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BRANCHING POINTS AREA THEOREMS
FOR UNIVALENT FUNCTIONS

© S. SHIMORIN

Area theorems of a new type are obtained by considering branching point
compositions with univalent functions. They can be formulated both in the
form of integral estimates and in the form of Grunsky and Goluzin-type
inequalities.

§1. Introduction

Area methods are among the most important and powerful tools in the
theory of conformal mappings. The monograph [8] was devoted entirely to
these topics; a wide exposition of various forms of area principles can be found
also in the classical monographs [5] or [10]. Recent progress in estimating
integral means of the derivatives of univalent functions (see [12, 7]) was based
on the use of area inequalities combined with techniques of Bergman spaces.
This was an inspiration for taking a new look at area methods in the theory
of conformal mappings.

The classical polynomial area theorem for univalent functions can be formu-
lated as follows: if 1 is a function univalent in the unit disk D of the complex
plane C, and p is a Laurent polynomial

o~ D
p(z) = =%
n=0
then the composition p(¢)) written as a Laurent series converging for z near
T = 0D, namely,
“+o0

satisfies

[p(4), p(¥)] <0, (1.1)
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where [-, } is the indefinite inner product defined as follows:

[9:9] =D klex* for g(z) =) exz". (1.2)

kEZ keZ

Equivalently, one can rewrite (1.1) as

> ke < (=Dl (1.3)

k30 1<0

(and this corresponds to a canonical decomposition of the indefinite norm (1.2)
into a sum of orthogonal positive and negative parts). The conclusion of the
polynomial area theorem remains true if p is an arbitrary rational function
with poles in (D) or even a function regular in a neighborhood of C \ (D)
(where C stands for the Riemann sphere C U {oo}).

[t is well known that the polynomial area theorem is equivalent to various
modifications of the Grunsky inequalities and Goluzin inequalities, which are
usually more important for the applications than the area theorem itself. In
fact, the derivation of Grunsky or Goluzin inequalities from the area theorem
reduces to an effective (in an appropriate sense, say, for rational functions p
written in the form of sums of partial fractions) calculation of the positive
and negative parts of the decomposition of p(¢) with respect to the indefinite
norm (1.2).

The present paper is devoted to area theorems valid for functions p that are
no longer single-valued (but still analytic) in C. More precisely, we consider
functions of the form

Pq(2), (1.4)
where p1,...,un € (D), “branching multiplicities” 6 are in the interval
(0,1), and ¢ is a rational function with poles in (D) (rigorously, such func-
tions p can be thought of as defined on an appropriate subdomain of the uni-
versal covering surface of C\ {u1, ..., i, } and character-automorphic there).

In one particular case where n =1 and pu; = 0 = #(0), area theorems of
such a kind are known. Namely, if p(z) = 2/~1 with 6 € (0,1) and (0) = 0,
then the area theorem of Prawitz [11] proved in 1927 asserts that

> (n+0)eal* < (1= 0)|e]?, (1.5)

nz0

p(z) = (z—p)" .. (2 = pin)

where the coefficients ¢,, are defined by
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or (more rigorously)

YOV 5,

(=) =%
A polynomial version of Prawitz’ theorem was obtained by Nehari [9] in 1969.
He proved that for 4(0) = 0 and p(z) = 2%~1¢(z) (where ¢ is regular and
single-valued in C \ v (D)) we have

> (n+0)|enl* <0,

neZ
where the coefficients ¢,, are defined by the Laurent type decomposition

p(6(2) = 3 ez,
nez
In this context, like in the case of the classical polynomial area theorem, one
can effectively find a decomposition of p(1)) into positive and negative parts
with respect to the indefinite norm

> (n+6) el (1.6)
neZ
and then derive analogs of Grunsky and Goluzin inequalities (for Grunsky-type
inequalities, this was done by Nehari in the same paper [9]).

The recent paper [1] by N. Abuzyarova and H. Hedenmalm develops a
geometrical approach to area theorems. Using analysis on certain doubly con-
nected domain, they obtained an area-type integral inequality corresponding
to the case where 1(0) = 0, p(z) = 2V/2(z — ¥ (\))"1/2, A € D.

In the context of general functions of the form (1.4), following questions
arise very naturally. What is an appropriate analog of the indefinite norms
(1.2) and (1.6) so that one still has the fundamental inequality [p(¢),p(¢))] <0
(eventually, under some additional conditions on the function ¢)? Is there some
natural decomposition of this norm into positive and negative parts which can
be effectively calculated for functions p(¢))? What are then appropriate analogs
of Grunsky and Goluzin inequalities?

The answer to the first of these questions is given by the well-known
indefinite inner product

1.9] = 5= [ 1€ d (570) (17)

where T = 0D is the positively oriented unit circle. The right hand side of
this formula is well defined if both f and g are character-automorphic (with
the same character) functions defined on the universal covering of T, because
the form f dg in this case does not depend on the choice of the branch of this
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covering. It is easy to see that the inner products (1.2) and (1.6) are special
cases of (1.7). We shall call (1.7) the Dirichlet form because for functions f
holomorphic in D the inner product [f, f] reduces to the Dirichlet integral

[ireraac)

Here, dA stands for the normlalized area measure: dA(z) = dxdy/m, z =
x +1y. Clearly, any function p of the form (1.4) can be alternatively written as

p(z) — 291+---+9nq1(z)’

where ¢; is regular and single-valued in a neighborhood of C \ ¥(ID). If m is
the integral part of 6; + ---+ 6, and the function ¢ has a zero of multiplicity
at least m + 1 at infinity in the case where 6; + --- 4 6, is not an integer, or
of multiplicity at least m in the case where 6 + ---+ 6, is an integer, then
Nehari’s result (or the classical polynomial area theorem) implies that

[poy,poth] <O

Our goal in the present paper is to answer two other of the above questions.
First, it is well known from the theory of indefinite inner product spaces
that the fundamental decompositions of such spaces into orthogonal sums of
positive and negative subspaces are not unique (see [3, Section 1.11]). §3 of the
present paper is devoted to such decompsitions with respect to the Dirichlet
form, which are most relevant for functions p(¢)) with p of the form (1.4).
Namely, in the case where 61 +---+ 6, < 1, we find a decomposition of the
Dirichlet form (see Theorem 3.4 in §3) such that one can effectively calculate
the decomposition of p o+ where p is given by (1.4) and the rational function
g with poles in ¢(DD) that occurs in that formula is written as a sum of partial
fractions.

This decomposition allows us to obtain corresponding area theorems. In or-
der to formulate them in an economical form, in §4 we introduce an abstract
language of domination of kernel functions. This language gives a better un-
derstanding even of classical topics, such as the Goluzin-Lebedev inequalities
for univalent functions.

Two main area theorems (Theorems 5.1 and 5.2) presented in the form of
certain domination relations for kernel functions are formulated and proved in
§5. Using the domination formalism, one can interpret them either as analogs
of Goluzin-Lebedev inequalities or in the form of integral estimates. Finally,
§6 is devoted to examples and special cases. In the cases of one and two
branching points, we obtain explicit formulas for kernel functions involved in
the formulation of area theorems.
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One of applications of our techniques is the area-type proof of the pointwise
inequality:
F(Q)  4lcP—2  4icF EQ/Id
F(¢)  IKP=1 [¢P =1 K(1/[C]

A o B
T 0w 'C';;’

valid for functions F € ¥ (i.e., functions F univalent in C \ D and normalized
so that F(¢) = ¢ +bo+b1¢"t +...). Here, K and E are standard complete
elliptic integrals of the first and, respectively, second kind. This inequality was
obtained by G. M. Goluzin (see [6, Ch. IV, Section 3]) by the variational
method. Recently, N. Abuzyarova and H. Hedenmalm [1] found an integral
inequality of area type leading to (1.8). Their method was based on an ap-
propriate apllication of the Green formula in certain doubly connected domain
sheeted over the Riemann sphere, and elliptic functions appear in explicit for-
mulas for the Green function of this domain. In §6, we obtain an integral
inequality equivalent to that obtained in [1] as a special case of the domination
corresponding to two branching points. In our method, the elliptic integrals
appear in explicit formulas for appropriate reproducing kernels.

¢ ))(<

§2. Character-automorphic functions and the Dirichlet form

Let © be a simply connected domain in C and let M = {u3,...,u,} be a
finite sequence of distinct points in Q. Let © = {01,...,0,}, where 6; € [0, 1),
k=1,...,n. We shall say that a function f analytic and multivalued in Q\ M
is (M, ©)-character-automorphic there if the analytic continuation of f along
any closed path « lying in Q \ M and satisfying

ind(’ya //Jk) = mg
results in multiplication of f by exp(27i(0ymq+---+6,my)). A typical example
of such a function is
f2) = (G=m)™ . (2= )™
(writing such expressions, we assume always that the value of f at some fixed

point of the universal covering surface of 2\ M is specified). Moreover, if f is
an arbitrary (M, ©)-character-automorphic function in 2\ M, then the ratio

f(z)
(z = )% .. (2 — )P
is (M, 0)-character-automorphic and hence single-valued in 2\ M. We shall
say that f is a meromorphic (M, ©)-character-automorphic function in Q if f
has the form

Fz)=(z =)™ (2 = ) g(2),
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where g is single-valued and meromorphic in . Let 9,0 denote the family
of all meromorphic (M, ©)-character-automorphic functions in Q. Clearly, the
family Mg e is linear and closed with respect to the differentiation operator
d/dz.

The following lemma is almost obvious.

Lemma 2.1. Suppose Q) is a simply connected domain, A = {\1,...,\,} C Q,
and v is a conformal mapping from Q onto . Let also M = {1, ..., pn},
where pi =Y (Ag), k=1,...,n. As before, © = {01, ...,0,}, with 0; € [0, 1),
k=1,...,n.

I} f is meromorphic (M, ©)-character-automorphic in Y, then the compo-
sition f o1 is meromorphic (A, ©)-character-automorphic in Q.

More generally, let 2 be an arbitrary domain in C, v a closed path in €,
and let 6 € [0,1). We shall say that a function f analytic and multivalued in £
is (v, #)-character-automorphic if the analytic continuation of f along  results
in multiplication of f by exp(2mif).

In what follows, the letter T will denote the unit circle viewed either as
a set or as a positively oriented closed path, depending on the context. We
denote by dm the normalized arc length measure on T.

