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The utility of the (weighted) van der Corput inequalities or of the station-

ary phase method is illustrated with various examples borrowed from: dif-

ferentiability issues (Riemann's fun
tion and related); fun
tional analysis

on Bana
h spa
es or algebras of analyti
 fun
tions (
omposition operators);

and lo
al Bana
h spa
e geometry (S
h�a�er's problem).
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�1. Introdu
tion

This paper is in part a survey of 
lassi
al results, and in part a presentation

of re
ent or quite re
ent results due to the authors.

In the sixties and seventies, a major 
on
ern of harmoni
 analysts was the

determination of those fun
tions ϕ : T → C and ϕ : T → T, the unit 
ir
le, su
h

that the superposition and 
omposition operators f 7→ ϕ ◦ f and f 7→ f ◦ ϕ
map the Wiener algebra W of absolutely 
onvergent Fourier series

f(t) =
∑

n∈Z
cne

int,
∑

n∈Z
|cn| <∞,

to itself. Superposition (respe
tively, 
omposition) operators were studied in

detail respe
tively in [42, Chapter 6℄ and [42, Chapter 4℄). It turns out that,

in the latter example, sin
e f ◦ ϕ =
∑

n∈Z cne
inϕ

, a ne
essary and su�
ient


ondition for ϕ to indu
e a 
omposition operator on W is that

‖einϕ‖W = O(1).

The van der Corput inequalities then intervene in a 
ru
ial way to show that ϕ

must be a�ne (ϕ = aγ with |a| = 1 and γ ∈ Ĝ), as was established by

P. Cohen [13℄ (see also [27℄) in the more general 
ontext of 
ompa
t Abelian

groups G and their dual Ĝ. The utility of estimating (various norms of) powers

of a given fun
tion and its Fourier 
oe�
ients (here eiϕ) is made 
lear here,

and will be the main theme of the present work (even if another appli
ation to

Riemann type fun
tions

f(x) =
∑

n>1

sinnrπx

nr

will be given). Before elaborating on this, we �x some notation.

1.1. Notation. First, N (respe
tively, N0) denotes the set of positive (re-

spe
tively, nonnegative) integers. T (respe
tively, D) will denote the unit 
ir
le

equipped with its normalized Haar measure m (respe
tively, the open unit

disk). An analyti
 self-map ϕ of D will be 
alled a �symbol�, the set of su
h

symbols is denoted by S. The spa
e of holomorphi
 fun
tions on D is denoted

by H(D). A symbol ϕ indu
es a so-
alled 
omposition operator Cϕ on H(D)
de�ned by

Cϕ(f) = f ◦ ϕ.
We will o

asionally 
onsider self-maps of T. We denote by Cθ the verti
al

half-plane

Cθ = {s ∈ C : Re s > θ}, θ ∈ R.

A ≪ B means that |A| 6 C|B| where C is an absolute 
onstant. A ≈ B
means that A ≪ B and B ≪ A. A Diri
hlet series is a series of the form
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f(s) =
∑∞

n=1 ann
−s
. Then there exists an extended real number σc(f), 
alled

the 
onvergen
e abs
issa of f , su
h that the series 
onverges in Cθ and diverges

outside Cθ. We de�ne similarly the absolute 
onvergen
e abs
issa σa(f) with

σc(f) 6 σa(f) 6 σc(f) + 1.

Let D denote the set of 
onvergent Diri
hlet series f , those for whi
h σc(f)<∞.

1.2. Content of the paper. This paper is divided in two main parts, with

a 
ommon theme: the use of the stationary phase method (in parti
ular the

van der Corput inequalities) in various situations borrowed from 
omplex and

harmoni
 analysis, or lo
al Bana
h spa
e geometry. In parti
ular, estimates

from above or below on (weighted) os
illatory integrals, or sums, of the form

b
ˆ

a

w(t)eiF (t)dt or
∑

wke
iF (k)

(1.1)

will turn out to be of paramount importan
e.

We start with an appli
ation to di�erentiability properties of Riemann type

fun
tions

f(x) =
∑

n>1

sinnrπx

nr
.

Then, we study 
omposition operators on the Wiener subalgebra W+
of W

formed by the absolutely 
onvergent Taylor series

∞∑

n=0

anz
n.

A similar study is performed for a spa
e of absolutely 
onvergent Diri
hlet

series.

We �nish with a study of 
omposition operators on Hilbert spa
es of analyti


fun
tions on the unit disk D, equipped with the norm

∥∥∥∥
∞∑

n=0

anz
n

∥∥∥∥
2

H

=

∞∑

n=0

|an|2βn

where (βn) is a sequen
e of positive numbers (weights).

We swit
h to the se
ond part of this paper. In the nineties, the �rst author

was interested in the norm of the inverse of a matrix, in the 
ontinuation of

the works of S
h�a�er, and later Gluskin, Meyer, Pajor. S
h�a�er's estimate was

(for an arbitrary normed spa
e E of dimension n and T : E → E linear and

invertible):

|det T | × ‖T−1‖ 6 C
√
n‖T‖n−1. (1.2)
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In order to prove (1.2), S
h�a�er [43℄ used the Bana
h�Mazur 
ompa
tum Bn
of all n-dimensional Bana
h spa
es, and asked for the optimality of (1.2). The

Gluskin�Meyer�Pajor approa
h allows us to get rid of this 
ompa
t metri


spa
e Bn by using the Wiener spa
eW+
of absolutely 
onvergent Taylor series,

notably �nite Blas
hke produ
ts, re
overing (1.2) and showing that this is

nearly optimal. The spa
eW+
will play an essential role throughout this work.

Using twisted Gaussian sums and probabilisti
 arguments, the �rst author

showed that (1.2) is optimal, but his argument, using the 
y
li
ity of the mul-

tipli
ative group F ∗
p (p a prime) was not really expli
it. O. Szehr and the se
-

ond author dis
overed a new and expli
it approa
h, whi
h involves weighted

Blas
hke produ
ts, the van der Corput inequalities, and standard methods for

asymptoti
 analysis built on the stationary phase method. Moreover, an ex-

pli
it E ∈ Bn and T : E → E (a trun
ated Toeplitz operator) are provided.

This point will be dis
ussed in detail in this se
ond part. This is where our


ollaboration began.

In order to be more spe
i�
, we begin by re
alling some estimates on os
il-

latory quantities.

�2. Os
illatory integrals or sums

The van der Corput inequalities give fairly sharp upper bounds for os
illating

integrals as in (1.1), where F is real-valued and fairly regular (say Ck for some

positive integer k). Here are two simple forms.

Proposition 2.1. Consider F : [a, b] → R and w : [a, b] → C with F ′
mono-

toni
 and |F ′(t)| > λ1 > 0, and |w(t)| 6M for all t ∈ [a, b], with total variation
V <∞. Then

∣∣∣∣
b

ˆ

a

w(t)eiF (t)dt

∣∣∣∣ 6 (3M + V )λ−1
1 .

In parti
ular,

∣∣∣∣
b

ˆ

a

eiF (t)dt

∣∣∣∣ 6 3λ−1
1 .

When we write eiF = 1
iF ′ iF

′eiF , the proof 
onsists of a simple integration

by parts, see [32℄ (it is the form used by Newman to show the ne
essity of his


ondition in Theorem 3.1 to follow). But in many appli
ations, F has a (single)


riti
al point c (i.e., F ′(c) = 0) inside [a, b], and then the following substitute

applies.
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Proposition 2.2. Let F : [a, b] → R be a C2
fun
tion, with F ′

monotoni
 and

|F ′′(t)| > λ2 throughout [a, b]. Then

∣∣∣∣
b

ˆ

a

eiF (t)dt

∣∣∣∣ 6 Cλ
−1/2
2 .

Here is a version of Proposition 2.2 for (weighted) sums.

Proposition 2.3. Let I =]u, v] be an interval of R, with u, v ∈ N, and let

F : I → R be a C2
-fun
tion satisfying, for some positive numbers λ2, α > 1,

the two-sided estimate

λ2 6 |F ′′(t)| 6 αλ2 for all t ∈ I.

Then ∣∣∣∣
∑

n∈I
eiF (n)

∣∣∣∣ ≪ (v − u)αλ
1/2
2 + λ

−1/2
2 .

If (wn)u<n6v is a monotone nonin
reasing sequen
e of positive numbers, then∣∣∣∣
∑

n∈I
wne

iF (n)

∣∣∣∣ ≪
[
(v − u)αλ

1/2
2 + λ

−1/2
2

]
wu+1.

We refer to the books [50℄ or [23℄, and to the ni
e survey [41℄ for a detailed

proof of this inequality and more. The weighted 
ase follows from the �rst one

via an Abel summation by parts. A typi
al appli
ation of those inequalities

is the Hardy�Littlewood estimate (where ‖ . ‖∞ refers to the sup-norm on the


ir
le)

∥∥∥
N∑

n=1

ein lognzn
∥∥∥
∞

6 C
√
N.

Indeed, take I =]2p, 2p+1] where p is a nonnegative integer, write z = eiθ and
let F (t) = t log t + θt, so that F ′′(t) = 1/t. Proposition 2.3 with λ2 = 2−p−1

and α = 2 gives∣∣∣∣
∑

2p<n62p+1

ein lognzn
∣∣∣∣ ≪ 2p × 2−p/2 + 2p/2 ≪ 2p/2.

Adding those estimates on 
onse
utive dyadi
 blo
ks (the last one is in
om-

plete) gives the result.

Sometimes, more pre
ise results providing two-sided estimates are needed.

Then we speak of the stationary phase method.

Theorem 2.4. Let F : [A,B] → R, with F ∈ C3([a, b]), be a fun
tion satisfying

F ′′ > 0. Let c be a unique point in ]A,B[ where F ′(c) = 0. Assume that, with

λ2, Λ3, η > 0, one has:
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1) [c− η, c + η] ⊆ [A,B];
2) F ′′(x) > λ2 for all x ∈ [c− η, c+ η];
3) |F ′′′(x)| 6 Λ3 for all x ∈ [A,B].

Then with an absolute 
onstant in the O-
ondition below :

I :=

B̂

A

exp[i F (x)] dx =
√
2π

ei(F (c)+π/4)

|F ′′(c)|1/2 +O

(
1

ηλ2
+ η4Λ3

)
,

This theorem is a variant of a theorem in Tit
hmars
h's book [51, p. 72℄,

see also [11, Lemma 2.2℄, or [41℄, with slightly modi�ed assumptions, adapted

to our purposes in [29℄.

�3. Typi
al appli
ations

We �rst elaborate on an example 
on
erning the Wiener algebra W+
of

absolutely 
onvergent Taylor series

f(z) =

∞∑

n=0

anz
n, ‖f‖W+ :=

∞∑

n=0

|an| <∞.

The situation is ri
her in this 
ase than for the algebra W of all absolutely


onvergent Fourier series. This example is due to D. Newman [32℄, in a very ni
e

(even if a little forgotten) paper on 
omposition operators Cϕ a
ting on W+
.

Here, ϕ ∈ S, so that Cϕ : W
+ → H(D), and the question is to �nd ne
essary

and su�
ient 
onditions on ϕ to ensure that Cϕ : W
+ → W+

. Sin
e Cϕ(f) =∑∞
n=0 anϕ

n
with Cϕ(z

n) = ϕn, an obvious ne
essary and su�
ient 
ondition

is on
e again the relation

‖ϕn‖W+ = O(1) (3.1)

(in parti
ular, ϕ extends 
ontinuously to D, and we will even assume ϕ to be

analyti
 on D). The problem be
omes to �nd a tra
table form, not too di�
ult

to 
he
k, of this 
ondition (3.1).

