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N. L. Gordeev, E. W. Ellers

BIG AND SMALL ELEMENTS
IN CHEVALLEY GROUPS

ABSTRACT. Let G be a reductive algebraic group which is defined and
split over a field K. Here we consider the Zariski open subset B of the
group G which consists of elements such that their conjugacy classes in-
tersect the Big Bruhat Cell. In particular, we give a description of the set
B(K) in the case G = GLp, SLy,.

1. INTRODUCTION

Let G be a reductive algebraic group that is defined and split over a
field K and let B be a fixed Borel subgroup of G that is defined over K.
Further, let G = G(K) and B = B(K). The groups G and @ have Bruhat
decompositions

G=J BiB, G= |J BuB,
weWw weWw

where W is the Weyl group corresponding to G and v is a preimage of
w € W in the normalizer of a fixed maximal torus of B (we assume i € G).
The question “when does a given conjugacy class of G (respectively, @)
intersects a given Bruhat cell BiB (respectively, BiB)?” is investigated,
in particular, in [4-6, 8-10, 14-16]. The complete solution of this problem
seems to be very complicated. Here we are interested in the following
part of the question “when is C N BB # & (respectively, C N BuoB #
@), where C (respectively, C) is a conjugacy class of G (respectively, G)
and wy is the longest element of the Weyl group?” that is, “when does
a conjugacy class of a Chevalley group intersect the big Bruhat cell?”.

Key words and phrases: reductive algebraic group, Chevalley group, conjugacy
class, Big Bruhat Cell.
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204 N. L. GORDEEV, E. W. ELLERS

However, even this particular question seems to be difficult to answer. Here
we give an answer only for the cases G = GL,(K), SL,,(K). Namely, the
conjugacy class C, of an element g € GL,,(K) (respectively, g € SLy(K))
intersects the big Bruhat cell of GL,(K) (respectively, SL,(K)) if and
only if

rank (¢ — aE,,) > [g] for every a € K7 (%)

(here E, is the identity matrix of GL,(K) and [z] = max{m e N | m <
x}). For an algebraically closed field K this result was obtained in [4]. It
is easy to extend this result to the case where K is an infinite field (see,
Theorem 2.3, below). However for finite fields such extension cannot be
obtained by the same arguments.

Here we give a proof of () which holds for all fields.

The proot is based on the following construction. Let ® be a simple root
system corresponding to G and let wy, w € W, where w, is the reflection
that corresponds to the root a € @®. Further, let w' = waww,. We say
that there is a short descent w — w' if l(w') < l(w); (here [(w) is the
length of w with respect to the set of basic reflections {w, | @ € ®}). A
descent w — w’ is a sequence of short descents w — wy; — -+ — w, = w'.
We say that a short descent w — w’ is strict if {(w’) < I[(w). In the latter
case, we have two jumps w ~» wyw, w ~» ww,. We say that there is a
way w — w’, where w’ € W, if there is a sequence wy, ... ,w, € W,
such that w; = w, w,, = w’, and for every pair w;, w;;1 there is a descent
Wi — Wiy1 O & jump w; ~ wit1- If w — w' is a way, then for a conjugacy
class C of G

CNBW'B#@=CNBWB # o

(see [6, Propositions 2.2 and 2.10]; note, that in [6] we considered only
jumps of the form w ~» ww,, but Proposition 2.2 in [6] shows that we
also may consider the jumps w ~» waw). Thus, to show for a conjugacy
class C of G (with condition (x)) that C' N BuwoB # &, we construct a way
wp — w to an appropriate element of W such that C' N BwB # @. This
gives us the sufficiency of (x). The necessity of (x) follows from a simple
observation on matrices belonging to woB.

The problem of describing the elements whose conjugacy classes inter-
sect the big Bruhat cell can be reformulated as follows. For an element
g € G put

B, = g(BiryB)g~" and ’fﬁg =G\ By.
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We define the sets

B = U g(BinB)g~! and B = G\®B = ﬂ ‘%g,

ge@ gGC:'

which we call the set of big elements and the set of small elements of é,
respectively. The set B is an open subset of G; it consists of the elements
g€ G such that the conjugacy class Cy of g has a nonempty intersection

with the big Bruhat cell BiingB, and the set B is the closed subset of G
that consists of the elements whose conjugacy classes have no intersection
with the big cell. We also define an open and a closed subset of G

B = U g(EwOE)g_l and %K = é\%K = ﬂ ‘%g,

geG geG

which we call the set of K-big elements and the set. of K- small elements
of G respectively. We show that the closed subsets B and B K are defined
over K, and if K is an infinite field, B = %K. This implies, in particular,
if K is an infinite field and z € G, then

grg~' e BB for some g€ G e grg~! € BuipyB for some g€ G.

We also describe the closed set ‘%K for G = GL,,SL,, Sps.

Throughout the paper we use the notation that we established in the
Introduction.

We identify the group G with the group of points G (R) for some alge-
braically closed field & D K all fields considered below are assumed to be
subfields of R.

