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TUTNYHBIE BbIMYKBIE MHOXXECTBA
E. M. Bponmrreitan
AnnoTtauusi: [lycte K — BBIIYKJIOE KOMIIAKTHOE ITOJAMHOXKECTBO T'HJIBOEPTOBA IIPO-
crpancrBa B, U(K) — MHOXKECTBO BBIILYKJBIX KOMIAKTHBIX IOAMHOXKeCTB K, Haje-

snerHoe MeTpukoil Xaycmopda. [losydens! ciiemyromye pe3yibTarThl.

Teopema 1. Ecim mHOXKecTBO K 6ecKOHEYHOMEDPHOE, TO HHUIJE He IJIOTHbIe B K
BBIILYKJIbIE KOMIIAKTHI HYJIEBOH KOpa3MepHOCTH B K, skcTpeMasibHBIE TOYKH B KOTODBIX
THOHYHBI, ABJIsIOTCA TunndabIMA B U(K).

Teopema 2. Ecuum muoxecrso K koneunomepnoe, to mHoxkecrBa U € U(K)
TIOJIHOH pa3MEpPHOCTH, T'PAHHUIIA KOTOPBIX COBIAAAET ¢ MHOXKecTBOM ext U u sABjsiercst
rragkol, tunmaast B U(K).

TunuaHoCTh MOHMMAETCA B CMBbICIE 6IpOBCKUX Kareropuii. Teopema 1 ycunmBaer
pesyabrarel B. Kim u T. [Isapra — T. Samdupecky. Bubmmorp. 7.

IIycts K — BBIIyKJIOE KOMITAKTHOE IOMHOXKECTBO I'MJIbOEPTOBA IIPOCTPAHCTBA
B, V(K ) — MHOKECTBO BBIILYKJIBIX KOMIIAKTHBIX HOJAMHOXKeCTB K, HaJIeJIEHHOE MEeT-
pukoii Xaycaopda

A B)= B A)).
p(A, B) = max(max d(a, B), max d(b, A))
Buecy A, B € U(K), d(a, B) = min |la — b]|.

beB

B craThe yCTaHABIMBAIOTCS CBOHCTBA TUIMIHBIX 3JeMeHTOB MHOXKecTBa U (K).
OHE CYIIECTBEHHO 3aBHUCAT OT TOTO, SABJISETCS MHOXKECTBO K KOHEIHOMEDHBIM HJIN
6eckonegnomepubiM. B. Kum [1] ycranoBwi, 4ro B 6ECKOHEUHOMEPHOM CJIydae TU-
nu4Hbl Takue ieMedTol K1 € U(K), B KOTOPBIX MHOXKECTBO SKCTPEMAJIBHBIX TOYEK
ext K1 murorno. T. sapn u T. 3amdupecky [2] 1okaszanu, 4To B KOHYCe BBIIYKJIBIX
KOMIIAKTHBIX [OJMHOYKECTB €BKJIMJIOBA IIPOCTPAHCTBA TUIIUIHBIMUA SIBJISIOTCS TAKHE
MHOKECTBA, B KOTOPBIX 9KCTPEMAaJIbHbIE TOUYKN THIIMIHBI.

TunusHoIM NOOMHONCECTNBOM MEMPUECKO20 NPOCTNPEHCTNEE HABIBACTCS OCTA~
TOYHOE MHOXKECTBO, T. €. JIOIOJIHEHNE O0'beMHEHUsI CIeTHOIO ceMeficTBa HUIJIE He
IUIOTHBIX MHOYKECTB.

OxkagzpiBaercst, cBoficrBo IlIBaprna — Samdupecky mmeer mMecTo u B 0bmieit cu-
ryaruu. Bosiee Toro, cupaseinBa

Teopema 1. Ecim mHOX«)ecTBO K 6€CKOHEUYHOMEDHOE, TO HHUIJE HE ILJIOTHBIE
B K BbIITyKJIBIE KOMITIAKTHI HYJI€BOI Kopa3mepHocTH B K, 3KcTpeMmaJibHbIe TOUKH B
KOTODBIX THIMYHBI, sBJsIoTCs THmdabiME B U (K).

Nuage obcrout 11es10, eciim MHOXKECTBO K KOHEUHOMEPHOE.
Teopema 2. Eciu muoxecrso K koneunomeproe, to muoxkecrsa U € U(K)

MOJTHOE Pa3MEPHOCTH, IDAHUIIA KOTOPBIX COBIAJAAET ¢ MHOXKECTBOM ext U u sBisiercs
riagkoi, Tunmanst B B(K).

