y CEPHIT MHO20Y20AbHUK08.0

Iokancume, wmo omobpaxcenue f HEBOZMONCHO PEAAU30BAML C NOMOUDIO
6ymasncrot modeau.”

[IpenarcTBus, onucanuble B yIPaXHEHUN, UCTe-
saior B R?*, T.e. mpo KycouHO M30METpHIECKOE 0OTO-
O6paxeHre KBAaapaTa HA IIOCKOCTH MOXHO TyMaTh
KaK IPO CJIOXeHne OyMaru B I€THIPEXMEPHOM IPO-
cTpaucTBe. Bosee TOro, MOXHO Ha CAaMOM Jele CJI0-
XUTH KBagpaT B R? B 3a1aHHOE KyCcOTHO H30METpH-
qeckoe 0ToOpaxkeHue.

Bonaee Touno,

O cywecmeyem wenpepbisnoe 00HONAPAMEMPUUE-
cKoe cemeticmeo Kycouno uzomempuueckur omobpaxcenuti fr: O — R
t €0,1], ¢ purcuposannot mpuareyssyuet, ckaxcem, T, maroe, umo
o fo ecmv uzomempuueckoe omobpaxcenue uz O 6 koopdurammuyio naoc-
xocms R? x {0} 6 R* = R? x R?,
o omobpadcenue fi ecmv daHKOE KYCOURO UBOMEMPUUECKOE OMOOPAAHCEHUE
uz O 6 my ace Koopdunamuyio naockocmo,
o omobpadcenue f; unvexmueno npu ecex t # 1.

[lokazaTeabCTBO MOCAETHEr0 YTBEPXK IEHUS OCHOBAHO HA, ympaxuenwn 2.4.

HokasareabcTBo . IlycTs aq,...,a; ecThb BepmuHsl 7 u by, ..., by 0003HA-
JaeT uX 00pasbl IpU KYyCOUHO M30MeTpHUdIeckoM oTobpaxenun. Oupemenum

6Heq)opMam,Ho r'OBOPSA, HYXKHO COIHYTH BJ0Jb KaXKA0I0 pebpa 3TOr0 3aMOIIEHUA.

"Boaee TOYHO, HaJO IPEeACTaBUTh, YTO INIOCKOCTD JEXUT B IPOCTPAHCTBE ]RS, 1 HaM HY X-
HO J0Ka3aTh, 9TO f He JOIMyCKaeT anNnpOKCUMAIVN HEeNpepPHIBHBIMI NHBEK TUBHBIMI 0TOOpa-
xennavn [ — R3.



KYCOYHO N30METPIYECKNE OTOBPAXKEHNSI 243

fi(a;) € R? x R? kax

fila;) = (M + Cos(ﬂ.t).L_bl’ Sin(ﬂ.t).L_bl> :
2 2 2

TakuM o6pasoM, fo(a;) = (a;,0) u f1(a;) = (bi,0) gus mo6oro i. OTobpaxenne
ft MOXHO IPOJOIXKUTL JUHEHHO HA KaX AL TpeyroabHuK B 7. Hecmoxnble
BBIIMCIEHNA TIOKA3BIBAIOT, IT0 dynkima ¢; ;(t) = |fi(a;) — fi(a;)| MmorOTOHHA
o t; B JacTHOCTH, ecnu |a; — aj| = |b; — bj|, To ¢; j(t) mocToauna. OTcioga
crenyeT, 9To f; KyCOYHO M30METPUIHO.

[lanee HETPYAHO MPOBEPUTH, ITO i MOOBIX Z,Yy € [ eCcTh MOCTOSHHBIE P
U ¢ TaKWe, ITO

|fi(z) — ft(y)|2 =p — g cos(m-1).
Takum o6pasom, ecau = # y, toraa |fi(z) — fi(y)| > 0 maa moboro t # 1.
[pyrumu croBamu, f; nHBEKTUBHO Tipu ¢ 7 1. O

W3 ckazaHHOTO BBIIE BAHO, ITO BOBMOXHOCTD YBEIUIUTEH MIEPUMETP CKJIa-
nbiBaHmeM KBagparta B R? ciegyer m3 Teopemer Bpama. Ham gocrarouso mo-
CTPOUTH KOPOTKOE 0TOOpax)enue f w3 KBaApaTa HA IIOCKOCTH TAKOE, 9TO IIe-
pumeTp obpasa goctaTodHo Benuk. llocae sToro, mpumenus Teopemy Bpoma
[T TOCTATOYHO MJIOTHOTO KOHEYHOT'O MHOXECTBA TOYEK B KBAJAPATE, MBI MO-
JYYIUM KyCOYHO M30MeTpHuIecKkoe oTobpaxenue h, mpou3BoiIbHO OJau3Koe K f.
B gacTHOCTH, MBI MOXEM AOOUTLCA TOrO, 9T00BI mepumMeTp obpasa f () Gbur
JOCTATOYHO BEJUK.

