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AwunoTarusa

A discrete limit theorem for the Mellin transforms of the Riemann zeta-
function is proven.

1 Introduction

As usual, denote by ((s), s = o + it, the Riemann zeta-function. In analytic
number theory, the modified Mellin transforms Z(s) of powers of the function ((s)
are considered. For k > 0 and ¢ > o¢(k) > 1, the function Z(s) is defined by

Zi(s) = /IOO’C(% +ix>

In view of the Mellin inversion formula, the function Zj(s) is very useful for the
investigations of power moments

T
1
c(— n z't)
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of the Riemann zeta-function.

This paper is devoted to the asymptotic behavior of Z;(s).The basic properties of
the function Z;(s) were obtained in [7]. In view of the well-known estimate I;(7") =
O(T logT), the integral defining Z; (s) converges absolutely for o > 1. Therefore, the
function Z(s) is analytic in the half-plane {s € C : ¢ > 1}. In [7], the function Z;(s)
has been meromorphically continued to the half-plane {s € C: o > —%}. Moreover,
it was obtained that the point s = 1 is a pole of order two with residue 2y, — log 2,
where - is the Euler constant. M. Jutila in [8] continued meromorphically the
function Z;(s) to the whole complex plane with possible poles of order at most two
at the points s = —m, m € N. Recently, M. Lukkarinen proved in [12]| that Z(s)
has simple poles only at s = —(2m — 1), m € N. She also found the formulae for the
residues at the above points.
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In the paper [7], also the first estimates and mean square estimates for the function
Z,(s) have been obtained.

The idea of application of probabilistic methods in the theory of the Riemann zeta-
function belongs to H. Bohr and B. Jessen [3], [4]. Later, Bohr-Jessen’s theory was
developed by many authors, for history and results, see [11].

Let meas{A} denote the Lebesgue measure of a measurable set A € R, and let B(S)
stand for the class of Borel sets of the space S. The first probabilistic limit theorem
for the function Z(s) has been obtained in [10].

THEOREM 1. Let ¢ > 1. Then on (C,B(C)), there exists a probability measure
P, such that the probability measure

1
Tmeas{t €[0,T]: Z(c +it) € A}, A e B(C),

converges weakly to P, as T — oo.

Theorem 1 is of so called continuous character, because the imaginary part ¢ in
Z,(0 + it) varies continuosly in [0, 7.
Also, a discrete limit theorem for the function Z(s) is known [1]. In this theorem,
the imaginary part ¢ in Z; (o + ¢t) in the definition of the probability measure takes
values in an arithmetical progression. Let, for N € NU {0},

o) =g 30 L

0<m<N

where in place of dots a condition satisfied by m is to be written. Let h > 0 be a
fixed number.

THEOREM 2. [1] Let o > 1. Then on (C, B(C)), there exists a probability measure
P, such that the probability measure

un(Z1(o +imh) € A), A € B(C),
converges weakly to P, as N — 00.

The aim of this note is to obtain a discrete limit theorem in the space of analytic

functions for Zi(s). Let D = {s € C : 1 < ¢ < 1}. Denote by H(D) the

space of analytic functions on D equipped with topology of uniform convergence
on compacta.

THEOREM 3. On (H(D),B(H(D))), there exists a probability measure P such
that the probability measure

pn(Zi(s +imh) € A), A € B(H(D)),

converges weakly to P as N — o0.
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2 A limit theorem on a torus

Let v = {s € C : |s| = 1} be the unit circle on the complex plane. Define, for

a>1,
= H’Yua

u€[l,a]

where ~, =« for all u € [1,a]. Since v is a compact, by the Tikhonov theorem the
torus €2, is a compact topological Abelian group.

THEOREM 4. On (Q,, B(Q.)) there exists a probability measure Q, such that the
probability measure

Qua(A) = pn((W™ u € [1,a]) € A), A € B(Q,),
converges weakly to QQ, as N — oo.