Conocrapienue TeopeM lu?2 IIOKa3bIBaeT, 4YTO HUI/IE HE IIJIOTHOCTH TUIIMYHA
TOJIBKO B 6€CKOH€‘-IH01\f1€pHOIV1 cJrydae. Tunuynocrnb IKCTpeMaJIbHBIX TOYEK B 0Oecko-
HEIHOMEPHOM CJIy4da€ 3aMEHACTCA COBIIQJCHNEM MHOXKECTBa 3KCTPEMaJIbHBIX TOYCK
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C IpaHMIlell B KOHEYHOMEPHOM. 3aMETHM IIPU ITOM, YTO Y HECKOHEYHOMEPHOI'O KOM-
[IAKTa BCE TOYKU I'DAHUYIHBIE.

[Tosicamm, aro muoxkectBo U C K uMmeer HysIeByIO0 KOpa3mMepHOCTH B K, eciu
JUIsl TMHEHHOTO OTpAaHUYeHHOro (DyHKIMOHAA a HA B U3 ycjioBus axr = const mpwu
x € U cnenyer, uro ax = const npu = € K.

ITpexkjie yem o0Ka3bIBaTh TeOpeMy 1, MpUBEIEM HECKOJIBKO BCIIOMOIaTe/IbHBIX
YTBEP2KJICHUNA.

JIemma 1. Muoxkecrso U(K) — MeTpudecKuii KOMITAKT.

B KOHEYHOMEPHOM Cilyuae 5TO U3BeCTHasi Teopema Busimke [3], n okazaTensb-
CTBO B GECKOHEYHOMEDHOM CJIydae HUYEM He OTJIUYAETCs OT JIOKA3ATENbCTBA B KO-
HEYHOMEPHOM CJIydae.

O6osnauum yepe3 Bg (z,r), rue € K, r > 0, map B MHIyUMPOBAHHOI MeTPH-
ke, T. e. Bg(z,r) ={y e K :|y—z| <r}.

Jlemma 2. Ilycrp z, € K, lim z, = z. Torxa
lim p(Bg(xn,r), (Bg(z,7)) =0
n—oo

npu Jjirobom r > 0.

3AMEYAHUE. Bemykiocts K 3mech cymecrBenna. Ilycrs, mampumep, K =
{-1,0,1,1/2,...,1/n,...}. Torna —1 & Bk (1/n,1), B ro Bpems kax —1 € Bk (0,1).
Orcrona p(Bi(1/n,1), Bk(0,1)) = 1.
JIOKA3ATEJILCTBO JEMMBI 2. 1. IIposepum, uro lim d(y, Bi(zn,r)) = 0
n—oo

s Joboit Toukn y € Bi (z,r). Ilpu y = x sro ogeBuano. Ilycrs y € K, 0 <
ly — z|| < r. Bwibepem uucio ng Tak, 4ro ||z, — z|| < ||y — x| npu n > no.
Oupenenum pu n > ng 9ucaa A, caexyonmm obpasoM. Ilpn ||z, — y|| < ||y — z||
nosaraeM A, = 1. Ilycts |y — zp| > |ly — z||. O6o3naumm 1yepes yy npu A € [0, 1]
rouy Ay (L—\)zr € K. Torsaupu A= 169207 g2 || = [ly—znl) > [y, upm
A= 0mmeeM ||[ys —z,| = ||z — 5| < |ly —2||. Cremosaremsno, |lyx —xn|| = |ly — ||
IIpU HEKOTOPOM A = A,,. Onenum \,:

1y =zl = llyn, = znll < llyn, =zl + |2 = znll = Anlly = 2l + [0 — |

Tem cambim 1 > Ay, > 1 — ||l — zp||/||ly — z||, orkyma lim A, =1, 1. e. y\, 2y u
n—oo

upu 3ToM Yy, € Bg (Zn,7), 9T0 1 TpeGOBAJIOCH.

2. Hokaxkem, uro lim  max d(y, Bx(zn,r)) = 0. Ilycrs a10 He Tak. Torga
n—0o0 y€ Bk (z,r)

cymecTByOT Yncyao A > 0, 0oCaeI0BaTedbHOCTD Ny, W TOUKH Yy, € By (x,r) Takue,
910 d(yi, B (X, ,r)) > A. Ilepexoms 1pu HEOOGXOIUMOCTU K TI0/IIOCIIET0BATEIbHO-
CTH, MOYKHO CYUTATh, 4TO Yr — Y € By (x,r). Ho Torma

d(yaBK(mnkaT)) > d(ykaK(mnkaT)) - ”y - yk” > A/2

IpU JIOCTATOYHO OOJIbIMKX Kk, 9TO NPOTHBOPEYUT II. 1.

