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HECKOJIbKO 3AMEYAHUI
O COEPUYIECKUX TAPMOHHMNKAX

© B. M. T'MYEB

CTaTba COAEPKUT HECKOMBLKO HAGTIONEHWN O ChepuIecKuX TapMOHUKAX
U X Y3JO0BBIX MHOXKECTBAaX: KOHCTPYKIWIO T'apMOHUK, UMEIOIIUX 33 1aH-
HBIE HYJU;, OJHO €CTECTBEHHOE MPEICTABICHUE STOT0 TUIA, A TAPMOHUK
Ha S?; BepxHWe ¥ HIDKHWE IDAHUILI 41 AJIAH y3IO0BBIX MHOXKECTB K LA
BHYTPEHHIX PAJUYCOB Y3IOBBIX 061acTen (BEPXHUE IPAHALBL JOCTUTAIOT-
CA); TOYHAA OLEHKA CBEPXY IUCIA OOIIMX HYJIeH ABYX CHEPUIECKUX Tap-
MoHuK Ha S?; cpegHee 3HaueHue Mep Xaycaopda mepecedeHnit k y3I0BbIX
MHOXECTB TADMOHUK pasHbIX cTemeHen Ha S™, rae k < m (B gacTHOCTH,
CpeqHee KOMUIeCTBO OOUMX HYJIeH 7 TapMOHUK).

Beepenune

CTaTba COMEPXKUT HECKOMBLKO HAOMIOMCHUN O CHEePUISCKUX TapPMOHUKAX U
UX Y3JOBBIX MHOXECTBAX, IPUIEM 0COO0€ BHUMAHUE YACMACTCA CIydIaro cde-
poI S2.

[Iycte M — KOMIAKTHOE CBA3HOE PUMAHOBO MHOT'0OOpasme, Ha KOTOPOM
M30METPUIHO W TPAH3UTHUBHO AEUCTBYET KOMMakTHad rpymma Ju G, £ —
UHBAPUAHTHOE MOANPOCTPAHCTBO (BEIIECTBEHHOTO) MPOCTPAHCTBA COOCTBEH-
HBIX (DYHKIWN /19 HEHYJEBOTO COOCTBEHHOrO 3HAYEHUA omepaTopa Jlammaca—
BenbTpamu. B pabore mokazamo, 9To Kaxaad GyHKINAA U3 £ MOXET OLIThH pe-
ATM30BAHA B BUE ONPEICIATENA MATPUILI, COCTABICHHON W3 3HAYCHUMA BOC-
npousBogamero aapa g £. [loqo6Has KOHCTPYKIUA UCIOAb3YETCA B TEOPUU
OPTOTOHATLHBIX MHOTOWICHOB; OJHAKO MAJA MPOMW3BOIBHBIX KOHETHOMEPHBIX
G-muBapuanTabx moanpoctparcts C(M) merom mempuronen (cM. 3ameda-
uue 2). B cry4ae cheprr S? 3T0 IPUBOIUT K €CTECTBEHHOMY, ONPEICTCHHOMY

Pabora wacruuno mogapepxkana rpanramu PDODPU 06-08-01403, 06-07-89051, a Taxxe
npoektom CO PAH Nell7.
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HOYTH OJHO3HATHO (C TOTHOCTBIO 10 YMHOXKEHWUA HA KOHCTAHTY) TIPEICTABIE-
HUIO TAPMOHWK B BHUE ONPENEIUTENsA, KOTOPOE TMOMYIAETCA TMOCTe KOMILICK-
cudmkamuu u cyxenus Ha Kouyc x2 + y? + 22 = 0 B C3. DTor koHYyC BKBU-
BAPUAHTHO ¥ [ABYIMCTHO HAKPHIBAETCA mpocTparcTBoM C?, mpum«aéM HAKDEI-
THE OTOXJIECTBIACT CEMEUCTBO H, TapMOHUIECKUX OMHOPOMHBIX KOMILIEKC-
HOBHAHBIX TIOTWHOMOB cTemeHn n Ha R3 ¢ cemeiicTBoM P32, 0IHOPOJHEIX TO-
noMopdubIx mommaoMoB Ha, C? crenenn 2n. !

MHOX€eCTBO BCEX HYJEU BEIIECTBEHHOU C(PEepPUIeCKOU TapMOHUKU 1 HA3BI-
BAETCA Y3.408blM. BymeM rOBOPUTH, ITO U U €€ y3moBoe MHOXecTBO N, peay-
AAPHBL, €CIU HYJIb HE ABIACTCA KPUTUICCKAM 3HAYMEHNEM MapMOHUKHY 1. Toraa
KaxXJasd KOMIOHeHTa MHOXecTBa N, — xopaaHosB kouTyp. Cormacxo [11],
KaXJIasg mapa y3JI0BbIX MHOXECTB Ny, N, rae u,v € H§ u n > 0, umeer He-
mycroe nepecetdenne; 6omee TOro, €Cau TapMOHUKA U PEry/aapHa, TO KaX Jasd
KOMTIOHEHTa, MHOXeCTBa N, COMEPKUT MO KPaWHEN Mepe NBE TOYKUA MHOXKE-
crea N,. Muoxectso N, N N, MoXeT ObITh 6ECKOHEIHBIM, HO CEMEUCTBO ap
(u,v) w3 HE ¢ TakuMm CBOMCTBOM 3aMKHYTO W HUT/E He TWIOTHO B He X HE.
Ecan xe muOXecTtBo N, N N, kouewno, To card N, N N, < 2n?. Ouenka cre-
ayet u3 Teopembl besy u gocturaerca. OHa ke ABIACTCA BepXHEN (BEPOATHO,
He HAWIYIIeR) TPAHANER A TUCIa KPATHICCKUX TOYeK 00Imen chepuieckon
rapMouuku. KoHGUTrypaluma KpUTHIECKAX TOUYEK BCET1a B HEKOTOPOM CMEICTE
BHIDOXKJEHA (CM. 3aMedanue 5). 3agada HAXOX/JEHUsA OLEHOK CHU3Y, BUIUMO,
TPYyAHEE; BO3MOXHO, TOTHAA HUKHAIA MPAHAIA PABHA 21 (2TO MOATBEPXK AaeT-
€A YACTUIHBIMU PE3YIbTATAMA U KOMIIBIOTEPHBIMU SKCIIEPUMEHTAMN ).

MeTpuveckue u TOMOJOTTYIECKUE CBOUCTBA Y3I0BBIX MHOXECTB UCCIEAYIOT-
€A JABHO, O HUX U3BECTHO AOBOJILHO MHOTO. CeJaeM JUIIb HECKOIBKO 3aMeTa-
HUU, OTHOCAIIAXCA K IPEAMETY cTaTbu. Bymem o603Ha9aTE 9epes A omepaTop
Jlamnaca—BeabTpaMmu, depes A — co6CTBEHHOE 3HAYeHUE omepaTopa —A.

B 1978 r. Bpionunr [5] Hamén ouenky cHu3y BuIa cV/A 1A JIMHE Y3I0BBIX
MHOXECTB COOCTBEHHBIX (DYHKIIMU HA, PUMAHOBOM TIOBEpXHOCTH. Sy mpemmono-
xua [22, Problem 74], aro mepa Xaycaopda y3moBoro MHOXeCTBA COOCTBEH-
HOU (PYHKIIMY HA KOMIIAKTHOM PUMAHOBOM MHOTOOODA3UU MOMYCKAET OIEHKY
CHU3Y U CBEPXY TAKOTO ke Buga (T.e. cv/A). [l BelecTBeHHO-AHATATHIECKIX
MHOr000pa3nn 3Ta rurnoresa ObLia gokasana Jonemwm u Dedpdepmanom B pa-
6ore [8]. B cTaTse [18] CaBo moxanan, 1ro - Area(M)V/\ apaserca Hmxmen

1Emé B 1876 r. CuibBeCTp UCHOIB30BAI SKBUBAIEHTHYIO KOHCTPYKIWIO AJA YTOIHEHU
npenmoxeHHoro MakcsewoM MeToa IocTpoeHus cpeprieckux rapMoHuk. B coorsercTBun
C HUM [JIA TOCTPOEHUA BEUIECTBEHHON TapMOHUKY HAJO0 MPOAUDGEPEeHINPOBATE (DYHKIIUIO
1/r, rge r — paccTosHMe A0 HAYAIA KOOPAUHAT, B IO IXOJAIINX HATPABICHUAX B R3. Tocrex-
HIe OIIpejeleHsl 0JHO3HAYHO; COOTBETCTBYIOMIE TOYKY Chepsl S° HA3LBAIOTCA HOIIOCAMIL
(cm. [15, ra. 9] wm [3, 11.5.2]; xuuru [7, ro. 7, §5] u [1, npuroxenue A] conepxkar passép-
HyTbIE U3I0KEHUA U TAJHHEUINNE CBEJCHNA).
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TPAHUIEN AJUH Y3JOBBIX MHOXECTB Ha MOBEpXHOCTU M IIa BCeX MOCTATOYHO
6oabmmx A, a ecau kpuBusHa M HeoTpumaTeabHa, TO Tpu Bcex A. Huxume u
BEPXHUE T'PAHUILI BHYTPEHHUX [ PAAUYCOB Y3JOBBIX 00JaCTEN ObLIA HAU-
neusl Manry6u [13, 14]; B caydyae MOBEPXHOCTEM OHU MMEIOT MOPSIOK A3
[13].