We �rst perform some redu
tions: one may assume that ‖ϕ‖∞ = 1, other-
wise Cϕ 
learly mapsW+

to itself; one may also assume that |ϕ| is not identi
al
to one on T; otherwise ϕ is a �nite Blas
hke produ
t

ϕ(z) = u

d∏

j=1

z − aj
1− ajz

with |u| = 1 and aj ∈ D. And then two 
ases o

ur.

• One of the aj 's is not zero. Then ‖ϕn‖W+ is unbounded and more pre
isely

‖ϕn‖W+ > δ
√
n with δ > 0. (3.2)
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The qualitative part follows from Cohen's result [13℄, and the quantitative one

from the van der Corput inequality of Proposition 2.3: see [32, Assertion (3)℄

or [27, p. 77℄. But, Cϕ(z
n) = ϕn and hen
e this 
ase is ex
luded in the sequel.

• ϕ is a monomial

ϕ(z) = azd with |a| = 1 and d ∈ N.

In this 
ase, Cϕ is an isometry; moreover, Cϕ is surje
tive if and only if d = 1
as was observed by Harzallah [27℄.

If |ϕ| is not identi
ally 1, there are only �nitely many points θ0 where θ0
is a maximum point for |ϕ(eiθ)|. We 
all θ0 an ordinary maximum point if,

in the lo
al expansion logϕ(ei(θ0+t)) = c0 + c1t + · · · + ckt
k + · · · the �rst

nonvanishing ck with k > 1 (the index of θ0) is not pure imaginary. The

ne
essary and su�
ient 
ondition found by Newman [32℄ reads as follows.

Theorem 3.1 (Newman). Assume that ‖ϕ‖∞ = 1 and ϕ(z) 6= azd. Then a

ne
essary and su�
ient 
ondition for Cϕ to map W+
to itself (i.e., for (3.1))

is that all its maximum points are ordinary.

The subtlety of Newman's 
ondition is illustrated by the following two qua-

drati
 examples, whi
h at �rst glan
e look quite similar, see [32℄:

ϕ1(z) =
1 + z − z2√

5
. (3.3)

We have ‖ϕ1‖∞ = 1 sin
e |ϕ1(±i)| = 1 and if |z| = 1, then

|1 + z − z2| = |z(1 + z − z)| = |1 + 2iIm z| 6
√
5.

The maximum points for |ϕ1(e
iθ)| are θ0 = ±π/2 and a simple 
omputation

gives

logϕ1(e
i(±π/2+t)) = log(2± i)5−1/2 + it− t2

2± i
+ · · ·

so that both maximum points are ordinary and Cϕ1
maps W+

to itself.

The se
ond example is:

ϕ2(z) =
12 + 16z − 3z2

25
. (3.4)

It is less obvious that this ϕ2 has sup-norm equal to one. Newman indi
ates

the identity (with |z| = 1)

|12 + 16z − 3z2|2 + 36|z − 1|4 = 625

whi
h gives the result. Indeed, if one looks for positive integers a, b, c, d su
h

that

|a+ bz − cz2|2 + d|z − 1|4 = 
onstant for |z| = 1
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writing z = eit, one sees that

|a+ bz − cz2| = |ae−it + b− ceit| = |(a− c) cos t+ b− i(a+ c) sin t|, so that

|a+ bz− cz2|2 + d|z− 1|4 =
(
(a− c) cos t+ b

)2
+ (a+ c)2 sin2 t+4d(1− cos t)2

and one �nds d = ac, b = 4ac
a−c . Newman 
hose (a, b, c, d) = (12, 16, 3, 36).

In this 
ase, a unique maximum point 
orresponds to z = 1, i.e., θ0 = 0,
and we �nd

ϕ2(e
it) = 1 +

2it

5
− 2t2

5
+

4it3

75
+ · · ·

and

logϕ2(e
it) =

2it

5
+ ict3 + · · · with c = 8

125
.

This is not an ordinary point, so that Cϕ2
does not map W+

to itself.

In [4℄, we sharpened Newman's result as follows.

Theorem 3.2. Let ϕ ∈ S. The following are equivalent :

(1) Cϕ : W
+ →W+

is 
ompa
t ;

(2) limn→∞ ‖ϕn‖W+ = 0;
(3) ‖ϕ‖∞ < 1.

Proof. The spe
trum of the Bana
h algebra W+
is D, hen
e we have the

spe
tral radius formula

‖ϕ‖∞ = lim
n→∞

(‖ϕn‖W+)1/n = inf
n>1

(‖ϕn‖W+)1/n, (3.5)

whi
h shows that (2) and (3) are equivalent. If (2) is ful�lled, let εN =
supn>N ‖ϕn‖W+ . Denote by TN the �nite rank operator de�ned by

TN (f) =

N∑

n=0

f̂(n)ϕn, with f(z) =

∞∑

n=0

f̂(n)zn.

One 
learly has ‖Cϕ−TN‖ 6 εN , giving the 
ompa
tness of Cϕ. Finally, assume

that Cϕ is 
ompa
t. We use a general and simple 
riterion of J. Shapiro [44℄

saying here that Cϕ is 
ompa
t if and only if, for any sequen
e (fn) ∈W+
with

‖fn‖W+ = O(1) and fn 
onverging to zero uniformly on 
ompa
t sets of D,

Cϕ(fn) → 0. Testing that 
riterion with fn(z) = zn, we get ‖ϕn‖W+ → 0,
ending the proof. �

The study of ‖ϕn‖ in some Bana
h spa
e of analyti
 fun
tions for a given

ϕ ∈ S turns out to be essential, and will reappear later in a Hilbertian 
ontext.
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It is our purpose in this work to illustrate the use of the stationary phase

method on various examples, whi
h re�e
t various paths followed by both

authors. To end this se
tion, we 
on
entrate on the following three topi
s.

• Di�erentiability of sums of weakly la
unary Fourier series.

• Composition operators on the spa
e of absolutely 
onvergent Diri
hlet series.

• Composition operators on weighted Hardy�Hilbert spa
es of analyti
 fun
-

tions.

Here are now our three appli
ations.

3.1. Weakly la
unary Fourier series. Long ago, in the seventies, one of

us be
ame a
quainted with a simple version of van der Corput's inequalities

while studying the di�erentiability of sums of weakly la
unary Fourier series

like

fr(x) =

∞∑

n=1

sinnrπx

nr

where r > 1 is an integer. The story of R = f2 is 
urious: Riemann had re-

portedly 
laimed to Weierstrass that R is an example of nowhere di�erentiable

fun
tion. Hardy proved that it is not di�erentiable at irrational points, and at

some rational points. Today, we 
ould summarize things as follows.

• R satis�es the fun
tional equations [25℄

R(x+ 2) = R(x), R(x) ≡ R(−1/x)

where the sign ≡ means that, for 0 < x < 2, one has

R(x) = ϕ(x) + ψ(x)R(−1/x)

where ϕ,ψ are C∞
on (0, 2) with ψ nonvanishing. Hen
e, sin
e R is not di�er-

entiable at 0 (quite easy to prove, indeed R(x) > δ
√
x for small x > 0), it is

not di�erentiable at x0, an element of the orbit of 0 under Γ0, the θ0-modular

group; i.e., the subgroup of the modular group generated by σ, τ where

σ(z) = −1/z, τ(z) = z + 2.

This orbit is the set of redu
ed fra
tions p/q with p or q even. Similarly, the

orbit of 1 under Γ0 is the set of redu
ed fra
tions p/q with p and q odd. So, to
validate Riemann's 
laim, it only remains to 
he
k that R is not di�erentiable

at the point 1. But it is!! This is the breakthrough by J. Gerver see [17, 18℄),

who showed that R′(1) exists and equals −π/2. A little later one of us, using the

van der Corput te
hniques, gave a simpler proof of Gerver's result, extended

this result, and among other things proved that f3 is di�erentiable at 
ertain

points (see [36, 37℄). Let us elaborate on this.
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Theorem 3.3. Let r∈N, r>2. Then the fun
tion fr is di�erentiable at 1 and

f ′r(1) = −π/2.
Proof of Theorem 3.3. We drop the index r, temporarily �x 0 < x < 1
(with later x→ 0+), and set

S(t) =
sinπt

t
, T (t) = S(trx) =: S ◦ g. (3.6)

Here, we need a te
hni
al lemma.

Lemma 3.4. For t > 0, the following holds:

|T ′(t)| ≪ 1/t, |T ′′(t)| ≪ 1/t2 + xtr−2. (3.7)

Proof of Lemma 3.4. The Leibnitz formula easily gives:

|S′(t)| ≪ 1/t, |S′′(t)| ≪ 1/t+ 1/t2.

Sin
e T ′ = g′(S′ ◦ g), T ′′ = g′′(S′ ◦ g) + g′2(S′′ ◦ g), this implies |T ′| ≪ g′

g and

|T ′′| ≪ g′′

g
+
g′2

g2
+
g′2

g
.

The lemma follows. �

Sin
e f(1) = 0 and f(x)/x =
∑∞

k=1 T (k), we now see that

g(x) := −f(x+ 1)− f(1)

x
=

∞∑

k=1

[
T (2k − 1)− T (2k)

]
=:

∞∑

k=1

∆(k). (3.8)

We will show that limx→0+ g(x) = π/2, whi
h gives the result be
ause f(x+1)
is odd. We a

ordingly �x large integers 0 < a < b depending on x as follows

(we omit the integer value issues and use the fa
t that 3/(3r− 2) < 1/(r− 1)):

a = x−α, b = x−β, with 0 < α < 1/r < 3/(3r − 2) < β < 1/(r − 1). (3.9)

We split the previous sum into three parts, namely we write

∞∑

k=1

∆(k) =: I1 + I2 + I3 with

I1 =
∑

16k<a

∆(k), I2 =
∑

a6k6b

∆(k), I3 =
∑

k>b

∆(k).
(3.10)

We estimate separately I1, I2, I3 and �rst show: I1 is smooth, and

I1 = O(arx) = o(1). (3.11)

Indeed, by (3.7) and the mean value theorem, we have

|∆(k)| ≪ kr−1x, |I1| ≪ arx = x1−αr = o(1).
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We next show that

I2 = π/2 +O
(
br−1x+

1

a

)
= π/2 + o(1). (3.12)

The idea is to approximate the di�eren
e T (2k−1)−T (2k) by the �teles
oping

term�

1
2

[
T (2k − 1)− T (2k + 1)

]
. Indeed, write

T (2k − 1)− T (2k) =
1

2

[
T (2k − 1)− T (2k + 1)

]
+ εk with

εk =
1

2

[
T (2k−1)−2T (2k)+T (2k+1)

]
=

1

2

ˆ ˆ

06u,v61

T ′′(2k−1+u+v)dudv.

The error term εk is a se
ond di�eren
e, whi
h is estimated with the help

of (3.7):

|εk| ≪ sup
2k−16t62k+1

|T ′′(t)| ≪ k−2 + kr−2x.

Summing up gives

I2 =
1

2

[
T (2a− 1)− T (2b+ 1)

]
+O

(
br−1x+

1

a

)
=
π

2
+ o(1).