Further, F' is the algebraic closure of a field F;

Y is the Zariski closure of a subset Y C X of an algebraic variety X;
e is the identity of G;

E,, is the identity matrix in GL,;

0%« m is the zero k x m-matrix;

Cr(z) is the centralizer of an element z in the group I’;

F, is the field consisting of p elements, where p is a prime.
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2. THE SETS ‘B, By, ’fﬁ, %K

Proposition 2.1. For g € G the closed subset ’fﬁg of G is defined over K.
Moreover,
B,(K) = | g(BiB)g .

w#wo

Proof. Since the map  — gzg~! is an isomorphism of the affine variety

G onto itself that is defined over K, it suffices to deal with the case g = e.
Consider the closed subset

B.=G\B.= |J BuB
w#wo

of G (we assume w € G). For every extension F'/K we have

U B(F)6B(F) C B.NG(F), B(F)inB(F)cC B.NG(F), (21)

w#wo

G(F) = ( U E(F)wE(F)) U (B(F)uioB(F)). (2.2)
w#wo

From (2.1) and (2.2),
B.NG(F) = |J BF)wB(F), %.NG(F)=B(F)ioB(F). (2.3)

wFwo
Let F be an infinite field. Since G is a split group, the group Bis a

connected, split, solvable group, thus the group B is a unirational variety
(see [12, Theorem 14.3.8]) and therefore the set B(F') is dense in B ([12,

13.2.6]). Thus, B(F) = B and, by (2.3),

B.NG(F) = ( U B(F)wB(F)) D ( U B(F)&wB(F)) =B,. (2.4)
w#wo w#£wo

Thus, if K is an infinite field we may put F' = K and get a dense subset
B, N G(K) in B, (this follows from (2.4)) and therefore the closed set
B, is defined over K ([12, 11.2.4, ii]). Now let K be a finite field and put
F =K. Again (2.4) implies that B, is defined over K and B.(K) is a
dense subset of B.. Also, the set B, (K) is Gal(K /K )-stable. Hence, B,
is K-defined (see [12, 11.2.8]).

The second assertion of the proposition follows from (2.3). 0
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Proposition 2.2. The closed subsets %, %K of G are defined over K.

Proof. Let char K = p # 0. Since G is split over K we may assume
that G is defined and split over the prime field F,. For the algebraically
closed field & the map v : & — £ given by the formula y(a) = a” is an
automorphism of & If T' = (), then &' = F,.

Now we assume that G is a closed subset of GL,(&) and the corre-
sponding embedding i : G < GL, () is an F,-defined morphism.

Let F,[GL,] be the coordinate ring of the F,-group GL,. The auto-
morphism

lof =y f

of R[GL,| = R ®F, F,|GL,], where [ € & and f € F,[GL,], will also be
denoted by . Thus, the group I = () acts on K|GL,]. Consider the map

5 : GL,(8) — GL, (%)
such that Y({a;;}) = {af;}. Since the group G is Fp-defined,
(@) =G, @) ca.

Let
I, ={f € RIGL,] | fI%g =0}

be the ideal of functions vanishing on %g. If g = e this ideal is generated
by polynomials with coefficients in F,. Hence the ideal I, of functions
vanishing on ‘%g = g‘%e g~ ! is generated by polynomials whose coefficients
are rational functions of entries in the matrix i(g) € GL,(8). Now v(I,) =
Iy and ¥(g) € G (respectively, 7(g9) € G if g € G). Hence, the ideal
I = 3 I, (respectively, Ix = > I,) is I'-invariant, and, therefore, the
geG geG

ideal I (respectively, Ix) is generated as a vector subspace of 8]GL,] by
elements from F,[GL,], because & = F, (see [12, 11.1.4]). Since B =
V(I) (respectively, By = V(Ik)) and since F, is a perfect field, the set
B (respectively, Bx) is defined over F, (see [7, 34.1]) and therefore it is
defined over K.

Let char K = 0. Then K is a perfect field and therefore the intersec-

tion of K-defined closed sets ‘%g = Uwstuwo g(BwB)g~, g € G, (Proposi-

tion 2.1) is also K-defined (see [12, 11.2.13]). Thus, the closed set B is
K-defined.
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Further, since %K is K-defined, the set %K (K) is dense in %K.
Now we show the implication

:UE%K( ):>33€930G( ). (2.5)

Suppose x ¢ ’fﬁﬂ@(K) Then z € BNG(K) and therefore gzg~* € BuiyyB
for some g € G (by the definition of ). Hence the conjugacy class C, of
the element z in G has a nontrivial intersection U, with the open subset
By B , and therefore, the set U, contains an open subset of the closure
of éx Hence the subset U, of the conjugacy class éx has a nontrivial
intersection with any dense subset of éx But the set V, = {g7lzg | g €
G} is dense in C, = {g7'zg | g € G}, because K is an infinite field
and, therefore, G is dense in G (see [1, 18.3]). Thus U, NV, # @. If
g lzg € U, NV,, then z € gBiyBg~!, where g € G. Hence = € B and
therefore = ¢ B i, which contradicts our assumption. This confirms (2.5).
Since B C B, the implication (2.5) yields

By (K) = BNG(EK). (26)

The set BN G ( ) is dense in B (thls follows from (2.6) and the density

of ’BK( ) in By O %) Thus B is K-defined (see [1, AG, 14.4]). Now
let I' = Gal (K/K) be the Galois group of the extension K/K. The set

‘BK( )= %QG( ) is I-stable. Hence B is K-defined (see [12, 11.2.8,]).