3. TIposepum, uro d(y, Bx(z,r)) < & jyst moboro € > 0 Ipu JOCTATOIHO
Gonbux n U Y € Bi (xn,€).

ITycThb 3TO HE TaK, T. €. IPH HEKOTOPOM € > () CYyIIECTBYIOT IIOCIEI0BATEIHLHOCTD
ng U TOYKK Y € Bi(xn, ,r) Takue, ar0 d(yi, Bx(x,r)) > €. MoxHO caurars, 9410
yr — y. Unmeem d(y, Bi (z,7)) > € u ||y — zp, || < 7. Ipu gocrarouno Gonpmux k

13 13
[Zn, — | < T lyr — vl < T
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Orciona
o =yl < llo = @, |+ llom, =yl + llye = yll <7+ =
ITycrs * = Ay + (1 — Nz, tne A =r/(2+¢/2). Torga
e K, |z*—z]|<r |zr-y||<e/2
Ho sro nporusopeunt Tomy, uro d(y, B (z,r)) > €. Jlemma 2 nokaszana.

Jlemma 3. KomeunomepHOE BBIIYKJIO€ KOMIIAKTHOE ITOJAMHOYKECTBO OECKOHEY-
HOMEPHOI'O BBIILYKJIOro KoMuakra K e comep:Kut mapos (B HHIYIUPOBAHHOH MeT-
pHKe).

S3AMEYAHUE. B 3TOM yTBepKJIE€HHM BBIIYKJOCTbL K TakxKe CyIIeCTBeHHa. B
KadecTBe IpHMepa PaccMOTpuM B £2 MHOKecTBO K, KOTOpOE sIBJISIeTCs 00be uHe-
HueMm orpeskoB s1 = {z : —1 < a1 < 1l,2; = O upu i > 0}; s; = {z : &1 =
1/i, z; € [0,1/i]; 2; = 0 upm j # 1,4} mpu ¢ > 1. dcno, aro K — GeckoHe:IHOMED-
HBIIf KOMIIAKT, HO OJJHOMEDHBIH BBIIYKJIBIA KOMIIAKT $1 comepkut map By (p,r), rae
p=(=1/2,0,...,0,...), r < 1/2.

JOKABATEJIBLCTBO JIEMMEBI 3. IlycTs K| — KOHEYHOMEDPHBIH BBITYKJIbIH KOM-
nakt u3 Y(K), upu srom Bg(p,r) C K;. Ilycrs (K1) — snuneiinas 060104-
ka Ki. Torma £ (K1) — KOHEYHOMEDHOE, T. €. 3aMKHYTOE, IIOJIIPOCTPAHCTBO B.
Beuay 6Geckonegnomepnoctu K cymecrsyer touka x € K\ Z(K7). Iloaoxum
zx = Az + (1 —N)p. IIpu gocrarodHo MaIbIX IOJIOKUTEILHBIX A Oyner ||z) —pll < r,
upuueM ) € B (p,r) \ Z(K1). IIporuBopeune 3aBepinaer JOKa3aTeabCTBO.

Jlemma 4. Ilycte M — KoHeUHOE MOAMHOXKECTBO OECKOHEIHOMEPHOTO BBIILYK-
Jgoro kommakTta K. MroxkectBo

{z € K : extconv(M U {x}) = (extconv M) U {z}}

Berogy mwiaorHo B K. 3aech ext — MHOXKeCTBO KpailHHX TOYEK, CONV — BBILYKJIasl
0b0J1049KaA.

JOKABATEJILCTBO. Ilockonpky K — OECKOHEYHOMEDHBIIl BBIIYKJIBIA KOM-
naxT, a % (M) — KoHeuHOMEpHOe (a 3HAYWT, 3aMKHYTO€) MOIIPOCTPAHCTBO, TO MHO-
skectBo (K \ £ (M)) Bcrony mwiorsHo B K.

IIycrs z € (K\.Z(M)). HdokaxeM, 9T0 TOUKa T 0OJIAIA€T HY?KHBIM CBOHCTBOM.
B cmty 3amkayTocTH MHOXKecTBa M U{z} mmeem ext conv(M U{x}) C (MU{z}). Ec-
g ext conv(M U{z}) C M, 1o z € conv M C £ (M); npornsopeune. Joxkazaresnsb-
CTBO JIEMMBI 3aBepIaeT TOT OUeBUIHBIN dakT, uTo ext conv M C ext conv(M U{z}).

JIOKABATEJIBCTBO TEOPEMBI 1. IlockonbKy cueTHOe TiepecevdeHne OCTaTOY-
HBIX MHOXKECTB SIBJISIETCSI OCTATOYHBIM MHOYKECTBOM, JOCTATOYHO JOKA3aTh TPU yT-
BEPKICHUS:

(a) HUI/IE HE IUIOTHBIE BBIMYKJIbIE KOMIIAKTHBIE OJMHOXKeCTBa X — TUIIMIHbIE
sstemenTsl U (K),

(6) smements B(K) HysneBoit KopadMepHOCTH B K SABIAIOTCH THINYHBIMH,

(B) amemenThl U(K), IKCTpEMAIbHBIE TOYKU KOTOPBIX TUIINIHBI, TAKYKE THIIHY-
HBL.