Jlureitryio Mepy Xaycnopda o MHOKeCTBA cheprl S? MOXHO HAKTH, MHTe-
rpupys o SO(3) wmcao ero o6UMX TOYEK CO CABATAMUA APYTOTO MO IXOIAMETO
nogMHOKecTBa chepsl S? (cM. Teopemy 4). Mcmomb3ys oNeHKH 9HCIa 06X
TOYEK, MOXHO TOJYYIAUTDH OIEHKU CBEPXY U CHU3Y [AJUH Y3JOBBIX MHOXECTB U
BHYTPEHHUX PALUYCOB Y3J0BLIX obOnacTen. [Ipm oTOM BepXHUE IPAHUIIBI OKa-
3BIBAIOTCA TOIHBIMU.

O6o3raaum wepes H™ ! mpocTpaHCTBO BCeX BEMECTBEHHBIX C(hePUIECKUX
TapMOHUK CTemeHu n Ha equanHOH chepe S™ B R, Kax noir Touxe cdepsr
S™ orrewaer dynkmmonan na H™ ! prraucienns sHavenns B HeR, YTO 3aKACT
SKBUBAPUAHTHYIO WMMepcuio cheprr S B equrmanyo chepy B H™ L. Jlo-

dnpe

KAJbHO OHA ABAAETCA METPUYIECKUM MOMOOMeM C KO3(PPUIMEHTOM
A = n(n +m — 1) — cobcrrennoe 3madenme omeparopa —A B H™ L. Dro
MTO3BOJIAET BBIYUCAUTD CPefHee 3HadeHne Mep Xaycaopda nepecevdeHns y3iao-
BBIX MHOXECTB Kk TapMOHWK CTeNeHeH Ni,...,MNk: OHO PABHO C\/Ap; ... A,
rae ¢ 3asucuT Juimib oT m u k u k < m (cm. Teopemy 6). B wacTrOCTH, TR
k = m noaydaeTca cpegHee KOMUIeCTBO OOIIUX HYJIEH 17 TAPMOHUK: OHO PABHO
2m™ 2 \/Any - Anpy; €CTH 1T = 2, TO \/An; Any- B pabore [8] Momemwmn u Ded-
depman nucanu: ,,['TaBHAS TEMa DTOU CTATHU B TOM, UTO PEIIEHNE YPABHEHUS
AF = —)\F Ha BelleCTBEHHO-aHAIUTUIECKOM MHOI000pasuu BegeT ceba Kak
noamHOM cremenn ¢V A“. Cregya »roit ugee, JI. [Io1TepoBIY IIpeqmOIOKMIL,
9TO CpefHee YUCa0 OOIMUX HyJdel MOAYMHAETCAa TeopeMe besy. OmucaHmubin
BBHILIE Pe3yIbTAT (Ipu kK = m) MOATBEPKAAET HTO MPEAHONOKEHUe (¢ TOU-
HOCTBIO [0 MYJIbTUIIUKATABHON KOHCTAHTHI) U MOXKET OBITH MOHAT KaK ,,Te-
opeMma bBesy B cpegmem“ mia cdepumdieckux rapMmonumk. [liaa k = 1 cpegmsaa
mepa Xaycnopda, apyrumu (HO OAM3KMMM) MeTOonamu, ObLTa HaugeHa bepa
[4] u Heuxamsenem [16]. Ciayvanm miockoro Topa HCCIeAOBAICA PynHUKOM u
Burmanowm [17].

§1. MocTpoeHne coBCTBEHHBIX PYHKLIMIA
C 3a[]JaHHBIM KOHEYHbIM MHOXECTBOM HYy/eW

IIycts M — xOMTIaKTHOE CBA3HOE OPUEHTUPOBAHHOE PUMAHOBO MHOT'006pa-
sue, G — KoOMmaxkTHad rpynmna Jlu mzomeTpun MHOrO06pasua M, n1encTByIO-
mas va M TpamsutueHO, A — omepaTop Jlamraca—BeasTpamu wa M,

A>0 (1)
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— cob6cTBeHHOE Yucao omepaTopa —A, £, — COOTBETCTBYIOIIEE BEIIECTBEH-
HOE (T.€. COCTOAIIEE U3 BENIECTBEHHBIX (DYHKIIUH ) TIPOCTPAHCTBO COOCTBEHHBIX
dyuknun, a £ — ero G-UHBAPUAHTHOE JUHENHOE TOAMPOCTPAHCTBO. Torma
£ ecTh KOHeUHAsA CyMMa (F-UHBAPUAHTHBIX HEMTPUBOIUMEIX MOAIPOCTPAHCTB
npocrpancTea C°°(M). YceroBumca 0603HAMATH 9€Pe3 0 MHBAPUAHTHYIO MEPY
nommon macewt 1 ma M, L?(M) = L?(M, o). [na kaxgoro a € M cymecTsy-
eT eqUHCTBeHHaA PYHKIUA ¢ € £, peanusyiomas (HYHKIMOHAT BBITUCICHUA
3HAYICHUA B G:

<ua ¢a> = u(a)

o Beex u € E. [Noaoxum

¢(aab) :¢a(b), a,bEM.

Torga
$(a;b) = ¢a(b) = (¢a, Pv) = (¥, Pa) = P1(a) = $(b, a), (2)
u(z) = (u, ¢a) = [ Pz, y)u(y) do(y) mraseex u € £, (3)
€N, = ¢ Llu, (4)
¢r #0 pmuaBecex 1z € M. (5)

[locregHee BHIMOMHAETCA Gaarogapsa OZHOPOAHOCTH MHOroo6pasua M. Co-
raacuo dopmyae (3), ¢(x,y) asagerca socnpoudsodswum sdpom das E (T.e.
u(z) — [ ¢(z,y)u(y) do(y) ects oprororamsubm npoexkTop Ha € B L?(M)).

BriGepeum ay,...,ax, 2,y € M. O6o3nasmm o = (ai,...,ar) € M* u ycro-
BIAMCA, ITO G MOXET 0603HAYATH TAKXKE U COOTBETCTBYIOUIEE ITOAMHOXKECTBO
B M: a=/{a,...,a}. [Momoxum

Plar,a1) ... Play,ax) $lar,y)
. . . . 6

O (x,y) = Df ,(z) = det : - : :
k(z,y) k,y(l') e dlag,a1) ... ¢lag,ar) d(ak,y)

¢($,a1) ¢($7ak) ¢(l‘,y)
Ouesngno, ¢ (z,y) = ®¢(y, z). Pukcupyem y u o603HAIAM v = k- Torma,
cormacuo dpopmyre (6), v € £ u
aly...,ap € Ny. (7)
Byzaem roBoputs, 4TO ay,...,a; He3aA6UCUMbL, €CIU BEKTOPH (g, ..., Pq, € E
auHenHo-He3aBucuMel. [Ina moagMuoxectsa X C M momroxum
Nx =span{¢, : x € X} (8)

Ecmn X = Ny, rae u € &, To o603naenme MOoXHO cokpatnTh: Ny, = N,,.
IMycts
n=dimé& — 1.
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U3 (1) cregyer, ato n > 1 (mockonbKy mpocTpasHcTBo £ BemecTBeHHO n G-
MHBAPUAHTHO).

Jlemma 1. ITyemov a € M*, 20e k < n. Tozda ai,...,a; He3a6uUCUMbL 6 TOM
U MOALKO 6 MOM cayuae, Koz2da P} y % 0 das wexomopozo y € M.
)

HMokazarensbcTBo. U3 (4) ciegyer, aro & = Nyy; tak kak k < n, to N, # £.

Ecnu ay,...,ar HE3aBUCHMEI, TO MOXHO IOIYIATH HE3ABUCHMOE MHOXECTBO,
a a

AoGasnaa x a Hekoropoe y € M. Torpa @i # 0, nockomeky @f (y) > 0

(sBugy (2) m (6), %, (y) — ompegemmrens marpuisr 'pama HAbOpa BEKTO-
POB Pys- -y Pays y). OueBmpanO, Py, =0 pna Beex y € M, ecmm ay,...,ak
3aBUCHUMBEI. N

Braromapsa cremyomemMy TpPeIIOXEHU0, KAXAYI0 (PyHKIUO n3 £ MOXHO
peamm3oBaTh B Buge (6).

Ipegnoxenne 1. Jas w6020 u € £ cnpasedauso pasencmeo Ny, = urNE.
Jlemma 2. Ecau u,v € £ u Ny O Ny, mo v = cu das nexomopozo ¢ € R.