Theorem 2.3. If K is an infinite field, then
(i) B =B;
(ii) for o € G the following statements are equivalent:
(a) gog~t € BuyB for some g € G;
(b) gog™! € BB for some g € G.
Proof. (i) We may apply here the same arguments as in the proof of (2 5)
Namely, if x € B K, then the conjugacy class C, of z in G intersects BwoB
trivially (otherwise, we get a contradiction to the assumption x € By as
we did in the proof of (2.5)), and therefore we get « € %B. Since B C Bk
we get (i).
(ii) The implication (b) = (a) is obvious. Now we assume (a). Then
o € B. Hence o € B and therefore gog=! € BwoB for some g € G.
Since gog™! € G = Upew BwB and B = B(K) C B, the element gog™!
can belong only to the Bruhat cell BwoB. This establishes (b). O
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3. ExaMPLE I: G = GL,,SL,,

Let G be GL,(K) or SL,(K) and let wg € W = S,, be the element
of maximal length. Consider the big Bruhat cell BwyB of G. Note that a
conjugacy class C, of g € G intersects BuwoB if and only if it intersects
the set woB, which is the set of matrices of the form:

0 0 e 0 A1in

0 0 e aznp—1 a2n
(3.1)

0 Ap—12 e Gp—1n—1 An—1n
Qn1 Qp 2 e Apn—1 Ann
Now, if a matrix g € G has the form (3.1), then
n

rank (¢ — aE,) > {5} (3.2)

for every a € K*.

In particular, if g is a split semisimple element, the condition (3.2)
means that the multiplicity of eigenvalues of ¢ is less than or equal
to [24L].

Theorem 3.1. For g € G,

CyN BB #@ < rank(g—akE,) > [%] for every o€ K*.

Proof. We use the following notation:

We denote the symmetric group corresponding to the interval [1,7n] by
Sy, and also by S[1,n] to identify imbeddings of symmetric subgroups of
smaller degree. For instance, the symmetric subgroup Sy of degree k < n
can be identified with any subgroup of all permutations of the subinterval
[i,7] C [1,n], where j —i = k — 1. In this case, we denote such subgroup
by S[i,j]. Thus,if 1 <i<j <n,j—i=k—1 we have the imbedding

Sk — S[i,j] < S[1,n] = S,.
We also identify the symmetric group S,, with the Weyl group W, =

W (A,—1) with the standard set of simple reflections wq, , Was, - - - , Wa, 1,
where ® = {a; =€ —€3,... ,ap_1 = €,-1 — €, } is the standard simple
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root system (see [2, Table I]). We also identify w,, with the transposition
(¢4 1) and for every root a = €; — €5, we write wq = (ij).

We denote the length of w € W,, = S,, with respect to the generating
set {wqa,,--- ,Wq, _,} by {(w). The number of nonunit eigenvalues of the
element w € W,,, which is considered as a linear operator in the standard
linear representation of W, = S,, induced by permutations of a basis of
the n-dimensional linear space, will be denoted by i(g). Let

([ (An)2n-1)---(1 I+1) if n=2
wo_{(ln)(?n—l)---(l 1+2) if n=20+1.

n(n—1)
2

Then wy is the element of maximal length and i(wo) = [2].

2
Proposition 3.2. Let weW,. If i(w) >[%], then there is a way wo+—w’,

where w' € W, is an element that is in the conjugacy class Cy, of w in
W, and l(w') = min{l(w”) | w”’ € Cy}.

Proof. Now we state the assumption of the induction:
b: Let w' € Wy, = S[I,m] = (Way,--- ,Wa,, ,), 1 < m < n, be an
element satisfying the following conditions:

(a) i(w') = [F]-
(b) Let e be the number of stable points of the permutation w’. There

exists an element w € S[e + 1,m], which is conjugate to w’ in W, and
which satisfies the following conditions:

1. there is a way wj — w where wy, is the element of maximal length

in W,,, with respect to the generating set {wq,, ... ,Wq,, ,};
2. w = [] wa, where X C {@et1,...,am—1} and each wy,a € X,
acX

occurs only once;

3. if w =wiws - - - wqy is the decomposition of w into a product of disjoint
cycles of lengths r1,...,rq, respectively, then r; = min{r;} and wy €
Sle+1,e+r]. O

For n = 2,3 and 4 the assumption b can be checked by simple calcula-
tion.
We need the following lemmas.

Lemma 3.3. Let 1 < ¢ < j < m. Further, let w = uv € W,,, where
w € S[i, j] and where v € W, is an element that stabilizes every element
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in [i, j]. If there is a way p+— ' € S[i, j] in the group S[i, j], then there
is a way w — p'v in the group W,,.