Let f and g be functions analytic (and multivalued) in some neighborhood of
T and (T, #)-character-automorphic there. The Dirichlet form [f, g] is defined

by
.9):= 5= [ 1) a0 @)

The integral is well defined because the differential form fdg is (T,0)-
character-automorphic. Here are some alternative formulas for the calculation
of the Dirichlet form:

lf, 9] = 2L /T(95<f(z)g(z)> dz

Here,

are standard Wirtinger differential operators.
Clearly, any (T, #)-character-automorphic function f has a representation

f(z)=2"f1(2),
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where f; is analytic and single-valued near T and hence

fz) =) et (2.3)
k€Z
Writing a similar formula
g(2) =3 (2.4)
k€Z

for another (T, #)-character automorphic function g, we easily obtain
[, 9 =" (k +0)ckdy. (2.5)
k€Z

This formula can serve as a definition of the Dirichlet form for functions f
and g defined almost everywhere on the universal covering of T and having
representations (2.3) and (2.4) with coefficients satisfying

> lkllekl* < +oo and Y [klldk|* < +oo.
keZ keZ

The class of such functions will be denoted by Gy (€ can be an arbitrary real
number).

In the case where 6 is not an integer, Gy supplied with the Dirichlet form
is a Krein space. A fundamental symmetry is

Jf(z) = Zsign(k‘ + 0) 2™t
keZ
for f defined by (2.3), and the corresponding Hilbert J-norm is
17150 = D _ Ik + Ollexf. (2.6)
keZ
A natural positive (respectively, negative) subspace of Gy consisting of func-

tions of the form
f(Z) = E szkJrG’
k4630

g(Z): Z gkszr@’

k+6<0

respectively,

will be denoted by G, (respectively, G, ). In the case where 6 is an integer,
the subspace {C} consisting of constant functions is an isotropic subspace
of Gy and the quotient-space Gy/{C} is a Krein space. Positive and negative
subspaces G, and G, are defined as before (obviously, G NG, = {C} in the
case where 6 is an integer).
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The formula
fog] = / 20. () 9(2) dm(=) 2.7)
T

remains valid for arbitrary f,g € Gy if 20, f is interpreted as a distribution
with Fourier series

h(z) = 20.f(2) ~ Y (k+ 60)cp2" (2.8)

kEZ

/hgdm
T

is interpreted in the sense of the Parseval identity.
From (2.5) (or from (2.2)) it follows easily that

[2"f(2), 2"g(2)] :n/ngder[f,g]

for any f, g € Gy. It turns out that a similar formula is true if 2" is replaced
by more general multivalued factors unimodular on T.

Let A={)\,...;\,} CDand ©® ={0y,...,0,} with O e R, k=1,...,n.
We define

and the integral

wre(z) =TT ()™, 2.9)
k=1
where \
wﬂ@:f:h. (2.10)

Remark. The function wp e can be thought of as a multivalued finite Blaschke
product. The function

wp(z) = H W, (2) (2.11)
k=1

(usual finite Blaschke product) will be denoted simply by wx(2).
Proposition 2.1. For any 0 € [0,1) and f,g € Gy, we have

1= A > —
= 0 ———— d . 2.12
[waefwa09] /T <1§=1 TR WeE F(Q)g(¢)dm(¢) + [f, g] (2.12)
Proof. An explicit calculation shows that

n

- 1— |\l wro(z
dawne(z) = (;% —aw( —xkz>> 46()
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and that
A1-AP) 1A
(z=N(1=X2) [1—Xz[2
for z € T. Using the last identity in (2.2), we find

[wmeJEwmeg]=:/Qzékwme(Z)f@ﬂwm@(ZMKZ)dWKZ)

+/TzwA7@(z) 0. f(2)wa,e(2)g(z) dm(z)
| Axl” —
= [ (gt e + [ soosigEan)

which yields (2.12). e

Remark. If f = g is a function holomorphic in D and all ) are positive
integers, (2.12) is a special case of the well-known Carleson formula for the
Dirichlet integral (see [4]).

Now, we turn to the properties of the Dirichlet form related to different
composition operators. An easiest of them is the involution # defined by

i(z) = @ (2.13)

for f analytic near T. Clearly, f# = f if we view f as a function defined only
on (the universal covering of) T. From (2.1), it follows immediately that

1%, 9" = ~1g, f]. (2.14)
We also have
Whol?) = (wre(2) ™! (2.15)
and
(20.9)° (u) = —udug*(u). (2.16)

The following two propositions are sources of all area thorems derived in
the present paper.

Proposition 2.2. Let A = {\q,..., \,} with \,, € D, and let 1) be a smooth
conformal map of D into itself. Let Y(A) = {¢Y(\1),...,¥(A\n)}. Let p be a
meromorphic function of class My (p) e in some domain containing the closed
unit disk. Assume also that all poles of p lie in the domain (D). Then

[,m—@o¢mom:1éwmuﬂaﬁm«a. 2.17)
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Proof. The left-hand side of (2.17) can be written as

2;7 pp——/p0¢dp0¢——</pdp /w(Tpdp> /pdp,

(2.18)
where T" is the oriented boundary of D\ ¢(D). An application of the Green
formula now implies the result. e

The calculation (2.18) is by no means new. A very similar argument appears,
for example, in the paper [9] (see formula (2.3) of that paper).

Formula (2.17) remains true even without any smoothness assumption on
1. Indeed, any p in the context of Proposition 2.2 has the form

) =wuen o) Do i a(2)
O\ & T (an

with a; € D and ¢ analytic in D. Clearly, for arbitrary ¢ the composition po1)
belongs to the class Gy with 6 = 01 + - - - + 6,,, which shows that [po ), po ]
is well defined. Moreover, the negative coefficients in the decomposition

p(2) = S, zeT,
k€Z
decay as
ekl = O(r),  k — oo,
for some 79 € (0,1). An approximation argument involving the functions
Yr(2) =(rz), r € (0,1), now implies the claim.

Corollary 2.1. Let A ={)\y,...,\,} CD, and let ¢ be a conformal self-map
of D, © = {61,...,0,}, 0k € [0,1). If p is a meromorphic function of class
My (a),0 in the closed unit disk with poles in the domain (D), then

[pov,pot] < p,pl, (2.19)
and equality happens if and only if ¢ is a full self-map of D (i.e., 1» maps D

onto D\ E, where E is an area-null set).

Proposition 2.3. Let f be a univalent function defined in D. If P is a
[unction of the form

n

P(¢) = [H(C FOw) ]ZC o (2.20)
k=1 v)
such that
lim |P(¢)| < +oo, (2.21)

|¢]—00
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then
[Pof,Pof]= / P/ (2) 2 dA(2).
C\f (D)

Proot. First, we consider the case where f is sufficiently smooth and bounded.
The function P({) can be written near infinity as

P(¢) = Ot ton py <%>’

where P; is a function regular near the origin. Condition (2.21) implies that
Py has zero of order at least # =6y + - - -+ 6,, at the origin. This implies that

1
IP'(Q)| = O<m) (2.22)
near infinity. We may assume without loss of generality that
ICllim P(¢) =0, (2.23)

because | 1|im |P(¢)| > 0 is possible only in the case where 6 = 60; +---+ 6,
(=00
is an integer and P, has zero of order # at the origin, and in this case one

may replace P(¢) by P(¢) — C, where C = ICllim P(¢), without changing
[Po f, Po f]. Relations (2.22) and (2.23) imply that

lim PdP =0.
R—o0 RT

The same argument as in the proof of Proposition 2.2 shows that for suffi-
ciently large R (such that RD contains f(ID)) we have

[ PdP—[Pof Pof] :/ |P'(2)|? dA(2).
27 Jpr RD\ £(DD)

[t remains to let R — oo.

The case of arbitrary f can be obtained by replacing first f by f.(z) :=
f(rz), r € (0,1), and then letting » — 1 — 0. Passage to the limit is justified
by the following lemma.

Lemma 2.2. The function P o f belongs to Gy, 0 = 01 + - - - + 0,,. Moreover,
the negative coefficients in the decomposition

P(f(Q) =Y exd™
keZ
decay as
ekl = O(r5),  k — +o0,
where 1 is some number in (0,1).
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Proof. The lemma will follow if we show that the single-valued function

N

li“ = ) (if )> [I¢—wu)

v=1

belongs to G .
Let m be an integer such that m < 6 < m+1. Then condition (2.21) implies
that

TT7—1 (¢ — FOw)% - q(<)
P =
«“ T (¢ — flw))

where ¢ is a polynomial of degree at most N —m — 1. Hence

n N a4,
(Ak) .
1;[ <7 f k V%l (C—f(uu))H;L(C—f(uz))
We see that it suffices to show that for any choice of uq,...,umi1 € D the
function
R 2409 s ¢C—uy
w0 = [T (10 (b=

k=1
is in QJ. To do this, it suiffices to show that

/ |R'(O)|?dA(¢) < +o0 (2.24)
ro<|¢|<1

for some 79 € (0,1). But we have

(9,
(ZQ < — f(x) C—lkk>
m+1

_Z<f o C_1UZ>>. (2.25)

In the case where 8 < m + 1, we have

b
£t

near T (we suppose without loss of generality that f does not assume zero
values near T) and hence

[R(Q)] =

RI(O)2dA(C) = O |
/T°<|C|<1| (OF 44 /m<|C|<1 | f(¢)[2H2m+1-6) (©)
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which is finite by geometric reasons. In the case where § = m + 1, we have
m—+1

/(9
Zek ~ X O 7= 7el)
near T due to the cancellation of flrst order terms as f(¢) — oo. Hence

1= 0(| £5)).

which gives again a [inite integral (2.24). e

Corollary 2.2. Let f be a univalent function defined on D. If 61+ - -+6, < 1
then for any function P of the form (2.20) we have

[Pof,Pof]<0.

Moreover, equality occurs for full mappings f (i.e., such that C\ f(D) is an
area-null set).

§3. Fundamental decompositions

In this section, we study certain fundamental decompositions of the spaces
Gp with indefinite Dirichlet form into orthogonal positive and negative sub-
spaces.

Let A = {A\,..., Ay} be a finite sequence of distinct points of D, and
© = {61,...,6,} a sequence of numbers 6 € (0,1). Let the function wy e
be defined by (2.9) and (2.10). An easy argument which is left to the reader
shows that multiplication by wy e is an invertible transformation from G, onto
G,, where

v=n+bi+---+0,.
In the case where both n and v are not integers, this multiplication operator
is continuous and invertible as an operator between Krein spaces.

Definition 3.1. Let § = 6; +---+6,,. A subspace of Gy consisting of functions
f of the form

f=wreg with gegGy
will be denoted by g[f@.