Joka3zaTeabCTBO. JTO HEMEIJIEHHO clieayeT u3 Braodenus N, O N, u qem-
Mmel 1 craTem [11], KoTOpas yTBepX)gaeT, 9TO v = cu UPU HEKOTOPOM ¢ € R,
ecam CymecTBYIOT y3a0Bbie obmactu U m V' ana 4 m ¥ COOTBETCTBEHHO TaKue,
aro V C U. ]

BoT Ha6pOCOK M0KA3aTEILCTBA YIOMAHYTOU JEMMBI; OHO OCHOBAHO HA, Uee
Teopembl KypanTa 06 y3/J0BBIX 06MacTAX. Tak Kak u HE M3MEHAET 3HAKA B
U, To —\ saBaseTcsas mEepBBIM COOCTBEHHBIM 4mciaoM 3agacu [lupuxme mias U.
[TosToMy OHO mMeeT KpaTHOCTH 1 u maa Beex w € C?(M), paBHBIX HYTIO Ha
OU, semomasaeTca nepasenctso D(w) > M|w|| 2 (1), rae D — dopma [Tupuxme
ma U. Bomee Toro, paBeHCTBO MMeET MECTO TOTLJa M TOJLKO TOr[a, KOTIa
w = cu, ¢ € R. C Apyrou cTOpOHBI, €CIN W PABHO HYIIO BHE V U COBIATAET C
v BayTpu V, T0 D(w) = A||[w||12(17)-

[MokazaTrenbcTBo npegaoxenus 1. Ecom v € E mv L N, To N, O N,
sugy (4). Cormacuo xemme 2, v € Ru. Cregoarersuo, Ny, O ut NE. Obpar-
HO€ BKJIIOYEHUE OYE€BUTHO. O

O6o3masmm wepes ® : MM — £ orobpaxenue (a,y) — ®j ¥ TIOMOXIM
U=d(M"1).

Teopema 1. (i) Iyemv u € &, u # 0. Cywecmsyem nenpepvisnas Gymi-
yua ¢ # 0 na N;' x M makas, umo
®(a,y) = c(a,y)u (9)

dan scez (a,y) € N;} x M.
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(il) U — KoMnaxkmmas CuMMempuunas oKpecmuocmo nyas 6 E.
(iii) Kaxcdas moura a € M™ codeprcumca 6 HEKOMOPOM HEMPUBUAALHOM
Y34080M MHONCECMBE; 0A% G 00ULE20 NOAOHCENUA OHO €JUHCTNEEHHO.

HokaszarenbcTrBo. Illyctb ¢ € N]. Eciz aq,...,a, He3aBUCHUMBI, TO
codimN, = 1; mockombky u | N, cormacuo (4), aTo BreuéT (9), mpuuaém
c(a,y) # 0 npu mexkoropom y € M Beuay memmwr 1. Ecinm aq,. .., a, 3aBucn-

ML, TO ®(a,y) = 0 gaa Beex y € M mo Tou xe nemve. OYHKIUA ¢ HETPEPHIBHA,
6maromapa (6); ¢ # 0, Taxk Kak MHOXECTBO N, COIEPKUT HEZABUCUMBIE TOTKA
a1y ...,0p, CONTACHO MPEMIOKEHUIO 1. ITO MOKa3bIBaeT yTBepXKaeraue (i).

13 popmyasr (6) cregyer, aro orobpaxenune ¢ menpepoisao. [losToMy MHO-
®ecTBO U koMmakTHO. [lockoabKy MHOrOOGpasue M CBA3HO, NJA KaXIOTO
1 € U MOXHO TOTYyIUTEH OTPe30K [0, u], mepeMemas y; mo>ToOMy MHOXECTBO U
3Be31HO. Tak Kak mepecTaHoBKa JIOOBIX IBYX TOUYEK B ¢ U3MEHET 3HaK c(a, y),
TO MHOXeCTBO U cuMMeTpuvHO npu n > 1; ecam xe n = 1, To U aBaseTcs
KpPyrom BBEAY €ro G-MHBAPDUAHTHOCTH U 3BE3AHOCTH. TakuM o06paszoM, MHO-
XKeCTBO U KOMIIAKTHO, CHMMETPUIHO, 3BE3IHO U, KpoMe TOoro, Upsgtd = E.
[MosToMy U — OKpPECTHOCTD HYJIs, T.€. CIPABeJIUBO yTBepXk aeHue (ii).

[Iycts a € M™, ' C a — MakcuMaIbHOE HE3aBUCAMOE TTOAMHOXECTBO B a.
Torma @%:y # 0 mpu HeKoTopoMm y € M, cormacuo semme 1 (3gecs k = card a’).
[Monoxum v = %ly Beugy (7) o/ C N,. U3 (4) creayer, aro N, comep-
XKUT Mobyio TOUuKy x € M Takyio, 9to ¢, € Ny. Hostomy N, D a. Ecim
ai,...,G, HE3ABUCUMBI, TO MHOXECTBO N, €IMHCTBEHHO, TIOCKOJIBLKY B DTOM
caygae codimN, = 1. Tak kak MHOroo6pasue M OFHOPOAHO W HTPOCTPAH-
cTBO £ KOHEIHOMEDPHO, TO (DYHKIWMK ¢, & € M, BelIeCTBEHHO-AHATUTAIHEL.
CaenopaTemsro, mGo ) = 0 ana Beex (a,y) € M™ ! nm6o @y, # 0 pna
(a,y) obmero momoxenus (mamoMEnM, IT0 M cBasmo). Haxomern, ®f  # 0 mua
HeKOTOPEIX (a,y) € M"T! mockomsky Ny = € 6rarogaps (4) u (5). O

3amkayTOe MHOXKECTBO X C M HA3BLIBACTCA UMMEPNOAAYUOHHIM MHONHCE-
cmeom das npocmpancmea Pywkyui F C C(M), ecmm Flx = C(X).

CaeacrBue 1. [Iycmo k < dim€&. B cayuae 06we20 nosoHceHUS G, . .., G €
M, mnoxncecmeo a = {ay,...,ar} A844eMCA UHMEPNOAAYUOHHLIM Oas E.

3ameuanne 1. PyHKINA ¢ MOXET OBLITH PABHOU HYJIIO HA HEKOTOPHIX KOMIIO-
menTax MEOXecTBa, NI x M. Ilycts, manpumep, M = S? C R3, £ — cyxenne
ma S? mpocTpascTBa, 'H]}f OHOPOIHBIX TAPMOHUYECKUX TTOJUHOMOB cTeneHu k;
Torga dim & = 2k + 1, n = 2k. Ecam k > 1, To xaxgas 60abI1asg OKPYXKHOCTD
S! B S? comep)uTCA B HECKOMBKUX y3I0BEIX MHOXECTBAX (mampuMep, y3m0BbIE
MHOXeCTBa, pyHKImn 21 f (L2, 23), TAe GyHKIMA [ TapMOHMIECKAsA, COAEPKAT
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oxpyxuocts S! = {z; = 0} N S?). Bomee Toro, npm mewéTHOM k OHa MO-
xeT ObITh kKoMmoHeHTOU MHOXecTBa, N,. Cregosaremsro, codimNg > 1 n
®(a,y) = 0 ansa Beex (a,y) € (SH)"” x S2.

3ameuanne 2. /11 TPpOU3BOILHBIX KOHETHOMEPHBIX (F-WHBAPUAHTHBIX TIO[-
npocrpancts £ C C(M) Teopema 1 He Beinomusercsa. [lencTBurenasHo, ecan
dim€& > 1 u mpocTpancTBO £ COOEPXKUT MOCTOAHHBIE (PYHKIUU, TO B HEM
€CTh OTKPBITOE MMOAMHOXECTBO, COCTOAmEE n3 (PyHKIMEA 6e3 HyJer, KOTOPHIE,
OYEBUIHO, HE MOMYCKalT peammsanuu B Buge (6). [lamee, 3 Teopemsr caemy-
€T, 9TO UPOU3BEeNeHUs (g, A -+ A ¢, BAMOMTHAIOT OKPECTHOCTH HYJIA B N-U
BHENIHEN CTENEHW MTPOCTPAHCTRA, £, KOTOPYIO MOXHO OTOXJECTBUTH C £. ITO
CBOWCTBO, OY9EBUIHO, BICIET BO3ZMOXKHOCTH MHTEPTONANIWYA W3 CICACTRAA 1, HO
06paTHOE HEBEPHO: MPUMEPOM MOXKET CAYXUTh TPOCTPAHCTBO BCEX OLHOPO-
HBIX TTOMMHOMOB crerern m > 1 Ha R3, cyxennoe ma S? (mmm mpocTpaHCTBO
BCeX MOIMHOMOB cTeneHu He Boime n Ha [0,1] C R, rge n > 2).

§2. Coepnueckne rapmoHukmn Ha S?