Proof. Let ( — ¢/ = wq,(wy, be a descent in S[i,j]. We may assume
C(aq) # oy (otherwise, (v — wq, (vw,, = (v is a nonstrict descent). Then
either ((ay) < 0 or ("!(ay) < 0O (see [3, Prop. 2.2.8]). Since v stabilizes
every element in [i,j] and v(o;) = «au, either (v(ay) = ((ey) < 0 or
(Cv) ™) = ("Hey) < 0 and therefore w — p'v is a descent.

Now suppose ( — (' = wq, (W, is a strict descent. Then ¢ = wq, (Gwq,,
where 0 < (i(oq) # o, 0 < (T H(ay) # ap (see [3, Prop. 2.2.8]). Fur-
thermore 0 < (iv(ay) # o, 0 < (v~ (ay) # oy and therefore (v —
Wq,(VWqo, = 1V is a strict descent and (v ~» w,, (v and (v ~» (vw,, are
jumps. ([

Lemma 3.4. Let w € W, = S[1,m] be an element satisfying the con-
ditions b: (b) 2,3; (here e is the number of stable points of w). If e > 1,
then in the group Wy, +1 = S[1,m + 1] there is a descent

1 m+lw—(e e+r + 1w,

where @ € Sle + r1 + 2,m + 1] is the product of disjoint cycles of lengths
ra, ... ,rq. Moreover,
w= H Wy,
aeX’
where X' C {@eqr,42,---,0am} and each wy, a € X', occurs only once.

Proof. Let i <e, a; = €¢; — €;41. Clearly
[(i m+ Dw](a;) = €me1 — €41 < 0=

= (wa, [(i m + Dwlwa,) < 1[G m+1)w]) =

= [t m+ 1w] = we, [(t m + Vw]we, = (0 +1 m+ 1)w.

Thus
1 m+Dw—(e m+ 1w

is a descent.
Nowlete+r +2<j<m+1. Put

Dj={e+ri+1,...,5—-1,j+1,..., m+1}
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(if j=m+1,then D; ={e+r +1,...,m}).
Suppose there is a descent
(em+ 1w — (e w1,

where @’ is a permutation of the set D; that is conjugate to waws - - - wq in
W,. Moreover, we suppose that &’ is a product of transpositions of type
W, , where k # j — 1, j and, possibly, the transposition (j —1 j + 1) and
each such transposition can occur not more than once. Therefore

[(e)wn @] Hejor —€) =€ — €, I >e=
= l(Wa,_, [(ef)w1&'Twa,_,) < I([(ef)w1&]) =
= [(ef)w1@'] = wa,_, [(ef) 1@ wa,_, = (e j — 1)w1@".
Here 0" = wq; ,@'w,,_,. Note that among the factors of @’ only wy,_,
and (j —1 j+ 1) do not commute with w,,_,. But
Weoj_y Wa; o Waj_y = (.7 -2 .7)7
Wa; 4 (G-1 j+ 1)w05j—1 =0 J+h= Way; -
Hence the element &” is a product of transpositions of type w,, , where
k # j—2,j—1 and, possibly, the transposition (j — 2 j), and each such
transposition can occur only once.
Thus we get a descent
(em+1Dw— (e e+ry+ 1ww,
where W satisfies the condition of the lemma. O
Lemma 3.5. If v = (lm)v' € W,,,, where v’ € S[2,m — 1] is an (m — 2)-

cycle with m — 2 > 2, then there is a way v +— pu, where p is an m-cycle
and l(u) > m — 1.

Proof. Clearly v(e; — €2) = €, — €& < 0 and therefore [(vwy,) < [(v).
Further, (vwq, ) 1 (e1 — €2) = €y — € < 0. Hence [(wq, vwa, ) < [(vw,,)
and v ~ 4 = wy, v is a jump.

Further, the transposition (1m) is the representative of the minimal
length of the coset (1m)S[2,m — 1], because (1m)(ax) = oy for every
k=2,...,m—2 and therefore [(v) = I((1m))+1(v') (see [3, Prop. 2.3.3]).
Clearly

(W) =1((1Am))+1()>2m—3+m—3=3m—6>m+2.
Hence () > m + 1. O
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Lemma 3.6. If u € W, is an m-cycle with I(u) > m — 1, then there is
a way p— € S[2,m], where it is an (m — 1)-cycle and I() = m — 2.

Proof. Since g — u' where p’ is an m-cycle with I(u') = m — 1 (see [5,
Proposition 3.3]), we may assume [(u) = m + 1. Hence

= Wa pt'we

for some o € ®, where ® = {ay,... ,a;;,—1} is the standard simple root
system and for some m-cycle ' with (') = m — 1. Further, there exists
a partition ® = ®; Uy U {a}, where &1, 3 # &, &1 NPy =, a ¢ Py,

®,, such that
,uzwa( H w5>wa( H w,Y)wa.