Applying (2.12), we see that

n

1— [ \g]?
onegonos] = [ (30 =R ) a(O dm(c) + oo

k=1

/(Z : |;k4||2>| ) dm(Q)+>_ klg(k) (3.1)

k>1
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for any g € G5, which shows that g;@ is a positive subspace of Gg. Moreover,
it is also uniformly positive as a subspace of a Krein space in the case where
0 ¢ Z, which means that

[ ] = el f11%e

for any f € g;@. Later on in this section, we shall prove that g;@ is a
maximal positive subspace (which means that it is not contained in any bigger
positive subspace) in the case where 61 + - -+ 6, < 1. The Dirichlet space G
(regarded as a space of functions analytic in D) supplied with the norm

A
lolfye = | (Z . L’ﬂ|2>| P dm(C)+ S KGRI = [wr 00, wn 0]

k1
(3.2)
will be denoted by Dy g. Let kj[@ denote the reproducing kernel for the space

Dpo. In other words, for each p € D, the function k}:@(-,,u) € Dpo is
uniquely determined by the identity

9(p) = [wreg,wrekl ol 1), g€Gy.
The following lemma gives an integral representation of the norm in the space
'Dm@.
Lemma 3.1. For any g € Dp o we have
2

2
ol o= [ '(Zek k@) a1 )] [enena ()P aAG)

(3.3)
Here, wy is defined by (2.11),
k wa (2)
wi(z) = ,
A( ) w)\k(Z)
and © — 1 means the sequence (601 — 1,...,0, —1).

Proof. Let Dy .be the unit disk with deleted disks of small radius ¢ > 0
around points Ag, k=1,...,n. Then

N —
loliko = lneg.wnesl =lm o= | wra(:le()d (oral1a()
e—0 21 o,

=lim [ [0 (wae(2)9()) " dA(2)
e—=0 Jp,

,E

_ 2
(Z T AR ()9 + en (e ()

2
dA(z),
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which gives (3.3). e

Our next goal is a characterization and the study of the orthogonal com-
panion to QXG with respect to the Dirichlet form. Let 6§ =6, + -- -+ 6,,.

Definition 3.2. A subspace of G_y consisting of functions H satisfying
[HF,g] = 0
for any g € Q[J{’@ will be denoted by G o.

In other words, (G g)* is the orthogonal companion to G 4.

Let B{ denote the usual Bergman space of single-valued functions  analytic
in D and satisfying

r\n
leliy = [ et Paa) = 3 BT

n20

We shall need also a two-sided character-automorphic Bergman space By con-
sisting of distributions A defined on the universal covering of T, having Fourier

series
u) ~ E hkukJr@
keZ

and satislying
W2

|l<:|+1

< +00.

>4

kcZ
Obviously, z0.f € By il and only il f € Gp. Multiplication by wp e is an
invertible transformation from B, onto B,, where v =n + 61 + ---+ 0, (the
proof of this fact is left to the reader).
Lemma 3.2. A function H € G_g belongs to G ¢ if and only if
udy H (u) = uwp o~ (u)z(u) (3.4)

on (the universal covering of) T, where x is a function in By .

Prooi. By definition, H € G, 4 is equivalent to

[Hﬁa wA,®p] =0



202 S. SHIMORIN

for any analytic polynomial p, which, by (2.7) and (2.16), can be rewritten as

0= /T 20, H(2)won e (2)p(2) dm(z)

- /T (udH)* (u)on o (w)p(w) dm(u)

= —/ wa,e (w)ud, H (u)p(u) dm(u).
T
The assertion is obvious now. e

A natural question in connection with this lemma is what functions x can
appear in (3.4). The answer depends on whether = 61 +---+6,, is an integer
or not.

If 6 is an integer, then wpe 'z € By for x € Bar and the existence of
H € G satisfying (3.4) is equivalent to the property

/ uwp,e t(u)z(u) dm(u) =0
T

/ z(w) du = 0, (3.5)
.

or

wh,6(u)
where «y is an arbitrary simple contour in D enclosing the points Ay, ..., A,. In
other words, the function wp e~ '(u)x(u) which is analytic and single-valued
in some annulus {r < |u| < 1}, where |\¢| <7, k =1,...,n, should have a
single-valued primitive function in this annulus.

In the case where 6 is not an integer, formula (2.8) shows that any function
x € By can appear in (3.4).

The next question is how to express the Dirichlet form [H, H] in terms of
the function x if H satisfies (3.4). The difficulty here is that H satisfying (3.4)
need not be a boundary value of a (A, —0)-character-automorphic function and
hence one cannot apply Green’s formula to the domain D\ {A,..., A\, } as we
did in the proof of Lemma 3.1.

First, we consider the case where € is not an integer. So, we assume that
He gy g and

a(u)

OuH (u) = h(u) oro () (3.6)
on (the universal covering of) T, where x € Bar. Obviously, the right-hand side
is a (A, —#)-character-automorphic function in D\ {A1,...,A\,}. We choose
some simple smooth paths v1,...,7v,-1 such that

e i connects A\, with Ag;
e ; intersects ; only at the point A, and
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e orne can choose ¢y, = arg~, at the point A, so that
PF <1 <2< <por < F 2,

where ¢* is some value (see Figure 1). A path v in D\ {A1,..., A} is then
constructed as follows. A starting point A\? is chosen on the path ~; infinites-
imally close to A,,. Then one goes from A)to A; along ~; obtaining a path ~;;
then around \; along an infinitesimally small circle in positive direction ; then
back to A, along 71 obtaining a path ~;"; then to the path 79 along an arc of
an infinitesimally small circle centered at \,, in positive direction; then along
2 to Ao obtaining a path v, , around Ay and back to A, along v, obtaining 75,
and so on, returning finally to A\ along an arc of an infinitesimally small circle
centered at )\, in positive direction (see Figure 1). We fix also some point A},
on the universal covering of D\ {\1,. .., \,} whose projection to D is 2. The
lifting of v to the universal covering of D\ {A1,..., A} will be denoted by v*.
Let also 2 C D be some smooth simply connected domain containing all paths
7 except the endpoints Aj, 7 =1,...,n. Let hg be a single-valued branch of
the function h defined on Q and satisfying ho(\2) = h(\}). We put

I, ::/ ho(u)du, k=1,...,n—1. (3.7)
Ve

The path ~ constructed above is homotopically equivalent to T in D\

{A1,..., A} If a simply-connected domain © C D containing the points

A1,...,Ap on its boundary is already given, then the existence of the paths
Y1, .-+, Yn—1 lying in Q and satisfying the above requirements is equivalent to
the property that the sequence Ai,..., A\, follows the positive orientation of
o09Q.

Lemma 3.3. There exists a unique function H defined and multivalued in
D\ {A1,..., \n}, satisfying (3.6) and (T, —0)-character-automorphic for any
simple positively oriented path T in D enclosing the points {\1,..., A}
Moreover, this function H satisfies

: -1 2 : :
H(\Y) = <6727r19 _ 1) . Z(l _ 6727rzo9k)672m(¢91+---+«9k,1)Ik‘ (3.8)
k=1
Proof. Let H be some function satisfying (3.6), and let H(\}) = C. We
show first that this constant C' (and hence the function H also) is uniquely
determined by the requirement that H be (v, —f)-character-automorphic. First,
a process of analytic continuation of the function h along the path v* shows
that
h(uw) = ho(u) on 75 h(u) = e > ho(u) on 77;
h(u) = e ™ ho(u) on 755 h(u) = e ™00 n0(u) on ~F,
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The path ~.

and so on. Hence

[/*h(u)du:g([&%—[/;)h(u)du

_ < 6727ri(91+"-+9k71)h0(u) du _/ 6727ri(91+...9k)h0(u) du>
k=1 7 Tk
n—1
_ Z/ (1 _ 6727ri9k)6727ri(91+"'+9k,1)h0(u) du
k=1"7
n—1
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The requirement that H be (v, —#)-character-automophic implies that

HOG)+ [ () du= e B,
,-\/*
which gives
n—1
C = (e 270 _ 1)1 Z <1 _ efzm'ek> 201+ +05—1) [, (3.9)
k=1
and proves (3.8).

[t remains to show that if H is the primitive function to h satisfying
H(\!) = C, where C is given by (3.9), then H is (I', —0)-character-automor-
phic for any simple positively oriented path I" enclosing the points {1, ..., \,}
(i.e., homotopically equivalent to T in D\ {A1,...,\,}). Let T'* denote the
lifting of such a path to the universal covering of D\ {\y,..., A} having the
initial point @~ and the endpoint a™. Suppose also 6~ is an arbitrary path
on the universal covering connecting a~ and X}, and (6+)~! is the image of
0~ under the canonical isomorphism of the universal covering induced by the
homotopy class of paths 7 equivalent to T, so that, in particular, the endpoint
of 5% is a™ (see Figure 1). Since v and T are both homotopically equivalent to

T, we have
/* h(u) du = / h(u)du%—[{* h(u)du%—/é+ h(u) du,

which implies

H(a")=H(a™) + / h(u) du+ (e7 20 — 1YH () — e~ 270 / h(u) du

= H(a™) + (e72m 1) (H(A;) - / h(w) du)
=H(a )+ (e 2™ —_1)H((a ) =e " H(a).

This proves that H is (I', —f)-character-automorphic. e

Now, we apply Green’s formula to the domain D \ supp v, and we get

.] = [ o, Fw) 5

T

211

~ [nwHEw g+ [ @A)
¥ D\supp v

= u—ud—u x(u 2 _dA)
_Lh( VI >2m.+/D| Wl o
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The first term in this formula can be expressed via the integrals Ij. First, we
have

w—

Hu")=C +/ h(v)dv=C —i—/ ho(v)dv on the path ~;; (3.10)

*
n

here C = H(X\}) is given by (3.9) and the last integral is taken along ~;. Since
h(v) = e 2™ hy(v) along ~;", we obtain

ut

Hut)=C+1+ / e~ 2™ ho (v) dv
A1
ut

=C+ (1—e ) 4 ¢ 270 / ho(v) dv (3.11)

n

on the path ~;, the last integral being taken along 7;. Continuing similarly,
we find

C+Z 27rz€l 27ri(91+---+911)_[l+e27ri(91+---+9k1)/u ho(v) do
An

(3.12)
on the path +,” and

+
727r191 727ri(«91+---+9171)jl _|_e*27”'(‘91+“'+9k) /“ ho(v) dv

An

||M?r

(3.13)
on the path ~,", both integrals in these formulas being taken along ~;. In
particular,

. . Ak
H(u") — H(u™) = e 20t t0-1)( — g=2milh) / ho(v)dv — (3.14)

if u=, ut denote some point u € supp~y interpreted as lying on 7, 7,:“,
respectively.
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Now, we have

Ak
([ + [, ) g = [ (v - iy H)
N vt 211 A 271
k k
Ak S
= / h(u™)H(u=) — h(u)H (u™)
Y 2701 +--+6) 1) ority [ du
_ (014 +0k—1 _ p2mib _
h(u™)e (1—e )/u ho(v) dv> oy
= [ (- emn i)
Ve
, . Ak du
_ h(uf)627r1(91+---+'9k71)(6727”091; _ 1)/ h(](’[)) d’U> —. (315)
” 271
Using the fact that
. Ak
H(uf) +e27rz(«91+...9k1)/ ho(v) dv
k—1
— C + Z(l _ 6727”'091)6727ri(091+---+9171)_[l + 6727ri(091+---+09k,1)_[k’
I=1
we see that the last expression in (3.15) reduces to
(1 _ 627ri«9k)/ h(uf)
Ve
k—1 d
% <U+ (1— ezm'el)ezm'(eﬁ---wl,l)fl+ezm'(91+---+9k,1)j—k> au
211