Hyxmoe maa sToro orobpaxenuwe h MOXHO MOCTPOUTH CAeAyIOIUM 0Opa-
30M. BriGepeM 10CTaTOYHO OOMBINOE TEN0E N U PA3AETUM eIUHUIHBIN KBAIPAT
0 ma n? KBaAPATHKOB CO CTOPOHON % O6o3naunm 1epes d(z) paccroaaue OT
Touku ¥ € [] 10 rpanunsr kBaapaTuka, cogepxaiero . Pynknusa d: [J — R
npuHUMaeT 3HadeHusa B [0, ﬁ] [anee, mpoHyMepyeM KBaJAPATUKU MEIBIMEI
aucramu ot 1 1o n?. lna Toukn z € [J o6o3mHasmM wepes i(x) HOMEp KBajpa-
THUKA, COAEPKAIEro & (eC1m UX HECKOMBKO, yCTh (1) OyIeT MAHUMAILHBIM).

BrifepeM n’ pa3IuaHBIX €IUHATHBIX BEKTOPOB

UL, ..., Uy2. PaccmoTpum oTobpaxenue f: [ — R?,
onpegenennoe Kax f(z) = d(z) uj(y).-

Jlerko BugeTs, aro f koporkoe. O6pas f(OJ) co-
CTOMT M3 N? OTPE3KOB JIMHBI 51—, MCXOAALINX U3 Of-
uou Touku. CoorercrBenno nepumerp f([J) pasen
22'.’:12 = n. 3HAYAT, B3AB N JOCTATOIHO OOJBIIAM,

MOXHO caenars nepumerp obpasa f(J) npoussoasro Goasmmm. (Ha pucynke
nokazas caydau n = 4. B srom cayuae nepmmerp f(0J) pasen nepumerpy [J.

[lnsa n > 4 nepumeTp CTAHOBUTCA GOJBIIE. )

Lok
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3akntoUunTeNnbHbIE 3aMeYaHNns

Teopema 3anaramiepa. Teopema 3airaiiepa BHITOTHACTCA B 000U pazMep-
HOCTH: IPOW3BOJIBHOE 1M-MEePHOE TOJIUD IPATBLHOE MPOCTPAHCTBO P romyckaer
KyCOYHO m30MeTpudeckoe oTobpaxenue B R™.

Bamramrep B [14] nokasan yreepxkjaenue npu m < 4. Tpiok, onucaHHbIN BO
BTOPOM [IOKA3aTEJIbCTBE, AaJ BO3MOXHOCTH OGOOUIUTL 3TO [M0KA3ATEIHCTBO
HA BCE PA3MEPHOCTHU. DTOT TPIOK Obl1 mpeanoxked Kpar B ee guccepranuu [16].

B crapmux paszmMepHOCTAX CHMILIEKC MOXHO HAa3BATb OCTPOYTOJBHBIM, €C-
JIW OH COJIEKUT TEHTP onucanuou cepbl. Takoe BmedaTaenue, 9o 06 OCTPO-
YTOMBHBIX TPUAHTYAANUAX B CTAPUIAX PA3MEPHOCTIAX HUYEr0 HE U3BECTHO,
XOTA WX CYHMIECTBOBAHUE B OOIIEM CIydae BBIMAAUT HEMPAB OO T0OHBIM.

Teopema Bpama o mpojgomkenun. Dra Teopema Oblia f0kazaHa Bpamom
B [7] 1 nepenokasana HesaBucumo AkomsHoMm u Tapacoseiv B [2]. O6a goka-
3aTeIbCTBA CTPOATCA HA TOU XKe HJEe.

Teopema BpaMa BBEIIOMHAECTCS BO BCEX Pa3MEPHOCTAX M LOKA3BIBACTCA TEM
K€ METOOM.

Teopema Kupmibpayna. Jra Teopema Obina goxkaszana KupmbpayHoMm B ero
nuccepraruu, sammmeraon B 1930 r. Heckombko JeT cmycTsa OH OMyOJIUKO-
Bal >ToT pesyabTaT B [15]. HesaBucumo ToT x)e pesyabTar mokasan Basien-
raus [11].