BEP: vEP

Note,

(T (Le)en o (I0)# (1)

BeP: BeP, YED: YED2

because otherwise (1) = m — 1. Hence wy # (12), (m m — 1), and if
we = (114 1),7# 1,m — 1, then each set

{wﬂ}ﬁéq)u {w’Y}’Y€<I>2

contains only one transposition in the set {(i—11¢), (i+1 i+2)} (because
only those simple transpositions do not commute with (¢ i + 1)).

Put

wn T waJua( ITw,) i (=10 € fwsdaes,

BEP: vEP

Bed, Edo

Then there is a jump p ~> w1, where p; is an (m — 1)-cycle in the set
{1,2,...,i—1,i+1,... ,m}. Moreover, (1) = m and

u1=(H wg)(i—l z’+1>( 11 ww),

BEYL YEY,
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where ¥, UV, =¥ = & \ {Ci—l — €, € — 6i+1)}, U, N¥, = . By
commuting with wg, where § € ¥;, we may have a non-strict descent
H1 — p2, where

po=G-1 i+ [Juc). 1) =m.

cew

Put § =€;—1 —€;. Suppose i — 1 # 1. Then p2(0) =€ —¢; >0, k <i—2
(because among the roots in ¥ there is the root €;_» —¢;_1), and p5 *(8) =
€ —¢€; < 0,1 >i+ 1. Hence l(wspows) = l(p2) = m. Put ps = wspaws.
We have ps — pg, where

o = i+1)(<g/w</)<z‘—2 i)(C”eHI'”wCH)

where U'UP"” = U\ {€;_2 —€;—1}, ¥ NP = &. Similar as in the case of
the descent p; — p2 we can get a descent us — g, where

pa = (i -2 )(HAw> (pa) = m,

where A = @\ {€¢;_2» — €;_1,€;—1 — €; }. Thus, acting similarly, we can get
a descent py — g/, where p is an (m — 1)-cycle of the form

p' = (13) [] we.

PeY

where ¥ = ® \ {€; — €3,€2 — €3}. Let wy, = we, —,. Then

— def
iE wapwa, =23) [[wy= [[  we
PEL pe®\{(12)}
Obviously, f is an (m — 1)-cycle in S[2,m] and [(iz) = m — 2. O

Lemma 3.7. If w = (1m) € W,,, then for every k with 1 < k <m —1
there is a way w +— pu, where p = (k k+1...m).

Proof. Conjugating w successively by (12),(23),...,(k—1 k) we get a
descent w — (km). Now our statement follows from ([6, Proposition 4.1]).
]
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Let w € W, with i(w) > [§], and let k& be the number of stable points
of w. Further, assume
W=Up-Us

is the decomposition of w into a product of disjoint cycles. Also, let
li,...,ls be the degrees of the cycles uy,... ,us, respectively. We assume
li = min{l;};_,.

Case 1. k> 1,1 > 2.

Let u} be a cycle of length I; —1. Put wy = ujus - - - us. Then the number
of stable points of w; is equal to k+1 and i(w;) = i(w)—1 > [252]. Since
the condition of the proposition for the element w and the statement
concern all elements of the conjugacy class of w in W,,, we may assume
wy € S[2,n — 1] (because k > 1).

By assumption b, there is a way wj — w2, where wy, is the element of
maximal length in the group S[2,n — 1] and w is an element in the group
S[2,n — 1] that is conjugate to wy in W), and that satisfies conditions (2)
and (3) of b. By Lemma 3.3, there is a way

wo = (In)wy — ws = (In)ws,

where wy = wywy -+ ws € S[k+ 1,n — 1] is a product of disjoint cycles
of degree Iy — 1,1,...,l;. Moreover, wy,...,ws are products of simple
reflections w,, , where each such reflection can occur not more than once.
Also, wy is an (I3 — 1)-cycle in the set [k + 1,k + I3 — 1]. The element w»
satisfies the conditions of Lemma 3.4 (with wy = w, i — 1 =711, [; = 1y,
i>2.s=d,n=m+1, e=k). Hence there is a descent

ws = (ln)ws — wy = (K k411w @,

where W € S[k+1;+1,n]is conjugate to wows - - -ws and w € S[k+11+1,n]
is a product of basic reflections, where each such reflection can occur not
more than once. By Lemmas 3.5 and 3.6, there is a way

(k k+l1)w1 HWQES[IC-F].,]C-Fll],

where w] is an {;-cycle and where [(w]) =1; — 1. By Lemma 3.3, there is
a way
wy = (k k+1)wo— ws =wiwe Sk+1,n].

The process of the construction shows that the element ws satisfies the
conditions for w’ of the proposition.
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Case 2. k=0,s > 1.
Claim. i(uz - - - us) > [252].

Proof. We have

i(uz-us) =2 =1+ + (s — 1)

-2
:n—l1—5+12nT<:)n22(l1+5—2).
Since I; > 2, s > 2, and I; = min{l/;}, we obtain

n>lhs=4[(s=2)+2]=1l1(s—2)+2l; > 2(s—2)+2l; =2(l1+s—2). O

The same arguments as above yield the way
wp — (].ll)(:} S S[l,n],

where w € S[l; + 1,n] is an element that is conjugate to us - --us and,
using Lemma 3.7, we get the way

(1)@ € Slk+1,n] — ',

where w’ satisfies the conditions of the proposition.