N
Il
—

_ 1 (1 _ 6727”'916)6727”'(914"““4"»9}671)]]6

27

N
—_

% <U+ (1 _ezm'el)ezm(eﬁ---wl,l)fl+62m(91+---+9k,1)1—k>‘ (3.16)

N
Il
—
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Using the identity

k—1
C+ E (1 _ 6727”'091)6727ri(091+---+9171)_[l + 6727ri(091+---+09k,1)_[k

=1
k—1 1 —2mif)\ ,—2mi (61 +-+0;_1)

_ _omip (L —e Je

= e 50 I

e—sm — 1

=1

6727”'9 _ 6*27”"9k

. o 2mi(01++0, 1)
E— e T T
n—1 —27mi6;\ ,—27i(01++6;_1)
(1 — e 2m0)e 1 -1
+ Z e—2mi0 _ 1 Ila
I=k+1
we find
du
([ +], )pwm s
Yo “/zj g
=
= 5 (1— 6727ri¢9k)me*Qﬂ'i(GlerJer,l)627ri(91+---+.9[71)
i
. 627ri¢9 Ile N i (1 _ 6727”'9;6)(627”'9 _ 627ri9k) |Ik|2
e2mif _ 1 i o2mif _ |
Lo =270\ (1 _ o—2mif) ) p—2mi(01+ A0k 1) 270 (01440, 1)
+T Z (1—6 k)(l—e* ml)e 1 k—1) e 1 1
™ o
1 _
X g Lkl
If we denote
Ty = (1= 2y 2mil0nt et (3.17)
then the last expression reduces to
k-1 n—1
1 05— sinm(@—0k) . I
T\~ 22 kit [ k] 0 1,77 ).
47TSin779< ;e kL sin 70y, | Jil l_zk;rle kJ1

This implies the identity

/h(u)m du #QG(Jla---,Jnfl)a
y

27i - 47 sin w6
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where the quadratic form Qg is given by the formula
“lsin (0 — O)
— 2 w6 1 T,
coydpo1) = —_— —2 . (3.1
Qo(J1, . Jn1) =Y Ry |Jk|”—2Re ( d o Jle> (3.18)
k=1 1<I<k—1
Finally, we arrive at the following statement.

Theorem 3.1. Assume that 0 = 01 +---+0, is not an integer. Then H € G, 4
if and only if there exists a function x € By such that

O H () = hu) = —~)

wpe(u)
Moreover, let Q0 C D be a smooth simply connected domain such that the
sequence {\1,...,\n} lies on the boundary 0N and follows the positive ori-

entation of 0N). Let hy be some single-valued branch of h defined in 2, and
let
: : Ak
Je = (1 — e 2™ 0k ) g7 2mil01 4405 1) / ho(u)du, k=1,...,n—1 (3.19)

(the integral is taken alorzg some path lying in ). Then
1
(H,H] = / |2 (u)|? OB ——Qo(J1, .-+, Jn1), (3.20)

|wA@ (u)|?  4Awsinmd

where the quadratic form Qg is defined by (3.18).

Remark. If ¢ is an arbitrary point in €2, then we can choose formally A\, 11 =
a, 0,41 = 0 and then apply Theorem 3.1 to the sequences A’ = {\1,..., A\, a}
and © ={64,...,60,,0}. Then we obtain

1
[H,H] = )?| (w) O/
/ | |WA® )|2 + 47TSiD7T9Q® (‘]17 a‘]n)a

where
Ak
Ji = (1 — e 20k ) e 2mil01 4 4051) / ho(u)du, k=1,...,n.
a

We turn now to the case where § = 6; + ---+ 0,, is an integer. We keep
the same notation as before (except that for C, which can be an arbitrary
constant). The function H is not uniquely determined by h now. Choosing an
arbitrary constant C' and then taking H to be a primitive function to h satis-
fying H(A}) = C, we obtain a function which is (I", 0)-character-automorphic
for any simple path I" enclosing points {A,..., \,} because

/ h(u) du=0 (3.21)
T
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(see the discussion after Lemma 3.2). This identity can be rewritten also as

n—1
Z(l _ 6727ri¢9k)6727ri(91+-"+9k,1)_[k —0. (322)
k=1

Formulas (3.10)—(3.16) remain valid without changes, and we obtain

n—1

=~ du 1 —2mi0) \ ,—2mi(01 -+ +0p_1) Vol
Lh(u)H(u) o = %<Z(1 —e )e I |-C
k=1
1 n—1
- 727”'91@ 727ri(091+---+09k,1)_[k
271'1
k= 1
k—1
X Z 271'29[ 27FZ’(91+---+91,1)T[
n—1 —27if)
1—e k 9
T DE A (3.23)
k=1
As before, we define Ji by (3.17), and we observe that (3.22) reduces to
Ji+ -+ J,1 =0. (3.24)

The expression (3.23) then becomes

Z WP 1 S
mi(1— e2mi0k) " 2mi woL

k=1 1<l<k<n—1
Subtracting the expression
1 1 —
0= —|S+ -+ Ju]?=-— Ty,
47”.| 144 T py D
1<Lk<n—1
from this formula, we finally get

— du 1 -
Lh(u>H(u> = Qo ),

where
n—1
Qo(Jis ..., Jn_1) ::Zcotw9k|Jk|2—2Re<i > J,Jl>. (3.25)
k=1 1<l<kgn—1

Therefore, we have proved the following statement.
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Theorem 3.2. Assume that 6 = 61+ ---+6, is an integer. Then H € G ¢ if
and only if there exists a function x € Bf such that

a(u)
OuH (u) = h(u) oro() ueb,

and the integral of h along any simple path enclosing points {\i,..., \p}
vanishes.

Moreover, let Q), hg, and Ji. be as in Theorem 3.1. Then Ji+---+J,_1 =0
and

)= [P Qe g, G26)
Iw [wao(u)?

where the quadratic form Q@ is defined by (3.25).

The quadratic form Qg is positive definite in the case where 6; +---+6,, =
0 < 1. This follows from the next lemma by the Sylvester criterion.

Lemma 3.4. Let 01, ...,0,, and 0 be real numbers such that 0, k=1,....m
are not integers. Let A = A(0y,...,0m;0) = (Arj)i<k,j<m denote the matrix

with entries

si'n7r911€
Apj =4 =™ if k< j;
—e—imt if k> j.
Then
(Sinﬂ'e)mil csinm(@ — 01 — -+ — Opy)
det [A(01,...,0m;0)] = e . (3.27)

Proof. Without loss of generality we may assume that all numbers 8 — (61 +

~+0), k =1,...,m—1 are not integers. Replacing each row A;., k=2,...,n
of the matrix A by the row

sin 0, —ind

————e A

+Sin7r(9—91)e o

we obtain the matrix

in7(60—61) im0 im0
751115111”91 L —e .. —e
0 B11 - Bl,mfl
0 Byn-11 ... Bmoim-1
where the new matrix B is given by
in 76
B=—T7 __A(fy,...,00m;0—0r).

sinm(0 — 60y)
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Hence

det [AW@r, .., 0ms 0)] = S 4ot (A0 0010 — 01)].

sin w0,

[terating this relation, we arrive at (3.27). e

Corollary 3.1. If 6 +---+ 60, = 0 < 1, then the quadratic form Qe given by
(3.18) is positive definite.

Proposition 3.1. If 0, k~: 1,...,n are positive and 01+ ---+ 0, =60 =1,
then the quadratic form Qe(Jy, ..., Jn—1) given by (3.25) is positive definite
on the hyperplane

S+ +Jpo1 =0. (3.28)

Proof. Let 7O be the sequence {rb1,...,r0,}, where r € (0, 1]. By the preced-
ing discussion, the quadratic form Q,e is positive definite for any r € (0, 1].
Moreover, Qo(J1, ..., Jn—1) = 0 on the hyperplane (3.28). Hence

0

or

on the hyperplane (3.28). But the last expression is equal to WQ(Jl, ceydn—1),
which gives the desired result. e

[Qr@(Jla SR Jnfl)] =0

r=1

Therefore, we have proved the following.
Theorem 3.3. [ 01 +---+ 0, =0 <1, then
[H,H| >0
for any H € G} .

Corollary 3.2. (a) I 01 +---+ 0, =0 < 1, then g;@ is a maximal positive
subspace (with respect to the Dirichlet form) in Gy.

(b) If 61+ ---+ 6, = 0 =1, then the subspace {C} + g;@ is a maximal
positive subspace in G1(=Gy). Here {C'} is the subspace of constant functions.

Proof. (a) If 0 is not an integer, then Gy is a Krein space and, clearly, g[f@
is a closed positive subspace there. Since its orthogonal companion (Q[J;@)l =
(g{;@)ﬁ is a negative subspace, Lemma V.4.5 of [3] implies the claim.

(b) In the case where 6 = 1, the subspace {C} of constant functions is
an isotropic subspace in Gy and the factorspace Gy/{C} is a Krein space. As
before, {C'} + g;@ is a maximal positive subspace in Gy/{C} and hence it is
also a maximal positive subspace in Gy. e
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The results on the maximal uniformly positive subspaces of Krein spaces
presented in [3, Ch. V], imply now that subspaces G o and (G5 o)* = (Gy o)*
form a fundamental decomposition of Gy into a sum of orthogonal positive and
negative subspaces in the case where 6; +---+6, =0 < 1 (if 6 = 1, we
obtain first a decomposition of Gy/{C}, and then we realize that the constant
subspace {C} is included in (g&@)ﬁ). Therefore, we have proved the following
theorem.

Theorem 3.4. Let 01 ---+ 0, =0 < 1. Then Gy is the direct orthogonal sum
Go = Gxot+(Gro) (3.29)
of the positive subspace Q[J{’@ and the negative subspace (g[;@)ﬁ.

Theorem 3.3 shows that in the case where 6; 4 ---+6,, < 1, the right hand
side of (3.20) or of (3.26) is a certain Hilbert space norm of a function = € Bar.
This norm will be denoted by || - ||5, o, and the corresponding scalar product
by (-,-)ae. In the case where 0; + ---+ 6, < 1, the space By supplied with
the norm || - ||o,e will be denoted by By e. In the case where 6; +---+6, =1,
the notation Bj e stands for the space of functions x such that

O H (u) = wfé“()u) (3.30)

for some H € G, o; this space is supplied with the norm |[|-||5, . Let also kj ¢
denote the reproducing kernel for the space B g. In other words, k, o(-, 1) is
a function analytic in I such that there exists a function H, € G, o with

k[;@(uv //J)

auH,u(u): wro(u) )

and for any function x satisfying (3.30) we have
w(p) = [H, Hy| = (x, k) o(, 1) a0-

The kernel kj o should be thought of as a Bergman-type kernel, because the
norm ||-||5, ¢ is @ Bergman-type norm, while the kernel kj\i@ introduced earlier
is a Dirichlet-type kernel because || - ||p,0 is a Dirichlet-type norm. Later on
in this section, we find a relationship between the kernels k’X,@ and kj;G. Both
these kernel functions appear later in §5 in connection with area theorems.

