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EXACT SOLUTIONS TO THE PARTIALLY INTEGRABLE
ECKHAUS EQUATION

A partially integrable extension of the Eckhaus equation is first converted to one real
fourth order equation. The only integrable case is isolated by simply solving a diophan-
tine equation, and its linearizing transformation, not obvious at first glance, is shown
to be the singular part transformation of Painlevé analysis. In the partially integrable
case, three exact solutions are found by the truncation procedure. The third oneis a six-
parameter solution, whose dependence on z is elliptic and dependence on t involves the
equation of Chazy.

1. INTRODUCTION

The PDE
2 .
(1) iU+ aUsz + (%IUI4 + 2be"’(|U|2)x> U=0, (o,8,b,7) ER, afbcosy #0,

was first derived [15], in the particular case b> = 2,7 = m/2, as an explicit transform
(Kundu’s equations (3.10), (4.2), (4.3)) of the (linear) Schrédinger equation

(2) iV, + aVyz = 0.

This linearizability persists [3, 4, 7] for b2 = §2. For b% # 32, eq. (1) fails the Painlevé test
[7] but still admits various reductions to a system of two coupled ODEs [12, 6, 13] in the
reduced variables

zt—ay z—ct zT—ct

t2 \/i ,\/t2+tg

aud this allows to find particular solutions for 4% /b2 = 1 — 5 cos? v only [6].

Insection 2., werepresent the fields |U |2 and grad arg U as algebraic transforms of amore
convenient field u satisfying a single real PDE. This allows to reduce the Painlevé test to the
resolution of one diophantine equation, without the need to undertake a Laurent expansion.
In section 3., the single case isolated in previous section is linearized into (2) by the singular
part transformation of Painlevé analysis, simply expressed as u = (a/(28 cosv)) Log ¢,
thus providing ipso facto the inverse transformation. Sections 4. and 5. are devoted to the
partially integrable case b2 # (32 : we look for particular solutions described by one among
the two families of movable singularities and we find three new solutions, two for arbitrary
values of (32 /b2,v) and one for 32 /b? = 1 — (35/3) cos? v.

(3) T —ct,

(c,@1,to — const). -
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EXACT SOLUTIONS TO THE ECKHAUS EQUATION 227

2. THE EQUIVALENT SYSTEM, ITS PAINLEVE TEST

Variables U, U, |U| have movable algebraic branch points (their square behaves like a
simple pole) and are thus uneasy to use in the Painlevé test [7]. Better variables are |U|2 and
grad arg U, which behave like simple poles and obey an equivalent system, still polynomial
because of the parity in U. The imaginary part of equation (1) is a conservation law

(4) [2a(|U[*0 + bsiny)|UJ*] 4+ (IU]*): =0, 6 = arg U,

and provides the parametric representation

u bsin

(6) argU=0, U =ug, 0, = -20; - = Y,

2 2 2 _ bsi 2 bsi
(6) 6:=af u;:jm Z:;" 4::212 g~ = (bsiny) u2 +2b cos Yug, — S

T
where u satisfies the fourth order real PDE [16]
— (bsin~)?

) FE = %(u””ui + u'zz — UgUzplzes) + 2E¥)—u:um

1
+2(b cos7)uiu,m + %(u“ui + umuf — 2usuzug) = 0.

The field grad u has a simple pole-like movable singularity, so we directly analyze the PDE
for u as indicated in [9], using the invariant formalism [8] of Painlevé analysis, equivalent to
the WTC one [19]. In this formalism, the function ¢ deﬁmng the movable singular manifold
¥ = 0 obeys the linear system

S
(8) ) '(l):cz + E'ﬂb = 0,
o
9 ¢t+C¢z_T¢:0;
(10) X=5t4Crzz+2C;S+CS; =0.
Looking for a dominant behaviour u ~ u%?, E ~ Egy?, one finds p = 0 (i.e. u ~

ug Log %) and ¢ = —6, with two values for ug
(11) um — ALogy, 4 (L= 1) A?184-3=0

bcosy 8 ¥ (b 0s7)? ted-9=0.