O6o3radmM |gepes P’ IPOCTPAHCTBO OJHOPOTHBIX FOJOMOPQHBIX IOIXHO-
MoB creneru n Ha C™ u(uim) IpoOCTPAHCTBO BCEX KOMILUIEKCHO3HAYMHBIX O/IHO-
POHBIX MMOAMHOMOB CTerneHu 1 Ha R™; OHM HAXOAATCA B OUEBUTHOM B3AXMHO-
OMHO3HAYMHOM COOTBETCTBUU. IIOANPOCTPAHCTBO, COCTOAIIECE U3 TapPMOHUYE-
ckmx Ha R™ moamHOMOB, 0603HaINIM |depe3 H)'. YcIOBHMCA OIyCKATh MHIEKC
m B H", ectu m = 3; Torga dimH,, = 2n + 1. [loruaomer u3 H]', a Takxe
UX OrpaHWYeHHA Ha efquHEIHYI0 chepy S C R™ masmBaioTca cepuue-
ckumu 2apmonuramy. OHA ABIAIOTCA COOCTBEHHLIME (DYHKIIUAMHA OMEPATOPA
Jlamaca—BeabTpaMu; npu m = 3 cob6cTBenHOoe uucao pasuo —n(n + 1). Jo-
Ka3aTeIbCTBO €CTh, HampuMep, B [19]. Byaem rosoputs, uTo dyukums u € P
Bew,ecmeenta, eCIM OHA MPUHUMAET BelleCTBeHHbIE 3HadYeHua Ha R™.

CrangapTHOE CKAIAPHOE MpousBeneHre B R™ u ero GWIMHEWHOE PO L0J-
xenue Ha C™ ycaoBumcs o603HadaTh Yepes ( , ),

r(v) =] =V(v,v), veR™,
r? — romomopduas kBagpatuanaz ¢opma xa C™. g a € C™ momoxum
la(v) = (a,v).

Dyuxnun O} (z,y) AOMycKaioT roloMopdHOe IPOJOIKeHNe 10 BCeM mepe-
merEEIM (KpoMe k). Ecmr M = S? C R3, o mpogomxkenue ua C? u mocaemyio-
Imee OrpaHUYIeHNE Ha KOHYC

So={2€C*: r?(z) =0}
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AT BO3MOXHOCTb IMOCTPOUTH HEKOTOPOE €CTECTBEHHOE, OHO3HATHO OMpe-
IETEHHOE C TOYHOCTHIO MO YMHOXEHUA HA, KOHCTAHTY, MPENCTABICHUE JI000U
KOMILTEKCHO3HATHOU cepmaeckon rapmonuku B Bujge (6). [Ipoexnua xomyca
Sy B CP? ects chepa Pumama CPL. Y Sy umeeTcsa ecrecTBeHHAs IMapaMeTpu-
3arus

R(CyG2) = (21,22, 23) = (20102, ¢F = GLi(GF +G3)), ¢1,¢2€C. (10)
Jlemma 3. Omobpancenue R : H, — P32, onpedeaénnoe pasencmeson
Rp =pok,

83AUMHO-00H03HAUNO U cnaemaem ecmecmeennbie npedemasaenus SO(3) u
SU(2) 6 H,, u P3, coomeemecmeeno.

HMokasaTenncTBo. flcro, wTo p o kK — ogHOpOgHLI mommaoM Ha C? cre-
neru 2n mipu p € P3. TIpocTOE BHIMUCICHWE TIOKA3ZBIBAET, ITO 3aMEHA Tepe-
meHHbIX (1 — aly + bla, (o — —b( + ala, rae |a? + [b> = 1, nopoxaer
nWHeHOe mpeobpasosanrue mpocTparcTea C?, KoTopoe coxpangeT dopmy 72
u moxmpocTpaHcTBo R? (Ipyrumu coBamum, MHIyIMPOBAHHOE STON 3aMEHOM
npeo6pazosanue KpaapaTuIHbIX hopm Ha C? B Gasuce 21 (o, (Z— (2, i(¢2+(2)
sagaerca matpuner u3 SO(3)). TosToMy Kk DKBEBAPUAHTHO TIO OTHONIEHUIO K
ecrectenanM gerctsuam rpymm SO(3) u SU(2) B Hy, m P2, COOTBETCTBEHHO.
XOopoIIo u3BeCTHO, ITO

P3=H,or*P3,
(cM., mampumep, [19]). Tak xax R # 0 u Rr? = 0, To RH,, # 0. OcTanocs aamrs

3aMETHTh, UTO TPEJCTABICHAS STUX IPYHI B H,,, P> HEIPUBOIUMEL ]

Cregctsue 2. /s wancdozo p € Hy \ {0} mmoxcecmeo p~1(0) N Sy ecmo
06vedunenue 2n KOMNACKCHVIT NPAMBIT, NPUUEM HEKOMOPLIE U3 HUL MOYM
cosnadamv. Ecau onu pazauumvi, ¢ € H, u p~1(0) NSy = ¢~ 1(0) NSy, mo
q = cp, 2de c € C.

Hoka3aTeascTBo. O4UeBUIHO, £ 0TOOpPaXaeT MPAMBIE HA IPAMBIE U IOPO-
xpaer sroxernne CP' 8 CP2. ]

DyHKIUNA ¢, TpeabIIyIero maparpada MOXHO 3alICaTh ABHO:
ba(z) = cnPy({a,z)), rTme a,z€S?,

Cp — HOPMAIM3YIOIAA KOHCTaHTa, a P, — n-u mommaom Jlexanapa: P, (t) =
n
L_d° (42 _ 1)?" CymecTByeT eMHCTBEHHOE MPOLOIKEHNE

2npl dt™

P(a, ) = ¢o()
Ha R?, KOTOpOE OJHOPOLHO CTEmeHn N ¥ FAPMOHWYHO MO 0OGENM MepeMeHHBIM
(OHO TakXe CUMMETPUYHO W TPOJOIKAETCA TOIOMOP(PHO HA C3). Hampuwmep,
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ecmm n = 3, To 2P3(t) = 5t3 — 3t u dpynxuua ¢(a,r) npomopumoHaATEHA GYHK-
1882101

5 <a,m>3 -3 <a7 a> (a,x> <£B,£B>
(ecmm a = (1,0,0), To 223 — 3w123 — 3w123). lIpeacranrenne B suge (6) ma

p € Hp, KoreaHO, coxpanaeTca u guia M = S?, Ho B »TOM cIydae ecTh Gofee
ecrecrBennniit BapuanT. g ¢ = (¢1,(2) € C? momoxum

3¢ = (=2, 1)
Teopema 2. ITycmb p € H,,. IIpednoaoxcum, wmo p~'(0)NSy — 06bedunenue
pazavuneir npamvir Cay, ..., Cagy,. Toz2da cywecmsyem xowcmanwma ¢ # 0
maKas, 4¥mo
(a,a))" ... {ar,a20)" (a1, y)"
p(z)p(y) = cdet ' ‘ ' (11)
<a2n, a1>n e <a2na a2n>n <a2n, y>n
<x’a'1>n <x’a2n>n <may>n

das ecex y € So, © € C3. Boaee mozo, zamena (z,y)" na ¢(x,y) 6 mampu-

y)
ye npusodum % npedcmasaenuio npoussedenus p(x)p(y) das eécex z,y € C?
(8006we 2060pa, ¢ dpyeoti Kowemanmot c).

MokaszaTeanbcTBo. Ecmu a € Sy, To dynkmua (a,z)" — rapMoHmIecKas mo
Z A BCeX N (PTO HETPYAHO MPOBEPUTH MPAMBIM BRMUCICHWEM). [losTOMY
bynkmma &y(z) = ®%(z,y) B mpasoi TacTH cogepxuUTCa B Hpy AIA KakaAOTO
y € Sp. fcmo, wro ®y(ar) = 0 mpm k = 1,...,2n. Cormacro cregcTemo 2,
dynkmma ®f npomoprmoramsra p. Tak xak ®%(z,y) = ®(y,z), oT0 BIETET
(11) mpw ycnoBum HETPUBHATLHOCTY TIPABOM IACTH.

Takum o6paszom, Hago mgokasathk, 4To ¢ # 0. [lycts z € Sy. CymecryioT

at, ..., 0o, &0 € C? makue, ato ay, = K(ay) gna seex k, £ = k(€), my = k(7).
HpﬂMoe BBIYIUCICHNE ITOKa3bIBACT, ITO
(r(a), (b)) = 2 (a, jb)° (12)

xna Beex a, b € C?. CregoBarenbHo, mpasas gacTh dopmyast (11) para

<a17ja1>2n <a17ja2n>2n <a17j77>2n

—9@n+hn . Jet S S on o (13)
<C¥2n,ja’1> <042n,]042n> <042n,]77>

<§7jal>2n <§7ja2n>2n <§7]77>2n
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OnpenenuTent MOXHO BHIYUCIUTE B HECKOMBLKO Gomee o0men cutyanuu. VIMen-
— k _ k 2
O ecmn C' = (Crs)r s—0» TA€ Crs = (ap, bs)", ar,bs € C*, TO

det C' = H( )H (ar, jas) [ ] (br. 4bs) - (14)

s<r s<r

Oycre ap = (ar1,ar2), bs = (bs,1,bs,2). Eciu Bce KOMIOHEHTH HEHYIEBHIE, TO

ko @\t /b o\ Ft
s = 30 () onabea o~ = o IZ< )(2) G2)
t=0 ’ ’

W3 cTpovek u cTOIOIOB MOXHO BBIHECTH OOIIAE MHOXUTENN, IOCAE Iero IM0-
ayuutcsa marpuna C, koropaa gomyckaet pasmoxenune C' = AB, rae

A= ((l;j)af“)l:,t:O’ B = (lgfit)f,sz()’ Qr = Z::;’ Bs - bs 2,

51

Taxkum o6pasom, serauncaerue det C' cBoguTca K onpegeruTeno BaxgepMoH-
na. IIpamoe Boramcnenme mokaswiBaeT dopmyay (14) (mpemmomoxenue o He-
TPUBHATHHOCTY KOMIIOHEHT, OYEBUIHO, HECYIIECTBEHHO). Braromapa CooT-
HomenuaMm (14) u (12) ompegennmrens B (13) He paBeH HyaIO, €CIU IPAMBIE
C¢,Cn, Cay,. .. ,Cagy pasmuass (npu a € Sy miockocTs (2, a) = 0 mepeceka-
et Sy mo mpamon Ca). TlosTomy ¢ # 0.