We have also used that, by (3.9), brx ∼ x1−βr → ∞, when
e T (2b + 1) → 0,
and that (2a − 1)rx ∼ x1−αr → 0, when
e T (2a − 1) → π. Similarly, we have

br−1x ∼ x1−β(r−1) → 0. We �nally show that I3 is small and, more pre
isely,

I3 = O(xδ) = o(1) with some 
onstant δ > 0. (3.13)

It is here that the weighted van der Corput inequality (2.3) intervenes. No

more 
an
ellation is to be awaited, and we dominate separately

∑
k>b T (2k)

and

∑
k>b T (2k− 1), 
onsidering only the �rst sum (the se
ond is similar). We

�rst write

∑

k>b

T (2k) =

∞∑

l=1

Ul with Ul =
∑

lb<k6(l+1)b

T (2k).

Proposition 2.3 with the 
hoi
e

u = lb, v = (l + 1)b, F (t) = πtrx, wk = F (k)−1, λ2 = (lb)r−2x, α = 2r−2

gives

|Ul| ≪
1

(lb)rx

[
b(lb)(r−2)/2x1/2 + (lb)(2−r)/2x−1/2

]
.

Setting γ = 1 + r/2 and using 1− 3r/2 6 −r/2− 1, we dedu
e the estimate

|Ul| ≪ l−γ
[
b−r/2x−1/2 + b1−3r/2x−3/2

]
.
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Summing up over l and re
alling that b = x−β gives∣∣∣∣
∑

k>b

T (2k)

∣∣∣∣ ≪ x(βr−1)/2 + x[β(3r−2)−3]/2. (3.14)

By the 
hoi
e of β in (3.9), both exponents of x on the right-hand side are posi-

tive, giving (3.13). Putting things together, it ensues that limx→0+ g(x) = π/2,
whi
h ends the proof of Theorem 3.3. �

Remark. For more on f2, see Ja�ard [26℄. Fairly re
ent work on the generalized
Riemann fun
tions

fk,r(x) =

∞∑

n=1

eiπn
kx

nr

with two parameters was done by Gerver himself (see [19℄) and next by Chamizo

and Ubis ([11℄), with the ni
e use of the Poisson summation formula. In par-

ti
ular, the almost everywhere nondi�erentiability of some fun
tions fk,r was
proved. But we thought it worthwhile, as an illustration of the utility of van

der Corput's inequalities, to give a simple proof of the di�erentiability of the

fun
tion fr = Im fr,r at the point 1 (see [36, 37℄ for other points than 1).

3.2. Absolutely 
onvergent Diri
hlet series. We refer to the introdu
tion

for the notation of this se
tion. Mu
h later than for Theorem 3.3, in 2008, one

of us turned ba
k to the van der Corput inequalities in the study of 
ompo-

sition operators on the Wiener algebra A+
of absolutely 
onvergent Diri
hlet

series [4℄. This algebra is the set of Diri
hlet series f(s) =
∑∞

n=1 ann
−s

su
h

that

‖f‖A+ =

∞∑

n=1

|an| <∞.

The elements of A+
�live� in the right half-plane C0 and we will set

‖f‖∞ = sup
s∈C0

|f(s)|.

The spe
trum of A+
, that is the set of 
hara
ters of A+

, is the set M of


ompletely multipli
ative fun
tions χ : N → D su
h that χ(1) = 1 (also 
alled


hara
ters). The a
tion of χ ∈M on f ∈ A+
is given by

χ(f) =

∞∑

n=1

anχ(n).

A 
hara
ter χ is determined by its values on the sequen
e (pj)j>1 of primes,

namely by the ve
tor

h(χ) =
(
χ(pj))j>1 ∈ D

∞
. (3.15)

We need the following important fa
t.
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Lemma 3.5. The spe
tral radius r(f) of any f ∈ A+
is given by

r(f) = ‖f‖∞.
Proof. We will use the so-
alled Bohr lift ∆f of f(s) =

∑∞
n=1 ann

−s ∈ A+

de�ned as follows: if n ∈ N has the prime de
omposition

n = pα1

1 · · · pαr
r ,

we set α(n) = (α1, . . . , αr, 0, 0, . . .). And if z = (zj)j>1 ∈ D
∞
, we set zα(n) =

zα1

1 · · · zαr
r , as well as

∆f(z) =

∞∑

n=1

anz
α(n), z = (zj) ∈ D

∞
. (3.16)

The distinguished maximum prin
iple shows that

‖∆f‖∞ := sup
z∈D∞

|∆f(z)| = sup
z∈T∞

|∆f(z)|. (3.17)

We have the (obvious) important identity

χ(f) = ∆f
(
h(χ)

)
. (3.18)

Using this identity and (3.17), we see that

r(f) = sup
χ∈M

|χ(f)| = sup
χ∈M

|∆f
(
h(χ)

)
| = sup

z∈T∞

|∆f(z)| = sup
χ∈Mu

|χ(f)|,

where Mu denotes the set of unimodular 
hara
ters of M . Now, the spe
ial


hara
ters χt(n) = n−it, t ∈ R, are dense in Mu, by the Krone
ker simulta-

neous approximation theorem, see [40, p. 50℄. So that, again by the maximum

prin
iple (in C0), the latter supremum is none other than

sup
t∈R

|f(it)| = sup
s∈C0

|f(s)| = ‖f‖∞. (3.19)

This ends the proof. �

We refer to ([40℄, Chapter 6) for more details and appli
ations.

Our next example 
an be seen as a multivariate extension of Newman's work

already dis
ussed. We are interested in the analyti
 self-maps ϕ of C0 su
h that

the 
omposition operator Cϕ maps A+
to itself. This strongly restri
ts the form

of ϕ as indi
ated by the following lemma [22℄ (see also [4℄ and [40℄).

Lemma 3.6. Let ϕ : C0 → C be su
h that k−ϕ ∈ D (the set of 
onvergent

Diri
hlet series) for k = 2, . . .. Then ϕ must have the form

ϕ(s) = c0s+ ψ(s) with c0 ∈ N0 and ψ ∈ D, ψ(s) =
∞∑

n=1

cnn
−s. (3.20)

If τ is a real number and ϕ : C0 → Cτ , then ψ : C0 → Cτ as well.
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We will therefore only 
onsider, in the sequel, symbols ϕ of the form (3.20).

We will moreover assume ϕ non
onstant, to avoid trivialities. The integer c0
is 
alled the 
hara
teristi
 of the symbol ϕ. When c0 = 0, we are ba
k to D.

The 
ase where c0 > 1 should be interpreted as

ϕ(∞) = ∞.

It is good to have in mind, throughout this subse
tion, the following obvious

fa
t: the map f 7→ n−c0sf, c0 ∈ N0, is an isometry of A+
.

It is also useful to note that, if v ∈ A+
and r > 1 is a real number, then

r−v ∈ A+
and ‖r−v‖A+ 6 r‖v‖A+ . (3.21)

Indeed

r−v = exp(−v log r) =
∞∑

k=0

(− log r)k

k!
vk ∈ A+

be
ause v belongs to the Bana
h algebra A+
. Moreover,

‖r−v‖A+ 6

∞∑

k=0

(log r)k

k!
(‖v‖A+)k = r‖v‖A+ .

The following theorem is a simple analog of Newman's Theorem 3.1, and

the role of ϕn is now played by n−ϕ. But if n = 2j , we are ba
k to powers, and

then we will interpolate between two powers of 2. This will be made 
lear in

the sequel.

Theorem 3.7. Let ϕ : C0 → C be of the form (3.20). The following holds.

1. If ϕ : C0 → C0 and Cϕ : A+ → A+, then n−ϕ ∈ A+
and ‖n−ϕ‖A+ 6 C,

n = 1, 2, . . . , where C does not depend on n.
2. Conversely, if (n−ϕ)n>1 is a bounded sequen
e in A+, then ϕ : C0 → C0

and Cϕ is a bounded operator on A+
.

3. Assume that ϕ(s)=c0s+ψ(s) : C0 → C0 with ψ∈A+
. Then Cϕ : A+→A+

is 
ompa
t if and only if ϕ(C0) ⊂ Cδ for some δ > 0.

Proof. 1. This is 
lear, be
ause n−ϕ = Cϕ(en) with en(s) = n−s.
2. For s ∈ C0 and n ∈ N, we write

n−Reϕ(s) = |n−ϕ(s)| 6 ‖n−ϕ‖∞ 6 ‖n−ϕ‖A+ 6 C.

Letting n go to in�nity, we get Reϕ(s) > 0, so that Reϕ(s) > 0 be
ause ϕ is

not 
onstant.

3. Suppose �rst that Cϕ : A+ → A+
is 
ompa
t. Let f ∈ A+

be a 
luster

point of (n−ϕ)n>1, and let (nk) be a sequen
e of integers su
h that
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‖n−ϕk − f‖A+ → 0. But n
−ϕ(s)
k → 0 for ea
h s ∈ C0 be
ause ϕ : C0 → C0.

Hen
e, f = 0 and ‖n−ϕ‖A+ → 0. Now, let ε = infs∈C0
Reϕ(s) > 0. Sin
e

n−ε = ‖n−ϕ‖∞ 6 ‖n−ϕ‖A+ → 0,

we see that ε > 0.
Conversely, assume that ε := infs∈C0

Reϕ(s)>0. Let ω=2−ψ and 0<ε′<ε.
Lemma 3.5 gives us

r(ω) = ‖ω‖∞ = sup
s∈C0

2−Reψ(s)
6 2−ε < 2−ε

′

.

By Gelfand's spe
tral radius formula, this implies for some 
onstant C:

‖(2j)−ψ‖A+ 6 C2−jε
′

for all j ∈ N0.

We now interpolate to an arbitrary integer n: let j ∈ N be su
h that

2j 6 n < 2j+1
, and set q = n2−j , with 1 6 q < 2. Consequently, sin
e ψ ∈ A+

:

‖n−ϕ‖A+ = ‖n−ψ‖A+ = ‖(2j)−ψ × q−ψ‖A+ 6 ‖(2j)−ψ‖A+ × ‖q−ψ‖A+ .

We thus get, using (3.21):

‖n−ϕ‖A+ 6 C2−jε
′

2‖ψ‖A+ 6 C ′n−ε
′

for all n ∈ N.

Hen
e, Cϕ is 
ompa
t. This ends the proof. �

An important 
orollary is the following.

Corollary 3.8. Let ϕ(s) = c0s + c1 +
∑∞

n=2 cnn
−s =: c0s + c1 + ϕ0(s) with

ϕ0 ∈ A+
. Then Cϕ is bounded if Re c1 >

∑∞
n=2 |cn| = ‖ϕ0‖A+ and is 
ompa
t

if Re c1 >
∑∞

n=2 |cn|.
Proof. For ea
h positive integer n, we have via (3.21):

‖n−ϕ‖A+ = n−Re c1‖n−ϕ0‖A+ 6 n−Re c1n‖ϕ0‖A+ = n−Re c1+‖ϕ0‖A+ .

The result follows via Theorem 3.7. �

We now dis
uss an analog of Newman's quadrati
 examples.

Theorem 3.9. Let ϕ(s) = c0s + c1 + crr
−s + cr2r

−2s
with r ∈ N, r > 2, and

cr, cr2 > 0.
1. If

Re c1 > cr2 +
c2r
8cr2

, (3.22)

then ϕ : C0 → C0 and Cϕ : A+ → A+
is 
ompa
t.