The set of four Fuchs indices for each family is (—1,0,2,4; = 3—4A4;),j = 1,2. A necessary
condition for the Painlevé property (PP) is that, for each family, the Fuchs indices be
distinct integers [10]. This generates the diophantine equation

(12) (11 —3/2)(i2 — 3/2) = 9/4,

whose integer solutions are (0, 0), (2, 6), (—3, 1). So, the only case where the PDE may have
the PP is the last one, i.e. the Eckhaus case b2 = 2.

3*
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3. THE LINEARIZING TRANSFORMATION

In this Eckhaus case b> = 2, the equations (5),(6),(7) have the following dependence
on (B,7,u) ,
(13) 6= —-’q—sgllu+F(u,,3cos'y), E(u,Bcosy) =0.
The two families are A = 1/2 and A = 3/2, and they have the indices (-1,0,1,2) and
(—3,-1,0,2). Let us apply the singular part transformation [17, 19] to the first family
1

A=—-.
Log ¢, 5

(14) “= Bcosy

The representation (13) of thie Eckhaus PDE becomes
tan
2

The variable § + (#sinv)u/a and the equation are obtained from (13) by the operation:
change u to ¢, set § to zero. Thus, the linearization of the Eckhaus equation into the
Schrodinger equation (2), which constructively proves the PP, is best expressed in the
natural singularity variables u and ¢

Y Logp + F(,0), E(p,0) =0.

(15) ’ 0=-—

(16) u= 2;(:5:7 : Eckhaus(U? = uze??) &= Schrédinger(V? = p,e%?).

Since U and V have the same argument, one retrieves the uscally written form

[ %4
17 U= 2ﬁcos7\/f=|V|2'

4. ONE-FAMILY PARTICULAR SOLUTIONS

In order to possibly extend the set of known particular solutions [12, 6, 13] in the partially
integrable case b2 # (2, let us look for solutions described by one family of movable
singularities, among the two existing ones, by performing the one-family truncation of
WTC. This consists in representing u as

(18) u=ur = baA

cosvy

(Log % + uo),

where A is one of the two zeros of (11), ¢ satisfies (8)—(9), uo is the arbitrary function
arising at Fuchs index 0. After elimination of any derivative of 1 or order higher than or
equal to (2,0) or (0, 1) in (z,t), the LHS of (7) becomes a polynomial in % /v

-

6
(19) E(ur) =) E;(S,C,uo)(¥s/9) "8,

j=0

whose identification the the null polynomial generates seven equations for (S, C, uo), plus
the ever present constraint (10).

One first solves these equations for (S, C, ug) as functions of (z,t), then ¥ is obtained
as the general solution of the linear system (8)—(9). This provides a solution u defined by
(18), and the physical solution U is obtained from the parametric representation (5)—(6).
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5. RESULTS

Equation £y = Oisidentically zero by construction, equation E; = 0isfoundidentically
zero, which meansthat nomovablelogarithm enters at index 2, and the first nonzero equation
E; = 0 factorizes as (A — 1/2)ug,; = 0. We discard the case. A = 1/2 which represents
the integrable case b2 = 3%, and put ug,; = 0 in the subsequent equations. The system to
solve becomes

(20) E1=0?(2—-4A) o =0, A#1/2,

(21) 2E3 = —20%AS, —C;— CC; =0,

(22) 8E4 = 3C2+2Cz: +2CCsq - a®(S? +2Scs) + 4(Cruo,t + uo,ee — ug ;) =0,
(23) 8Es5 = —[(aS)? + (Cz + 2u0,t)%z =0,

(24) 16 Es = —[(aS)? + (Cz + 2u0,1)?]S = 0,

(25) X =Si+Czzc+2C:5+CS: =0.