Our next goal is to find an explicit form of decompositions (3.29) for certain
functions in Gy.
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Definition 3.3. For each a € D, we define

n

-3 O\ o(C ) (3.31)
v=1

fa(o fA@a( 1— 5\

as an element of Gy.

Remark. In what follows in this section, we assume that A and © are fixed
and do not indicate the dependence of f, on A and © explicitly.

Lemma 3.5. For each a € D, the function wp e fq is orthogonal to gj{@
Proof. Let g be an arbitrary function in G . Then

[wa,e faswa,09]

= (29 wno00(0)] - 32 1235 [enokial M re

(-a 1—al\,
_ [ (oo ol oG ! " ),
- /T <;9V|1 _XVZ|2> = dm(2) + [a,g«)} —; T a9 W)
Y NA SRSV VETON "G, _
_/T(;941_5\”42)(1_dz>dm(z)—;mg(>\,,)_0, °

Corollary 3.3. The function ng(o decomposes with respect to (3.29) as
—a
w - 91/5\1/
wre(¢) =wpre(() [Z — kXG((,AV)] + wr,0(C) fa(C). (3.32)
(—a —~1- ar, v
Lemma 3.6. Let H € G, o, and let x € By be defined by (3.30). Then
—[H*, wr0fa] = 2(a). (3.33)
for any a € D.

Prooif. We have
— [H* wrofd = — /T 20, H*(2) - wp0(2) fa(z) dm(2)

= /1fzwA’®(Z)$(Z)wA’ <z—a —Vzn: . __/\ kA@ Z, A )> dm(z)

_ /T ) gn(z) = (@), .

zZ—Q

As a corollary, we obtain the following fact.
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Proposition 3.2. If 61 +---+ 6, <1, then

ky o(u,a)
gy Ao\t
Ou(wh,e fa)(u) ono(a) (3.34)
for any a € D.
Prooi. Since (wp e fa)! € Gpre» We have
# _ To(u)
au(wA,Gfa) (u) w[\@(u)

for some function x, € Bpe. But then for any function x € By e satislying
(3.30) we obtain

(z,20)00 = [H, (wrofa)’] = —[wrefo HY] = 2(a),

which shows that z, = kj g(-,a). e

Finally, we get another corollary.
Corollary 3.4. If 01 +---+ 0, < 1, then
—[wrefa,wrefo] = ky o(a,b) (3.35)
for any a,b € D.
Proof. We have
— lwrefa, waefs] = [(‘*M,@fb)ﬁa (WA,Gfa)ﬁ]
= (kpro(b), ky ol a))ne = ky g(a,b). e

The last inner product can be calculated explicitly in terms of the kernel
kXG. We formulate this as a separate statement.

Proposition 3.3. We have

kxyo(a,b) = —[wrefuwrel]

n

B 1 1 —|A|%ba
T (1-ba)? ;9’“(1 —bM\) (1 —ax,)(1 — ba)

) 91)\ )\l
kT o, A\). 3.36
+ 1<§l:<n 1—a),)(1—b)\) A’®( b A) ( )
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Proof. Since all functions kj\i@(-, Av) are orthogonal to fj, we have

— [wrefawrefs] = —[wg’?(s),w/x@fb}

_ /T 20, (“20)) G SR dm(2)

zZ—a

_ R - 2(1 - |\[?) =
N /T< (z—a)2+;9”(Z—Ay)(1—Xyz)(z_a)>fb()d (2)-

Using the partial fraction expansion

a(1—|\ %) Ay
21— \]?) I v e W S N v
(z=M)1=A2)(z—a) z—-X\, z—a 1-XMz
and calculating the integrals
S
TZ— 1—bu
2 fp(2) 1
dm(z) = ——
/T G-a? M = T

fo(2) ~ 0N
- d = — g —k
Tl—)\z m(z) — 1_b)\l A7®()\I,A),

we arrive at (3.36). e

§4. Domination of kernels

In this section we develop an abstract language of domination relation for
kernel functions. It allows us to formulate area theorems of different type in
an economical form avoiding too long inequalities.

Let X, Y be some abstract sets, and let functions L(zx,y), Ki(z,2’), and
Ks(y,y') be such that

o Kq(x,2) is defined on X x X and positive definite;

e Ks(y,y) is defined on Y x Y and positive definite;

o L(x,y) is defined on & x Y.

Definition 4.1. In the above context, we shall say that the kernel L(z,y) is
dominated by the pair {K, Ko} and write

L(z,y) < {Ki(z,2); Ka(y, ) } (4.1)
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if for any choice of z1,..., 2 € X, y1,-- s Yn €V, 01, .. ., m, B1,-- -, B € C
we have the following inequality:

n m 2
> aiBiL(wi, )

j=1i=1
(Z Z OzZOzZ/Kl L, Lyt > (Z Z ﬁ]ﬁ]’KZ Yi Yy )> (4.2)
i=1 /=1 Jj=1j'=1

An example of a domination relation is given by the Lebedev inequalities
(see [5, p. 125])

ZZ)‘Z#JlOg< ) CJ(CJ))‘

=1 j=1

{ ZZAAIOg;(l—;)}{ ZZuzuylogO—%)}

i=1 j=1 i=1 j=1
(4.3)

valid for the univalent functions g in the class X (i.e., for the functions g
univalent in C\ D and obcying the normalization ¢g(z) = z + O(1) at infinity).
This family of inequalities is in fact the domination L <« {K1; K2}, where

o (9G) —g(Q).
L(Z,C)—lOg( Z—C >7
1
/ _— —_— .
Ki(z,#) = —log (1 - —);
1
/ _— —_— .
Kol ¢) = ~log (1~ 757 )
and all variables are in C\ . It is well known that, by the symmetry of L

and the relation Ki(z,z') = Ko(2', 2z), the inequalities (4.3) are equivalent to
the formally weaker Goluzin inequalities

3 )\)\lg< ):Z](ZJ)>‘< 3 —Aileog@—;) (4.4)

1<i <N 1<i, <N i<j

(see, e.g., the discussion in [10, Section 3.6]).
Another example of domination inequalities (4.2) appears in the paper [2]
(see inequality (4.14a) of that paper). It reads as

1(¢,n) < {K(¢¢); K(n',n) —T(n',n)}
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where
Hem = m(¢(-m)? © 9con
/ O*Ga(n,n
K(n,n) = —%W'
no 1 dA(2) .
"0 = foo G

Gaq(-,-) is the Green function for the Laplacian in a bounded smooth domain
Q C C, and all variables are in €.

A requirement formally weaker than but equivalent to (4.2) is that for any
choice of x;,y;,a;, and 3; we have the inequality

‘Zaiﬁj[/($iayj)‘ < %(Zaidﬂﬁ(%w) + Zﬁjﬁj’K2(yjayj’)>- (4.5)
1,] 2,1 2,
Indeed, replacing in (4.5) a; by ta; and 3; by (;/t with t > 0 and then
minimizing the right-hand side as a function of ¢, we obtain (4.2) (and the
converse implication is trivial).

As a corollary, we obtain the following property: if L <« {Kj; K>} and
L <« {Kl; Kz}, then L+ L <« {Kl + Kq; Ko+ Kz}

The following theorem gives several equivalent conditions for the domination
relation for kernel functions. For a positive definite kernel K(z, '), x,2' € X,
the standard notation H(K) stands for the Hilbert space of functions on X
whose reproducing kernel is K.

Theorem 4.1. Let kernels L(z,y), Ki(z,2'), and Ks(y,y') be as above. Then
the following conditions are equivalent:

(1) L(z,y) < {K1(z,2); Kao(y, y') };
(2) There is a contractive operator T : H(K3) — H(K1) such that

L($ay) = (TK2('7y)7K1('7$))7—{(K1) (46)

forany x € X, yeY;
(3a) L(-,y) € H(K4) for any y € Y and, moreover,

2

< Y BBy Ka(y; ) (4.7)

MK 1gj<n

j=1

for any choice of y1,...,yn €Y, B1,...,0n € C;

(3b) L(x,-) € H(K3) for any x € X and, moreover,
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2

m
> aiL(x, ) < Y wagKy(wi,my). (4.8)
i=1 H(K2)  1<ii'<m

for any choice of x1,...,xm € X, a1,...,am, € C.

Proof. We start with the implication (1) = (2). First, we prove that L(-,y) €
H(K) for any y € V. Let y be fixed. From (4.2) it follows that

n 1/2
Z%L(%,y)‘ <Ky (y.y) (Z aidi’K1($ia$i’)>
i=1

i3

H(K1)

= K,*(y,9) Z i Ko (v, @)

Z’/

Therefore, the linear mapping

)‘y : ZdiKl(',$i) = ZdiL($iay)

extends to a bounded linear functional on H(K) and hence it is determined
by a scalar product with some function I, € H(K7). Since

L) = (K1(2), L)y = MK 0) = I, 9),

we obtain L(-,y) =1, € H(K1).
Now, we define an operator T' : H(K3) — H(K;) first on finite linear
combinations of the functions Ks(-,y) as follows:

T<ZBjK2('ayj)> = ZBjL('ayj)-
J J
Then we have the inequality

(S aten) Skt
= ‘ Z%’Bj[/@iv yj)‘<<zaidi/K1($i, w))l/z.(Zﬁij/Kz(yj, yj/)>1/2
ij ii! 4.’
= H > @K ()| - H ZBjKZ('ayj)H
i J
showing that 7' can be extended to a contractive operator from H(K32) to

H(KY).
To prove the implication (2) =-(3a), we observe that the assumption

L('a y) = TK2('7 y)
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equivalent to (4.6) implies
j=1
=TI 885 Ka(y;, vjr)-

33’

2 2

< |72
)

H(K1 H(K?)

> BiKa(-y;)
J

Finally, (3a) implies (1) because
_ 2 _

< H ZBjL('ayj)Hj_{(Kl) : H ZdiKl('v$i)
7 ;

2

2
H(K1)

< (f: f: oty Ky (i, w)) (f: z": BBy Ka(y;, yj’))-

i=1 i'=1 j=1j'=1

Obvious modifications needed to prove implications (2) = (3b) = (1) are
left to the reader. e

We saw above that domination relations can be added. The next proposition
shows that they can be multiplied as well.