Hoxaxem yreepxkuenue (a). (B [2] ykasano, uyro B. Kuu coobmmn o6 sTom
dakre, HO COOTBETCTBYIONAS IyOIUKAISA ABTOPY HEM3BECTHA. )
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ITycrs S C U(K) — MHOMKECTBO BBIILYKJIBIX KOMIIAKTOB, KOTOPBIE He SIBJISIFOTCSI

(oo}
aurge ve wiortHbiMu. Torma S = |J Sy, rae S, — COBOKYIHOCTH BBILYKJIBIX KOM-
n=1
HaKTHBIX HOoAMHOXKecTB K, comepxkamux map By (y,1/n) upu mekoropom y € K.
JloctarodHo 10Ka3aTh, YTO KaxKI0e U3 MHOXKECTB S, nurie He wiorao B Y(K).
ITposepum cuavasa, 910 MHOKECTBO Sy, 3aMkuyTo. Ilycrs Uy € Sy, p(Ug,U) —
0. Hano gokasars, aro U € S,,. ITo nemme 1 U € B(K). Ilycrs Bi (yg, 1/n) C Us.
Kaxk u panbIiie, MOXKHO CYUTATH, 9TO Y — Yo € U. Ilo memme 2

kli{lolo p(BK(y07 ]./’Il), BK(yka ]./’ﬂ,)) = 0;

orkyna Bg (yo,1/n) C U, aro u tpeboBajioch 10Ka3aTh.

Hokazxkem rerepb, 910 S, Hurge we wiorno B V(K). as sroro B cuiy 3a-
MKHYTOCTH S;, JIOCTATOYHO IIPOBEPUTH, 4TO 1pu Jobbix € > 0, U € V(K) naiizer-
ca muoxectBo V€ By (U, €) \ Sn. Paccmorpum koneunyio €/2-ceTh KoMIaKTa
U. Ee BoillyKJiasg 060JI09Ka — KOHEYHOMEPHBIH BBIYKJIbIH KOMIAKT V' Takoii, 4To
p(U, V) <e/2. Tlo nemme 3V & S,,. YrBepxieHue (a) 10Ka3aHO.

Hoxaxkem yreepxkiaenne (6). Moo cuurarb, 9ro MHOKecTBO K umeer B B
HyJIeBYI0 KopasmepHocTb. Ilycrb (e1,...,€,,...) — OPTOHOPMAJIbHAS CHCTEMA KO-
opauHaT B npocrpancTie B. O603HAUNM UYepe3 Qlj;m u 2, COOTBETCTBEHHO MHO-
xecrBa{r € B ||z|| <1,z >1/mlu{zeB: |z <1, z, <—-1/m}. Ormernm,
9TO

U@ U5, = e B:0< 2] <1},
m,n
MmuoxectBo K1 C K mMeeT MOJOXKUTEIBHYIO KOPA3MEPHOCTD, €CJIA CYIIECTBYIOT
qucya m,n U BEKTOP a € ﬂ,tm UL, ;s U1 KOTOPBIX DYHKIMA AT ABJIAETCS HOCTO-
guuoil na K.
O6o3raqmIM gepes LT

s Yo o, MHOXKecTBa 31emenToB U (K ), Ha KOTOPBIX yHK-

MU QX HOCTOSIHHBI COOTBETCTBEHHO IIPU G € Ql;',’m wm a € A . g nokasa-
TeJIbCTBA HYKHOI'O YTBEPXKEHUS IOCTATOYHO IIPOBEPUTD, YTO KasKJI0€ U3 MHOKECTB

$(t+

m,n il;%n 3aMKHYTO 1 HUT/I€ HE IIJIOTHO. HpOBepI/II\J JJId OIIpEIeJIEHHOCTU 3aMKHY-

TocTh MHOZKecTBa Lf . MuokectBo 2f, |, ABISETCH 3AMKHYTBIM BBITYKJIBIM IT0]I-
MHOZKECTBOM €J1a00 KOMIIAKTHOTO €/JMHIMHOTO I1apa, 09TOMY C/1a00 KOMIAKTHO [4].
Hycrs K, € U, p(Ks, Ko) — 0. O6osnaunm 4epes a, Bexrop u3 2} raKoii,
uro Ha K, mocrosiHHa GyHKIUs as2. MOXKHO CUMTATH, YTO II0C/IE/I0BATEILHOCTD (s
cmabo cxoauTes K BeKTOpY ag € 2Af .