Thecase S = 0implies C;+CC; = 0,Cyz = 0, whichintegratesas C = (z—z¢)/(t—to)
(this includes C = 0 for ty = oo) and leads to the solution

Logt

(26) A arbitrary, C = ;, S=0, u = 5~ Log(t —t1),

beosy _ z—ct _(z—cty)?
oA sy U =
In the case S # 0, the system is equivalent to

(27) uo’z = 0,

(28) ug,: = —j(@/2)S - Cz/2, j% = -1,

(29) C: = —CC, — 2a*AS,,

(30) St = —C:c:ra: -2C;S - CS:::

(31) 0=(C+ jad;)(Czz + jaCy).

The cross-derivative condition (uo,:): = (uo,z): provides

(32) Cys = —jaSs,

and the condition (Czz): = (Ct)zs provides
(33) (24 + 1)Szgz = 255,

which splits this case in two subcases S; = 0 and S; # 0. The subcase S; = 0 leads to the
solution

. 1 ja Logt
34 A arbit =2 s yy= 2% 08
(34) arbitrary, C'= 3, § 2 T T T T
bcosy r—ct ja
oA u = Log cosh 5ot - @, .

— ct)? 4A-1) 3
(e—ct)’ o ) _ 1Logsinh—z Ct,

arglU = —
g 4at 8c3t 2 2t
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depending on two arbitrary parameters c, ¢; (plus the origins of z and t).
In the second subcase Sy # 0, the condition (St)zzz = (Szzz): provides

(35) (8A +3)S4 Sz =0,

i.e. A= —3/8. The dependence on z is easy: the functions S and C are Weierstrass functions

3 Jja
(36) S= —§p(£ - g0,92,93), C = —]TC(w — 90,92,93) + (Z — go)gs + g5,

and the equation (8) for ¥ is a Lamé equation with a noninteger index 1/2, whose general
solution (Halphen 1880, quoted in [14,p.93]), involves elliptic functions in half the argument

(37) ¥ = (p'((z — 90)/2,92,93)) " (gep((z — 90)/2, 92, 93) + 97)-

Then, the seven functions g; of t are determined by the two equations (29) and (8), involving
the partial derivatives of p and ¢ with respect to g, and g3. Equation (29) (notation
A = g5 — 27g3) |

(38) 2025,, — Gy~ CCs
3 . ! .2 18 /
= 5101 (.414 + .‘12924—Aga.‘13) (€ —(z—g0)p")
3. (6g392—9g593 3. /
21&( 1A Je) (v + 2(p)

3.
+(gs — 90)(94 — 5ap) — 95
. 69592 — 99593
+ (1092% - 94— 92 (z —90) =0,

generates five coupled ODF's for go, g2, 93, 94, 95, and, taking them into account, equation
(8) generates five linear ODEs for gg, g7, equivalent to

3.
(39) 96 = 949 + 7iagr,
5 .
(40) 97 = gIa929s — 9ag7.
Function g4 satisfies the ODE

(41) 94" + 129494 — 18g2 = 0,

belonging to a class studied by Chazy (class III) [5]. Its general solution, only defined inside
or outside a circle whose center and radius depend on the three integration parameters, is
single valued and its only singularity is the movable natural boundary defined by the circle.
Its exglicif expression was given by Bureau [1, 21

(42) — 694 = [Log(y®y 2 (y - 1)7?)]',

in which y(t) is the general solution of the Hermite modular equation, linearizable into the
hypergeometric equation.
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The third solution is finally defined by

(43) A=—— ﬂ2 = (1 - (35/3) cos® )b,
ga solutlon of g% + 129494 — 18g'2 =0,

16

92 = —3—5(dh +9), 93 = 7 3(9 + 69494 + 443),
. 9

gs solution of gg — :1-(g,'1 +92)g6 = 0,
4ja

g7 = ——g‘—(gé — 9496),

3 37
S= —§p(z —ct,g3,93), C=c— —Jz—aC(z —ct,g3,93) + (z — ct)ga,

1 t
Ug = _5/ g4dt’

bcosy 1
1 u——§/ 4dt——Logso( ,yz,ga)
—ct
+L°g(96$’7( 5 »92,93) + 97).-

This solution depends on six arbitrary parameters: ¢, the origin of z, the three constants
of integration of (41), one constant of integration of the ODE for g¢ (the second one does
not contribute).