Kuamxka [lannepa, I'prorbayma u Kan [13] (npesocxoano HanucanHas) npu-
BOJUT JOKA3aTEILCTBO DTOW TEOPEMbI, OCHOBAHHOE HA TeopemMe XeJIn O Ie-
peceIeHNN BBINYKJIBIX TEJI B €BKJANTOBOM IIDOCTPAHCTBE.

Teopema AknsaHa 06 annpokcuManmuu. JTa TeopeMa Takxke 0600IaeTcs
HA CTaplme pasMepHOCTH. Bojee ToOro, ycaosue, 9T0 f KyCOYHO JUHEWHO,
MOXHO 060uTH. [[1A DTOr0 MOKA3BLIBAETCA, UTO KOPOTKOE OTOOpaXKEHWEe U3
OIS IPATBLHOTO IPOCTPAHCTBA B R™ 10MycKaeT anmnpoKCAMAIIAI0 KOPOTKAMHA
KYCOYHO JUHEHHBLIMYA OTOOPAXKEHUAMME.

[lByMepHBIN Caydayl >TOM TeopeMbl ObLI AoKasaHa KpaT B ee muccepra-
muu [16]. B [1] Axonsu 3ameTumn, aTo TeopeMa BpsMa 0 mpogoakeHun yupo-
MAeT A0KA3ATEIbCTBO U TAKKE AT BO3MOXHOCTL 0600IIUATE €ro Ha, CTAPIIUE
Pa3MEpPHOCTH.

Topasno paHblie aHAIOIXYIHBIE BOIPOCH paccMaTpuBatu Byparo u 3anarai-
aep. OHE [0Ka3aadm, ITO JH000€ KYCOIHO JIMHENHOE BIOKEHUE TOMUD APATHHON
noBepxHOCTH B R3 MOXHO anmpOKCHMEPOBATH KYCOTHO H30METPIIeCKIM BJIO-
xermeM (cm. [9] u [10]).

CmmrommBanue cdepbl. Teopema 4.1 momyckaer caemyiomee 00o00eHwme,
KOTOpPOE MOXeT OBITH JOKA3aHO TEM XK€ CIOCOOOM.
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5.4. Teopema I'pomoBa o cmumrommBanuu. [lycme M ecmb m-meprnoe pu-
Mmanoso muozoobpasue. Tozda atoboe kKopomrxoe omobpavrcenue f: M — R™
MOAHCEM, OLIMbB ANNPOKCUMUPOBAHO OMOODAHCCHUAMU, COLPAHANOUUMY OAUHDL.
Boaee mouno, daa mobozo € > 0 cywecmsyem omobpaxcenue f.: M — R™,
COTPAHAOWEE DAUHBL U MAKOE, UMO

|fe(z) — f(z)| <e
das moboz2o T € M.

B c¢Bo10 0uepens, mocaeqHUN Pe3yabTAT ABIAETCA FGACTHBIM CJIYYaeM TeO-
pembl B kKHUXKKe ['pomosa [12, 2.4.11]. [lokasaTenbcTBO, IPUBEJEHHOE HAMH,
OTAMYAETCS OT PPOMOBCKOI'O, OHO OCHOBAHO Ha, JOKA3aTeIbCTBRe B [22]. 10 10-
Ka3aTeIbCTBO aeT BO3MOXHOCTEH CTPOUTEH OTOOPAKEHUs, COXPAHAIOLINE [IJIU-
vel B R™ 3 Gosmee sKCTpaBaraHTHBIX TPOCTPAHCTB, B YACTHOCTHU, W3 MHOTO-
o0pasuu ¢ CyOpUMaHOBOU METPUKOMU.

Hedopmanbao rosops, Teopema ['pomoBa yTBepxkgaeT, 9TO y Kiacca OTO-
OpaXXeHul, COXPAHSAIOMINX IIWHBI, ,,HET HETPUBUAILHBIX TI0OATBLHBIX CBOUCTE “.
OTO pUMep TUMUIHOTO BOIIPOCA COBPEMEHHOU T€OMETPUM: BLIACHUTE, KAKUE
MIOGATBHBIE CBOUCTBA BHITEKAIOT M3 NAHHBIX JOKAJBLHBIX CBOUCTB. B Hamem
ciydae ,,COXpaHeHNe [INHLI UCPaeT Podb ,, JOKAILHOIO CBOUCTBA WM €IUH-
CTBEHHOE ,,TMI06ATBLHOE CIEICTBUE TO, ITO TAKOE OTOOPAKEHUE KOPOTKOE.