2. Conversely, if ϕ : C0 → C0 and Cϕ : A+ → A+
is bounded and moreover

cr 6 4cr2 , we must have

Re c1 > cr2 +
c2r
8cr2

, (3.23)
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with stri
t inequality whenever Cϕ is 
ompa
t.

3. Assume that

Re c1 = cr2 +
c2r
8cr2

. (3.24)

Then Cϕ : A+ → A+
is bounded if and only if cr 6= 4cr2 .

Proof. 1. Without loss of generality, we may and shall assume that the integer

r equals 2. Let δ = infs∈C0
Reϕ(s). We observe that

δ = Re c1 − c2 + c4 > Re c1 − c4 −
c22
8c4

if c2 > 4c4,

by the arithmeti
-geometri
 mean inequality, while 
learly

δ = inf
θ∈R

(
Re c1 + c2 cos θ + c4 cos 2θ

)
= Re c1 − c4 −

c22
8c4

if c2 6 4c4. (3.25)

So, the result is a straightforward 
onsequen
e of Theorem 3.7.

We present an alternative proof, whi
h seems instru
tive to us. By the proof

of Theorem 3.7, it su�
es to show that limn→∞ ‖n−ϕ‖A+ = 0. Instead of

Gelfand's formula, we use the Hermite polynomials (Hk)k>0, de�ned by

Hk(λ) = (−1)keλ
2 dk

dλk
(e−λ

2

) = (2λ)k + terms of lower degree, (3.26)

whose exponential generating fun
tion is

∞∑

k=0

Hk(λ)

k!
xk = exp(2λx− x2). (3.27)

We have the following sharp estimate (see [24℄) in whi
h λ > 0:

|Hk(λ)| 6 (2k k!)1/2 exp(λ2/2). (3.28)

It follows that, for x > 0 and a > 1:

∞∑

k=0

|Hk(λ)|
k!

xk 6 Ca exp(ax
2 + λ2/2). (3.29)

Indeed, the Cau
hy�S
hwarz inequality and (3.29) imply

∞∑

k=0

|Hk(λ)|
k!

xk =

∞∑

k=0

|Hk(λ)|
(k!)1/2(2a)k/2

(2a)k/2xk

(k!)1/2

6

( ∞∑

k=0

|Hk(λ)|2
k!(2a)k

)1/2( ∞∑

k=0

(2a)kx2k

k!

)1/2
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6 eλ
2/2

( ∞∑

k=0

a−k
)1/2

exp(ax2) =: Ca exp
(
ax2 + λ2/2

)
.

Now, we observe that

n−ϕ(s) = (nc0)−sn−c1 exp(−c22−s log n− c44
−s log n),

whi
h allows us to write

n−ϕ(s) = (nc0)−sn−c1 exp(2λnx− x2) with

x = 2−sxn, xn =
√
c4 log n, λn =

−c2
2
√
c4

√
log n.

Observe next that

x2n +
λ2n
2

= log n
(
c4 +

c22
8c4

)
. (3.30)

Thus

n−ϕ(s) = (nc0)−sn−c1
∞∑

k=0

Hk(λn)

k!
xkn(2

k)−s

and

‖n−ϕ‖A+ = n−Re c1

∞∑

k=0

|Hk(λn)|
k!

xkn. (3.31)

Using the assumption (3.22), let 0 < δ′ < δ (see (3.25)) and then 
hoose a > 1
with

δ′ = Re c1 − a
(
c4 +

c22
8c4

)
.

Now, (3.29), (3.30), and (3.31) give, for any su
h δ′:

‖n−ϕ‖A+ 6 Cδ′n
−Re c1+a(c4+

c22
8c4

)
= Cδ′n

−δ′ =: εn → 0. (3.32)

2. Let θ ∈ R. Identity (3.31) implies that

nRe c1‖n−ϕ‖A+ >

∣∣∣
∞∑

k=0

Hk(λn)

k!
xkne

ikθ
∣∣∣ =

∣∣ exp(2λnxneiθ − x2ne
2iθ)

∣∣

= exp
(
2λnxn cos θ − x2n cos 2θ

)
.

We now maximize the right-hand side by taking cos θ = λn
2xn

= −c2
4c4

, whi
h is

allowed be
ause c2 6 4c4. For this value of θ, we get �rst

2λnxn cos θ − x2n cos 2θ =
λ2n
2

+ x2n = log n
(
c4 +

c22
8c4

)

and then

‖n−ϕ‖A+ > n
−Re c1+

c2
2

8c4
+c4 , n = 1, 2, . . . , c2 6 4c4.
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Sin
e ‖n−ϕ‖A+ = O(1), we get (3.23) (not a surprise), with stri
t inequality

if Cϕ is 
ompa
t.

3. This part is more deli
ate, and we separate several 
ases.

(i) First, if c2 > 4c4, we saw in item 1 that Reϕ(s) > δ, for some 
onstant

δ > 0, and the result follows. We may therefore assume c2 6 4c4. Then:

‖(2j)−ϕ‖A+ = ‖(2−jϕ‖A+ = ‖(2−c1−c22−s−c44−s
)j‖A+

=
∥∥[ exp

(
− (c1 + c22

−s + c44
−s) log 2

)]j‖A+ = ‖χj‖W+ ,

where χ(z) = exp
(
− (c1 + c2z + c4z

2) log 2
)
. We now apply Newman's Theo-

rem 3.1 on ordinary points to see if ‖χj‖W+ is bounded or not. Let θ0 ∈ [0, 2π]
with |χ(eiθ0)| = 1, and �nd the 
oe�
ient of t2 in the Taylor expansion of

logχ(ei(θ0+t)) = −(c1 + c2e
iθ0eit + c4e

2iθ0e2it) log 2.

This 
oe�
ient is

(
c2
2 e

iθ0 + 2c4e
2iθ0) log 2 and its real part is

(c2
2
cos θ0 + 2c4(2 cos

2 θ0 − 1)
)
log 2. (3.33)

Now, observe that the 
ondition |χ(eiθ0)| = 1 means that

Re c1 = −c2 cos θ0 − c4(2 cos
2 θ0 − 1),

whi
h gives, in view of (3.24), (4c4 cos θ0 + c2)
2 = 0, that is cos θ0 = − c2

4c4
.

Hen
e, (3.33) is equal to 0 if and only if c2 = 4c4. In this 
ase, θ0 = π; the
Taylor expansion be
omes

log χ(ei(θ0+t)) = d0 + d1t+ 0.t2 + i log 2
2c4
c2
t3 + · · · ,

the point θ0 is of index 3 and is not an ordinary point. This implies as above

that the sequen
e (n−ϕ)n>1 is unbounded and that Cϕ is not bounded on A+
.

In the 
ase where c2 < 4c4, the point θ0 is ordinary of index 2, and the

sequen
e (‖(2j)−ϕ‖W+) is bounded. We interpolate to an arbitrary integer n
as in Theorem 3.7 to get

‖n−ϕ‖A+ = O(1).

Hen
e, Cϕ is bounded. This ends the proof of Theorem 3.9. �

3.3. Composition operators on weighted analyti
 Hilbert spa
es.

• Quite re
ently, O. Szehr and the se
ond author, see [46℄, obtained an

expli
it proof, free of arithmeti
 
onsiderations, of the optimality of (1.2). Their

work, given an automorphism

ϕ = ϕa, ϕa(z) =
a− z

1− az
, a ∈ D,
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heavily relies on estimates of ϕn for various norms, and also, more pre
isely,

on estimates of the Fourier 
oe�
ients ϕ̂n(m) for all integers m. They made

use of standard methods for the asymptoti
 analysis of Lapla
e type integrals,

see [53, 6℄, whi
h are also used in the theory of orthogonal polynomials [45℄.

See also the forth
oming paper [8℄.

• Even more re
ently, in 
ollaboration with P. Lef�evre, D. Li, L. Rodr��guez-

Piazza, the �rst author studied the boundedness of Cϕ a
ting on general

weighted Hilbert spa
es of analyti
 fun
tions on D, namely

H2(β) = {f(z) =
∞∑

n=0

anz
n : ‖f‖2 =

∞∑

n=0

|an|2βn <∞} ⊂ H(D).

Here, β = (βn), with lim infn→∞ β
1/n
n > 1, is a sequen
e of weights. A ne
essary

and su�
ient 
ondition when βn is monotone nonin
reasing [29℄ then emerged,

namely:

(βn) satis�es a ∆2-Orli
z type property, meaning that

β2n > δβn for some positive 
onstant δ > 0. (3.34)

The proof of su�
ien
y will not be dis
ussed here (see [29℄). Then, to show

that this 
ondition was also ne
essary, we happened to need again the behavior

of ϕ̂na(m); and we used a stationary phase method (k = 3), re
overing some

results of Szehr�Zarouf in a less pre
ise form, but in a simple way. As we

already said, this 
onvergen
e of our 
on
erns on the implied problems led to

the present joint arti
le. We give a sket
hy proof (see [29℄ for more details).

We will use Theorem 2.4 with a spe
ial 
hoi
e of the parameters therein. We


onsider the Blas
hke fa
tor

Ta(z) =
z + a

1 + az
, with T na (z) =:

∞∑

m=0

am,nz
m, 0 < a < 1.

We will prove, denoting ϕ = Ta = −ϕ−a and am,n = ϕ̂n(m), the following key

lemma.

Lemma 3.10. Let a ∈ (0, 1). We set :

τ =
1 + a

1− a
> 1 (3.35)

and write:

τ−1 = 1− 3µ , (3.36)

with µ = µa ∈ (0, 1/3). For n a �xed positive integer, let :

Jn = [(1− 2µ)n, (1 − µ)n] . (3.37)



70 H. QUEFF

�

ELEC, R. ZAROUF

Then there exists a number δ = δa > 0, and for ea
h n a set of indi
es En ⊆ Jn,
with 
ardinality |En| > δn, su
h that :

m ∈ En =⇒ |am,n| > δn−1/2 . (3.38)

Proof. We sket
h an argument and refer on
e more to [29℄ for details. We

have, for −π 6 x 6 π:

Ta(e
ix) = exp[iha(x)] with ha(x) =

x̂

0

P−a(t)dt,

where P−a is the Poisson kernel (for the unit disk) at −a. Hen
e
πam,n = Re Im,n,

where

Im,n =

π̂

0

exp[i(nha(x)−mx)]dx =:

π̂

0

exp[i Fm(x)]dx.

Let us �x m ∈ Jn. We 
he
k that Fm has a single 
riti
al point

cm,n = cm ∈ [0, π]

satisfying, for some α = αa > 0:

Km := [cm − α, cm + α] ⊂ [0, π], sinx > α for x ∈ Km.

We dedu
e that F ′′
m ≈ n throughout Km and |F ′′′

m | ≪ n throughout [0, π].
Therefore we 
an apply Theorem 2.4 with the parameters

A = 0, B = π, Fm(x) = nha(x)−mx, λ2 ≈ n, Λ3 ≈ n.