W3 onpenenenusa ¢pyukuuu P, u ¢ cregyeT, 910

$(z,y) = sn (2,9)" + 1 (@)r’(y)h(z,y), (15)

rae s, — MOJOXUTeIbHAd KOHCTaHTa, h — moauHoM. ClrenoBaTeabHO, 3aMe-
uas (z,y)" #a ¢(z,y) B (11) u Puxcupys y € C? obmero mOIOKEHMS, MBI
noxyuaem dbyrkmmo f # 0 ma C3, xoropasa copmagaer ¢ p(z) Ha S ¢ TOU-
HOCTBIO 10 YMHOXEHUA Ha KOHCTAHTY. COMIACHO CIENCTBUIO 2, TO XKe CaMOe
BepHo Ha C3, Tak xax f € H,, 6marozapa dopmyre (11) (B mocremei cTpoxe
pacmonoxensl pyHkumu, rapmorudeckue o z). llockoasky ¢(x,y) = ¢(y, x),
BTO MOKA3LIBAET BTOPOE yTBEPXK ICHUE. O

3ameuanue 3. Muoxectso p~'(0) N Sy, rae p € Hy,, MOKeT OBITH TaKxKe
3aaHO YCIOBUEM OPTOTOHAILHOCTHI

/ p(®) (@, w)" do(z) =0,
S?

rue a — I/IHBa,pI/Ia,HTHaH Mepa Ha S%, w € Sy. DTo crexyer us (15), TOCKOTBKY
[ p(z)d(z,y) do(z) = p(y) ana Beex y € S?, a moTomy u m1a Beex y € R3 (p(y)
u ¢.(y) ogHOpOAHEI cTenenu n), Goxee Toro, ama Bcex y € C* (o6e wacTu
paBeHCTBa roMOMOPdHLI TI0 ). B wacTHOCTH, 3TO BepHO p! y € Sy, 8 B TOM

cayae @z, y) = s, (z, )"



74 B. M. TUYIEB

Ecm p~1(0)NSy ects 06megunenne pasmaabx npavbix Cag, k= 1,...,2n,
To dbynkmn (z,ar)", k =1,...,2n, 06pasyoT JTMHEUHEIN GA3UC B TUTIEPILIOC-
KoCTH U3 Hy, OPTOrOHAIBLHON (DYHKIVY P OTHOCUTETHHO OUINHENHOU (POPMBI
[ fgdo. dro crenyer m3 (12): HETPYAHO MPOBEPUTH, ITO DYHKIMAM (C,bs>k
ma C?, rge s = 1,...,k, 1uueiHO-He3aBucHMEI, ecan npamble Chy, pasImTHbI
(ompegeauTens Bangepmomga).

B 3axmotveHme — HECKOILKO 3aMEYAHUE 0 HyIax Ha S’ dyHKumi m3 H,.
Ilycts f € Hyp, v = Ref, v = Im f. Hyas dyukmum f — 510 0o6mmu Hy b
ma v v. Crepyroree TpeIIoXeHne, B HECKOIBLKO Gosee obmmen ¢Gopme, GBLIO
nokazano B [11]. Bygem roBoputh, 9T0 GYHKIUA U Pe2YAAPHA, €CIU HYIb HE
ABIAETCA KPUTUIECKUM 3HAUCHUEM [JIA U.

IIpeanoxenune 2 (cm. [11]). ITyecmv n > 0, u € Hy. Ecau gynrkyus u peay-
AAPHA, MO das scex v € Hy Kaxwcdas Komnorwenma muoxcecmea Ny, codepacum
no kpatineti mepe dee moukru muoxcecmea INy.

Yreepxaenue caenyet us popmyasl ['punHa, Grarogapsa KOTOpOu

ou
v—ds =0, (16)
C on
rae C' — xommonenTa MHOXeCTBa N, (KOoTOpas 06A3aHa GBITH XKOPJIAHOBEIM
KOHTYPOM BBUJY PeryaapHOCTu dyHKIuU u), ds — amHaenHas mepa Ha O
ou ou

5, — HOpMaTbHAA TIPOM3BOHASL; OTMETHUM, ITO 5! coxpaHaeT 3HaK Ha C. [lna
crargapTHOM ceprr S? cooTHomrernue (16) crenyer m3 Kaaccumeckon hpopMy-
a1 Tpuna nisa obmactu D, = (1 —€,14¢) x S, rae € € (0,1), u 0AHOPOZHBIX
crenenu () mpomomxenuun GpyHKIun u, v Ha, D, .

Mycrs ysxman u,v € He peryaapaer. [omoxum

v(u,v) = card Ny N Ny.

[l HeperyaapHbx GYHKIUA %, ¥ HYJId TOJKHBI CIATATHCA ¢ KPATHOCTAMU.
Eciu u,v € H,, TO KpATHOCTb HyJId B TOYKE MOXKET OBITH ONpeneTeHa Kak
YUCAO TAAJKUX Y3JIOBLIX JUHUU, BCTPEUAIONIAXCA B HEU; €CAU U,V UMEIT 00-
U HYJIb TOPAAKOB k,[, TO ero HyXHO cauTaTh kl pa3 (Hambomiblnee TUCIO
OOLIMX HyJeH, MOABIAIMXCA MPU HEOOMBIINX BO3MYIIEHUAX ). Beau u = ¢,
rae a € S?, To N, — o6beuHEeHRe N MAPALICILHBIX OKPYXHOCTeH (1, a) = 1,
r €St raek=1,....nuty,...,t, — "y nomuoma P,(t). Tak xax oHnm
pasamanbl, 10 P (tr) # 0 naa Beex k. U3 npemnoxenus 2 cregyeT, 9TO A
m060H yHKIME v U3 HL BBIMOTHACTCA HEPABEHCTBO

V(pa,v) > 2n,
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rae a € S?. PaBeHCTBO BBITIOMHAETCA AII U = ¢y, ecam Touka b € S? gocra-
TOYHO 6aU3Ka K a. B 5TOM HEpaBeHCTBE ¢, M N MOXKHO 3aMEHUTH JIOO0U pe-
TYJIAPHON PYHKIMER ¢ W IACIOM KOMIIOHEHT MHOXECTBa [N COOTBETCTBEHHO.
[Mocneguee uucao MoxeT GBITH MeHbIIe 7 (cormacHo [12], 4ucao KOMIOHEHT Mo-
XeT OBITHL PaBHO 1 miau 2, ecau N HeYeTHO WIN YeTHO, COOTBeTCTBeHHOQ). Tem
He MeHee KOMIBLIOTePHBIE KCIePUMEHTHI MOATBEPXKAAI0T CAeAyIoulee IPeaIo-
JOXKEHMe: 1A BCeX U, v € HA BEITOMHACTCA HEPABEHCTBO

v(u,v) > 2n.

OO61ume HyJ U TOMKHBI CIATATHCA C KPATHOCTAME, UHAYE €CTh TPOCTOU IPUMED
IBYX TapMOHUK, KOTODbIE MMEIOT POBHO ABa oOmmx myma: Re(zi + iz9)" mn
Im(ml + i:vg)”.

C Apyroit cCTOPOHEI, B 06IIeM monoKeHnn u, v € Hx mis v(u,v) ecTs TpuBE-
albHAsA TOYHAA BEPXHAA TpaHuna. /[Jokaxem 4yTh 60ee CUILHOE YTBEPXK Ie-
HUE.

IIpeamoxenue 3. Ilycmo u,v € Hﬁ. Ecau wucao v(u,v) Komeuno, mo
v(u,v) < 2n2. (17)

Mo Teopeme Besy, ecmm u,v € P3 He MMeOT 06WEro AETUTENS, TO MHO-
xectBo {2z € C3 : u(z) = v(2) = 0} — obwegunenue n? (¢ KpaTHOCTAME)
KOMILTEKCHBEIX TIpaAMbIX. Torma v(u,v) < 2n?, Tak Kak KaxJad OpAMad He Mo-
KeT IMeThb 6o/ee aByX o0mumx Touek ¢ S2. IIpegroxenne 3 He CIefyeT X3 TOCO
PaCCyXAeHHUA, MOCKOILKY 14 M ¥ MOT'YT MMETh HeTPUBHAILHBIM OOIINK [JEIH-
Telb ¢ KOHEYHBIM MHOXeCTBOM Hyxeln B S2. OHako 414 u,v € H, mociegHee
HEBO3MOXHO 61arogapa CIeIyIomen JeMMe.

