
×ÅÁÛØÅÂÑÊÈÉ ÑÁÎ�ÍÈÊÒîì 11 Âûïóñê 1 (2010)Òðóäû VII Ìåæäóíàðîäíîé êîí�åðåíöèèÀëãåáðà è òåîðèÿ ÷èñåë: ñîâðåìåííûå ïðîáëåìû è ïðèëîæåíèÿ,ïîñâÿùåííîé ïàìÿòè ïðî�åññîðà Àíàòîëèÿ Àëåêñååâè÷à Êàðàöóáû����������������������A DISCRETE LIMIT THEOREM FOR THE MELLINTRANSFORMS OF THE RIEMANN ZETA-FUNCTIONV. Balinskait
e , A. Laurin�
ikasÀííîòàöèÿA dis
rete limit theorem for the Mellin transforms of the Riemann zeta-fun
tion is proven.1 Introdu
tionAs usual, denote by ζ(s), s = σ + it, the Riemann zeta-fun
tion. In analyti
number theory, the modi�ed Mellin transforms Zk(s) of powers of the fun
tion ζ(s)are 
onsidered. For k ≥ 0 and σ ≥ σ0(k) > 1, the fun
tion Zk(s) is de�ned by
Zk(s) =

∫ ∞

1

∣∣∣ζ
(1
2
+ ix

)∣∣∣
2k

x−sdx.In view of the Mellin inversion formula, the fun
tion Zk(s) is very useful for theinvestigations of power moments
∫ T

0

∣∣∣ζ
(1
2
+ it

)∣∣∣
2k

dtof the Riemann zeta-fun
tion.This paper is devoted to the asymptoti
 behavior of Z1(s).The basi
 properties ofthe fun
tion Z1(s) were obtained in [7℄. In view of the well-known estimate I1(T ) =
O(T log T ), the integral de�ning Z1(s) 
onverges absolutely for σ > 1. Therefore, thefun
tion Z1(s) is analyti
 in the half-plane {s ∈ C : σ > 1}. In [7℄, the fun
tion Z1(s)has been meromorphi
ally 
ontinued to the half-plane {s ∈ C : σ > −3

4
}. Moreover,it was obtained that the point s = 1 is a pole of order two with residue 2γ0− log 2π,where γ0 is the Euler 
onstant. M. Jutila in [8℄ 
ontinued meromorphi
ally thefun
tion Z1(s) to the whole 
omplex plane with possible poles of order at most twoat the points s = −m, m ∈ N. Re
ently, M. Lukkarinen proved in [12℄ that Z1(s)has simple poles only at s = −(2m−1), m ∈ N. She also found the formulae for theresidues at the above points.



32 V. BALINSKAIT 
E , A. LAURIN�CIKASIn the paper [7℄, also the �rst estimates and mean square estimates for the fun
tion
Z1(s) have been obtained.The idea of appli
ation of probabilisti
 methods in the theory of the Riemann zeta-fun
tion belongs to H. Bohr and B. Jessen [3℄, [4℄. Later, Bohr-Jessen's theory wasdeveloped by many authors, for history and results, see [11℄.Let meas{A} denote the Lebesgue measure of a measurable set A ∈ R, and let B(S)stand for the 
lass of Borel sets of the spa
e S. The �rst probabilisti
 limit theoremfor the fun
tion Z1(s) has been obtained in [10℄.Theorem 1. Let σ > 1

2
. Then on (C,B(C)), there exists a probability measure

Pσ su
h that the probability measure
1

T
meas{t ∈ [0, T ] : Z1(σ + it) ∈ A}, A ∈ B(C),
onverges weakly to Pσ as T →∞.Theorem 1 is of so 
alled 
ontinuous 
hara
ter, be
ause the imaginary part t in

Z1(σ + it) varies 
ontinuosly in [0, T ].Also, a dis
rete limit theorem for the fun
tion Z1(s) is known [1℄. In this theorem,the imaginary part t in Z1(σ+ it) in the de�nition of the probability measure takesvalues in an arithmeti
al progression. Let, for N ∈ N ∪ {0},
µN(...) =

1

N + 1

∑

0≤m≤N
...