We adjust η > 0 to have

1
ηλ2

∼ η4Λ3, say η = n−2/5 6 α. We get

Im,n =
√
2π

eiθm√
|F ′′
m(cm)|

+O(n−3/5), θm := Fm(cm) + π/4. (3.39)

Finally, we prove that cos θm > δ = δa > 0 for a positive proportion En of

the indi
es m ∈ Jn, say |En| > δn. Now, for m ∈ En, (3.39) gives us (with δ
varying from one formula to another):

πam,n = Re Im,n =
√
2π

cos θm√
|F ′′
m(cm)|

+O(n−3/5) > δn−1/2 +O(n−3/5).

This ends the proof of Lemma 3.10. �

Here is now the main theorem of this se
tion, with the notations of Lem-

ma 3.10.
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Theorem 3.11. Assume that, for some a ∈ (0, 1), the 
omposition operator

Cϕ : H
2(β) → H2(β), where ϕ = Ta, is bounded. Then there exist two numbers

µ = µa ∈ (0, 1/3), δ = δa > 0, and for ea
h n a �nite set En of integers su
h

that

• En ⊂ [(1 − 2µ)n, (1− µ)n];

• |En| > δn;

• βn > δ3 1
|En|

∑
m∈En

βm.

In parti
ular, when β is monotone nonin
reasing, βmust satisfy the ∆2-property.

Proof. We abbreviate H2(β) to H, and take for En the set given by Lem-

ma 3.10. Our boundedness assumption implies, sin
e ϕn(z) =
∑∞

m=0 am,nz
m
:

∞∑

m=0

|am,n|2βm = ‖ϕn‖2H = ‖Cϕ(zn)‖2H 6 C2‖zn‖2H = C2βn.

This gives the general ne
essary 
ondition

C2βn>

∞∑

m=0

|am,n|2βm>
∑

m∈En

|am,n|2βm>
∑

m∈En

δ2n−1βm > δ3
(

1

|En|
∑

m∈En

βm

)
.

When β is monotone nonin
reasing, we get C2βn > δ3β(1−µ)n, and (βn) satis-
�es ∆2. �

�4. S
h�a�er's question on norms of inverses

In this se
tion we deal with a problem whi
h goes ba
k to the early 70's and

to studies of B. L. van der Waerden, W. A. Coppel and J. J. S
h�a�er (see [43℄

and the referen
es therein). Let K = Kn be the smallest C (indeed, Kn <∞)

su
h that

|detT |‖T−1‖ 6 C‖T‖n−1

for any invertible operator T a
ting on any n-dimensional Bana
h spa
e. By

homogeneity, repla
ing T by T/‖T‖, we see that Kn is the best possible 
on-

stant with

‖T−1‖ 6 Kn

(∏

i

|λi(T )|
)−1

,

for any invertible 
ontra
tion T a
ting on any n-dimensional Bana
h spa
e,

where the λi(T ) are the eigenvalues of T 
ounted with multipli
ities.
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4.1. S
h�a�er's upper bound. Making use of Cayley�Hamilton's theorem,

Coppel proved that

Kn 6 2n − 1,

see [38, Theorem 2.1℄ for a detailed proof. In 1970 J. J. S
h�a�er [43℄ proved

that

Kn 6
√
en (4.1)

making use of a famous theorem by F. John [38, Theorem 2.3℄. The latter bound

was redis
overed by E. Gluskin, M. Meyer and A. Pajor [21, Proposition 3℄

and later by N. K. Nikolski [33, Theorem 3.20℄. It was also re
ently generalized

in [48, Theorem 8℄, providing an answer to the (more general) question of

bounding the norm of the resolvent of T instead of the norm T−1
. The proofs

in [33℄ and [48℄ are based on an analyti
 expression for Kn provided in [21℄ in

terms of a �max-min-type� optimization problem,

Kn = sup
(λ1,...,λn)∈Dn

F (λ1, . . . , λn) , (4.2)

where F is given by

F (λ1, . . . , λn)

:= inf

{ ∞∑

k=1

|ak|; f(z) =
n∏

i=1

λi +

∞∑

k=1

akz
k, f(λi) = 0, i = 1 . . . n

}
.

(4.3)

We �rst provide a short and elegant proof of the upper bound obtained by

S
h�a�er, due to Nikolski [33, Theorem 3.20℄. The proof 
ombines Nikolski's

ideas together with an argument of F. L. Nazarov. As it is stated, [33, Theo-

rem 3.20℄ a
tually gives the upper bound

√
n+ 1 instead of

√
n in (4.1), and

below we adapt Nikolski's proof to re
over S
h�a�er's original inequality.

Proof of S
h�a�er's inequality (4.1). Let T be a 
ontra
tion a
ting on an

n-dimensional Bana
h spa
e (n > 2) and let λ1, λ2, . . . , λn be its eigenvalues


ounted with multipli
ities. Let r =
√

1− 1
n , so that rn−1 > e−1/2

, and let ϕ̃

be de�ned by

ϕ̃(z) =

n∏

i=1

z − rλi

1− rλiz
, ϕ̃r = ϕ̃(rz).

We 
onsider the rational fun
tion

R(z) =
ϕ̃r(0)− ϕ̃r(z)

zϕ̃r(0)
,
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whi
h is analyti
 in D. Observing that ϕ̃r(T ) = 0, we get T−1 = R(T ) and

therefore

‖T−1‖ = ‖
∑

k>0

R̂(k)T k‖

6
∑

k>0

|R̂(k)|

=
1

rn
∏n
i=1 |λi|

∣∣∣∣
∣∣∣∣
ϕ̃r(0)− ϕ̃r(z)

z

∣∣∣∣
∣∣∣∣
W+

=
1

rn
∏n
i=1 |λi|

∑

k>1

rk|̂̃ϕ(k)|,

where we have observed that for the kth-Fourier 
oe�
ients of ϕ̃r we have

̂̃ϕr(k) = rk ̂̃ϕ(k).
Applying the Cau
hy�S
hwarz inequality, we get

|detT |‖T−1‖ 6 r−n
∑

k>1

rk|̂̃ϕ(k)| 6 r−(n−1)
(
1− r2

)−1/2 ||ϕ̃||H2 ,

and it remains to noti
e that ||ϕ̃||H2 6 ||ϕ̃||H∞ 6 1 to 
on
lude. (Here H∞

stands for the 
lassi
al Hardy spa
e (algebra) of the disk, endowed with the

sup norm on D.) �

4.2. S
h�a�er's 
onje
ture. Obtaining Kn = 2 for Rn endowed with the ℓ1

norm, S
h�a�er 
onje
tured that the sequen
e (Kn)n>1 is uniformly bounded.

This was refuted in the early 90's by E. Gluskin, M. Meyer, and A. Pajor,

see [21, Theorem 1℄, who employed a probabilisti
 approa
h to prove that

Kn >
c

log log n

√
n

log n

where c > 0 is an absolute 
onstant. Subsequent 
ontributions of J. Bourgain

[21, Appendix℄ and of the �rst author [39, Theorem 1℄ provided in
reasing

lower estimates on Kn, see below for details. Those estimates make use of the

Gluskin�Meyer�Pajor identity (4.2) and are built on a lemma by J. Bourgain,

whi
h provides a lower estimate on F .

Lemma 4.1 (Bourgain). For any sequen
e (λ1, . . . , λn) ∈ Dn we have

F (λ1, . . . , λn) >
n
∏n
i=1 |λi|

maxk>1

∣∣∑n
i=1 λ

k
i

∣∣ −
n∏

i=1

|λi|.

Using Bourgain's lemma, the key point to improve Gluskin�Meyer�Pajor's

estimate on Kn is to �nd a sequen
e (λi)
n
i=1 su
h that:
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(1) |λi| = 1− 1/n, for all i = 1, . . . , n (so that the sequen
e (
∏n
i=1 |λi|)n>1

is bounded from below),

(2) there exists a sequen
e (un)n satisfying

max
k>1

|
n∑

i=1

λki | ≪ un (4.4)

with

un ≪
√
n log n log log n

and ideally (sin
e we aim at proving the sharpness of S
h�a�er's inequal-

ity) su
h that

un ≈
√
n.

Bourgain [21, Appendix℄ 
ombined Lemma 4.1 with a probabilisti
 approa
h

to prove that

Kn ≫
√

n

log n
. (4.5)

More pre
isely, Bourgain 
onsidered n independent 
omplex valued random

variables (Zi)
n
i=1 uniformly distributed on the unit 
ir
le T and observed that

for any integer k > 1 the sequen
e of random variables (Zki )
n
i=1 follows the

same distribution as the sequen
e Z1, . . . , Zn. Applying the 
lassi
al Bernstein

inequality to these sequen
es, he found that

P

(∣∣∣∣
n∑

i=1

Zki

∣∣∣∣ 6 4
√
n log(1 + k), ∀k > 1

)
> 0

and therefore that there exists (z1, . . . , zn) ∈ Tn su
h that

max
k>1

∣∣∣∣
n∑

i=1

zki

∣∣∣∣ 6 4
√
n log(1 + k). (4.6)

To 
on
lude, Bourgain put λi = (1 − 1/n)zi for all i = 1, . . . , n and applied

Lemma 4.1 to the sequen
e (λ1, . . . , λn) to prove (4.5).

Later the �rst author [39℄ 
ombined Lemma 4.1 with a number theoreti


approa
h to improve Bourgain's inequality (4.5) showing that

√
n in S
h�a�er's

original result is a
tually asymptoti
ally sharp as n → ∞. More pre
isely he

proved, see [39, Theorem 1℄, that

Kn >

√
n

2e
, (4.7)

and that

Kn >
√
n(1−O(1/n)), (4.8)



STATIONARY PHASE METHOD, POWERS OF FUNCTIONS 75

whi
h is the 
urrently best known lower estimate onKn. To prove (4.7) the �rst

author �rst assumes that n = p − 1 where p is a prime number and 
onsiders

a 
hara
ter χ mod p of order p− 1. Considering su
h a 
hara
ter he puts

zj = χ(j)eij/p, j = 1, . . . , p − 1

and uses the theory of Gauss sums to prove that

max
16k<p(p−1)

∣∣∣∣
n∑

i=1

zki

∣∣∣∣ 6
√
p.

Then he puts λi = (1−1/p)zi for all i = 1, . . . , p−1 and thereby satis�es (4.4)

with up ≈ √
p, whi
h proves the sharpness of S
h�a�er's inequality when n =

p − 1. The rest of the proof of (4.7) and the one of (4.8) is based on an

appli
ation of Bertrand�Chebyshev theorem.

The �rst author mentions however [38, Remark 4.7℄ that the 
hoi
e of

z1, . . . , zp−1 above is not so expli
it be
ause nobody knows an expli
it gen-

erator of F∗
p (the 
y
li
 multipli
ative group of nonzero elements of Z/pZ), or

equivalently of its dual F̂∗
p whose generator is denoted above by χ. It was also

later observed [2℄ that in essen
e satisfying (4.4) with un ≈ √
n is the so-
alled

Turàn's tenth problem whi
h to date has no 
onstru
tive solution [2, 52℄. Ob-

serve that the 
onstru
tion of expli
it solutions to su
h problems appears to be

a well-studied but open problem in number theory [52, 40, 15, 2, 3℄. Moreover

Gluskin�Meyer�Pajor also mention [21, p. 2℄ that they do not know a 
on
rete

example of (λ1, . . . , λn) for whi
h F (λ1, . . . , λn) is growing. These remarks and

observations motivated the se
ond author and O. Szehr [46, 47℄ �rst to �nd an

expli
it example of sequen
e (λ1, . . . , λn) ∈ Dn su
h that

sup
n
F (λ1, . . . , λn) = ∞ (4.9)

and se
ond to �nd an expli
it example of a sequen
e (λ1, . . . , λn) ∈ Dn that

asymptoti
ally a
hieves S
h�a�er's upper bound, i.e., su
h that

F (λ1, . . . , λn) ≫
√
n.