Proof. Let Z denote the set of all integers. The dual group of €2 is
@ue[l,a}Zua

where Z, = Z for all u € [1,a]. An element k = {k, : v € [1,a]} € Dyep1,q)Zy, Where
only a finite number of integers k, are distinct from zero, acts on €2, by

Hx

u€[l,a]

where x = {z, : ©, € 7,u € [1,a]}. Therefore, the Fourier transform gy(k) of the
probability measure @)y is

= [ T b= 35 T s

u€ll,a] m=0 u€[1,a]

N 1 Z exp{imh Z kJogu},

u€[l,qa]

where only a finite number of integers k, are non-zero. Since

exp{ih Z k,log u} =1

u€[l,a]

if and only if there exists r € Z such that

2rr
g k, 1 = —

u€[l,a]
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hence we deduce that
: _ 27r
1 if 65[1 ]ku log u = =+ forsomer € Z,

gN(E) = 1_eXP{i(N+1)h > kulog u}

1 u€(l,a]

N1 otherwise,
l—expqith > kulogu
]

u€(l,a

Therefore,

Loif 3 cpn o Rulog u= 2 for somer € Z,
0 otherwise.

(1)

N—oo

lim gy(k) = {

Thus, by the continuity theorem for probability measures on locally compact topolo-
gical groups, see, for example, [6], Theorem 1.4.2, we obtain that the probability
measure (), converges weakly to a probability measure (), with the Fourier trans-
form given by the right-band side of (1). The theorem is proved.

3 Limit theorem for integral over a finite interval

For fixed o; > %, and x >y > 1, define

v(z,y) = exp{— <§>Ul }

In this section, we will prove a discrete limit theorem in the space of analytic
functions for the function

Zl,a,y(s) = /1

with finite fixed a > 1.

Divide the interval [1,a] by points 1 = xy < 7 < ... < x, = a into n subintervals
of the same length a;nl In each interval [z;_1,x;], we take a point &; and define the
sum

C(% + 295) 21}(3:, y)x~dz,

Stmanls) = )c (5 +i6)[ol6 ) b,
j=1

with AZL‘j =T; —Tj-1-
Define
Pn p.ay(A) = N (St nay(s +imh) € A), A e B(H(D)).

LEMMA 1. On (H(D),B(H(D))), there exists a probability measure P, ., such
that the measure Py, 4, converges weakly to P, ,, as N — 00.
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Proof. Consider the function h,, 4, : 2, — H(D) given by the formula

hay Z)C( +z£]) g

Then the function A, 4, is continuous, and

nasla™) = 3¢ (3 +i6))[
j=1

Thus, Pynay = @nhy,.,, and the lemma follows from Theorem 4 and Theorem
5.1 of [2|, by using the continuity of the function A, ,,. The limit measure P, ,, =
thay, where () is the limit measure in Theorem 4.

(§j7y)£‘]_sf(§j) A Zj, f S Qa'

(gja )f s—imh A Ty = Sl,ma,y(s + th)

LEMMA 2. Let K be a compact subset of the strip D. Then the relation

lim lim sup — Z SUp |S1,n,ay(s +imh) — 21 4 y(s +imh)| =0

n—o0 N_o0 0 SEK

holds.

Proof. Let L be a simple closed contour lying in D and enclosing the set K.
Then, by the integral Cauchy formula

Stmay(s+imh) — 2 4,(s +imh) = dz.

1 / Stmay(z +imh) — 2y (2 + imh)
L

T zZ— S

Hence,

1
sup |Sl,n,a7y(3+imh)_Zl,a,y(s"f_imh” < g/ |Sl,n,a,y(z+imh)_Zl,a,y(z"'imh”|d2|>
L

seK

where ¢ is the distance of L from the set K. Therefore,

N
1 . :
Nl Z ig}}g |S1n.ay(s +imh) — 21 4,(s + imh)|
1 1 , .
< : dz| — > |S1nay(z +imh) = Z14(z + imh)|. (2)
m=0

Clearly, we have
1St nay(0 +imh) — 2y 4(0 +imh)|?

= S1nay(0 +1mh)S1 pay(o +imh) — S1pay(0 +imh)Z; 4 (0 + imh)

—S1may(0+imh) 2y (0 +imh) + 21 4, (0 +imh)Z; 4 (0 + imh).
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It is not difficult to see that

N +1

POITERD

j=1 k=
J#k

Since

k(L)

we have that

([

1

V(&5 )65 (D)

=S fe(z )|

1 < ) (N+1)
Az Ay

W &)

4

(3o

(&G b= [

V(&5 )85 (D)

Z!C( vig)[v

C(% —l—zx)

4

v (2, y)r 27 dr + 0(1))2

as n — 00. On the other hand,

SYfe(g i)

i#k

TeGrie))