Hoxkaxkem, 910 PyHKIHUA aox moctossaHa Ha K. Ilycts p,q € Ky, € — mpous-
BOJIBHOE I0JIO?KUTE/ILHOE INC/I0. BhiGepeM 4uciio § TaKuM, UTO CYIIEeCTBYIOT TOUKH
Ps, qs € K, yI0BI€TBODSIONITE YCIOBUSIM
€
17

HpI/I J0CTaTOYIHO OOJIBIINX S BCE ITU YCJ10BUs1 BBIIIOJTHATOTCH. Nmeem

€

|asq - aOQ| < 4

13 g
lp—psll <=, lla—all <=, lasp—aop| <
4 4
laop — aoq| < |aop — asp| + |asp — asps| + |asps — asqs| + |asqs — asq| + |asqg — aoq]

9 9
< = llasl Ip = poll + 0+ flasl la = @l + 5 < e

3/1ech UCIOIb30BaHBI MOCTOSTHCTBO Ha K5 DyHKIMEU a 2 1 HepaseHCTBO |lag| < 1.

ITockosbKy TOYKY p, ¢ U IUCJIO € TPOU3BOJIBHBI, DYHKIMA apT OcTosHHA HA K.
IIposepuy Hure He mIoTHOCTH MHOXKecTBa LY . Ilycrs Ko € 4} . Pacemor-

puM BoinykJbil kommakt Ky = (1 — A\) Ko + AK upu A > 0. ITockonbky Koy C K,
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ro K) C K. Jajee, Tak Kak MHOXKECTBO K HMeeT HyJIEBYIO KOPA3MEPHOCTD, TEM
JKe CBOMCTBOM 0bJiajiaeT u MHOXKecTBO Ky, T. e. Ky & il;rl’n. IIposepum, uTo mpum
JIOCTATOYHO MAJIOM HOJIOKUTENBLHOM A Oyzer p(K )y, Ko) < & npu 3aJaHHOM [OJIOXKN-
tenbHOM €. Eemm @ € Ko, y € K, 1o ||[(1 — ANz + Ay — z|| = My — z|| < 2Adiam K,
T. €. MOXKHO B35Tb A < £/(2diam K'), 9410 1 Tpe6oBaIoCh.

Joxkaxkem yrBepxkienue (B). Paccyxuenue cienyer cxeme paborsr [2]. Ilycrs
U € B(K). Honoxum

Sn(U)={zelU:e=(y+2)/2 y,2€U, |ly—z| >1/n}.

Torma S(U) = U Sn(U) — MHO)KecTBO HesxcTpeMasbubix Touek U, 1. e. S(U) =
n=1

U\ extU. 13 kommnaxkraocTn U caenyer koMnakTHOCTD Sy, (U).

ITycrs M — nopmuo)kecTBo Y(K), 3/1€MEHTAME KOTOPOTO SIBJISIFOTCST BBIIYK-
ssie komnakTel U C K ¢ MHOXKecTBOM ext U 1epBoit kaTeropun (COOTBETCTBEHHO C
ocrarogabiM MHOKecTBOM S(U)). HykH0 ipoBepursb, uro 9 — MHOKECTBO IEPBOIi
kareropun B U(K).

O6oznaanm 1depe3 M, , MHOKECTBO BBIMTYKIbIX KoMnakros U € U(K), s
KasKJIOTO U3 KOTOPBIX CyIecTByeT Touka ¢ € U takas, aro By (z,1/m) C S,(U).
Hautee GyyieT nconb30Ban TOT GAKT, UTO €M JJIst JE000i Toukn y € U cripaBeiinBo
cBoiicTBO Bi (y,1/m) NextU # &, 1o U & My, .

VcTaHOBEM HEKOTOPBIE CBOMCTBA MHOXKECTB My, .

oo
Lmc U Mun
m,n=1
ITycrs U € M. Torga S(U) — ocrarounoe mHO)KecTBO. Ilockosbky S(U) =

o)
U S.(U), To xors 661 oguo u3 muoxkecrs S, (U) He sBJisgercs HUTJE HE ILIOTHBIM.
n=1

B cuny samkayToctu Sy, (U) 910 03HAUaeT, YTO MHOXKECTBO Sy (U) COAEPKUT HEKO-
TOPBIH AP, 9TO U TPEOOBAJIOCH.

2. MuoxectBo My, », 3amkuayTo B B(K). Ilycrs Uy € My p, p(Uk, U) — 0.
CymecTByOT TOUKH yj, Takme, 9to By (yx, 1/m) C S, (Ux) C U.

B cuny kommnakraoctn K MOXKHO cuuTaTbh, uro yr — y € K. Kaxk u npum
Jokazarejberse geMmMbl 2, y € U. Tlo nemme 2 p(Bg (yx,1/m), Bk (y,1/m)) — 0,
orkyza By (y,1/m) C U.