1,where in pla
e of dots a 
ondition satis�ed by m is to be written. Let h > 0 be a�xed number.Theorem 2. [1℄ Let σ > 1
2
. Then on (C,B(C)), there exists a probability measure

Pσ su
h that the probability measure
µN(Z1(σ + imh) ∈ A), A ∈ B(C),
onverges weakly to Pσ as N →∞.The aim of this note is to obtain a dis
rete limit theorem in the spa
e of analyti
fun
tions for Z1(s). Let D = {s ∈ C : 1

2
< σ < 1}. Denote by H(D) thespa
e of analyti
 fun
tions on D equipped with topology of uniform 
onvergen
eon 
ompa
ta.Theorem 3. On (H(D),B(H(D))), there exists a probability measure P su
hthat the probability measure

µN(Z1(s+ imh) ∈ A), A ∈ B(H(D)),
onverges weakly to P as N →∞.



A DISCRETE LIMIT THEOREM FOR THE MELLIN TRANSFORMS ... 332 A limit theorem on a torusLet γ = {s ∈ C : |s| = 1} be the unit 
ir
le on the 
omplex plane. De�ne, for
a > 1,

Ωa =
∏

u∈[1,a]
γu,where γu = γ for all u ∈ [1, a]. Sin
e γ is a 
ompa
t, by the Tikhonov theorem thetorus Ωa is a 
ompa
t topologi
al Abelian group.Theorem 4. On (Ωa,B(Qa)) there exists a probability measure Qa su
h that theprobability measure

QN,a(A)
def
= µN((u

imh : u ∈ [1, a]) ∈ A), A ∈ B(Ωa),
onverges weakly to Qa as N →∞.Proof. Let Z denote the set of all integers. The dual group of Ω is
⊕u∈[1,a]Zu,where Zu = Z for all u ∈ [1, a]. An element k = {ku : u ∈ [1, a]} ∈ ⊕u∈[1,a]Zu, whereonly a �nite number of integers ku are distin
t from zero, a
ts on Ωa by

x→ xk =
∏

u∈[1,a]
xkuu ,where x = {xu : xu ∈ γ, u ∈ [1, a]}. Therefore, the Fourier transform gN(k) of theprobability measure QN is

gN(k) =

∫

Ω

∏

u∈[1,a]
xkuu dQN,a =

1

N + 1

N∑

m=0

∏

u∈[1,a]
eimhkulogu

=
1

N + 1

N∑

m=0

exp{imh
∑

u∈[1,a]
kulogu},where only a �nite number of integers ku are non-zero. Sin
e

exp{ih
∑

u∈[1,a]
ku log u} = 1if and only if there exists r ∈ Z su
h that

∑

u∈[1,a]
ku log u =

2πr

h
,
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E , A. LAURIN�CIKAShen
e we dedu
e that
gN(k) =





1 if ∑
u∈[1,a]

ku log u = 2πr
h
for some r ∈ Z,

1
N+1

1−exp

{
i(N+1)h

∑
u∈[1,a]

ku log u

}

1−exp

{
ih

∑
u∈[1,a]

ku log u

} otherwise,Therefore,
lim
N→∞

gN(k) =

{
1 if ∑u∈[1,a] ku log u = 2πr

h
for some r ∈ Z,

0 otherwise. (1)Thus, by the 
ontinuity theorem for probability measures on lo
ally 
ompa
t topolo-gi
al groups, see, for example, [6℄, Theorem 1.4.2, we obtain that the probabilitymeasure QN,a 
onverges weakly to a probability measure Qa with the Fourier trans-form given by the right-band side of (1). The theorem is proved.3 Limit theorem for integral over a �nite intervalFor �xed σ1 > 1
2
, and x > y ≥ 1, de�ne

v(x, y) = exp
{
−
(x
y

)σ1}
.In this se
tion, we will prove a dis
rete limit theorem in the spa
e of analyti
fun
tions for the fun
tion

Z1,a,y(s) =

∫ a

1

∣∣∣ζ
(1
2
+ ix

)∣∣∣
2

v(x, y)x−sdx,with �nite �xed a > 1.Divide the interval [1, a] by points 1 = x0 < x1 < ... < xn = a into n subintervalsof the same length a−1
n
. In ea
h interval [xj−1, xj ], we take a point ξj and de�ne thesum