{(N+1)h
= <§_> —— A x; Arp=o(1)
“een(i- (&)

as N — oo.
Similarly
;X
Vil > Ziay(o + imh) 2y 4y (0 + imh)
m=0
N ) ‘ a1
Z( < + zu) v(u, y)u"‘mhdu/ C(§ + zx)
— 1

N
Z Stnay(0 +1mh)St pay(o +imh)

oG + )| vl w0

v?(z,y)r"*dr < oo,

o(1) (3)

v(&G, y)v(&e, y) (i)

2

U(l‘, y)xfaJrimhdx)
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1 2
+ zu <§ + zx) v(u, y)v(x, y)(ur) " duds
1 2
5+ )| [e(5 + i) v wyete, ) )7
< > i(N+1)h
X - “—dudz = o(1) (5)
(V+1)(1-
as N — oo.
In the same way we find that
LN
Ni?}%&ﬁwwwwmmzmﬂa+mmy:dn (6)
and
LN
N1 > Stnay(o +imh)Z14,(c + imh) = o(1) (7)
m=0

as N — oo. From (3)-(7), we have that

N

> |Stnay(z +imh) = 214,z + imh)| = 0.
0

lim 1
i

This and (2) prove the lemma.
Let {K; : | € N} be a sequence of compact subsets of D such that

D:Gm
=1

K, C K1, 1 €N, and if K C D is a compact subset, then K C K; for some [ [5].
For f,g € H(D), define

_ = —1 o f,9)
“ﬁ”‘§;21+mmm’

where

pi(f,g) = sup |f(s) —g(s)].

seK;

Then it is easily seen that p(f,g) is a metric on H (D) which induces its topology of
uniform convergence on compacta.
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THEOREM 5. On (H(D),B(H(D))), there exists a probability measure P, , such
that the probability measure

Pray(A) % jin(Z1ay(s +imh) € A), A € B(H(D)),

converges weakly to P,, as N — oo.

Proof. On a certain probability space (€2, B(€2), P), define a random variable 6 by

POy = hm) = ,m=0,1,...,N.

N+1
Let
UN,n,a,y(S) = Slyn,ayy(s + ZQN)

Then Lemma 1 implies the relation

D
Un i (8) =2 U (), )

where U, q,(s) is a H(D) - valued random variable having the distribution P,

where P, ., is the limit measure in Lemma 1.

We will prove that the family of probability measures {P, ., : n € N} is tight. For

M, > 0,

a?y,

N
1

P(sup |Unpayl > M) < ————— Sup |S1n.ay(s+imh)|.

(52p 1Vnnasl > M) MZ(N+1);036}3‘ timay( )

This and Lemma 2 show that

lim sup P(sup |Unnay(s)| > M)
N—oo SGKl

N

1
< sup lim sup —————— sup |S1.m.a0(s +imh
el N MZ(N+1)T;)SG}%‘ Loy )

N

1
< suplimsup ——— sup |S1n.ay(s +imh) — 2 .., (s +imh
P SUp s 3 SUp Sty (s-+ mh) = Zuay (s + )

N

1
+limsup ———— sup |21 .44(8 +1mh
ISP NN 1) 2o S el )

N
1 1 R
< — +limsup ————— sup 21 ,(0) < — 9
M, Nﬁoop M;(N +1) mzose}()l (o) M, (9)

with R, < oo, since the integral Z,(s) converges absolutely for o > %, see [1],

Lemma 8, therefore, uniformly on compact subsets of D. Now we take M; = M; . =
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R;2'e™!, where € > 0 is an arbitrary number. Then (8), (9) and Lemma 4 yield, for
all n € N; the relation

£
P(sup |Un,ay(s)| > M,;) < o leN. (10)

seK;

Define
K.={ge€ H(D) : sup |g(s)| < M;, | € N}.

seK;

Then K. is a compact subset of the space H(D), and, in view of (10)
=1
P(Unay(s) € K)>1— gz S=1-¢

for all n € N, or, by the definition of the random element U, ,,(s),
Proy(K.)>1—¢

for all n € N. This shows that the family {P, ., men} is tight. Hence, by the
Prokhorov theorem [2]|, the family {P, ., : n € N} is relatively compact. Therefore,
there exists a sequence {P,, o} C {Pnay} such that {P,, .,} converges weakly to
a certain probability measure {P,,} on (H(D),B(H(D))) as k — oo. Thus,

Unay(s) —— P (11)

k—o0

Define
YN,a,y(S) = Zl,ayy(s + Z@N)

Then, by Lemma 2, for every € > 0,

lim limsup P(p(Un n.a,y(S), Ynay(s)) > €)

n—00 N_oo

= lim limsup un(p(S1n.ay(s +imh), Z1 44(s +imh)) > )

n—0 N_o00

N
<7}Lngollgljip8 N—l—l mzop Stnay(s+imh), 2 4,(s +imh)) = 0.