Iycrs z € Bg(y,1/m). Torma z = limzy, rue zr € Bg(yk,1/m), upuuem
zk = (Pr+qx)/2 upu pi, i € Uk, ||lpk — qrl| > 1/n. B cuny komnakraoctn K MOXKHO
CYUTATB, UTO P — P, ¢t — ¢. Torma p,q € U, |lp—q|| > 1/n, z = (p+ q)/2. Tem
cambiM Bg (y,1/m) C S, (U), ar0o u TpeboBasocs.

3. Jl;1s1 3aBeplleHns JJ0Ka3aTeIbCTBA TeOPEMbl JOCTATOYHO ITOKA3aTh, UTO KaXK-
Joe u3 Muo)kectB My, ,, Hurge ne wiorno B Y(K). Ilockonbky muoxkectsa My, 1,
3aMKHYTBI, JOCTATOYHO IIPOBEpUTH, 410 1yt Jjiobbix U € V(K), € > 0 maiimercs
muO)kecTBO V' € U (K) \ My, 1, yaasmennoe or U MeHbIIE YeM Ha €.

BeiGepem KoHewHYIO £/2-ceTb B KomnakTe U n 0603HaIMM 1Yepe3 V) ee BBIIYK-
ayto obosouky. Torma Vo — KOHeUHOMEpHBIH BBINYKJBIH Komnakt, Vo € U(K),
p(U, Vo) < g/2.

ITycTs cymecTByer Touka Tg € Vp, yJadeHHAs OT BCEX TOYEK KOHETHOTO MHO-
xkecrBa ext Vjy Goubine yem va 1/m. Ilo nemme 4 cymecrByer Touka yo € K rakas,
910 ||z — Yo|| < min||1/2m,e/4} u ext conv(VoU{yo}) = ext Vo U{yo}. Hycrs V4 =
conv(Vo U {yo}). IIpogomxkum nocrpoerne. IIycTh OCTPOEHBI TOUKY Lo, X1, - - - , Lk}
Y0, Y1, - - -, Yk U BBIIyKIbIe Teqa Vo C -+ C Viyr, tie ext V; = ext VoU{yo, ..., yi—1}
upu i > 1, z; € Vi, d(z;,extV;) > 1/m. Eciu cymecrsyer touka g1 € Vi1,
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yJlaJleHHasl OT BCeX TOYEK KOHEYHOIO MHOXKecTBa ext Vi1 Goubine uem Ha 1/m, To
BBIOEPEM TOUKY Yi+1 € K Takyio, 94To

l2rs1 — yera || < min{1/2m,e/2"2}  ext conv(Vi U {yxi1}) = ext Vi U {yxs1}.

JlokarkeM, 9TO OIMMCAHHBIN IIPOIECC TOCTPOEHUST MHOXKECTB Vj, 3aKOHIUTCS HA HEKO-
TOPOM IIIare.

ITycrb o710 He Tak. Beumy komnakTHOCTH K U3 HOCTIE0BATEIBHOCTH { Yk } MOXK-
HO M3BJIeYb CXOSIILYIOCS [TOMIIOC/IEI0BATEIbHOCTh. Ho pu j > ¢ cripaBeiyinBo Hepa-
BEHCTBO

[ o
Jh= g T 2m 2m]
T. €. B MOCJIEJ0BATEILHOCTH {y) } HET PyHIAMEHTATBLHON TTOIOCTIEI0BATEBHOCTH.
IMycts V' — mnociensee u3 MOCTPOEHHBIX MHOXKeCTB.  [lockosbky d(Yk41,
V) < /282 u Viuy = conv(Vi U {yrs1}), 0 p(Vig1, Vi) < €/282. Orciona
p(V,U) = p(V,,U) < e. Tlpu s10M 1/m-0KpecTHOCTH JIE0GO0H TOUKN V' 11epeceraercs
cextV, e V &My, . Teopema 1 noxazana.

3AMEYAHUE 1. Ilycrs $ — rminbepToB KyO. MHOXKeCTBO ext §) 3aMKHYTO U
TeM CaMBIM HATJE He IJIOTHO B ).

3AMEYAHUE 2. U3 Teopembl ciaeayer, 4TO B THIIMYHOM BBIIYKJIOM KOMIIAKTE
u3 U(K) MHOXKECTBO 9KCTPEMAJIBHBIX TOYEK HECUETHO. DTOT (DAKT IEPEKIUKAETCS C
reopemoit Jlungenmrpaycca — @edica [5], yTBep:KAAIONIEH, UTO Y JIH060T0 BBIILYKJIO-
0 3aMKHYTOTO TTOMHOYKECTBa, TMILOEPTOBA MIPOCTPAHCTBA, KOMIIAKTHOTO B CJIa0OM
TOIIOJIOTUHN, MHOYKECTBO 9KCTPEMAJTHHBIX TOUEK HECUETHO.