Case 3. k=0,0; >2,s=1.

Again the same arguments as above yield the way
wo = (In)¢,
where (' € S[2,n — 1] is an (n — 2)-cycle of length n — 3. Thus there is a
jump
(1n)¢" ~ ¢ = (12)(1n)(,

where ( is an n-cycle. Therefore there is a descent
(—w,

where w’ is an n-cycle of length n — 1. (]
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Proposition 3.8. Let G = GL,(K) or G =SL,(K). If g € G and
rank (g — aEy) > {g] for every o€ K~,

then g is conjugate in G to a block-diagonal matrix
R =di(Ry, Rs,...,Rs), (3.3)

where each R; is a cyclic matrix of size n; (possibly, n; = 1)

0 1 0 0
0 0 1 0 0
(3.4)
0 0 0 O 1
aq a2 a3 ce An,;

and

Zs:(m ~1)> m (3.5)

i=1

Proof. Note, that every matrix in G is conjugate to a matrix of the form
(3.3) (we may take the rational form). We may assume that we cannot
join any two blocks R;, R; into one block of the form (3.4). Suppose

Zs:(m 1)< H (3.6)

i=1

Inequality (3.6) implies that there is a block R; of size one, n; = 1, i.e.,
R; = a € K*. Consider any block R;, j # ¢. If o is not an eigenvalue of
R, then we can join the blocks R;, R; into one block of the form (3.4),
which is a contradiction to our assumption. Thus « is an eigenvalue of
every block R;, and therefore

M=

rank (R — aFE,) < ) (n; —1). (3.7

i=1

Now we have a contradiction of (3.6), (3.7) with the assumption of the
proposition. ([
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Now we can finish the proof of the theorem.

Let g € G be an element satisfying condition (3.2), and let C be its
conjugacy class. By Proposition 3.8, Cy N Buw'B # @ for some w’' € W,
with i(w') > [%} By Proposition 3.7, there is a way wo — w, where
w € W, is an element in the same conjugacy class as w’. Note, that in
Proposition 3.8 we can take the block diagonal matrix R corresponding
to w. Thus, we may assume Cy N BwB # @. This implies Cy N BuwyB # @
(see [6] and the Introduction). O

Remark. If g € GL,(K) < GL,(K), then

rank (g — aEy) > [

NS

} for every a€ K* &

< rank (9 — aB,) > [

|3

} for every «a € K.

Indeed, if « € K \ K, then « can be an eigenvalue only for blocks of the
form (3.4) of size > 2. Hence the inequality rank (¢ — aE,) > [g} holds

for every such a.

In the following proposition we describe the structure of the affine
variety %B. We assume here K = £ is an algebraically closed field. Let
g € B be a semisimple element. Then Theorem 3.1 implies rank (g —
aoEy) < [%] for some 9 € K*. This means that g has an eigenvalue «

with multiplicity m = [nT”} Let T be the group of diagonal matrices in
G and let

Tm :{di(a7a7"' 7a7/817/327"‘ J/Bn—m) | a;ﬂi EK}
—_————

m—times

Since the semisimple element g has eigenvalue o with multiplicity m, it
is conjugate to an element in 7T7,.

Note, that T}, is a subtorus of T if mn < n or G = GL,(K), that is
T,, is a connected algebraic group. Th/(g cases m = n are possible only for
n = 2,3, and in these cases the set B coincides with the center of the
group G.
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Proposition 3.9. Let K be an algebraically closed field and let G =
GL,(K), SL,(K). If T is the group of diagonal matrices in G, then

B=gTmg . (3.8)
geG

In particular, if n > 3 or G = GL,,(K), the set 9B is irreducible and

n?—m?+1 if G=GL,(K),

dmB =3 .
o {nz—mz if G=SL,(K).

(3.9)

Proof. Let H;, Hy, < G be the subgroups consisting of matrices of the
form

X | O(n—m)xm
H, = - | - | X €GLy-m(K),a € K" p;

Omx(n—m) | aEp,
(note that a™ det X =1, m < n if G = SL,(K)),

Epow | Y
H, = - | - | Y e M(n—m)xm(K)
0m><(n—m) | En

Obviously, H; and Hs are connected groups and the set H = HiHy =
{h1hy | hy € Hy, hy € H,} is also a group. Thus H is a connected
subgroup of G. Further, if S is a maximal torus of Hy, then S is also a
maximal torus of H, and the centralizer of S in H coincides with S. Hence
the elements that are conjugate to S are dense in H (see [7, 2.2]). On the
other hand, the torus S is conjugate to T, in G (this follows from the
definitions of T}, and H). Thus

Hc | gTng (3.10)
geG

Further, if z € ’fﬁ, then the linear operator z satisfies the inequality
rank (r — aF,) < [§] for some a € K*, and therefore z has at least

m = [HTH] eigenvectors corresponding to the eigenvalue a. Hence the
operator z is conjugate to an element in H. Thus
B=|JgHg " (3.11)

geG



220 N. L. GORDEEV, E. W. ELLERS

Now (3.10) and (3.11) imply

% = U gLmgt.
geG

The variety G x T3, is irreducible. Hence the closure of the image of the
morphism ¢ : G x T, — G, given by the formula ¢(g,t) = gtg~!, is
irreducible. Thus B is an irreducible affine variety.