[l1a Takoro Tuma BOMPOCOB ,,0T JOKAILHOTO K TIOGATLHOMY “ OTBET ,,HET
HETPUBUAILHBIX TJOOATIBHBIX CBOUCTB MOABIAETCA Uallle APYTHUX, HO 3TO HE
3HAYUT, ITO TAKOU OTBET JIETKO NOKA3LIBAETCA. IS TaKUX MOKA3ATEILCTB
CYIIECTBYeT TEXHOJOTHUA, M300peTeHHAad ['POMOBBIM, 5TO TaK HA3LIBAEMBIN
,,JOMOTONUYICCKNN IPUHINAN®, win ,,h-npuanun®. H-OpuHIUO — 3TO CBOU-
CTBO, KOTOPOE YACTO BBIMOMHACTCA A JOKATLHBIX TE€OMETPUIECKUX CTPYK-
Typ. ECTH HECKOMBKO METOMOB MOKA3ATEILCTBA h-TIPUHIUNA, BKJIIOYAA TOT,
KOTODBII ObLT MCIOABL30BAH B JOKaszaTeabcTBe Teopemel 4.1.% B pomoxmenme
K TeopeMe ['pOMOBA O CILTIONUBAHUK BOT eIle HECKOJIHKO MPUMEPOB TAKUX
yTBEDXK JCHUM.

o Teopema 0 6bIBOPAUUBAHUY KOHYCA YTBEPEKIAET, ITO CYMECTBYET HE-

OpPEPLIBHOE OIHOMAPAMETPUIECKOE CEMENCTBO TIaIKuX hyHKuuu fi(x,y),
t € [0,1], 6es xpuTmaeckmx Totex B RZ\{0} makoe, aT0 fo(7,y) =
—v/z?2+y?u fi(z,y) = /2% + y?. [JokazaTeabCTBO MPUBEICHO B KHUXK-
ke TabaunukoBa u Pykca [25, mexuus 27] (Xopomas KHUXKa, GATANTE
HETNKOM).

8068r1H0 h-npuHIUND GOPMYIUPYETCA A4 YPABHEHUU B YACTHBIX NPOU3BOAHBEIX, HO 00
,,0TOOPAKEHUAX, COXPAHAIOMINX JINHEL ¢, MOXHO AYMaTh KaK O CIA0BIX PEIICHUsAX OIpene-
JIEHHOI'O yPaBHEHUA B YACTHBIX NMPOU3BOJHBIX.
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o Teopema Hrwa-Keiinepa Breuer cymecrsoBanue Cl-rmagkoro oro6pa-

xerna S? — R3, coxpaHAOmero NINHEL, Yei 06pa3 WMeeT IPOU3BOILHO
MaJLIA TUAMETP.

o Teopema Cwmetiaa 0 6b180PAUUBAHUL CPepbl YTBEPKAALT, ITO €CTH HE-

NPEPBIBHOE OJHONAPAMETPUYIECKOE CEMEUCTBO TIAJKAX OTOOpaXKEeHUM
. S2 R?; 1 . S2 R?;

fi: S — R’ ¢ € [0,1], rakux, aro fy: S* — CTaHAAPTHOE BIOXKE-

uue u fi(z) = —fo(z) nna Beex x € S2.

¢ O0beauHUB TeXHUKYU N0Ka3aTeabcTB TeopeMm Cmenna u Homa—Kennepa,

MOXHO TIOCTPOUTE BhIBOpaumBanue cdeps f; B k1acce Cl-raagkmx 0To-
OpaXKeHnun, COXPAHAIOIIMNX IINHBL.

[ 03HAKOMJIEHUA C h-IIPUHIIWIIOM MBI DEKOMEHIyeM KHUXKKY Janambepra
n Mumragesa [18].

Opuramm. AcnekTsl OpuraMu, CBA3aHHBIE ¢ TOCTPOEHUAME, 06CY K JAIOTCA B
crarbe Xymna [27], ecTh Takke cTaThA HA PycckoM nepsoro asropa [20]. Ma-
TeMaTUIeCKIe acleKThl CO CIOXKeHueM OyMmaru BIOJb KPUBBIX 00CYXAAI0TCA
B kHmxkke TabaunukoBa u Pykca [25, nekuus 15].

BaarogapuocTu. Mui BeipaxaeM Hammm 6aarogapaoctu Apcennio Akomnsmy,
Po6epty JIsury, Anekceio TapacoBy 3a momoms. Takxke MBI XOTUM mO6GIATO-
JApUTh HAIKUX CTYAEHTOB 3a MCKPEHHUU WHTEPEC.
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