3AMEYAHUE 3. CewmeiicTBo GeckoHeUIHOMEPHBIX jeMenToB U(K), HE sABIsIO-
MIUXCST HUT/IE He IUIOTHBIMHA, IoTHO B U (K).

Heiicreurenbro, nycrs U € B(K), € > 0. BrifepeM IPOM3BOIBLHYIO TOUYKY
p € U u pacemorpum muoxkectso V. = conv(U U Bg(p,¢)). Torma p(V,U) < ¢,
MHOXKecTBO V' comepxkut map By (p,€), T. e. He dABJSETCH HUL/E HE ILUIOTHBIM.

3AMEYAHUE 4. Jlokaxem, 910 1m1otHbIM B U(K) siBisiercss u cemeiicTBo Gec-
KOHEYHOMEPHBIX KoMnakTos U Takmux, 4To MHOXKecTBo ext U nurge He miotHo B U.
st aTOrO 3aMeTuM, 4YTO JIs JIFOObIX GeckoHeuHOMepHOro komnakta U € V(K),
rouku p € U u umcsa r > 0 xkomuakr U N Bk (p,r) 6eckoneunomepen. Jleiicrsu-
TeJIbHO, €CJIM ITO He Tak, To JuHelHas obosouka £ (U N Bk (p,r)) KoHedHOMEPHA.
Torna cymecrsyer Touka ¢ € U \ Z(U N Bk (p,r)). Ho na orpeske [p, q] ecrb Tou-
ku u3 muOXkectBa U N By (p,r), orsmanse ot p. Iosromy g € Z(U N Bk (p,r));
IPOTUBOPEYHE.

ITycrs U — GeckonednomepHblii BbiryKibiii komnakT u3 B(K), € > 0 u {xzg, z1,
ooy Zn} —€/2-cers B U. Torma p(U, conv{zg, z1,...,2n}) < /2. Beibepem B mape
B (z9,e/2) Touky 21 takymwo, uro z1 € K\ Z{xo,x1,...,2,}. dcHo, uro Takasa
TOYKa, CyIEeCTBYeT.

o unaykiun BeIGHpaeM B mape By (zo,£/2%) Touky z; Taxytwo, uro z;, € K \
L{xo, 21, .. Tn, 21,...,2k-1}. IlycTh

V =conv{xo, X1, .., Tny 21,y 2ky--- Iy

p(U, V) < p(U,conv{xg, z1,...,2,}) + p(conv{xo, z1,...,2,},V) < e.

Haiee,
extV C{Zo,Z1,. s Tny 21y -y Zhy - by

ITOCKOJIBbKY 9TO MHOXKeCTBO 3aMKHyTOe. Ho Torma ext V murme me norao B V.
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SAMEYAHUE 5. AHajorudHoe yTBep:KJAeHUE CIPaBEJIUBO JIJIsl JJOKAJIBHO KOM-
HAKTHBIX BBILYKJIbIX KOHYCOB. B "acTHOCTH, yTBepKIeHue (B) JOKa3aHo B [6].

JTOKABATEJIbCTBO TEOPEMBI 2. Moxmo cuutath, uro K C R", mpuwuem
dim K = n. Kak u npu pgokazareabcrBe TeopeMbl 1, HEOOXOIMMO yCTAHOBUTH TPU
daxra:

(a) coBokynnocTh MHOXKeCTB u3 U(K), UMEOMUX PA3MEPHOCTD 7, OCTATOYHOE
B T(K);

(6) coBokynnocts muoxkectB V' € U(K), y koropsix ext V = 9V, ocrarognoe B
U(K);

(B) coBokymHOCTH MHOXKecTB 13 U (K) ¢ ryakoit rpanurieit ocratounoe B U (K).

VYrBepxkaenune (a) oueBuano. Bosee toro, muoxkecrso V' (K) = {U € V(K) :
dimU = n} — orkpsiroe Beoay mioTHoe nopmuoxectBo U(K). Mer 6ygem ana-
s3upoBaTh ToabKo U (K), mockoabKy THimaHoe noamuoxkectso U (K) aBisgercs
runnaabM 1 B U(K).

Hoxkaxeum cBoiicTso (6). O6o3naunmM depe3 Tj, MHOKecTBO Takux te u3 U’ (K),
IPAHUIBI KOTOPBIX COJIEPZKAT OTPE3OK JnHbL He MeHee 1/k. JlocTaToano moKas3ars,
qr0 T} — 3aMKHYTOe HUTJe He IIoTHOe nojMmHo)kecTso U (K).