S1,n,a,y(s) =
n∑

j=1

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
2

v(ξj, y)ξ
−s
j △ xjwith △xj = xj − xj−1.De�ne

PN,n,a,y(A) = µN(S1,n,a,y(s+ imh) ∈ A), A ∈ B(H(D)).Lemma 1. On (H(D),B(H(D))), there exists a probability measure Pn,a,y su
hthat the measure PN,n,a,y 
onverges weakly to Pn,a,y as N →∞.
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tion hn,a,y : Ωa → H(D) given by the formula
hn,a,y(f) =

n∑

j=1

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
2

v(ξj, y)ξ
−s
j f(ξj)△ xj , f ∈ Ωa.Then the fun
tion hn,a,y is 
ontinuous, and

hn,a,y(x
−imh) =

n∑

j=1

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
2

v(ξj, y)ξ
−s−imh
j △ xj = S1,n,a,y(s+ imh).Thus, PN,n,a,y = QNh

−1
n,a,y, and the lemma follows from Theorem 4 and Theorem5.1 of [2℄, by using the 
ontinuity of the fun
tion hn,a,y. The limit measure Pn,a,y =

Qh−1
n,a,y, where Q is the limit measure in Theorem 4.Lemma 2. Let K be a 
ompa
t subset of the strip D. Then the relation

lim
n→∞

lim sup
N→∞

1

N + 1

N∑

m=0

sup
s∈K
|S1,n,a,y(s+ imh)− Z1,a,y(s+ imh)| = 0holds.Proof. Let L be a simple 
losed 
ontour lying in D and en
losing the set K.Then, by the integral Cau
hy formula

S1,n,a,y(s+ imh)−Z1,a,y(s+ imh) =
1

2πi

∫

L

S1,n,a,y(z + imh)−Z1,a,y(z + imh)

z − s dz.Hen
e,
sup
s∈K
|S1,n,a,y(s+imh)−Z1,a,y(s+imh)| ≪

1

δ

∫

L

|S1,n,a,y(z+imh)−Z1,a,y(z+imh)||dz|,where δ is the distan
e of L from the set K. Therefore,
1

N + 1

N∑

m=0

sup
s∈K
|S1,n,a,y(s+ imh)− Z1,a,y(s+ imh)|

≪ 1

δ

∫

L

|dz| 1

N + 1

N∑

m=0

|S1,n,a,y(z + imh)− Z1,a,y(z + imh)|. (2)Clearly, we have
|S1,n,a,y(σ + imh)− Z1,a,y(σ + imh)|2

= S1,n,a,y(σ + imh)S1,n,a,y(σ + imh)− S1,n,a,y(σ + imh)Z1,a,y(σ + imh)

−S1,n,a,y(σ + imh)Z1,a,y(σ + imh) + Z1,a,y(σ + imh)Z1,a,y(σ + imh).
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E , A. LAURIN�CIKASIt is not di�
ult to see that
1

N + 1

N∑

m=0

S1,n,a,y(σ + imh)S1,n,a,y(σ + imh)

=

n∑

j=1

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
4

v2(ξj, y)ξ
−2σ
j (△xj)2

+
n∑

j=1

n∑

k=1
j 6=k

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
2∣∣∣ζ
(1
2
+ iξk

)∣∣∣
2

v(ξj, y)v(ξk, y)(ξj, ξk)
−σ

×
1−

(
ξk
ξj

)i(N+1)h

(N + 1)
(
1−

(
ξk
ξj

)ih) △ xj △ xk.Sin
e
lim
n→∞

n∑

j=1

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
4

v2(ξj, y)ξ
−2σ
j △ xj =

∫ a

1

∣∣∣ζ
(1
2
+ ix

)∣∣∣
4

v2(x, y)x−2σdx <∞,we have that
n∑

j=1

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
4

v2(ξj, y)ξ
−2σ
j (△xj)2

=
1

n

(∫ a

1

∣∣∣ζ
(1
2
+ ix

)∣∣∣
4

v2(x, y)x−2σdx+ o(1)
)
= o(1) (3)as n→∞. On the other hand,

n∑

j=1

n∑

k=1

j 6=k

∣∣∣ζ
(1
2
+ iξj

)∣∣∣
2∣∣∣ζ
(1
2
+ iξk

)∣∣∣
2

v(ξj, y)v(ξk, y)(ξjξk)
−σ

×
1−

(
ξk
ξj

)i(N+1)h

(N + 1)
(
1−

(
ξk
ξj

)ih) △ xj △ xk = o(1) (4)as N →∞.Similarly
1

N + 1

N∑

m=0

Z1,a,y(σ + imh)Z1,a,y(σ + imh)