This will be done in two steps on the basis of results proved in [47℄ and [46℄

respe
tively.

(1) In Subse
tion 4.3 below, we will show using fairly elementary methods

that for any λ ∈ D \ {0} we have

F (λ, . . . , λ) ≫ n1/3, (4.10)

where λ is repeated a

ording to its multipli
ity n. To this end we will

use a simple duality method to prove an analog of Bourgain's lemma

(see Lemma 4.2 below), whi
h 
ir
umvents the power sum theory. Our
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version of Bourgain's lemma relates S
h�a�er's question to the study

of asymptoti
s for Fourier 
oe�
ients of powers of fun
tions. More

pre
isely, it will allow us to bound F from below by ||(ϕ̂n(k))k>0||l∞ with

ϕ = ϕλ = z−λ
1−λz . Therefore we will see that (4.9) is a dire
t 
onsequen
e

of Lemma 4.2 and of the fa
t that

|an,k| ≪ n−1/3
(4.11)

uniformly for k > 0, where the sequen
e (an,k)k>0 was de�ned above

in Subse
tion 3.3, under the assumption that a = λ ∈ (0, 1). The proof
of (4.11) (see Proposition 4.4 below) is based on repeated appli
ation of

the 
lassi
al van der Corput inequality stated in Proposition 2.1 above.

(2) In Subse
tion 4.5 we will use more sophisti
ated methods to see that

in fa
t a stronger estimate holds:

F (λ, . . . , λ) ≫
√
n (4.12)

for any λ ∈ D \ {0}. In parti
ular, the proof of (4.12) requires the

use of a modi�ed version of our analog of Bourgain's lemma, together

with a 
areful investigation of the asymptoti
 behavior of the sequen
e

(an,k)k>0 and of a 
ertain suitable linear 
ombination of the an,k's. The
latter 
an be done by using standard methods for asymptoti
 analysis:

the stationary phase method (see Theorem 2.4), the method of the

steepest des
ent [53, 14, 10℄, and uniform versions of those methods [6,

Chapter 9℄, [9℄. We refer to the re
ent work [8℄ for a detailed appli
ation

of those methods to obtain asymptoti
 formulas for an,k as n→ ∞ and

k > 0.

4.3. F (λ, . . . , λ) grows at least as n1/3.

4.3.1. The �rst analog of Bourgain's lemma. Building on the duality approa
h

developped in [46℄, we prove the �rst analog of Bourgain's lemma. It relates

the problem of bounding F (λ1, . . . , λn) from below to the question of �nd-

ing an upper bound (as sharp as possible asymptoti
ally as n → ∞) on the

Fourier 
oe�
ients of the �nite Blas
hke produ
t asso
iated with the sequen
e

(λ1, . . . , λn). To formulate this analog we need to introdu
e the spa
e l∞A of

analyti
 fun
tions f on D with bounded Taylor 
oe�
ients,

l∞A =

{
f =

∑

k>0

f̂(k)zk ∈ H(D); ‖f‖l∞A = sup
k>0

|f̂(k)| <∞
}
.
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As a dire
t appli
ation of our lemma, we dedu
e that, given a sequen
e

(λ1, . . . , λn) in the disk, if the 
orresponding �nite Blas
hke produ
t

ϕ(z) =

n∏

i=1

z − λi
1− λ̄iz

satis�es

lim
n

‖ϕ‖l∞A = 0,

then the sequen
e (λ1, . . . , λn) realizes (4.9). We will see that this is already

the 
ase of the sequen
e (λ, . . . , λ) where λ is arbitrary in D \ {0}.
Lemma 4.2. For any sequen
e (λ1, . . . , λn) ∈ Dn we have

F (λ1, . . . , λn) >
1

||ϕ||l∞A
−

n∏

i=1

|λi|,

where ϕ(z) =
∏n
i=1

z−λi
1−λ̄iz , and F is de�ned by (4.3).

Remark 4.3. Comparing this lemma with Lemma 4.1, we observe that the

numerator

∏n
i=1 |λi| disappeared. Therefore, it is no longer ne
essary to assume

that |λi| = 1− 1/n for all i = 1, . . . , n.

Proof. Let L2(T) be the usual L2
spa
e on the unit 
ir
le equipped with the

standard s
alar produ
t

〈f, g〉 :=
π
ˆ

−π

f(eit)g(eit)
dt

2π
.

For f =
∑

k f̂(k)z
k
, g =

∑
k ĝ(k)z

k ∈ H(D), the L2(T) s
alar produ
t 
an be

written as

〈f, g〉 =
∑

k>0

f̂(k)ĝ(k).

To bound F from below, we will apply H�older's inequality in the form

| 〈f, g〉 | 6 ||f ||l∞A ||g||W+ ,

where, as before, W+
stands for the Wiener algebra of absolutely 
onvergent

Taylor series in D (see �3 above for its de�nition). Note that ϕ maps the unit

disk onto itself and satis�es ϕ(z) = 1
ϕ(z) for z ∈ T, [16℄. It is easily veri�ed that

if f is in W+
and f(λ) = 0 with λ ∈ D, then

∣∣∣
∣∣∣ f
z−λ

∣∣∣
∣∣∣
W+

6
||f ||W+

1−|λ| . Hen
e,
f
z−λ

is also in W+
, (this is sometimes 
alled the division property of W+

, see for

instan
e [1, p. 22℄ for more general algebras satisfying this property). Therefore
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for any h ∈W+
with h(λi) = 0 we have h

ϕ ∈W+
. Now we rewrite the Gluskin�

Meyer�Pajor expression for F using the norm of h in W+ :

F (λ1, . . . , λn)

= inf
{
||h||W+ − |h(0)|

∣∣∣ h ∈W+, h(0) =
n∏

i=1

λi, h(λi) = 0, i = 1 . . . n
}
.

We are now ready to bound F from below. Let h ∈ W+
with h(λi) = 0 and

h(0) =
∏n
i=1 λi, and let g = h

ϕ ∈W+
. We have

〈h, ϕ〉 = 〈g, 1〉
= g(0) = (−1)n.

Applying H�older's inequality, we 
on
lude that

1 6 ||h||W+ ||ϕ||l∞A .

It follows that any fun
tion h in the de�nition of F satis�es

||h||W+ >
1

||ϕ||l∞A
and the proof of Lemma 4.2 follows. �

If we 
onsider the simplest 
hoi
e λ1 = · · · = λn = λ ∈ D \ {0}, Lemma 4.2

leads to the question of �nding an asymptoti
ally sharp upper bound on ||ϕnλ||l∞A
as n → ∞, where ϕλ(z) = z−λ

1−λz . Due to rotation invarian
e of the l∞A -norm,

we may assume that λ = a ∈ (0, 1) without loss of generality, and we have

||ϕnλ||l∞A = sup
k>0

|an,k|

where the sequen
e (an,k)k>0 was de�ned in Subse
tion 3.3.

4.3.2. Upper bounds on

∣∣ϕ̂nλ(k)
∣∣
. Our aim in this subse
tion is to prove the

proposition below, whi
h was originally stated in [48℄. The van der Corput

inequality stated in Proposition 2.1 will be the key ingredient for obtaining the

upper estimates (2), (3), and (4) below.

Proposition 4.4. Suppose that ϕ = ϕλ with λ ∈ (0, 1), n > 1, and k > 0. Set
α0 := 1−λ

1+λ and 
hoose a �xed α ∈ (0, α0). The following assertions hold true

depending on the region to whi
h k belongs.

(1) If k/n 6 α, then |ϕ̂n(k)| de
ays exponentially and uniformly over k as n

tends to ∞. Similarly, if k/n > α−1, then |ϕ̂n(k)| de
ays exponentially
and uniformly over k as n tends to ∞.
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(2) If k/n ∈ (α,α0 − n−2/3) ∪ (α−1
0 + n−2/3, α−1), then

|ϕ̂n(k)| ≪ max

{
1

|α0n− k| ,
1

|α−1
0 n− k|

}
.

(3) If k/n ∈
[
α0 − n−2/3, α0 + n−2/3

)
∪
(
α−1
0 − n−2/3, α−1

0 + n−2/3
]
, then

|ϕ̂n(k)| ≪ 1

n1/3
.

(4) If k/n ∈ (α0 + n−2/3, α−1
0 − n−2/3), then

|ϕ̂n(k)| ≪ max

{
1

n1/2|α0 − k
n |1/4

,
1

n1/2|α−1
0 − k

n |1/4

}
.

In parti
ular, for the l∞A -norm of ϕn we have

||ϕn||l∞A ≪ 1

n1/3
.

To apply the van der Corput inequality given in Proposition 2.1, we re-

write ϕ̂n(k) in a 
onvenient way. First ϕ(eit) ∈ T for any t ∈ (−π, π] and there

exists a real-valued and 
ontinuously di�erentiable fun
tion fλ so that

ϕ(eit) = eifλ(t), t ∈ (−π, π] .
Di�erentiating the above identity with respe
t to t, we �nd

ieit
1− λ2

(1− λeit)2
= if ′λ(t)ϕ(e

it)

whi
h shows that

f ′λ(t) =
1− λ2

|1− λeit|2 =
1− λ2

1 + λ2 − 2λ cos t
, t ∈ (−π, π] .

Taking into a

ount the fa
t that λ is real, we 
an write

ϕ̂n(k) =
1

2π

π
ˆ

−π

ϕn(eit)e−iktdt =
1

2π

π̂

−π

eig(t)dt =
1

π
Re

{ π̂

0

eig(t)dt

}
, (4.13)

where

g(t) = nfλ(t)− kt t ∈ [0, π].

Computing derivatives we �nd that g′(0) = nα−1
0 − k, g′(π) = nα0 − k, and

g′′(t) = − 2λn(1− λ2) sin t

(1 + λ2 − 2λ cos t)2
.
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This implies that g′ is stri
tly monotone de
reasing on (0, π) with

g′(0) = nα−1
0 − k > g′(t) > nα0 − k = g′(π).

Proof of Proposition 4.4. The proof of Proposition 4.4 when k is 
loser to

nα0 than to nα−1
0 was provided in [48℄. Below we adapt the proof of [48,

Proposition 3℄ to ensure (1)�(4) for k 
loser to nα−1
0 than to nα0.

(1) This is a dire
t appli
ation of [45, Proposition 6, point (1)℄. It is well

known (see [16℄) that for z, w ∈ D we have the following upper and

lower bounds on ϕw:

|z| − |w|
1− |z||w| 6

∣∣∣∣
z − w

1− w̄z

∣∣∣∣ 6
|z|+ |w|
1 + |z||w| .

The Fourier 
oe�
ients ϕ̂n(k) 
an be expressed via the usual 
ontour

integral

ϕ̂n(k) =
1

2iπ

˛

|z|=s

z−k−1

(
z − λ

1− λz

)n
dz,

where s ∈ (1, 1/λ). For the magnitude of the integral (bounding it

roughly) we �nd that if s ∈ (1, 1/λ), then

|ϕ̂n(k)| 6 max
|z|=s

|ϕn(z)|
|z|k =

ϕn(s)

sk
.