For the two-parameter particular solution of Chazy’s equation

1 to

44 =
(44) Ut

(to,t1) arbitrary constants,

the discriminant A = g3 — 27¢2 of the elliptic function vanishes, and the six-parameter
elliptic solution (43) degenerates to a five-parameter trigonometric solution

16t3 64;t3
T3t -ty BT 27a3(t—t1)6’

G = % solution of G + stg “8TG = 0 (Airy), t =T,

(45) g2 =

4ja .
g7 = ——3—(9% - 9496),

2jto . _o [2jtoz—ct
—ct = — _—
p(z — ct, g2,93) 3ol — 1)) (1+3smh \/ el

2 ] 2]to 1 2]to z—ct
—_ ct’ s v———
o —etono) =~ @O+ 5 mg o 5

This solution degenerates to a four-parameter rational solution for ¢y = 0

ja z —cty 3
46 =g3=0, C=- , -
(16) 92 =93 2(z — ct) = t § 2(z — ct)?’
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3jt,

96 ==~ +({t—-t), gr= , 2 arbitrary constant,

ta
(t—t1)
Up = —-% Log(t - tl),

bcos'yu _ 3

aA T2
+ Log[(z — ct)? — 3jta(t — t1) + 4(t — t1)?].

Log(t —t1) — % Log(z — ct)

Remarks.

o None of the solutions (26), (34), (43) belongs to the lists previously established [12,
6, 13], and to our knowledge they are new.

e We have not found reductions of the fourth order PDE (7) to an ODE, only solutions
to the PDE. The solutions for u defined by (26), (34) and the degeneracies (45), (46) of
(43) can be considered as depending on the reduced variables

z—ct z 'z—ct
t—t t -1

(47)

(c,t1 — const),

but the six-parameter solution (43) cannot. So, the truncation procedure and the Lie
symmetries are complementary methods to find exact solutions.

e We have denoted j the square root of —1 arising from the resolution of the truncation
equations to insist on the absence of relationship with the 7 in the definition of Eckhaus
equation. The values for the modulus and the argument of U as given by (5)—(6) are
complex for some solutions, since they depend on j. Such a situation, usual [11] for complex
PDEs, simply means that the real modulus and the real argument result from an additional
computation.

o The solution (43) is the richest one we have ever seen arising from the Weiss truncation
procedure.

6. CONCLUSION

The solutions for U? are best expressed with a complex modulus and the gradient of a
complex argument, both singlevalued.

Other particular solutions could be obtained by looking for two-family truncations
(18, 11].
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P. Konte, M. Mioser
TOYHBIE PEINIEHUSI YACTUYHO MHTETPUPYEMOTI O
YPABHEHHWA EKOCA

YacTHuHO HHTErpApyeMoe pacIEpeHre ypasHenns Exoca npeo6pa3oBaHo B ypaBHEHHE 9€TBEPTO-
ro nopsnka. EmmicrBennnit maTerpapyeMuit cirydaif BELIengeTCE MOCPEACTBOM pelleHEs TMOpaHTOBa
ypasHennd. [lokasano, uTo mHeapu3yioniee ero npeofpasoBaHre COBIANAET C CHHTYLIPHEIM npeobpa-
30BaHMEM pa3lieJIeHHS NepeMeHHHX B aHaym3e [lennese. B caydae wacTaunol muTerpmpyemoctn ¢ mc-
NONb30BaHEEM NPOUENY PH TPAHKHPOBAHHA HaliIeHH TPH TOYHHIX pelleHHd. 1 peThe pelleHne SBIASEeTCH
IeCTHNapaMETPHYECKHM, C DJJIAIITHYECKOl 3aBECHMOCTBIO OT T M 3aBECHMOCTBIO OT t, onpeneuseMoi
ypasHenueM Yasm.