Jlemma 4. ITycmo u € HY, 2 € S? u u(z) = 0. Ipednosoxrcum, wmo u = vw,
ede v u w sewecmeennv, v € Po, w € Po_. . Ecau w(y) # 0 das ecex

docmamouno 6auzkuz k¥ x mouex y € S?\ {z}, mo w(z) # 0.

MoxkaszareascTBo. Moxuo cunrars, uro = = (0,0,1). Eciu v umeer myis
kpaTHOCTH K B I, TO

_ n—k n—k—1
u(z1,T2,73) = p(T1,T2)T3 © + Pry1(T1,72) T3 + o+ pu(T1, 72),

rae p; € 73]2, pr 7 0. Tax kax Au =0, To Ap, = 0. CregoBaTensHO,

pi(z1,22) = Re(A(z1 + Zﬂ?g)k)

2C00TBeTCTBonmaﬂ MapMOHUKA — MaJloe Bo3Mmyuienue dyHkumu Re(zi + iz2)".
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nis mekoroporo A € C\ {0}. ITosromy pp — mpousBemeHme Pa3IW<THBIX JU-
menubix dpopwm. [ycts

w= QZ($1,$2)$§_m_l + Ql+1($1,$2)$g_m_l_1 + -+ guom(z1, 22),

v=rs(x1,x2)xy 4+ ret1(z1, xg)wgl*s*l + - (T, ),

rae gj,rj € 73]2 u q;,rs # 0. Tak Kax pr, = qirs, To k = [+ s; 601€€ TOTO, @ —
au60 KOHCTAHTA, JU0O0 TPOU3BEACHNE PABIUIHBIX JuHenHbIX ¢popMm. [Tocrennee
BICYET M3MEHEHNe 3HAKA (DYHKIMY §; BOIMU3Y T; TOTA TO XKe CaMOe BEPHO s
W, 9TO MPOTUBOPEIUT mpeamnonoxennto. Takum obpaszom, | = 0, u u3 ¢ # 0
cremyet w(z) = q(z) # 0. O

MokaszaTenbcTBo mpeanoxenus 3. [ycrs u,v € HY, w — Hamborbmmit

obumu geaurent aaA u v v. OYEBUAHO, NEIUTENb W BEIECTBEH. Tak Kak
muO0X)ecTBO N, N, KOHETHO, TO HYIH W B S? M301MPOBAHLL; COTIACHO JeMMe 4,
w He umeer mymenn B S?. [Ipemnoxenne cregyer u3 TeopeMer Besy mia u/w m
v/w. O

Pasenctso B (17) mocTuraercs, Hanmpumep, I CACAYIOMAX TAp W UX He-
OOJIBIINX BO3MYIICHNIN:

U=, v=Re(ze+iz3)", rme a=(1,0,0); (18)
u = Re(izg + x3)", v =Re(z1 +iz2)".

Crenctrue 3. Ecau mnodcecmso xpumuueckus mouex dasu € HE xoneuno,
Mo UT KoAUNECTNE0 He npesocTodum 2n%; 6 wacmmocmu, IMo 6epro 04 U €
HR o6wezo nosorcenus.

MokasarenscTBo. Ecim £ — kpurwdeckas Todka u, 70 u(z) = 0 s mxo-
6oro BexkTopHOro moia & € so(3). Moxno BeiGpaTs aBa moas &,71 € so(3)
Tak, 9TOOLI OHU OBLIM HE3ABUCUMBI BO BCEX KPUTUYECKUX TOYKAX M TTO-
ow1 £u,nu # 0; Torma KpuTHUecKue TOYKU (PYHKIUU U — OOIIMe HyIW I
Eu,nu € Hy. O

3ameuanne 4. Ouenka 2n°, BEAWMO, MOXET OBITH yIy9IleHA. BO BCAKOM
crydae, gia n = 1,2 "mcno kpurmdeckux Touek papHo 2(n? —n + 1), ecim
ono koHeuHO. [TycTs u, v — Te xe, aro B (18). Torga pynkuma u + cv, rae €
maqo, umeeT 2(n? —n + 1) kpuTwaeckux Touek. MHe HEM3BECTHBI TPUMEPHI
cepUIECKIX TAPMOHUK € GOTBIIM (KOHETHBIM) KOIMIECTBOM KPUTHIECKAX
TOYIEK.

3ameuanue 5. [Iposenénnbie paccyXaeHus TOKA3BIBAIOT HEMHOTO OOJbIIE,
1eM chopmyampoBaHo B creactsun 3. Herpusnansuaa SO(3)-opbura v mmeer
pasMepHOCTDb 3 WM 2, IPUYEM MOCACIHee BO3MOXKHO JUIIb B CIydae U = Cdg,
rae c € Rua € S%. B mepsom cayvae muo)ecTB0 C' KPUTHIECKAX TOYMEK A U
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COBMAAAET C MHOXECTBOM OOLIUX HyJel TPEX JUHENHO-HE3ABUCUMBIX Chepu-
9EeCKUX TaPMOHUK (6a3MC KaCATETBHOTO TPOCTPAHCTBA K opOuTe 1). [losTomy
codim N¢ > 3. Tpu rapMOHUKY O6IIEr0 TOJOXKEHUA He MMEIOT OOIMX HyIeH.
OTO 03HAYAET, UYTO KOH(PUTYPAIUA KPUTUIECKUX TOUEK BCETIA BHIPOXK JEHA.
3amada OLEHKU YUCIA KPUTUIECKUX TOYEK, KOMIIOHEHT y3JOBBIX 00JaCTen u
APYTUX IUCIEHHBIX XapPAKTEPUCTUK C(HePUIeCKAX TAPMOHUK Ha S? CTABMIAC

B [2].

IIpegnoxenune 4. Muoscecmso I dynwryuti f = u + v € H, maruz, 4mo
v(u,v) = 00, 3amMKHYMO U HuU2de He Naomuo 6 Hy.

Hoxka3aTenscTrBo. Eciu muoxectBo N, N N, 6eCKOHEYHO, TO OHO COXEp-
KUAT KOPAAHOBY AYTy, KOTOPasd MPOJOIKACTCA A0 KOHTYPA, TaK KaK U U U
BEIIECTBEeHHO-AHATIUTHIHLI (COMIAcHO [6], y3I0BOE MHOXECTBO €CTh 00BeIn-
HEHUE TIATKUX AYT BHE CBOETO KOHEYHOrO MOIMHOXECTBA). DTOT KOHTYD HE
MOXET TEIUKOM COAEPKATHCA B KPYre, KOTOPLIU COAEPKUTCA B OTHOU U3 Y3~
JIOBBIX OGIACTEN, MHAYE MEPBOE COOCTBEHHOE TUCIO OTPAHUICHHON KOHTYPOM
obaactu 66110 6b1 cTporo 6oasme n(n+1). CregoBaTensHO, TMAMETP KOHTYPA
orpanmded cHuzy. [losTomy mHOXecTBO Z 3amkuyTO. Eciu f € Z, To u u v
MMEIOT HETPUBUAILHBIN OOMIUU AETUTENb, COTJIACHO TeopeMe Besy; mosTomy
MHOXeCTBO 7 HUTIE He ILIOTHO. O

[lna m3BecTHBIX MHE npuMepoB (pyuknun f € 7 muoxectso N, N N, ecTh
obbeIMHEeHNEe OKPYKHOCTEH.

§3. OueHKM ANUH U BHYTPEHHNUX pafMyCcoB

[Iycts M — raagkoe (C°°) KOMIAKTHOE CBA3HOE PUMAHOBO MHOT0OGDa-
sme, m = dim M, b¥ o6osmataer k-mepryio mepy Xaycaopda ma M. fdy [22]
MOPEANOJIOXKMAT, 9TO CYHECTBYIOT MOJOXUTEIbHBIE KOHCTAHTHI ¢ u C Takume,
ITO

VX <Y (N,) < CVA

IJIA Y3JI0BOCO MHOXeCTBa NN, 0601 COOCTBEHHON (DYHKIUA U, OTBETAOIIeH
COOCTBEHHOMY 9HMCTy —A. [[14 BEmEeCTBEHHO-aHAIMTUICCKAX MHOTOOODA3Ui
M »sra runoresa 6buia gokasana [ouemwmn u Pedpdepmanom B [8]. Huxume
IPAHUIEL B CIydae MOBEPXHOCTEM ObLIM HAWAEHHI B cTaTbax [5] u [18]; B [18]
¢ = & Area(M).