If k/n > α−1
, then there exists s∗ ∈ (1, 1/λ) su
h that

ϕ(s∗)

s∗k/n
6
ϕ(s∗)

s∗α
−1

< 1,

see [45, Proposition 6, item (1)℄ for more details and for the 
omputa-

tion of s∗.
To prove items (2)�(4), we will apply van der Corput's inequality

dire
tly to the right-hand side in (4.13).

(2) If k/n ∈ (α−1
0 + n−2/3, α−1), then g′(0) = nα−1

0 − k < 0. In parti
ular,

for any t ∈ [0, π] we have

g′(t) 6 nα−1
0 − k < 0,

and both g and g′ are stri
tly monotone de
reasing on this interval.

Applying Proposition 2.1, we get

|ϕ̂n(k)| ≪ 1

k − nα−1
0

.
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(3) If k/n ∈ [α−1
0 − n−2/3, α−1

0 + n−2/3], then g′(0) = nα−1
0 − k may be

positive or negative depending on the 
hoi
e of k. We �x a 
onstant

c > 0 (independent of n) whose exa
t value is to be spe
i�ed later. We

split the integral

π̂

0

eig(t)dt =

cn−1/3
ˆ

0

eig(t)dt+

π̂

cn−1/3

eig(t)dt

and �rst observe that

∣∣∣∣∣

cn−1/3
ˆ

0

eig(t)dt

∣∣∣∣∣ 6 cn−1/3.

To estimate the se
ond integral, we will apply Proposition 2.1 on
e

again, whi
h requires a lower estimate on |g′(t)| for t ∈ [cn−1/3, π].
To a
hieve this, we �rst expand the fun
tionf ′λ in a neighborhood of 0:

f ′λ(t) = α−1
0 − λ(1 + λ)

(1− λ)3
t2 +O(t4)

as t tends to 0, and 
ompute the asymptoti
 value of g′(cn−1/3) as

n→ ∞. We have

g′(cn−1/3) = nf ′λ(cn
−1/3)− k

= (α−1
0 n− k)− c2

λ(1 + λ)

(1− λ)3
n1/3 +O(n−1/3)

6

(
1− c2

λ(1 + λ)

(1− λ)3
+O(n−2/3)

)
n1/3,

where we have made use of the assumption α−1
0 n − k 6 n1/3. In par-

ti
ular, there exists c = c(λ) > 0 su
h that

1− c2
λ(1 + λ)

(1− λ)3
+O(n−2/3) 6 −c̃ < 0,

where c̃ = c̃(λ) > 0. The fun
tion g′ being monotone de
reasing on the

interval [0, π], for t ∈ [cn−1/3, π] and for large n we �nd

g′(t) 6 g′(cn−1/3) 6 −c̃n1/3 < 0.

Applying Proposition 2.1 on [cn−1/3, π], we obtain

∣∣∣∣
π̂

cn−1/3

eig(t)dt

∣∣∣∣ ≪ n−1/3.
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(4) If k/n ∈ (α0 + n−2/3, α−1
0 − n−2/3), then the equation g′(t) = 0 has

exa
tly one solution t+ on (0, π). A dire
t 
omputation shows that

|g′′(t+)| = k

(
k

n
− α0

)1/2 (
α−1
0 − k

n

)1/2

.

We 
hoose η = η(n) > 0 whose exa
t value is to be spe
i�ed later. We

split the integral

π̂

0

eig(t)dt =

t+−η
ˆ

0

eig(t)dt+

t++η
ˆ

t+−η

eig(t)dt+

π̂

t++η

eig(t)dt

and noti
e that

∣∣∣∣

t++η
ˆ

t+−η

eig(t)dt

∣∣∣∣ 6 2η.

The remaining integrals are treated via Proposition 2.1. Sin
e g′ is
monotone de
reasing on (0, π) and g′(0) = nα−1

0 − k, we have

∣∣∣∣

t+−η
ˆ

0

eig(t)dt

∣∣∣∣ ≪max

{
1

|g′(0)| ,
1

|g′(t+ − η)|

}

=max

{
1

nα−1
0 − k

,
1

|g′(t+ − η)|

}
.

As before, we assume that k is 
loser to α−1
0 n so that

(k − nα0)
−1 6 (nα−1

0 − k)−1

and we seek a suitable lower bound for |g′(t+− η)|. This is a
hieved as

follows. First we use the mean value theorem for integrals to see that

there is s = s(n) ∈ (t+ − η, t+) with

|g′(t+ − η)| =
∣∣∣∣

t+
ˆ

t+−η

g′′(t)dt

∣∣∣∣ = |g′′(s)|η.

By the mean value theorem for di�erentiation, there exists also

u = u(n) ∈ (s, t+)
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su
h that

|g′′(t+)− g′′(s)|
|g′′(t+)|

=
(t+ − s)|g′′′(u)|

|g′′(t+)|
≪ ηn

k
(
k
n − α0

)1/2 (
α−1
0 − k

n

)1/2

≪ η
(
α−1
0 − k

n

)1/2 ,

where we have used, for the last inequality, that

k/n ∈
(
α0 + n−2/3, α−1

0 − n−2/3
)

is bounded from below. We also have made use of the assumption

that k/n is 
loser to α−1
0 than α0, whi
h implies that

(
k
n − α0

)−1/2

is bounded by a 
onstant. In parti
ular assuming

η =
1

2
(
α−1
0 − k

n

)1/4
n1/2

,

we have η 6 1
2n1/3 and

|g′′(s)| > |g′′(t+)| ·
∣∣∣∣1−

|g′′(t+)− g′′(s)|
|g′′(t+)|

∣∣∣∣
≫ |g′′(t+)|.

In summary, we �nd

∣∣∣∣∣

t+−η
ˆ

0

eig(t)dt

∣∣∣∣∣ ≪
1

nα−1
0 − k

+
1

η|g′′(t+)|

≪ 1

nα−1
0 − k

+
1

ηk
(
k
n − α0

)1/2 (
α−1
0 − k

n

)1/2

≪ 1

nα−1
0 − k

+
1

ηn
(
α−1
0 − k

n

)1/2

≪ 1

nα−1
0 − k

+
1

n1/2
(
α−1
0 − k

n

)1/4 .

A similar argument applies to

´ π
t++η e

ig(t)dt. We �nally obtain

∣∣∣∣∣

π̂

0

eig(t)dt

∣∣∣∣∣ ≪η +
1

nα−1
0 − k

+
1

n1/2
(
α−1
0 − k

n

)1/4
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≪ 1

nα−1
0 − k

+
1

n1/2
(
α−1
0 − k

n

)1/4

≪ 1

n1/2
(
α−1
0 − k

n

)1/4
(
1 +

1

n1/2
(
α−1
0 − k

n

)3/4
)

≪ 1

n1/2
(
α−1
0 − k

n

)1/4
(
1 +

1

n1/2
(
α−1
0 − k

n

)3/4
)

≪ 1

n1/2
(
α−1
0 − k

n

)1/4 ,

whi
h 
ompletes the proof.

�

4.4. On the lpA-norms of ϕn. More generally, the lpA-norms of ϕn (where

ϕ = ϕλ) are de�ned for 1 6 p <∞ by

||ϕn||p
lpA

:= ||ϕ̂n||plp :=
∑

k>0

|ϕ̂n(k)|p,

and for p = ∞ by ||ϕn||l∞A := supk>0 |ϕ̂n(k)|. Below we will see that the above

Proposition 4.4 yields asymptoti
ally sharp upper estimates on

||ϕn||lpA for p ∈ [1,∞],

as n → ∞. The study of the lp-norms of ϕ̂n was probably initiated by

J.-P. Kahane [28℄ who was interested in the 
ase of p = 1. Kahane's moti-

vation [28, Theorem 1℄ was to generalize a theorem by Z. K. Leibenson [30℄,

whi
h is a spe
ial 
ase of a theorem (see [42, Theorem 4.1.3℄) about homomor-

phisms of group algebras due to P. T. Cohen. Let θ : R → R be a 
ontinuous,

non
onstant and 2π-periodi
 fun
tion. A. Beurling and H. Helson [5℄ proved

that if ||êinθ||l1 = O (1) , n ∈ Z, then θ is a�ne. Kahane proved that:

(1) if θ is pie
ewise linear, then ||êinθ||l1 = O (log(|n|)), [28, Theorem III℄,

and

(2) if θ is analyti
, then ||êinθ||l1 ≈
√

|n|, [28, Theorem V℄.

Writing ϕ(eit) as eiθ(t) for t ∈ (−π, π], we dedu
e from (2) that

||ϕ̂n||l1 ∼ c1
√
n, n→ ∞.

The pre
ise value c1 of the limit

lim
n→∞

n−1/2||ϕ̂n||l1
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was 
omputed in [20℄. A dis
ussion on lp-norms for p ∈ [1,∞] o

urred in [7℄,

where the asymptoti
 behavior

||ϕ̂n||lp ≈ n
2−p
2p

for p ∈ [1, 2] (4.14)

was derived. The dis
ussion in [7℄ is more general and again is motivated by

investigating the boundedness of the 
omposition operator Cϕ. To extend the

result of [7℄ to the whole interval p ∈ [1,∞], we �rst split the sum
∑

k>0

|ϕ̂n(k)|p

a

ording to the regions of Proposition 4.4 and get (see [47℄ for details)

||ϕn||lAp ≪





n
2−p
2p

if p ∈ [1, 4),
(
logn
n

) 1

4

if p = 4,

n
1−p
3p

if p ∈ (4,∞],

with 
onstants depending only on p and λ. It was shown in [47℄ that these

upper bounds are asymptoti
ally sharp as n → ∞. For p ∈ [1, 4) this 
an be

seen dire
tly from Lemma 3.10. Indeed, keeping the notation of this lemma,

we get

||ϕn||lAp >
∑

k∈En

|ϕ̂n(k)|p

≫ |En|n−p/2

≫ n
2−p
2 .

The proofs of the sharpness of the remaining upper bounds for p = 4 and

p ∈ (4,∞] are more deli
ate and require an asymptoti
 expansion of ϕ̂n(k),
whi
h is uniform in k as it approa
hes one of the end-points α0n, α

−1
0 n, see [47℄.

4.5. F (λ, . . . , λ) grows as
√
n. The important Proposition 4.4 suggests that

the slowest de
ay of the Fourier 
oe�
ients ϕ̂nλ(k) is of order O(n−1/3) and

o

urs for k = ⌊α0n⌋ or k = ⌊α−1
0 n⌋ and more generally when

k/n ∈
[
α0 − n−2/3, α0 + n−2/3

)
∪
(
α−1
0 − n−2/3, α−1

0 + n−2/3
]
.

This is 
on�rmed by a 
areful asymptoti
 analysis of these 
oe�
ients (see [8℄).