This, (8), (11) and Theorem 4.2 of [2] give the relation

D
YN ay(s) Voo Pay-
Therefore, the measure Py ,, converges weakly to P, , as N — oo. The theorem is

proved.
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4 Limit theorem for absolutely convergent integral

This section is devoted to discrete limit theorem in the space of analytic functions
for the function

Z1,(s) = / ‘C(§ + m) ‘ v(z,y)x *dr.
1
The above integral absolutely converges for o > + (Lemma 8, [1]).

THEOREM 6. On (H(D),B(H(D))), there exists a probability measure P, such
that the probability measure

Py y(A) E y(Z1,(s + imh) € A), A € B(H(D)),

converges weakly to Py, as N — oo.

Proof. Let 0 be the random variable defined in Theorem 5. Define H (D) - valued
random element Yy ,,(s) by the formula

YNay(s) = Z1ay(s+0N).

Then, by Theorem 5 we have that

D

YN=a7y(S) N—oo Y;lyy(s)7 (12)
where Y, ,(s) is an H(D)-valued random element having the distribution P, ,,.
First, we will show that the family of probability measures {P,, : a > 1} is tight
for fixed y. For arbitrary M; > 0,

N
1
P(su Yas>M§7§su Z1ay(s+imh)|. 13
(SEII?Z| N, ,y( )| l) MZ(N+1> mose}()l| 1, 79( )| ( )

The integral defining Z; ,(s) converges absolutely for o > %, therefore, uniformly on
compact subsets of D. Thus, by (13),

R,
lim sup P(sup |Yn,ay(s)| > M) < —l,
N—oo seK; Ml

where )

v(x,y)xr %dr < oo.

<171
R, = sup/ ’C(—+i:c>
seEK; J1 2
Now let M; = M;. = R;2'e™!, where ¢ is an arbitrary positive number. Then, in
view of (12), Theorem 5.1 of [2] and (13), we find that, for all @ > 1,

P(sup |V, (s)| > M,) < Q%n €N, (14)

seK,
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The set H. = {g € H(D) : sup,cg, |9(s)] < M,,n € N} is compact in the space
H(D). Moreover, (14) shows that

P(Y,,(s) e H.)>1—¢
for all @ > 1, or, by the definition of the random element Y, ,

P,

a’7y

(H)>1—¢

for all @ > 1. So, we proved that the family of probability measures {P,, : a > 1}
is tight, therefore, by the Prokhorov theorem it is relatively compact. Thus, there
exists a subsequence {F,, ,} C {P,,} such that P, , converges weakly to some
probability measure P, , on (H(D),B(H(D))) as k — oo. In other words,

Yo, u(s) — P, (15)

k—o0

Moreover, the uniform convergence on compact subsets of D of Z; ,,(s) to Z;,(s)
as a — oo implies, for every ¢ > 0,

lim limsup pun(p(21,4(s + itmh), 21 4,(s +imh)) > )

=0 N_00

N
< lim li - z imh), Z, . imh)) = 0,
< Jim lim sup 5(N+1)mz::op( 1y(s +imh), 21 4,(s + imh))

where p is the metric in H(D) defined by terms of the sequence { K, }. Hence, setting
YN,y(S) = Zl,y(s + iQN),

we find that
lim limsup P(p(Ynay(s), Yay(s)) >¢) =0. (16)

=30 N_o00

This, (12), (15) and Theorem 4.2 of [2] complete the proof of the theorem.

5 Approximation of Z(s) by Z;,(s)

To pass from the function 2 ,(s) to Zi(s), we need an approximation in the
mean of Z;(s) by Z;,(s).

THEOREM 7. Let K be a compact subset of the strip D. Then

N
lim lim sup Z sup | Z1(s +imh) — Z,(s + imh)| = 0.

Y=70 Nooo N+1 seK
m=0
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Proof. Let
01 S
1(s) = 20 (2 )y,
y(s) s \op Y

For s € K, suppose that %+91 <o <1—6,0 >0,0, >0. We put o9 :%+%.