Proposition 4.1. Assume that we have the dominations
L(z,y) < {Ki(z,2"); Ko(y,¢) } and L(z,y) < {Ki(z,2); Koy, o) },

where v,x' € X, y,y' € ).
Then

L(z,y) Lz, y) < {Ki(a,2") K1 (2, 2); Ka(y, y' ) Ka(y, ) }-
Proof. The proof is completely similar to that of the clssical Schur theorem
on elementwise product of positive definite matrices. 3
By Theorem 4.1, there exist contractions 7' : H(K3) — H(K;) and T :
H(K2) — H(K1) such that
L = (TK>(-,y), Ki(- d L(z,9) = (TK2(-9), K1(+, & :
(r,9) = (T ), Kas )y nd LG3,9) = (TR ), Ko, 8),
Let T @T D H(Ky) @ H(K3) — H(K1) ® H(K,) denote the tensor product of
T and T. Then we have

L)L, 5) = (TT (Kol) © Kol 9)) Ka )@ Ka(08),
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which implies the domination
L($a y)i(i, g) < {K1($, x/)Kl(ja j/ ; K2(y7 y/)KZ(gv g/)}
Yy

Restricting it to the diagonal z = 7,
desired conclusion. e

= 7',y = i/, we obtain the

Combining addition and multiplication of dominations, we obtain, in partic-
ular

Corollary 4.1. The domination L(z,y) < {Ki(z,2'); Koy, y')} implies that

exp (cL(L y)) < { exp (cK1($, x/));exp (ch(y, y/))}
for any ¢ > 0.
In the case of the domination (4.3), the last corollary is a well-known result

on exponentiation of Golusin inequalities (see, e.g., [5, Chapter 5]).
The next proposition shows how to differentiate domination relations.

Proposition 4.2. Assume that the domination occurs
L(z,y) < {K1(2,2); Koy, ) }; 2,2 €Q, g,y €,

where Q) is a domain in C. Assume also that K is differentiable with respect
to the variables z and Zz'. Then L(z,y) is differentiable with respect to the
variable z for any y € ), and

oL 0?K1(z,2') ,

— — =K . 4.
az(z7y)<<{ (92(92’ ) 2(y7y)} ( 9)

Remark. Of course, a similar result is true for differentiation with respect to
the variable y.

Proof. The property that K is differentiable with respect to z and z’ implies
that all functions in H(K) are differentiable in €. Moreover, the mapping
Z — Kj(-, 2) is differentiable as a H(K)-valued function defined on Q, and for
any f € H(K;) we have

0:f(2) = (f, 0=K1 (-, 2))yyxcy) -

Since L(-,y) € H(K1) by Theorem 4.1, we deduce that L(z,y) is differentiable
with respect to z and, moreover,

9:L(z,y) = (L(, y), 0zK1(-, 2) gy -

By Theorem 4.1, there exists a contraction 7" : H(K3) — H(K;) such that
L(-,y) =TK>(-,y). We obtain therefore

9:L(z,y) = (TK2(- y), 0zK1(+ 2) )y (i) -
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[t remains to apply the same arguments as in the proof of the implication
(2) =-(3a) of Theorem 4.1 together with identity

. azKl(Zv Z/)

(0 K1 (5 2), 0K (4 2) )y ey =~

Remark. The differentiation operator (92 can be replaced by more general
z

differential (or integral) operators.

Definition 4.2. Assume that the domination L(z,y) < {Ki(z,2'); Kao(y,y')}
occurs. We shall say that it is exact if the operator T' : ‘H(K32) — H (K1) such
that L(-,y) = TK(-,y) is a unitary operator.

The domination (4.3) given by Lebedev inequalities is exact if and only if ¢
is a full mapping, i.e., it maps C\ D onto a complement of an area-null set.
This is because the operator that maps Ks(+, () to L(+, () in this context is (up
to an appropriate normalization on Taylor coefficients) the classical Grunsky
operator, which is unitary if and only if g is a full mapping.

The following proposition is almost obvious.

Proposition 4.3. The following conditions are equivalent:

(1) The domination L(x,y) < {Ki(z,2'); K2(y,y')} is exact.

(2) The functions L(-,y), y € YV, form a complete system of functions in
H(K1) and for any choice of y1,...,yn € Y, B1,.-.,n € C we have
> BiL(y5)
j=1

2

= Y BiBiEa(yup). (4.10)
MK 1gjgign

(3) The functions L(x,-), x € X, form a complete system of functions in
H(K>2) and for any choice of x1,...,xm € X, aq,...,an € C we have

i diL($i7 )
i=1

(4) The two identities (4.10) and (4.11) are true for any choice of parame-
ters x;, yj, oy, and B3;.

2

= Z ;o Ky (x, xy). (4.11)

H(K2)  1<6i<n

Our last proposition of technical nature can be proved by the same argu-
ments as Proposition 4.2. For 6 > 0, the differential operator D? is defined as
follows:

DY : g(z) s 2170, (2(2)) = Og(2) + 20.9(2). (4.12)
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Clearly, DY is invertible as an operator on functions analytic in I, and the
inverse operator is

h(z) o /0 L0t d.

Proposition 4.4. Let L(z,y), Ki(z,2'), and Ks(y,y') be as in Proposition
4.2. Then the domination

L(z,y) < {Ki(z 2); K2y, )}
is exact if and only if the differentiated domination
DIL(z,y) < {DIDS Ki(2,2'); Ka(y,y)}

is exact.

§5. Area theorems

In this section, we obtain two branching point area theorems (Theorems
5.1 and 5.2 below), which are the main results of this paper. Both theorems
are formulated as certain domination relations for kernel functions. Using
equivalent conditions in Theorem 4.1, we can easily reformulate them in terms
of integral inequalities.

Let A= {\,..., Ay} be a fixed sequence of distinct points in D, and let © =
{01,...,0,} be a fixed sequence of positive numbers such that § =6; +--- +
0, < 1. We recall (see §3) that kj\i@(-, ) and kj (-, ) are reproducing kernels
relative to the norms defined by (3.2) and (3.20) (or (3.26) if 61 +---+6,, = 1),
respectively. The functions f e, are defined by (3.31).

Theorem 5.1. Let ¢ : D — D be a conformal self-map of the unit disk. Then
we have the domination

lw,A,G(Ca ’LL) < {k;\i@(g C/); k&@(uv u/) - k@LA’@(uv u/)}v (51)

where

kJ7A7®(u, u')
wp,e(u) wa,e (u)) / _ /
= : d w) (u)k U u 5.2
SO (ww(mﬁ@ ( W))w () Wk o (), (1)) (5.2)
and

ynolC u) = LWOWE) wrelW) e 00~ fronl0)

wre(€)  wyn),e((u)
(5.3)

(and all variables are in D).
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Prootf. We pick some points uq,...,uy € D and some ¢1,...,cy € C and
consider the function

N
wrelug)
=w cp——————'(u u )
9(C) = wy(n 0 (¢) ; oo .o ()
By Corollary 3.4, we have
—lg,91 = vtk o o (un, w). (5.4)
kol

Proposition 2.2 implies now that

[gotp,god] <g,9] (5.5)

On the other hand, g o ¢ admits the following explicit decomposition into a
sum of positive and negative terms related to (3.29):

gop =G4+ G-,
where
N
Gi()=wre()) crlyre, (- ur)
k=1
and
N
G (1) =wpre(") Z ckfaeu, ()
k=1
so that

[g © qﬁ’goqﬁ] = [G+7 G+] + [va G*]
By Corollary 3.4,

(G-, G ] =Y etk (g, w). (5.6)
k,l
Combining (5.4), (5.5), and (5.6), we obtain
N N
[WA,G(') > arlpaeur),wre()Y arlyael, Uk)}
k=1 k=1
< chél <k‘X7®(uk, ul) - kJ7A7®(uk, ul)> . (5.7)

k.l

By the definition of the kernel k};@, this inequality is equivalent to the domi-
nation (5.1) by Theorem 4.1. e
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Theorem 5.2. Let ¢ be a function univalent in D. Then we have the domi-
nation

Lono(Cu) < {ky o(C,()iky o(us )}, (5.8)

where

Lyn0(C ) [1;[( ¢ — )\k 1 o(u) — w(Ak)>]

()
— fae.u(0), (5.9)
¢(Q) — ol(u)
and all variables are in D.
Proof. We argue as in the proof of Theorem 5.1. Suppose u;,...,uy € D and
c1,...,cy € C. Consider the function
Ple) = [ TT - )]
k=1
f: [ﬁ < Uy — Mg >9k] e (uy)
X _ R Sl 2
N = Aw) (p(u) — 9(Ar)) z—p(uy)

By Corollary 2.2,
[Pop,Pop]<0
with equality in the case where ¢ is a full mapping. On the other hand, in

accordance with the decomposition (3.29), P o ¢ can be written explicitly as
Poyp=G++ G_, where

N
G(Q) =wre(0)Y elpne( uw)
v=1
and
N
G () =wro()D_ afrew(C),
v=1
so that

[P ° @, Po 90] = [GJra GJr] + [va G*]
By Corollary 3.4,

—[G,, G,] = Z Ckéle@(uk, ul),
Tl
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which implies
N N
wr0() Y elpnolsm)wno() Y elorolsu)] < D ks o, w)
v=1 v=1 v,l
(5.10)
(with equality if ¢ is a full mapping). As in the proof of Theorem 5.1, this
inequality is equivalent to the domination (5.8). e

Our next aim is to prove that the domination (5.8) is exact in the case where
¢ is a full mapping. Without loss of generality, we assume in the remaining
part of this section that ¢(0) = 0. First, we analyse the special case where the
sequence A reduces to a single point at the origin:

We consider the case of § € (0,1) only; slight modifications needed in the
case where 6 = 1 are left to the reader. Our analysis partially repeats that
performed in [9] and it is presented here for the sake of completeness.