To sum up we know from Proposition 4.4 that:

(1) if α∈(0, α0) and k /∈
[
αn, α−1n

]
, then ϕ̂nλ(k) de
ays exponentially in n,

(2) if β ∈ (α0, 1) and k ∈
[
βn, β−1n

]
, then ϕ̂nλ(k) = O(n−1/2),

(3) if k = ⌊α0n⌋ or k = ⌊α−1
0 n⌋, then ϕ̂nλ(k) = O(n−1/3).
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In order to show that F (λ, . . . , λ) ≫ √
n, a �rst natural question arises: is

there a linear 
ombination of the 
oe�
ients ϕ̂nλ(k) whose l
∞

norm is bounded

from above by 1/
√
n? Using the stationary phase method, the se
ond author

and O. Szehr �rst observed that for k = ⌊α0n⌋ or k = ⌊α−1
0 n⌋ the de
ay of the

sequen
e (
ϕ̂nλ(k)− ϕ̂nλ(k − 2)

)
k>2

is of order O
(
n−2/3

)
. This observation led them to repla
ing the fun
tion ϕnλ

by (1− z2)ϕnλ in Lemma 4.2. Clearly, we have

̂(1− z2)ϕnλ(k) = ϕ̂nλ(k)− ϕ̂nλ(k − 2), k > 2.

This linear 
ombination of the 
oe�
ients ϕ̂nλ(k) speeds up their de
ay at and

near the boundaries α0n, α
−1
0 n , and turns out to answer positively the above

question, see Proposition 4.6 below.

4.5.1. The se
ond analog of Bourgain's Lemma. The lemma below was origi-

nally stated in [46, (3.2)℄. It is a
tually a modi�
ation of Lemma 4.2 where the

�nite Blas
hke produ
t ϕ asso
iated with the sequen
e (λ1, . . . , λn) is repla
ed
by the weighted Blas
hke produ
t (1− z2)ϕ.

Lemma 4.5. For any sequen
e (λ1, . . . , λn) ∈ Dn, we have

F (λ1, . . . , λn) >
1

||(1− z2)ϕ||l∞A
−

n∏

i=1

|λi|,

where ϕ(z) =
∏n
i=1

z−λi
1−λ̄iz .

Proof. The proof is an adaptation of that of Lemma 4.2. We keep the same

notation and the same de�nitions for the fun
tions h and g. Instead of 
onsid-

ering their s
alar produ
t we 
ompute the s
alar produ
t of z2h and (1−z2)ϕ:
〈
z2h, (1 − z2)ϕ

〉
=

〈
(z2 − 1)h, ϕ

〉
=

〈
(z2 − 1)g, 1

〉
= −g(0) = (−1)n−1.

Applying the same H�older's inequality and observing that

∣∣∣∣z2h
∣∣∣∣
W

= ||h||W , we


on
lude that

1 6
∣∣∣∣z2h

∣∣∣∣
W

∣∣∣∣(1− z2)ϕ
∣∣∣∣
l∞A

= ||h||W
∣∣∣∣(1− z2)ϕ

∣∣∣∣
l∞A
.

It follows that any 
andidate fun
tion h in the de�nition of F satis�es

||h||W >
1

||(1− z2)ϕ||l∞A
. �
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4.5.2. Upper bounds on

∣∣ϕ̂nλ(k) − ϕ̂nλ(k − 2)
∣∣
. It is easily veri�ed that for any

�xed k the 
oe�
ients (1− z2)ϕ̂nλ(k) de
ay exponentially when n grows large.

The interesting behavior, whi
h is relevant for the l∞A -norm, therefore o

urs

when k = k(n) is a sequen
e. Our goal in this se
tion is to state asymptoti-


ally sharp upper bounds on the 
oe�
ients

̂(1− z2)ϕnλ(k) as n→ ∞, when k
belongs to the �
riti
al n-dependent intervals� highlighted by Proposition 4.4.

This is the 
ontent of [46, Se
tion 6℄, whi
h makes use of standard tools from

asymptoti
 analysis previously developed in [45, 47℄ to determine the asymp-

toti
 growth of the Taylor 
oe�
ients ϕ̂nλ(k) both with respe
t to k and to n.
An appli
ation of Proposition 4.4, item (1) (or equivalently of [45, Proposi-

tion 6, item (1)℄) shows that if α ∈ (0, α0) and k /∈
[
αn, α−1n

]
, then ϕ̂nλ(k)

de
ays exponentially in n. To obtain a sharp upper bound on

̂(1− z2)ϕnλ(k) for

k ∈
[
βn, β−1n

]
and β ∈ (α0, 1), we rely on the method of stationary phase (see

Theorem 2.4) as we did to determine an asymptoti
 formula for an,k, see the

proof of Lemma 3.10 above. When k gets 
lose to one of the boundaries α0n,
α−1
0 n, the situation turns out to be mu
h more deli
ate: the asymptoti
 be-

havior of

̂(1− z2)ϕnλ(k) is des
ribed in terms of the Airy fun
tion and we rely

on a uniform version of the method of stationary phase/ steepest des
ents as

is introdu
ed in [12℄. We refer to [46, Se
tion 6℄ for a proof of the proposition

below, whi
h a
hieves the above-mentioned goal.

Proposition 4.6. Suppose that λ ∈ (0, 1), ϕ = ϕλ = z−λ
1−λz , n > 1, and k > 0.

Set α0 := 1−λ
1+λ and 
hoose �xed α ∈ (0, α0) and β ∈ (α0, 1). The following

assertions hold depending on the region to whi
h k belongs.

(1) If k/n 6 α, then | ̂(1− z2)ϕn(k)| de
ays exponentially and uniformly

over k as n tends to ∞. Similarly, if k/n > α−1, then | ̂(1− z2)ϕn(k)|
de
ays exponentially and uniformly over k as n tends to ∞.

(2) If k/n ∈ (α,α0−n−2/3]∪[α−1
0 +n−2/3, α−1), then we have the following

asymptoti
 growth estimate:

∣∣∣ ̂(1− z2)ϕn(k)
∣∣∣ ≪

(min
(
(α0 − k/n), (k/n − α−1

0 )
)
)1/4

n1/2

× exp

(
−2

3
n(min

(
(α0 − k/n), (k/n − α−1

0 )
)
)3/2

)
.

(3) If k/n ∈ [α0 − n−2/3, α0 + n−2/3] ∪ [α−1
0 − n−2/3, α−1

0 + n−2/3], then

∣∣∣ ̂(1− z2)ϕnλ(k)
∣∣∣ ≪ 1

n2/3
.
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(4) If k/n ∈ [α0 + n−2/3, α−1
0 − n−2/3], then

∣∣∣ ̂(1− z2)ϕn(k)
∣∣∣ ≪

(
k
n − α0

)1/4 (
α−1
0 − k

n

)1/4

n1/2
.

In parti
ular,

∣∣∣∣(1− z2)ϕn
∣∣∣∣
l∞A

≪ 1

n1/2
.

Estimate (4.12) follows dire
tly from Lemma 4.5 
ombined with Proposi-

tion 4.6.

4.5.3. Operator interpretation. In this paragraph we state the main result

from [46℄ (see [46, Theorem 6℄). It exhibits a sequen
e of expli
it n×n Toeplitz

matri
es Tλ with singleton spe
trum {λ} ∈ D \ {0} and an n-dimensional Ba-

na
h spa
e E on whi
h Tλ a
ts su
h that

|λ|n
∣∣∣∣T−1

λ

∣∣∣∣ ≫ √
n ||Tλ|| n−1,

whi
h 
an be seen as an interpretation of (4.12) from the point of view of

operator theory (see [46, Se
tion 4℄ for a detailed dis
ussion). Given λ ∈ D\{0}
and n > 1, let E be the n-dimensional Bana
h spa
e of rational fun
tions of

degree at most n whose poles are lo
ated at 1/λ̄, equipped with the norm || · ||l∞A .

The spa
e E 
oin
ides with the so-
alled model spa
e asso
iated with the �nite

Blas
hke produ
t

(ϕλ(z))
n =

(
z − λ

1− λ̄z

)n
.

A natural orthonormal basis for E (with respe
t to the s
alar produ
t 〈 · , · 〉)
is the Malmquist�Walsh basis B = {ej}j=1,...,n given by (see [35, p. 117℄)

ej(z) :=
(1− |λ|2)1/2

1− λ̄z

(
z − λ

1− λ̄z

)j−1

, j = 1, . . . , n.

In other words, given λ ∈ D \ {0}, the Toeplitz matrix Tλ is an expli
it 
oun-

terexample to S
h�a�er's 
onje
ture.

Theorem 4.7. For any �xed λ ∈ D \ {0} the upper triangular n× n Toeplitz

matrix

Tλ =




λ 1− |λ|2 −λ̄(1− |λ|2) . . . (−λ̄)n−2(1− |λ|2)
0 λ 1− |λ|2 .

.

.

.

.

.

0
.

.

. λ
.

.

. −λ̄(1− |λ|2)
.

.

.

.

.

.

.

.

.

.

.

. 1− |λ|2
0 . . . 0 0 λ



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a
ting on (E, || · ||l∞A ) with respe
t to the basis B satis�es ||Tλ||∗ 6 1,
∣∣∣∣det(Tλ)T−1

λ

∣∣∣∣
∗ = F (λ, . . . , λ), (4.15)

and

Kn >
∣∣∣∣det(Tλ)T−1

λ

∣∣∣∣
∗ ≫

√
n,

where || · ||∗ is the operator norm indu
ed by

||R||l∞A :=

∥∥∥∥
n∑

j=1

xjej

∥∥∥∥l∞A , R ∈ E, (xj)
n
j=1 ∈ C

n.

Proof. Indeed, assuming without loss of generality that λ ∈ (0, 1), we �rst

observe that Tλ is the matrix of the ba
kward shift operator S∗ : E → E,
S∗f = (f − f(0))/z with respe
t to the Malmquist�Walsh basis (ej)

n
j=1 of E.

In parti
ular we have ||Tλ||∗ 6 1. Se
ond, it 
an be 
he
ked that the simple

test ve
tor X0 = (0, . . . , 0,−1, 0, 1) (i.e., the rational fun
tion en(z)− en−2(z))
already a
hieves the estimate in the above theorem:

||T−1
λ ·X⊤

0 ||l∞A > c(λ) · |λ|−n
√
n · ||X⊤

0 ||l∞A ,
where X⊤

0 is the transpose of X0 and c(λ) > 0 depends only on λ. To obtain

the above lower estimate we observe that

en − en−2 =
(1− λ2)1/2

1− λz

(
ϕ2
λ − 1

)
ϕn−3
λ =

(1− λ2)3/2

(1− λz)3
(
z2 − 1

)
ϕn−3
λ .

As a 
onsequen
e we get

||en − en−2||l∞A 6 (1− λ2)3/2||(1 − λz)−3||W+||
(
1− z2

)
ϕn−3
λ ||l∞A

≪ ||
(
1− z2

)
ϕn−3
λ ||l∞A ≪ 1√

n
,

where the last inequality is a dire
t appli
ation of Proposition 4.6, and therefore

||X⊤
0 ||l∞A ≪ 1√

n
. To evaluate ||T−1

λ ·X⊤
0 ||l∞A from below we put

f = (S∗)−1(en − en−2), f ∈ E,

whi
h means (f − f(0))/z = en − en−2. We get

f = z(en − en−2) + f(0) = (1− λ2)3/2
z
(
z2 − 1

)
(z − λ)n−3

(1− λz)n
+ f(0),

where f(0) = (−1)n+1 (1−λ2)3/2
λn , sin
e f(∞) = 0.

In parti
ular,

||T−1
λ ·X⊤

0 ||l∞A = ||f ||l∞A > |f(0)| > (1− λ2)3/2

λn
,
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and thus

||T−1
λ ·X⊤

0 ||l∞A
||X⊤

0 ||l∞A
≫

√
n

λn
. �
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