=
1

N + 1

N∑

m=0

(∫ a

1

∣∣∣ζ
(1
2
+ iu

)∣∣∣
2

v(u, y)u−σ−imhdu

∫ a

1

∣∣∣ζ
(1
2
+ ix

)∣∣∣
2

v(x, y)x−σ+imhdx
)
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=

∫ a

1

∫ a

1
u=x

∣∣∣ζ
(1
2
+ iu

)∣∣∣
2∣∣∣ζ
(1
2
+ ix

)∣∣∣
2

v(u, y)v(x, y)(ux)−σdudx

+

∫ a

1

∫ a

1
u 6=x

∣∣∣ζ
(1
2
+ iu

)∣∣∣
2∣∣∣ζ
(1
2
+ ix

)∣∣∣
2

v(u, y)v(x, y)(ux)−σ

×
1−

(
x
u

)i(N+1)h

(N + 1)
(
1−

(
x
u

)ih)dudx = o(1) (5)as N →∞.In the same way we �nd that
1

N + 1

N∑

m=0

S1,n,a,y(σ + imh)Z1,a,y(σ + imh) = o(1) (6)and
1

N + 1

N∑

m=0

S1,n,a,y(σ + imh)Z1,a,y(σ + imh) = o(1) (7)as N →∞. From (3)-(7), we have that
lim
n→∞

lim sup
N→∞

1

N + 1

N∑

m=0

|S1,n,a,y(z + imh)− Z1,a,y(z + imh)| = 0.This and (2) prove the lemma.Let {Kl : l ∈ N} be a sequen
e of 
ompa
t subsets of D su
h that
D =

∞⋃

l=1

Kl,

Kl ⊂ Kl+1, l ∈ N, and if K ⊂ D is a 
ompa
t subset, then K ⊂ Kl for some l [5℄.For f, g ∈ H(D), de�ne
ρ(f, g) =

∞∑

l=1

2−l
ρl(f, g)

1 + ρl(f, g)
,where

ρl(f, g) = sup
s∈Kl

|f(s)− g(s)|.Then it is easily seen that ρ(f, g) is a metri
 on H(D) whi
h indu
es its topology ofuniform 
onvergen
e on 
ompa
ta.



38 V. BALINSKAIT 
E , A. LAURIN�CIKASTheorem 5. On (H(D),B(H(D))), there exists a probability measure Pa,y su
hthat the probability measure
PN,a,y(A)

def
= µN(Z1,a,y(s+ imh) ∈ A), A ∈ B(H(D)),
onverges weakly to Pa,y as N →∞.Proof. On a 
ertain probability spa
e (Ω,B(Ω),P), de�ne a random variable θNby

P(θN = hm) =
1

N + 1
, m = 0, 1, ..., N.Let

UN,n,a,y(s) = S1,n,a,y(s+ iθN ).Then Lemma 1 implies the relation
UN,n,a,y(s)

D−−−→
N→∞

Un,a,y(s), (8)where Un,a,y(s) is a H(D) - valued random variable having the distribution Pn,a,y,where Pn,a,y is the limit measure in Lemma 1.We will prove that the family of probability measures {Pn,a,y : n ∈ N} is tight. For
Ml > 0,

P(sup
s∈Kl

|UN,n,a,y| > Ml) ≤
1

Ml(N + 1)

N∑

m=0

sup
s∈Kl

|S1,n,a,y(s+ imh)|.This and Lemma 2 show that
lim sup
N→∞

P(sup
s∈Kl

|UN,n,a,y(s)| > Ml)

≤ sup
n∈N

lim sup
N→∞

1

Ml(N + 1)

N∑

m=0

sup
s∈Kl

|S1,n,a,y(s+ imh)|

≤ sup
n∈N

lim sup
N→∞

1

Ml(N + 1)

N∑

m=0

sup
s∈Kl

|S1,n,a,y(s+ imh)−Z1,a,y(s+ imh)|

+ lim sup
N→∞

1

Ml(N + 1)