By Lemma 3.1, the norm in the space Dy, e, is given by the formula

1911y 00 = /D!99<z>+zg'<z>|2|z|2“ dAGz) = Sk + 0)lg(k)2%  (5.12)

k>0
By (3.20), the norm in By, e, is
> _ [ |z N _BR)P
fell e, = 4400 = g1 7 6.13)

In particular, we see that
9
191, 0, = 109(2) + 26/ (2B 1 0, = 1D%l3s, 1 o

where 1 — 0y = {1 — 6}, and the differential operator DY is defined by (4.12).
The explicit formulas (5.12) and (5.13) show that

AV
IWNGOEDY (,fi)g

k30

and

kny o, () =Y (k+1—0)(ut)* = Dy DLPkL | o (u,u)).  (5.14)
k>0

Finally, the kernel Ly z, e, (defined by (5.9)) has the form

Lyng0,(Cu) = <‘P(C) U o' (u) 1

0
¢ w(U)> Q) —p(u)  C—u
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Proposition 5.1. If ¢ is a full mapping, then the domination

L ne,00(C 1) < {ER,) 0,(C )i kry 0, (ws ) } (5.15)
is exact.
Proof. The proof of Theorem 5.2 shows that

2
g ckLipng,00 (5 Uk) = g CkCl k‘XO,@O (g, upr)
k Drg,1-0¢ k&’

or, equivalently,

Z CkDGL@AO@o('ﬂ uk)

k

= arlwky, o (Uk, up)- (5.16)

Bagi-e9 kK

But an explicit calculation yields

Dng,Ao,Go(Ca ’LL) = Mgo,@(Ca ’LL)

(N NI 0)p(Q) +Bpw) (1= 0)C+ b
-~Gg) Gw) oo —smr YO
Rewriting (5.16) as

‘ > My p(-, up)

k
and using the symmetry property

(Ca ) gol G(U C)

2
= Z ekl by o, (Uk, k) (5.17)

Bag,1-6¢ k.’

we obtain also

deM oy )

By Proposition 4.3, formulas (5.17) and (5.18) imply that we have an exact
domination

- Z drdiky, 16, (Cks Ch)- (5.18)

Bag,00 kK

My (¢ u) < {k[:071—®0 (¢, ¢, k/:(),@()(uv u')}.
Since
ka1 (G ¢) = DEDEES o, (¢ ¢)
by (5.14), we see that the domination (5.15) is exact by Proposition 4.4. e

We recall that the space Gy consists of (T, 6)-character-automorphic func-

tions
= _g(k)2"*
keZ
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such that
lgle = 3" 1k + 6] [§(k) [ < +oc.
kcZ
The closure of a subset of Gy means the closure with respect to the Hilbert
norm || - ||s¢. Let PXLO o, (respectively, Py o) denote the canonical projection
to the positive (respectively, negative) subspace of the decomposition
C f
Go = G5,.00F (Gry0,) - (5.19)

For each w € D, let g, Ay,00,u € Go be defined by
u '(u)

sesaonnt®) = GO (5) 5=

Clearly, gy.Ay,00,« decomposes with respect to (5.19) as follows:

9p,M0,00,u = 9;,1\0,@0# + 94.00,00,u°
where
9 no.00.u(C) = ¢? Ly no,00 (€, w)
and

- IS
g§07A07607“(C) - C—U _C fA(),@(),u(C)‘

If a function ¢ is a sum

9= Ckfp.r0.O0.uss (5.20)
k

and it decomposes with respect to (5.19) as
9=Px, 0,9+ Pr,0,9=09++9-,
then by Corollary 2.2 we have

1
94+ 941 = ~lg-.9-] = 5llall7- (5.21)

Let Ny a0, denote the closure in Gy of the set of all functions g given by
(5.20). Clearly, Ny a,,0, is a closed isotropic subspace of Gg and, in particular,
it is a positive subspace. The property that the linear combinations of functions

CGon,Go,u(C)

f
are dense in <QXO ®O> (which is true by Lemma 3.6) together with (5.21)
implies that

_ _ #
PA() ,@0 N@,Ao,@o = <gA0 ,@0)
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f
(in other words, for any g_ € <QXO7®O> , there exists g € Ny ay0, With
g— = A’m@og). Similarly, the property that the functions

9;71\0,@0#(() = CGLSO7A07@0 (G u)

form a complete system in QXLO & (which is true because the domination (5.15)
is exact) implies that

+ _ o+t
PA(),@ONW’AO’@O - ng@o'

Lemma 5.1. N, A, e, is a maximal positive subspace of Gy.

Proof. By Lemma V.4.5 of [3], it suffices to show that the orthogonal com-
panion to Ny a,e, is negative. Let h € Gy be orthogonal to N, Aye,, and
let

h= Py oh+ Py, et =hy+h_.
By the above remarks, there exists g € N, z,0, With g4 = PXLO ot = h+.
Then we have

0= [ga h] = [ng,ng] + [977 h*]

Since

91, 91> = llg—, h 1 <lg—rg-] - [h h ] = =g+, 94) - [h, h ],
we obtain
—[h—, h-] = g+, 9+] = [h+, h4],
showing that
[h,h] < 0. e

Remark. The same arguments show also that IV, 5,0, is @ maximal negative
subspace of Gg. It is easy to see that the orthogonal companion to Ny a,.e,
coincides with Ny 4, e, itsell.

Now, we turn to the case of general A = {\1,...,\,} and © = {0;,...,0,}.
As before, we assume that § =61 4+ ---+ 6, < 1. The symbols PK@ and P/;@
stand now for canonical projections to the positive and the negative subspace
of the decomposition (3.29). The functions g, A e are defined now by

n

ggo,A,@,u(C) = [H (@(C) _ <P()\k))9k :|

k=1
) LE{ ((1 —xku;@(zf— so(Ak>>>0k] ' %

Py o9p00.u(¢) =wro(Q)Lpre(C u) (5.22)

so that
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and
PAj@ggo,A,@,u(C) = wA,@(C)fA,@,u(C)'

Let N, ae be the closure in Gg of the linear combinations of functions g, A .0.u.
Lemma 5.2. N, 5,0, = Npae0-

Proof. Let u be some fixed point_of D, and let Q be some subdomain of D
such that {u, A\1,..., A} € Q and Q C D. We define

Flo) = ﬂ <v — ‘P()‘k)>9k - _1

Py v p(u)

choosing some branch of it regular and single-valued in C\ (). Let v be
some simple positively oriented contour in I such that Q C int~y. Then we

have
v - — O
o /wm = EP()C) = [ ,E <¢(Ow<§(m> ] 2(0) - o(u)

if ¢ is near T, which implies

b o ¢ (n)
5 WF(w(n))(w(C)) 200 = o(0) dn
_ - _ O | . 1

for ¢ near T. Therefore, Ny e C Nyage,. The reverse inclusion is proved
similarly. e

Finally, we are ready to prove the following statement.

Theorem 5.3. If v is a [ull mapping, then the domination (5.8) is exact.

Proof. It suffices to show that the functions L,z e(-,u) form a complete
system in Dy e or, equivalently, that the functions wp e(-)Lyae(:,u) form a
complete system in g[f@. Let h € Q[J{’@ be some function orthogonal to all
functions wa,e(-)Lyae(-,u). Then by (5.22) h is orthogonal to all functions
9e.A,0,u and hence h lies in the orthogonal companion to the subspace Ny a 6.
Since Ny a0 = Ny ay,0, is @ maximal positive subspace of Gy, we see that

[h, h] < 0;

consequently h=0. e
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In the context of Theorem 5.1, the domination (5.1) is not exact in the case
where ¢ is a full self-map of D. Indeed, if p is an analytic polynomial, then

(bosolcsw, 220200 )

wA,@(') Dpo
:{%mmwwggﬁﬁawmwm@%@wmm%maw»mmn
- [wwm),e(')#%wu) fua),0,0(w (+) a“%b(A),@(')p(')} =0,

showing that the functions Iy A.e(-,u) cannot form a complete system in Dy g.
Apparently, the exact domination in this context is

lw,A,G(Ca ’LL) < {k;\r7®(4a C/) - k:{;A,@(Ca C/) ; k[;@(uv u/) - k@l,A,@(uv u/)}a

where

wy(a),0(1(C)) <w¢(A),®(¢(C'))>

wre(¢) wa,6(¢")

and kq;A’@(u, u’) is defined by (5.2).

kpae(C:C) = kX o((C,9(¢)

§6. Special cases

In this section we consider special cases of one and two branching points

and obtain explicit integral inequalities as special cases of the main Theorem
9.2.

One branching point. First, let A consist of a single point A € D, and let

¢ € (0,1). Then the norms |- ||p, , and || - ||5, ¢ are as follows:
|>\|2 aF__dAG)
ol = [ [P —ieszo()+ x(200(4)]|
and
(u)
el = [ letwl 75 (6.1
Lemma 6.1. Suppose A = {\} and © = {6}. Then
wi (2)wx ()"
Koz 2) = Z—( A(n)ﬁé ) (6.2)

nz0
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and

ra(0) = (TSl 37 7 2+ 1= O n(wonl)”

_ 1 (1 —1AP)

S (—w)? (1= )1 = @) (1 — ) 6:3)
Proof. In the special case of A =0, formula (6.2) was obtained in §5. On the
other hand, the identity

WS f,wag] = [2°(fow_»),2%(gow_))]
shows that
k‘{ﬁ},{g}(z, Z/) = k?@}{g}(wA(Z)a WA(Z/))a
which gives (6.2).
Similarly, formula (6.3) in the special case A = 0 was obtained in §5 (see
formula (5.14)). The identity
(f, Q)B{A},{e} = ((f © wfk)w/—)\ , (go wa)wLA)B{O}’{Q}
implies that
k{;\} {9}( ) = wg\(u)wg\(u’)k€0}7{9}(wA(u), WA(U/))a
which gives (6.3). e
Combining Theorems 5.2 and 4.1, we obtain the following statement.

Corollary 6.1. Let ¢ be univalent in D, and let (1,...,(, € D and
at,...,an € C. Then

[z

where k‘j\r@ is given by (6.2) and
¢’ (u) 1 A

_ (e =) u—A 1A _
Lol = (T e T ) 50w T
Moreover, equality occurs in (6.4) if ¢ is a full mapping.

2 dA
ﬁ < ) wavkie(Gn ), (6.4)

1<y, /<N

o(Cvs u)

In the special case where N =1 and (; = ), inequality (6.4) reduces to

A1 |)? ' (u) 1 A2
/‘ )\)g)(u (A)l—S\u> <p()\)—<p(u)_)\—u+1—5\u
CdA(w) 1

“Toa@® <7 (©9)
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This integral inequality can be obtained also directly from Prawitz’ inequality
(1.5) by appropriate Mébius transformations, see [7]. In that paper, inequality
(6.5) (written in a slightly different form) was a starting point for deriving
estimates of the integral means of derivatives of univalent functions.

Two branching points. We turn now to the calculations in the case of two
branching points. In the remaining part of this section, we assume that A =
{0, Ao} and © = {6,605}, with 61,0 > 0; 61 + 0 < 1. The case of general
A = {1, X2} can be reduced to A = {0, \g} by an appropriate Mobius shift of
variables.

We start with explicit formulas for the norms || - ||p, o and || - [|5, o We
have

1-— |)\0|2 2

o))+ (292

ol = [ |(B100 () + 605
dA(z)

22720 |wn (2) 27272

and

=113,

/ » dA(u) sin 7wy - sinmwfy
|u|291|w>\0( )[2%2  wsin(w(6y + 62))

g P
/0 Do 02 ()
(6.6)

in the case where 6 + 65 < 1, and

dA(u)
|$||BA@ /| |u|291|w>\ ( )|292 (67)

in the case where 61 + 6, = 1, and in the latter case By e consists of the
functions = € By that satisfy

Ao
/ 7 $(1f9) du = 0.
0 Ulwy, 2(u)

The next lemma shows that the kernel kj o(z, 1) is a solution of a certain
first order differential equation.