Let ¢(g1 x t1) = ¢(ga x t2). Then g5 'gi(t1)g; *g2 = t2. Further, since
t1, to € T are conjugate, wtaw™! = t; for some w € W. Hence go =
gicw ™t for some ¢ € Cg(t;), and therefore

dim ¢ (g1 x 1)) = dim Cg(t1). (3.12)
Let t = di(o, @, ... ,, 81,82, -, Bn—m), where a # (3; for every i and
—_————
m—times

Bi # B;. The set of such elements ¢ is dense in T,. Therefore (3.12) implies

dim B = dim T, + dim G — dim C (t). (3.13)
Further,
—mAtl if ¢ =GL,,
dimT,, =4 """ ' (3.14)
n—m if G =S8SL,,
n—m + m? if G=GL,,
dim C = 3.15
m C(y) {n—m—1+m2 it G=SL,. (3:15)
The formula for dim % follows from (2.13)—(2.15). O

4. EXAMPLE II: Spy(K)

In this section, we consider the case & = K and G=G= Spsy(K) <
GL(V), dim V = 4.

Here ® = ®(C3) = {e1 — €2, 2€a} is the standard simple root system of
the root system C> (see [2, Table III]). The weights of the representation
G — GL(V) are £e1, teo. The highest weight is €. We fix the basis
e1,ez,e_o, e_1 for V, where ey; is the weight vector of the weight =+e;.
Here the corresponding bilinear form is given by

(ei,e—i) =1, i=1,2, (es,e;) =0, j#—i.
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The following is a presentation of root subgroups of G:

1z 0 0 10y 0
{010 o0 {010y
xfl—fz(x)_ 00 1 —z|° $€1+€2(y)_ 00 1 0]
000 1 000 1
100 s 1000
0100 01 ¢ 0
226 =19 0 1 0] ne®=19 0 1 0
000 1 000 1

Further, if char K # 2, there exist the following nontrivial unipotent
conjugacy classes in G:

Creg = {the conjugacy class of regular unipotent elements}
= the conjugacy class of ¢, —¢, (1)T2e,(1);
C., —e, = {the conjugacy class of short root element z., _,(1)}
= {conjugacy class of u = za, (1)x2c,(1)};
Cse, = {the conjugacy class of the long root element xo,(1)};
C; = {the conjugacy class of Ey }.
Moreover we have the following inclusion:

C1 C Cse, CCey—ey C Chreg.

(see [3, p. 435] and [11, Tables]). Let C be a unipotent class and u € C;
the class of —u will be denoted by —C.

The group H = (ha, (@), hae,(8)) is a maximal torus of G and the
presentation of elements of H by matrices is the following:

o o

h2€1 (a)h2€2 (ﬂ) = B_l

0 a~t

oo o
SO ®WOo

We emphasize the element
ho = hae, (—1)h2e, (1),

which is conjugate to —hg = hae, (1)hae,(—1). We denote the conjugacy
class of hg by Ch,.-
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The general matrix corresponding to the Borel subgroup has the form

B(Oé, ﬁ: z,y,t, S) = h261 (a)h262 (6)37261 (S)w2€2 (t)xﬁl —€2 (w)$€1+€2 (y)
a ar oy ac
0 g pt Py—ptx
0 0 /8—1 _B—lw ’
0 O 0 at
where cis a polynomial in «, 3, x, y, t, s such that for every fixed o, 3, z, y, t

we can get every value of ¢ in K changing the parameter s. Further, we
choose

0 0 0 1
G| 0 0 10
°= 1 0o -1 0 0
-1 0 0 O
Hence
0 0 0 a1

0 0o Bt Bz

woB(a, B,z,y,t,s) = 0 LB Bt —By+ pt (4.1)
—a —ar —ay —ac
Note,
g €B & g is conjugate to a matrix of the form (4.1).
Thus
g€ B =rank(g —aFy) >2 forevery ac K". (4.2)

Proposition 4.1. Let G = Sps(K). If char K # 2, then
B = £C) U Chy U +Ca,.

Proof.

Lemma 4.2. If g € G is an element that has no eigenvalues +1, then
g €°B.

Proof. Let g = gsg, be the Jordan decomposition. We may assume g, =
hae, (@) hae, (B). Then a, B # +1. Also 1gsx™! = tirge, ae,u for some z €
(Xi26,) X (Xi2e,), u € Xoe, X Xoe,. Thus g5 € B. If g ¢ B, then g € B.