PaccmoTrpum cragana caygan M = S™ C R™H m > 1. oxoxum

P(z) = Re(z1 + iz2)".
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Ouesugno, ¢ € H™ . O6o3maumm gepes ¢ 30HATBHYIO ChHEPUIECKYIO TapMO-
HUKY (MHIEKC OIyIEeH MOTOMY, ITO T€OMETPUIECKUE BEIWINHEI, XaPaKTEePH-
sytomme MHOXeCTBO Ny, He 3aBuUCAT OT BhIOOpa ¢). ITycTs

k+1
2 2

41\ °
r(%%)
Teopema 3. Jas 410001 Henyaedol 6eU,eCMEEnnoti 2apmMoHuKy U € H,T“
uMeeMm

Wi = f)k(Sk) =

b (V) < 0™ (Ny) = nwm 1. (19)

ITa TeopemMa — MPOCTO HAGIIO JEHHE II0 MOAYIIIO CACAYIOMEro hakTa (IacT-
HBI caydan Teopembl 3.2.48 m3 [10]). MuoxecTBo, gomyckaioumee peanusa-
IMIO B BU/E 00pa3a OrpaHIIeHHOro HoaqMHo)ecTBa RF mpy mumumnesom oTo-
OpaXXeHWU, HABBIBAETCA K-Cnpamasembim (MBI OyneM pacCMaTPUBATDH JUIIH
T€ MHOXECTBa, 9YTO IpeacraBUMMbl B BHUAEC C‘IéTHOFO O6’I)erD;I/IHeHI/IH KOMITaK-
Tos). Tax kak v € H™"! — mommmom, To ero yamosoe mMuOXecTBO (M — 1)-
cupamazemo. O6o3HAIUM T€PE3 [i,, WHBapuanTHYIO Mepy Ha O(m + 1) noraon
Macchl 1.

Teopema 4 (cm. [10]). Iyemb mmoxncecmea A, B C S womnarxmuvi, A k-
cnpamasemo, a B l-cnpamasemo. Iloaosncum r = k + 1 — d. IIpednoaosrcum,
ymo r > 0. Tozda

/O VA8 duals) = K*(4)(B), (20)
IO
20 ()T () o

Ecmu r = 0, To neBas wacts dpopmyast (20) — amanor mepsr Pasapa mis
cdep (mo A wim B). 3amMeTuM, 9TO B PACCMATPUBAEMOU CATYAIUU HOPMyIy
(20) MOXHO HOKa3aTh HEMOCPENCTBEHHO, TAK KAK JEBAA 9aCTh TPU (DUKCHUPO-
BaHHOM A (mmu B) agauTuBHA HA KOHEYHBIX CEMEMCTBAX HeIepeCeKaromuXCs
KOMITAKTOB; TIO3TOMY NOCTATOYHO TPOBEPUATH ACUMIITOTUKY HA MATBIX IaCTAX
IO AMHOT0006pa3ui.

Jlemma 5. Jas w060t eewecmeennoti Gynxyuu v € HPT u kancdoti 6oan-
woti oxpyxcnocmu S' 6 S™, ecau nepeceuenue S' N N, womeuno, mo

card(S' N N,) < 2n. (21)
HokazarenbcTBo. Cyxenue pyHKINM ¥ HA ABYMEDHYIO JUHEWHYIO 060I0Y-

Ky MHOXECTBA St ecTn OMHOPOIHBIA TOJIVMHOM CTEIEHU M OT ABYX MEpPEMEH-
HBIX. O
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JokasaTeascTBO TeopeMbl 3. Tak Kak OKPyXHOCTH S' mMeeT POBHO ABE
001Ime TOYKY C JI0O0U TUNEPILIOCKOCTHIO, B KOTOPOU OHA HE COAEPRKUTCA, TO
s moutu Beex g € O(m + 1) nmeem

card(gS' N N,) < 2n = card(gS' N Ny).

Hepasencrso B (19) momyuaerca uarerpuposauuem mo O(m + 1) u npumene-
mueM dopmyast (20) mpu k = 1,1 =m —1, A=S', B = N, u B = Ny.
PasencTBo oueBMIHO. ]

HuxHi0I0 rpaHuIily Tak®ke MOXHO MOJYyYUTh MOA00HbIMU MeTogaMu. B mo-
CleyIOIMeM MpeAnoaaraeTca, aro k = [ = 1 uw m = 2; Torga K = # u
dbopmyna (19) BermaguT Tak:

bt (NV,) < 27n. (22)
Yanosoe mHOXecTBO Ny 30HATBHOU CHEpUIecKON TapMOHUKHA ¢ = ¢q € Hy,

rae a € S?, ecTh OOBeIUHEHNE MAPALICTHHBIX OKDPYXHOCTEH eBKIMJOBLIX
pagmycoB /1 — tz, rae tp — myam noamaoma Jlexanapa P,. Hammenbmas
OKPYXHOCTBH COOTBETCTBYET HAUOOMBIIEMY HYIIO t,. [lomoxum r, = /1 —t2

u 0603Ha M depe3 C), OKPYXKHOCTb B S? eBKINA0BA PASAYCA Ty,. Baarogaps
PEMIOKEHUIO 2, TPy J000U U4 € H, CIpaBeIInBO HEPABEHCTBO

card(¢C,, N Ny) > 2 pua scex g € O(3). (23)
s (20) cremyer, aTo
27
b (V) > ==
n

Coruacao Teopewme 6.3.4 u3 [21], ¢, = cos 6y, rae

0<0, <22, (24)
n + D)

a Jo ~ 2.4048 — HAMMEHLIINN MOJOXUTEILHLIA KOpeHb (dyukiun Beccens Jy.

dra omenka, sBuay [21, (6.3.15)], acumnrorudecku Touna: lim, .o nb, = jo.

Taxum o6pazom,

rp, = sinf,, < sin J0 < el

OTKyZa
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Ouenka (25) me Hammty9mas, HO OHA OOJbIIE, TEM ll—lArea (M)V/\, mmxuas
rpanuna u3 [18]:

47 T 1) < 2w n 1
—/n(n —|n+ =
11 70 2)"
L Area (M)V/X omuennsa-

MOCKONBKY %r ~ 1.4248, % ~ 2.6127; cormacro [18], 17
eT CHU3y IJUHY y3J0BOTO MHOXECTBA AJA BCEX PUMAHOBBLIX MOBepXHOCTEN M
(mpm AOCTATOIHO GOMBIIMX A B OOMIEM CIy9dae W MPHU BCEX A, €CAW KPUBU3HA
M meorpunarensra). He mCKII09€HO, 9TO TOTHON HMXKHEN TPAHUIIEN ABIACTCA
[JIVHA y3J0BOIO MHOXeCTBa 30HaabHOU rapmonmku. Cormacuo [21, (6.21.5)],
k—1

in <71 < Erm rmecosm, k=1,...,n — ayau P,, nponyMepOoBaHHbBIE
B mopaAake youiBauua (T.e. 71 = 6,). [osTomy

n 1
hl(Ng) = QWZSiDTk R 27rn/ sinmz dr = 4n
k=1 0

npu 1 — 00. Kcam mpeanonoxkenne BEPHO, TO OTHONIEHUE BEPXHEN TPAHUIIBI K

HIDKHEN CTPEMATCA K 5, T.€. OHU TOBOJBHO OIM3KM.

MOXHO OleHUTE Takxe u suympennuti paduyc S\ Ny
inr(S? \ N,,) = sup {infyen, p(z,y) : z € SQ} ,
rje p — BHYTPEHHAA METPUKA B S°:

p(z,y) = arccos (z,y) .

ToUHYI0 BEPXHIO MPAHWILY HAUTH HETPYIHO:
inr(S? \ N,) < inr(S? \ Ny) = 6,

BBUY HepaBeHCTB (24). [[eNCTBUTEILHO, 5TA OLEHKA JOCTUTACTCA IPU U = ¢
7 He MOXEeT OBITH 60JbIIe, TOCKOIBKY OKPYX)HOCTE (), mepecekaet Jioboe y3-
J0BOE MHOXECTBO, COTMACHO mpeanoxkenuio 2. O6ozuaaum depes C(f) okpyx-
HOCTH pajuyca f Bo BHyTPeHHEH MeTpuKe S?; TOT1a eBKIMI0B PAJLYC OKPYX-
Hoctu C'(f) paser r = sinf. Yucno ) > 0 ABIgeTCA HUXKHEW CPAHULEH IJIA
BHYTPEHHEr0 pauyca TOTAA W TOABKO TOT/A, KOTAA BBIMTOMHAIOTCI CIEIYyIO-
e yCIOBU:

(1) 00 < Hna
(ii) mma xaxmgonn dyskmmm v € HX cymectyer g € O(3) Takoe, €aTo0
g 0(90) NN, = 0
(6maromapa (i), orparwvaennab okpyxuHOCTHIO C'(f)) Kpyr HE MOXeT comep-
XKATh KOMIOHEHTy MHOXecTBa NV, ). Jamee, maa moaru Bcex g € O(3) wmcno
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card(gC(6p) N N,) wérro. [T05TOMY MOXHO CIATATH, ITO
card(gC'(6y) N Ny) > 2,
ectu gC(6p) NNy, # 0. Honoxum 1y = sinfy. Ecan (ii) He BBIMOIHAETCA, TO

To

2. < Lo (CON (V) = "2 (V) < 2rom,
™ ™

cormacuo (20). Takum o6paszom, eciu 1y < %, TO 0y — HMXHAA TPAHWUIA, IIA
inr(S? \ N). Toaromy arcsin + sprserca muxueir rpanumeit s inr(S? \ N,,).
Buaumo, oneHka MOXeT GLITH yJIyd9IIeHa; BO3MOXHO, HAMMEHBIINN BHYTPEH-
HUl pagmyc mmeeT MHOXecTBo S?\ Ny (oH pasen 7))

Cdopmymupyem fOKa3aHHbIC BHIMIE PE3yIbTATHI IO S2.