Lemma 6.2. We have

0. (oM oz)) = wro(2) ([ + ~ 25k o). (68)
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Proof. For any polynomial p, we can write
P(0) = [wne (Vi o), wre(Ip()]
= [ 0. (no@hiotm) oxatG dnt), (69
which shows that
on0(2)20: (wre(2)kf o2 1)) =

where 7(+) is some function from Bg. On the other hand, for z € D we have

+2r(z), ze€T, (6.10)

1—jpz

1 +
= <91 + 022 _ |)‘0|2_ >l<:j{®(z,p)+zazkj{@(z,,u)
(2= A0)(1=Ao2)/ ™ ’

)‘Ok;\r7®()‘07 //J)
=f0y——

S ), (6.11)

where h € Bar. Comparing (6.10) and (6.11), we obtain
)‘Ok;\r7®()‘07 //J)

zr(z) = 0 o v z €T,
which proves (6.8). e
Remark. Similar arguments show that in the case of general A = {1, ..., \,}

and © = {04,...,0,} we have

1 " Ok
+ _ +
20, <wA7@(z)k‘A7®(z, ,u)) =wp0(2) <1 - + ];—1 — koA M))

We return to the special case of A = {0, o}, © = {61,602}. The kernels
kj[’@(-,o) and kj[’@(-,/\o) can be described by alternative formulas. First, we
have the following statement.

Lemma 6.3.
01k o(11,0) + 02k} o (1, o) =1, peD. (6.12)

Proof. We have
= [ 1, 2%wn " (2)kf o (2, )]

/ P )> 201wy, %2 (z)kA@(z, w) dm(z).
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Since

1—[Xo|?
20, <Z'91w)\0'92(2)> = Zelw)\o ( ) (91 + 60 ﬁ) , z€T,

we obtain

1= [ (n+e %) KL ) dm(z) = kL (0. 1) + 02k o (Mo. )
which implies (6.12). e
Our next goal is to describe the kernel k];@(-, 0). We introduce the function
Xo(z) =z + 5\091zw>\(z)ki®(z, 0), (6.13)

so that
Xo(z) —

SERWEL (619

k‘X o(2,0) =

611

Lemma 6.4. The function 297 wy(2)%271X(2) is orthogonal (with respect

to the Dirichlet form) to Gy o.

Proof. For any polynomial p, we can write
(2" wa(2) 7 Xo(2), 2w (2)p(2)]
= [2"wa(2)2 71, 2% wa(2)2 7 wa(2)p(2)]
+ Mo [P (DK o (2,0), 2w (2)p(2)]
= [ (6 + 02~ 1= 0L YT () + 3oib0)
T [T — XoC?
= —X01p(0) + Xg01p(0) = 0. e
For any a € R, let (a); denote the Pochhammer symbol
(a)g:=ala+1)- ... -(a+k—1).
Let also S denote the shift operator:
(Sf)(2) :=2f(2),

and £ denote the left inverse to S, i.e., the backward shift operator:

9(2) — 9(0)
(Lg)(z) i= T2
(both operators are defined on functions analytic in D). Then, for any A analytic
in D, we have

/ B(C)F(O)(0) dm(C) = / O @] Qdm(C)  (6.15)
T T
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(in all situations where both sides of this identity have sense), where

h«(z) = h(Z).
Proposition 6.1. The function X, defined by (6.13) admits the [ollowing
representation:
_ 0k«
Xz:azf—)\ﬁlgz[ (7)\kzk]
0(2) = a0l = M) D G A

_ aOZZ { Z (92 - 1)l(91)k+l |)\0|2l}5\82k, (616)

!
el W (01 + 02) k1
where the constant ag is chosen so that Xo(Ag) = Ao.
Proof. Lemma 6.4 implies that
[2% (2 = 20)p(2), 2" g (2) 7 Xo(2)] = 0
for any polynomial p. This identity can be written as
0= [ 161z = 20) + 622) (2) + 2( — 20)2.p(2)]
T
x 2017 (2 = X)L 2010, (2)%2-1 X (2) zdm(2)

= /T [((01 + 02)z — 0100) p(2) + (2 — X0)20:p(2)] (1 — Xo2)? " 2X(2) dm(2)

= /T p(2) - [(01 + 02) L — 6100 + 20, (L — NoI)] (I — NoL)P271LXo(2) dm(z),

which gives

(61 + 02) L — 0100 + 20.(L — XoI)| (I — ML) L Xy = 0. (6.17)
Let Yy = (I — X\£)%271£Xy. Since X((0) = 0, we have
Xo(2) = 2[(I — ML) "2V (2). (6.18)

If
Yo(z) = Z apz,

k30
then (6.17) is equivalent to
[(91 + 92),6 — 915\0 + z@z(ﬁ — XQI)]YE] =0
or
(61 + 02 + k)ag1 — (01 + k) doay, =0,
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which gives
(61)kAG
(61 + O2)i
and implies (6.16). The normalization Xy(Ag) = Ao follows from the definition
(6.13). e

ap =

The right-hand side of (6.16) admits an integral representation. Namely, we
observe that (@t )
I'(a+
T
and hence by standard properties of Euler integrals we have

(O _ T(61+ kTG +62)  T(61+6y) /1 TR ot gy
0

(014 62)r  T(01)L(01 + 62 +k)  T(61)T(6-)
Therefore,

3 ((L)’f(j\oz)k _ T(61 +65) /1 -t
0

= 01 + 02) ~ T(61)T(62) 1 — Aozt
Since B
1 Aot
£|:1—5\(]Z7J N 1—5\02757
we obtain
11 2N 1—02401—1(1 _ #\6a—1
Xo(2) = apz L(61 +62) / (L= Aol™) é (1-19) dt.
L(01)I(62) Jo 1 — Aozt
Let Ejy, ¢, denote the integral (depending also on Ag)
1 1— 1|\ 2t 1792#9171 1—1¢ 6a—1
Ey, 0,(2) = / ( ol ™t) = ( ) dt. (6.19)
0 1-— )\ta

Then we obtain finally
Xo(2) = 2By, 4, (X0) Eo, 0, (2)
and 1
E';1792 (_)‘O)Eelﬂz (Z) -1
Aob1wxy (2)

Combining this formula with (6.12), we can find also an integral representation
of k3 o(2, Ao):

ki o(2,0) = (6.20)

1— |f\0|2

1 _ AOZ - EGZ?GQ ()\O)EGLGZ (Z)

N o) = _
A’G(Z’ 0) )\092(4))\0(2)

(6.21)
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Finally, we write down an important special case of the domination (5.8).
Namely, for any ¢ univalent in D we have

IZpn0(N0: I, o < kX 6(Ao; Mo). (6.22)

Here, explicit formulas for the norm |- ||, o are given by (6.6) and (6.7); the
kernel Ly A,0(Ao, u) is

u_ p(Ao) = p(0)\0
L =
saeCo) = (Lo )
u—Xo L=\ ¢ (u)
X | ————=¢'(A =
(G —o00” ™ T 50) 00— o)
1 G20
B )\0 —Uu * 1-— 5\0
The constant k o(Ao, Ao) admits an easier representation than that given by

the limit as z — Ag in (6.21). Namely, a M&bius shift of variables shows that
for any Ay, As € D and a Mobius transformation w of D we have

kT o (N, Ao).
uA,@( 0 0)

k?w(Al)vw(Az)}v{Glﬁz}(Z’ u) = k?Al,Ag},{el,ez}(w(z)v w(u)).

In particular, applying this formula with

Ao — 2
w(z) = 10_5\027

we obtain

= kT

{0,)\0},{92,91} (0’ 0) :

k?vaO}v{'glv'gQ}()\O’ )\0) = k?A()vO}v{'glv'gQ}(O’ 0)
From (6.20) it follows that

+
K020 (62,6, (0: 0)

1 1 1
= ——<1— 1-— )\ 2t *91#9271 1—¢ 911dt>
92|>\0|2{ (/0( Aol *t) (1-1)
1
X / (1 — |)\0|2t)1791t92*1(1 _ t)elldt}’
0
which gives
1/ [ .
ko (Ao, do) = 5(/ (1 — |Ao|?t)~%t%271(1 — t)elldt>
7 0
1
< [ =Py - (6.23)
0

(fOI‘ A= {0, )\0}, O = {91, 92})
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Derivation of Goluzin's inequality. In this subsection, we derive the point-
wise estimate (1.8) from a special case of the 1ntegra1 inequality (6.22).

In the special case of A = {0, Ao}, © = {3,1}, the estimate (6.22) takes
the form

o dA(u) +
- - <L
/D Zeno 00w s < o ), (6.24)
where
u o(Ao)\1/2 u— Ao 1y L= [Aof?y1/2
L = b\
p,0(Xo, 1) <<,D(u) Ao > <<p(u) - <p()\0)(p (%) 1—Aou >
/
Plw 1 k{ (Mo, Mo).  (6.25)

e(Mo) —p(u)  Ao—u  1—Xu

in the case where ¢(0) = 0. Since the left-hand side of (6.24) is the norm of
L,ae(Xo,-) in Bye, we can conclude that

1/2
Lo 0000, 20)] < [Ky.6 (00, M)kL o (R0, )| (6.26)

An explicit calculation shows that

L, a0(Xo, Ao)
___< #"(o) ¥ (Ao) | 2 2Xo 2Xo

— — kT .
00~ Za0d e T TR T T he (e M)

By Proposition 3.3, we have

ki o(Xos Ao)

kx o (Mo, A NP —2—
A7®( 0 0) | 0| ( |)\0| )

Finally, formula (6.23) shows that
kX oA, Ao)

1 -1 1 _ 2
I (Y e oy iy =y
0 VI =) (1= [Ao|%t) o | t1—1)

If E(z) and K(z) denote standard complete elliptic integrals

_ 12
/\/1 2 dt and K(z /
\/1—152 (1—2t2)

2 E(|M\o)?
a0 = 7 (1~ )

we obtain
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Substituting this to previous formulas, we arrive at the following pointwise
estimate for functions ¢ € S:

1 / 2 2
©" (o) Ao’ (Mo) 2| No|” — 4 E(|Xol?) 1
A —2 +2+ +4
‘ "o’ (Mo) ©(Mo) 1—[o]2 " TK([Xo2) 1 - [Aof?
E(|\o[?)
<41 — ————~
< K<|Ao|2>>

Originally, it appeared in [6, Chapter IV, Section 3, formula (30)] and it is
equivalent to the pointwise estimate (1.8) for functions of the class X.
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