N∑

m=0

sup
s∈Kl

|Z1,a,y(s+ imh)|

≪ 1

Ml
+ lim sup

N→∞

1

Ml(N + 1)

N∑

m=0

sup
s∈Kl

Z1,y(σ) ≤
Rl

Ml
(9)with Rl < ∞, sin
e the integral Z1,y(s) 
onverges absolutely for σ > 1

2
, see [1℄,Lemma 8, therefore, uniformly on 
ompa
t subsets of D. Now we take Ml =Ml,ε =
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Rl2

lε−1, where ε > 0 is an arbitrary number. Then (8), (9) and Lemma 4 yield, forall n ∈ N, the relation
P(sup

s∈Kl

|Un,a,y(s)| > Ml) ≤
ε

2l
, l ∈ N. (10)De�ne

Kε = {g ∈ H(D) : sup
s∈Kl

|g(s)| ≤Ml, l ∈ N}.Then Kε is a 
ompa
t subset of the spa
e H(D), and, in view of (10)
P(Un,a,y(s) ∈ Kε) ≥ 1− ε

∞∑

l=1

1

2l
= 1− εfor all n ∈ N, or, by the de�nition of the random element Un,a,y(s),

Pn,a,y(Kε) ≥ 1− εfor all n ∈ N. This shows that the family {Pn,a,y:n∈N} is tight. Hen
e, by theProkhorov theorem [2℄, the family {Pn,a,y : n ∈ N} is relatively 
ompa
t. Therefore,there exists a sequen
e {Pnk,a,y} ⊂ {Pn,a,y} su
h that {Pnk,a,y} 
onverges weakly toa 
ertain probability measure {Pa,y} on (H(D),B(H(D))) as k →∞. Thus,
Unk,a,y(s)

D−−−→
k→∞

Pa,y. (11)De�ne
YN,a,y(s) = Z1,a,y(s+ iθN ).Then, by Lemma 2, for every ε > 0,

lim
n→∞

lim sup
N→∞

P(ρ(UN,n,a,y(s), YN,a,y(s)) ≥ ε)

= lim
n→∞

lim sup
N→∞

µN(ρ(S1,n,a,y(s+ imh),Z1,a,y(s+ imh)) ≥ ε)

≤ lim
n→∞

lim sup
N→∞

1

ε(N + 1)

N∑

m=0

ρ(S1,n,a,y(s+ imh),Z1,a,y(s+ imh)) = 0.This, (8), (11) and Theorem 4.2 of [2℄ give the relation
YN,a,y(s)

D−−−→
N→∞

Pa,y.Therefore, the measure PN,a,y 
onverges weakly to Pa,y as N →∞. The theorem isproved.
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E , A. LAURIN�CIKAS4 Limit theorem for absolutely 
onvergent integralThis se
tion is devoted to dis
rete limit theorem in the spa
e of analyti
 fun
tionsfor the fun
tion
Z1,y(s) =

∫ ∞

1

∣∣∣ζ
(1
2
+ ix

)∣∣∣
2

v(x, y)x−sdx.The above integral absolutely 
onverges for σ > 1
2
(Lemma 8, [1℄).Theorem 6. On (H(D),B(H(D))), there exists a probability measure Py su
hthat the probability measure

PN,y(A)
def
= µN(Z1,y(s+ imh) ∈ A), A ∈ B(H(D)),
onverges weakly to Py as N →∞.Proof. Let θN be the random variable de�ned in Theorem 5. De�ne H(D) - valuedrandom element YN,a,y(s) by the formula

YN,a,y(s) = Z1,a,y(s+ iθN ).Then, by Theorem 5 we have that
YN,a,y(s)

D−−−→
N→∞

Ya,y(s), (12)where Ya,y(s) is an H(D)-valued random element having the distribution Pa,y.First, we will show that the family of probability measures {Pa,y : a > 1} is tightfor �xed y. For arbitrary Ml > 0,
P(sup

s∈Kl

|YN,a,y(s)| > Ml) ≤
1

Ml(N + 1)