IIycrn

Vi,VeU'(K), p(Vi,V)—=0, V;eTy.

Torga cymecrByior Touku a;,b; € OV, rakue, aro |a; — b;| > 1/k, (a; + b;)/2 €
0V;. Buny komnaxktaoctu K MOXKHO cauTaTh, 4TO a; — a, b; — b. Ilockosibky
V e ¥"(K) n p(V;,V) — 0, umeem a,b, (a + b)/2 € OV, npuuem |ja — b|| > 1/k.
BamkuayTocTh T} mOKa3aHa.

ITycrs Teneps V € Y/ (K), d > 0. [lokaxkeM, 4TO CyINIECTBYET MHOYKECTBO
V' e U"(K) \ Ty takoe, uro p(V',V) < d. Boibepem Touky p € Int V u mosoxkum
VW=p+ AV —p) upu X € (0,1). Torna p(Vy,V) — 0 upu A — 1. Ilosromy upu
vekoropom A umeeMm p(Vy,V) < d/2 u V) C Int K. Ilpumem 3a V' nepecedenue
IIAPOB JIOCTATOYHO OGOJILIIOrO (DUKCUPOBAHHOIO pajuyca, cojgepxkamux Vy. Ilpum
JroctarogHo GosbioM pauyce mapos p(Vy, V') < d/2, V' C Int K. Ilo nmocrpoenuto
rpanuna OV’ He comepKuT oTpe3kos, T. e. V' & Ty, uTo u TpeboBaaoch J0Ka3aTh.

HoxkaxkeMm yrBepxkietue (B). O6o3nauuMm uepes Py, muoxectso ren V € U (K),
00J1a1aI0NX CJIe/Iy FOIUM CBOMCTBOM: CyIECTBYIOT Touka a € OV u 1Be THIepILioc-
KOCTH, OTIOPHBIE K V', MPOXO/sIue 9epe3 p U TAKhe, YTO MEHBINUN W3 JBYX yTJIOB
MEXK Iy HAMU JOCTATOYHO BeJUK. Bosee Touno: V' € P, eciu CymEecTBYIOT TOYKA
a € OV, elMHUYHBIE BEKTOPHI ¢, p U 9UCIA [, m TaKue, 9TO

pa=1 ga=m; qr<m pauamoboroz € V; pr<lIl,qgr<m, |pg>1-1/k.

(%)
Kak u paHbIiie, JJ0CTATOYHO JOKA3aTh, YTO P, — 3aMKHYTO€ HUTJ/E He IJIOTHOE IO
muO)KecTBO Y (K).

IIycrs V;,V € U'(K), p(Vi,V) — 0, a;, piy, ¢y liy, M; — COOTBETCTBYIOIIHE
BEKTOpBI U 4ducia s Teja V;. BBujgy kommakTHOcTH K 1 eIuHUYHONM cdepbl B
R™ MOXKHO cYUTaTH, YTO G; — A, P; — P, ¢; — ¢. I1lOCKOJIBKY BeJUduHbI [; U
m; OUPAHMYEHbI, MOXKHO CYUTaTh, 4ro I; — [, m; — m. Torma a € OV, npuuem
BBIIIOJIHAIOTCS COOTHOIIeHUs (%) it Tesa V. 3aMkayTOCTh D) IOKa3aHa.

ITycrs renepp V € Y'(K), d > 0. HokaxeM, 9TO CyIIECTBYET MHOXKECTBO
V' € By (V,d) \ Py.

IIycts oboznavenue V) mmeeT TOT Ke CMBICJ, UTO U paHbIne. Bribepem Takoe
A, upu koropom p(Vy, V) < d/2. Tockoubky V) C Int K u muoxecrsa Vy, 0K
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KOMIIAKTHBI, BEJINYMHA
0 =inf{|z —y|:z € 0K, y € V»}

nostoxkuteabHa. [Iycrs ¢ = min{d/2,6/2}. O6osnaunm yepes V' reso Vy +tB,,, rie
B,, — eguaununbiit map. Torga V! C Int K, p(V', V) < p(V, Vi) + p(Va, V') < d u

teno V! mMmeeT riaagxyio rpaHmIy, 9TO U TPeOOBAIOCH JOKAZATh.

3AMEYAHUE. Teopema 2 nepexsukaercs ¢ pesyiabrarom A. B. Kyspmunbix [7],
KOTODBIH yCTAHABINBAET CBOMCTEA TUIIMIHBIX KOMIIAKTOB B R™ M MX BBITYKJIBIX 000-
Jogek. B gacrHOCTH, CBOICTBO (B) IPUCYTCTBYET U B 9TOI CUTYAIUH.
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