Since B is closed and G-invariant, the closure of the conjugacy class of g

is also in B. But g, is in this closure (see[13, II]). This is a contradiction.
Hence g € *B. |
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Lemma 4.3. If u = 23, (1)z2,,(1) and if g € G is an element that is
conjugate to +u, +hou, then g € ‘B.

Proof. The same arguments as in the proof of Lemma 4.2. O
Lemma 4.4. If a # £1, then hae, (@) hae, (£1)z2¢,(1) € B.

Proof. The same arguments as in the proof of Lemma 4.2. O
Lemma 4.5. If u is a regular unipotent element, then u € B.

Proof. This follows from Lemma 4.3 and the inclusion Cy C Creg (see
also [8]). O

Lemma 4.6. hg € B,

Proof. Consider the natural surjection ¢ : Sps(K) — SO5(K). Consider
the natural representation of SO5(K’). One can easily check that ¢(hy) =
di(—1,-1,-1,-1,1). Also, ¢(Bsp,) = Bso, (here Bgp,, and Bgso, are
the variety 9B for Sps(K) and SO5(K), respectively) and if g € Bso,,
then rank (g + E5) > 2. O

Lemma 4.7. If§,t € K, § # £1,t # 0, then

hgel ((S)thZ (:l:].), :thol‘gez (t) €B.

Proof. Let g, and g_, be two matrices of the form (4.1) (i.e., g1+, € WoB)
with the following values of parametersa = 8 = 1,t =2,y = x, ¢ = 2—a2:

-1 —x —z 22-2
anda=p=1,t=-2, y=—x, c=a>— 2
0 0 O
_ 0 0 1 —x
9==1 09 -1 2
-1 -z =z
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Consider the matrices

1 0 0 1
0 1 1 —x

GetBa=\ o 4 1 4 |
-1 —z —z z2-1
-1 0 O 1
0o -1 1 —T
ge=Ba=1 ¢ 1 1
-1 —z z 1-—2g2

It is easy to see that rank (g, + F4) = 2 and rank (9_, — E4) = 2. Hence
the set of eigenvalues of g, is {—1,—1,6,0 7!} and the set of eigenvalues
of g_, is {1,1,8,671}. Varying the parameter x we can get any value for
tr g+, and, therefore, we can get any value for 6.

If § # £1, then g4, are semisimple elements (otherwise the elements
g4q are conjugate to hoe, (0)hae, (£1)xae,(d) for some d # 0, and then
rank (g4, + 1) > 2). Thus, if § # £1, there are semisimple elements g,
of the form (4.1) (i.e., g+, € B) that are conjugate to hae, (6)ha(£1).

Now we put = 2 and get trg, = 0. Then the element g» has eigen-
values {—1,—1,1,1} and therefore the semisimple part of the Jordan de-
composition of g, is conjugate to hg. Since hy ¢ B (Lemma 4.6) the
unipotent part of g, is not trivial. There are two possibilities: g, is conju-
gate to thowae, (t) or to hou. But in the latter case rank (g, + E4) = 3.
Hence there is only the possibility that g, is conjugate to £hoza.,(t). O

Now we can prove our statement. Obviously, +C = {+E;} C B.
Further, if g € £Cs,,, then rank (¢ £ E4) = 1. Hence +C5,, C B, and, by
Lemma 4.6, Cp, C B.

Now let g € B and let g = ¢sg, be its Jordan decomposition. By
Lemmas 4.2 and 4.7, the eigenvalues of the element g can only be 1 or
—1. Thus, gs = £FE4 or g, is conjugate to hy. In the latter case, g, = 1,
by Lemma 4.7. If g, = £FE,; then Lemmas 4.3 and 4.5 imply that the
unipotent part g, is either trivial or it is conjugate to za,(1).

Now the proposition has been proved. ([

Now we consider the case char K = 2. Here we have the following
diagram of unipotent conjugacy classes
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C’reg

!
0261262

7N
Cel —e2 0262

NS
Ci

where Csye, 2¢, is the conjugacy class of @z, (1)22.,(1) and where C, — Cj
means Cj, C C, (see [11, Tables]).

Proposition 4.8. Suppose char K = 2. If G = Spy4(K), then

% =C1 U 0252 U 061_62.

Proof. Let g € G and let g = g9, be the Jordan decomposition. If
gs # 1, then g5 ¢ B (the proof is the same as in the case char K # 2).
Thus we need to check only the unipotent classes. The same arguments
as in the case char K # 2 show that Ch,2c, C B, Creg C B, Co, C B.
If C., ., C B, then ¢ = wou for some ¢ € C,_.,, u € U. Since ¢® =1
we have

o . _ e . L2 .2
1 = (Wouwtg) u = u = 1= c=1p = Wye, Wae,, W, =us, = 1.

——
eUu-

The involution s, (1) is conjugate in (X1, ) to w,, and the involution
Zae, (1) is conjugate in (X yo.,) to w,. Hence the involution zs., (1)22., (1)
is conjugate to c. Therefore, ¢ € Cye,2e, and ¢ € C¢, _,. This is a contra-
diction and therefore C¢, ., ¢ B. O
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