N∑

m=0

sup
s∈Kl

|Z1,a,y(s+ imh)|. (13)The integral de�ning Z1,y(s) 
onverges absolutely for σ > 1
2
, therefore, uniformly on
ompa
t subsets of D. Thus, by (13),

lim sup
N→∞

P(sup
s∈Kl

|YN,a,y(s)| > Ml) ≤
Rl

Ml

,where
Rl = sup

s∈Kl

∫ ∞

1

∣∣∣ζ
(1
2
+ ix

)∣∣∣
2

v(x, y)x−σdx <∞.Now let Ml = Ml,ε = Rl2
lε−1, where ε is an arbitrary positive number. Then, inview of (12), Theorem 5.1 of [2℄ and (13), we �nd that, for all a > 1,

P( sup
s∈Kn

|Ya,y(s)| > Mn) ≤
ε

2n
.n ∈ N, (14)
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|g(s)| ≤ Mn, n ∈ N} is 
ompa
t in the spa
e

H(D). Moreover, (14) shows that
P(Ya,y(s) ∈ Hε) ≥ 1− εfor all a > 1, or, by the de�nition of the random element Ya,y

Pa,y(Hε) ≥ 1− εfor all a > 1. So, we proved that the family of probability measures {Pa,y : a > 1}is tight, therefore, by the Prokhorov theorem it is relatively 
ompa
t. Thus, thereexists a subsequen
e {Pak,y} ⊂ {Pa,y} su
h that Pak ,y 
onverges weakly to someprobability measure Pa,y on (H(D),B(H(D))) as k →∞. In other words,
Yak ,y(s)

D−−−→
k→∞

Py. (15)Moreover, the uniform 
onvergen
e on 
ompa
t subsets of D of Z1,a,y(s) to Z1,y(s)as a→∞ implies, for every ε > 0,
lim
a→∞

lim sup
N→∞

µN(ρ(Z1,y(s+ imh),Z1,a,y(s+ imh)) ≥ ε)

≤ lim
a→∞

lim sup
N→∞

1

ε(N + 1)

N∑

m=0

ρ(Z1,y(s+ imh),Z1,a,y(s+ imh)) = 0,where ρ is the metri
 in H(D) de�ned by terms of the sequen
e {Kn}. Hen
e, setting
YN,y(s) = Z1,y(s+ iθN ),we �nd that

lim
a→∞

lim sup
N→∞

P(ρ(YN,a,y(s), YN,y(s)) ≥ ε) = 0. (16)This, (12), (15) and Theorem 4.2 of [2℄ 
omplete the proof of the theorem.5 Approximation of Z1(s) by Z1,y(s)To pass from the fun
tion Z1,y(s) to Z1(s), we need an approximation in themean of Z1(s) by Z1,y(s).Theorem 7. Let K be a 
ompa
t subset of the strip D. Then
lim
y→∞

lim sup
N→∞

1

N + 1

N∑

m=0

sup
s∈K
|Z1(s+ imh)− Z1,y(s+ imh)| = 0.
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ly(s) =

σ1
s
Γ
( s
σ1

)
ys.For s ∈ K, suppose that 1

2
+ θ1 ≤ σ ≤ 1 − θ2, θ1 > 0, θ2 > 0. We put σ2 = 1

2
+ θ1

2
.Then we have that

Z1,y(s) =
1

2πi

∫ σ2−σ+i∞

σ2−σ−i∞
Z1(s+ z)ly(z)

dz

z

+Z1(s) +Ry(s), (17)where
Ry(s) = Resz=1−sZ1(s+ z)ly(z)z

−1.Let L be a simple 
losed 
ontour lying in D and en
losing the set K, and let |L| bethe length of L. Then the integral Cau
hy formula shows that
sup
s∈K
|Z1(s+ imh)− Z1,y(s+ imh)| ≤ 1

2πδ

∫

L

|Z1(z + imh)− Z1,y(z + imh)||dz|,where δ is the distan
e of L from the set K. Hen
e,
1

N + 1

N∑

m=0

sup
s∈K
|Z1(s+ imh)−Z1,y(s+ imh)|

≪ 1

Nδ

∫

L

|dz|
N∑

m=0

|Z1(Rez + imh + iImz)− Z1,y(Rez + imh + iImz)|
≪ |L|

Nδ
sup
s∈L

N∑

m=0

|Z1(σ + imh + it)−Z1,y(σ + imh + it)|. (18)From (17) we have
Z1(σ + imh + it)− Z1,y(σ + imh + it) = −Ry(σ + imh + it)