Then we have that

1 o9 —0+100 dZ
Z1,(5) / Zi(s+ )y 2

270 gy o—ico z

T21(s) + Ry(s), (17)

where
R,(s) = Res,—1_Zi(s + 2)l,(z)z"".

Let L be a simple closed contour lying in D and enclosing the set K, and let |L| be
the length of L. Then the integral Cauchy formula shows that

: B : < L
Eél[}? |Z1(s +imh) — 21 (s + imh)| < 53

/ |Z1(2 4+ imh) — Z; ,(z + imh)||dz|,
L

where ¢ is the distance of L from the set K. Hence,

N
1
_— sup | Z:(s +imh) — Z;,(s + imh
N T DI +imh) = (s + mb)

N
1
< N3 / |dz| Z |Z1(Rez + imh + ilmz) — Z; ,(Rez + imh + ilmz)|
L m=0

N
L
< usupz |Z(0 + imh +it) — 2y ,(0 + imh + it)]. (18)
N§ seL m—=0

From (17) we have

Zi(o +imh +it) — Z; (0 +imh +it) = —R, (0 + imh + it)

+o(/ 12100+ imh + it + 7)1y (0 — o + ir)|dr ).

This gives
1 N
~ > |Zi(o +imh + it) — 21 (o + imh + it)|
m=0
N

1 ) .
<% > |Ry(0 + imh + it)]

m=0
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N
* 1
+/ ‘ly(O'Q_O'_'_?;T)‘(NE \Zl(ag+imh+it+i7)\>dr (19)
m=0

—0o0

We always can choose L to be bounded. Then ¢ is bounded, we obtain that

N
1
~ > " 1Z1(on + imh + it + iT)|

m=0
1 & b
< (NT;)|21(02—|—imh+it+i7)|2>2<<1+|7‘|. (20)
Moreover, simple calculations show that
LN
NZ |R,(0 + imh +it)| = o(1), (21)
m=0
as N — oo.
Now suppose that, for s € L,
S 1 n 360,
O‘ — —_—
_ 2 4 Y
and § > 2. Then estimates (18)-(21) yield, as N — oo,
1 N
— sup | Z1(s + imh) — Z1 ,(s + imh
N 2 SR (s +imh) = Zuy s i)

< sup/ |ly,(02 — o 4+ 17)|(1 + |7])dT + o(1)

se€Ll J -0

< sup /OO |1, (o +it)|(1 + |t])dt + o(1).

Since -
lim Sup/ 1, (0 + i) (1 + [£])dt = 0,

hence the theorem follows.

6 Proof of the main theorem
Let Y,(s) be an H(D)- valued random element having the distribution P,. Define
Yny(s) = Z1,(s +ibn).
Then by Theorem 6 we have that

Yivy(s) —— Y, (s). (22)

N—oo
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For M; > 0,
N
P(sup |Yin,(s)| > M) < _ Z sup | 21, (s + imh)| (23)
ek, ~ My(N +1) o s€K) Y '

The integral defining Z; ,(s) converges absolutely for o > £, therefore uniformly on
compact subsets of D. Thus, by (23),

R
lim sup P(sup Y, (s)] > M;) < -
N—oo seK; Ml

where R; < co. Let, for arbitrary ¢ > 0, M; = R;2'e~!. Then, using (22) and Theorem
5.1 of [2], we deduce that

5
P(sup |Yy(s)| > M;) < @,l e N. (24)

SEKn

By the compactness principle, the set H. = {f € H(D) : sup,cg, [f(s)] < M : 1 €
N} is compact in H(D), and by (24)

P(Y,(s) e H.) >1—¢

forally > 1, or
P,(H,)>1-¢
for all y > 1. So, we proved that the family of probability measures {P,} is tight.

Moreover, Theorem 7 implies

lim limsup pn(p(Z1(s +imh), Z1 (s + imh)) > ¢€)

n—=00 N_oo

> " p(Zi(s +imh), Z1 (s + imh)) = 0.

m=0

< lim limsup ————
= 5% N e(N+ 1)

Hence, taking Yy(s) = Z1(s + iy ), we find that

lim limsup P(p(Yn(s), Yny(s)) >¢) =0. (25)

Y= Nooo

The tightness of the family {P,} gives its relative compactness. Let {P,, } C {F,}
be such that P,, converges weakly, say, to P as k — oo. Then

Y, —— P, (26)

k—o00

and the theorem is a result of (22),(25), (26) and Theorem 4.2 of [2].
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