+O
(∫ ∞

−∞
|Z1(σ2 + imh + it + iτ)|ly(σ2 − σ + iτ)|dτ

)
.This gives

1

N

N∑

m=0

|Z1(σ + imh + it)− Z1,y(σ + imh + it)|

≪ 1

N

N∑

m=0

|Ry(σ + imh + it)|
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+

∫ ∞

−∞
|ly(σ2 − σ + iτ)|

( 1

N

N∑

m=0

|Z1(σ2 + imh + it + iτ)|
)
dτ. (19)We always 
an 
hoose L to be bounded. Then t is bounded, we obtain that

1

N

N∑

m=0

|Z1(σ2 + imh + it+ iτ)|

≪
( 1

N

N∑

m=0

|Z1(σ2 + imh + it + iτ)|2
) 1

2≪ 1 + |τ |. (20)Moreover, simple 
al
ulations show that
1

N

N∑

m=0

|Ry(σ + imh + it)| = o(1), (21)as N →∞.Now suppose that, for s ∈ L,
σ ≥ 1

2
+

3θ1
4
,and δ ≥ θ1

4
. Then estimates (18)-(21) yield, as N →∞,

1

N + 1

N∑

m=0

sup
s∈K
|Z1(s+ imh)−Z1,y(s+ imh)|

≪ sup
s∈L

∫ ∞

−∞
|ly(σ2 − σ + iτ)|(1 + |τ |)dτ + o(1)

≪ sup
σ≪− θ1

4

∫ ∞

−∞
|ly(σ + it)|(1 + |t|)dt+ o(1).Sin
e

lim
y→∞

sup
σ≤− θ1

4

∫ ∞

−∞
|ly(σ + it)|(1 + |t|)dt = 0,hen
e the theorem follows.6 Proof of the main theoremLet Yy(s) be an H(D)- valued random element having the distribution Py. De�ne

YN,y(s) = Z1,y(s+ iθN ).Then by Theorem 6 we have that
YN,y(s)

D−−−→
N→∞

Yy(s). (22)
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P(sup

s∈Kl

|Y1,N,y(s)| > Ml) ≤
1

Ml(N + 1)

N∑

m=0

sup
s∈Kl

|Z1,y(s+ imh)|. (23)The integral de�ning Z1,y(s) 
onverges absolutely for σ > 1
2
, therefore uniformly on
ompa
t subsets of D. Thus, by (23),

lim sup
N→∞

P(sup
s∈Kl

|YN,y(s)| > Ml) ≤
Rl

Ml
,where Rl <∞. Let, for arbitrary ε > 0,Ml = Rl2

lε−1. Then, using (22) and Theorem5.1 of [2℄, we dedu
e that
P( sup

s∈Kn

|Yy(s)| > Ml) ≤
ε

2l
, l ∈ N. (24)By the 
ompa
tness prin
iple, the set Hε = {f ∈ H(D) : sups∈Kl

|f(s)| ≤ Ml : l ∈
N} is 
ompa
t in H(D), and by (24)

P(Yy(s) ∈ Hε) ≥ 1− εfor all y ≥ 1, or
Py(Hε) ≥ 1− εfor all y ≥ 1. So, we proved that the family of probability measures {Py} is tight.Moreover, Theorem 7 implies

lim
n→∞

lim sup
N→∞

µN(ρ(Z1(s+ imh),Z1,y(s+ imh)) ≥ ε)

≤ lim
y→∞

lim sup
N→∞

1

ε(N + 1)

N∑

m=0

ρ(Z1(s+ imh),Z1,y(s+ imh)) = 0.Hen
e, taking YN(s) = Z1(s+ iθN ), we �nd that
lim
y→∞

lim sup
N→∞

P(ρ(YN(s), YN,y(s)) ≥ ε) = 0. (25)The tightness of the family {Py} gives its relative 
ompa
tness. Let {Pyk} ⊂ {Py}be su
h that Pyk 
onverges weakly, say, to P as k →∞. Then
Yyk

D−−−→
k→∞

P, (26)and the theorem is a result of (22),(25), (26) and Theorem 4.2 of [2℄.
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