Teopema 5. ITycms M = S%. [laa 410601 nenyie6oti cepuueckoti 2apmonur
u € HR umerom mecmo oyensu

?__g (n+3) < b(Ny,) < 2mn, (26)

arcsin 1 <inr (S2\ N,) < 0, < n{f% (27)

Bepznas epanuya 6 (26) docmueaemes npu u = ; 6 (27) eepruas epanuya
0, docmuzaemes npu u = @. O

§4. Cpeansis mepa Xaycpopda nepeceyeHnin y3nosbix MHOXECTB

Dukcupyem m > 2 u equHmIHy0 chepy S™ C R™T!. Mur maitgem cpegnee
3HaYEHUe 1O Ui, ..., Uk, k < m, mep Xaycmopda MHOKECTB

N, N---N N, CS™

[Ipu k = m »T0 cpenuee Iucao oOUAX HyJdend GYHKIAA U1, . - . , Uy B S™. O60-
3HAYUM

n=(ng,...,ng), 6(n)=dmH"" -1,

rie n,n; — HaTypaldbHLIE Uncaa. OupenenuM cpegHee 3HATCHUE TaK:
[

M, = / hm_k (Nu1 Mn---N Nu/c) d56(n1)(u1) s d56(nk)(uk)a (28)

S8(n1) ... x S8 (k)

rje 0j — WHBApMAaHTHaA Mepa Ha S’ momson maccer 1. IIycTs A, — cobcTren-
HOe 3HadeHue omepaTopa —A B H™!; mamomumM, 1TO

Ap =n(n+m—1).
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Teopema 6. ITycmv 1 < k < m. Tozada

vl

My = wpm_rpm~—

Ani e Angs (29)
ede cpeduee My onpedeaeno 6 (28).

Ecau k = m, To My, — cpeguee 3uadenue senrmansst card (Ny, N -+ N Ny, );
Tak kak wy = 2 n h’ = card, To oro pasHO

m
2

2m

Aoy A

VIMeeTCsa eCTeCTBEHHOE SKBUBAPUAHTHOE OTOOpAKEHue 4, : S — S ¢
Hm+1.
mt

in(a) = ﬂ (30)
|¢al

[ln1a HEIETHBIX N OHO B3aWMHO-OJHO3HAYHO, a IPU YETHHIX 71 ABIACTCA [BY-
JAUCTHBIM HAKPLITHEM (OTOXIECTBIAIOTCA MPOTHBOMOIOKHBEIE TOUKM). Tak
KaK puMaHOBa MeTpuka B +(S™) muBapmanTHa oTHOCHTErbHO O(m + 1), a
IpyIIIa I30TPOINA TOUKY ¢ TPAaH3WTUBHA Ha cdepax B TS™, TO Ly, JOKAIBLHO
ABIAETCA METPUIECKUM NOZ06MEM OTHOCUTENLHO BHY TPDEHHUX MeTpUK. [IycTs
Sp — ero koadddunment. OUeBuUIHO,

— |datn(v)]

T T ]

, (31)

rge mpasad dacTh He 3asucuT or a € S u v € T,S™ \ {0}. Boxee Toro,
npu [ < m mias kaxgoro [-cupamiasemoro muoxecTBa X C S™ Takoro, 9To
X N(—X) = 0, umeeT MeCTO PABEHCTBO

b (1n (X)) = s,b'(X). (32)

Jlemma 6. ITycmp mmnoncecmeo X C S™ komnaxmmuo u (r + 1)-cnpamasemo,
2der <m — 1. Toeda

Wy

/ss(m b" (N N X) dog(n) (u) = sn hH(X).

Wr1

HMokazaTeabcTBO. [lockoabky 06e YacTU paBeHCTBA aJIUTUBHBLI IO X, TO-
CTATOYHO N0Ka3aTh yTBepXAeHue B npeanonoxeruun X N (—X) = (). Mer npu-

mernm Teopemy 4 x cdepe S u eé mogmuoxecTram A = S -1 B = 4 (X).
B o6osmavennax ston reopemer d = d(n), k =d—1,1 =r+1; Kw, = ‘L—’l’

3amenss waTerpuposanue o S¢ yepennenuem mo O(d + 1) u npumensa (32),
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OJNy 9aeM

/Sd 0" (N, N X) doa(u) = — [ b7 (N, N X)) dog(u)

Sn sd
1 1
= L[ bt (X)) doa(u) = — / 07 (95" 1 (X)) dpralo)
Sy Jsd Sn JO(d+1)
_i k (ak) nr+1 W r+1 _ Wr ol
= KO (81) 0H000) = P (0) = s ).

Caepcrsue 4. Cpeduee anauenue ™ 1(Ny) no u € H™ ! paeno spwm—_1-
Hoxa3zarenscTBo. [lomoxum X =S™, r =m — 1. U

CaegcrBue 5. ITycmb My, m, k — me ace, umo u 6 (28). Toeda
k
M, = Wk H S - (33)
i=1

HMoxkazareascrso. Ilycte X = N, N---NN,, ,. Cormacuo temme 6,

Wm—k

My = sy,
Wm—k+1

My,
rgen’ = (nq,...,nk_1). [IoBTOpsa 5TO ¥ NIpUMEHAA CAEACTBHE 4 Ha TOCIETHEM
mare, noxyaem (33). O

Ocranoch HAUTH S;,. O603HAIM
d=dimO(m + 1).

Tak xak craburuzatop O(m) Toukum ¢ = (0,...,0,1) Tpamsurusen na chepax
B T,S™, To mEBapuanTHAA puManoBa MeTpuka B O(m+1) MmoxeT OGBITH BHIOpa-
HA TakK, 9T0OBI KaHoHWIecKad npoeknma O(m + 1) — S™ 6buia MeTpuaeckon
cyomepcuen. Ilycts &1,...,&m, ..., — OpTOHOpMAILHBIN Gasuc B aarebpe
JIu so(m + 1). Peamusysa so(m+ 1) 1eBOMHBApUAHTHBIMY BEKTOPHBIMY MOIAMEA
Ha O(m + 1), monygaem muBapmanTHBI omepaTop Jlamnaca-BerbTpamu Ha
O(m +1):

A=g+--+¢&.

CymwMma He 3aBUCHT OT BBIOOpa 6a3MCa, TAK KAK OHA JEBOMHBAPUAHTHA, & DTO
CBOUCTBO BBIMOJHACTCA B equHuIie. [103TOMy MOXHO CIATATDL, ITO

Emits .- Eq € so(m). (34)
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Jlna f € C*(S™) nonoxum f(g) = f(ga). Torga (Af, ¢o) = Af(e). Tak kax ¢

SKBUBAPUAHTHO, TO

L ¢4, (35)

at(§a) = w

s Beex € € so(m + 1). Uz (34) caemyer, aro &1a,. .., E&na — 6asuc B T,S™,
aiga,...,Emps — 0asuc B Ty, 1(S™). Kpome Toro,

|€kal =1, k=1,...,m,
¢a=0, k=m+1,...,d,

r/le TIEPBOE PABEHCTBO BBIMOIHAETCA TOTOMY, 910 mipoeknua O(m + 1) — S™
ABIACTCA METPUYUECKOU cyOMepcumenr. Brarogapa sTuM paBeHCTBAM, a TaKkKe
coornomenusam (30), (31) u (35), morysaem

d d
2=s2> |&al® = Z |dat(€pa)? = ‘ ¢ TP Z [k
k_ —_

d
1
- _‘¢ Z £k¢a,¢a = _‘¢ |2 <A¢aa¢a> = >\n
a 1 @

Joka3zarenbcTBo Teopemsbl 6. CormacHO TPOBEAEHHOMY BBIIIE BBIYTUCIE-
HUIO,

An
Sp =1\ —
m
[Ipumensas cregcrsue 5, moxydaem (29). O
B crygae ny = --- = np = 1 €CTh W HEMHOT'O MHOE €CTECTBEHHOE 00BACHE-
1 k

Hue paBeHCTB (29), (33):

k
An\ 2
k
My = wm_k <— = Wm—kSy,-
m

Cpennee MoxeT GBITH Ompeaeneno kak maTerpart mo rpymnme O(m + 1) npu eé

JEeUCTBUU HA MHOXECTBE IOANPOCTPAHCTB KopasmepHocTu k B H,', KOTOpHIE
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MOTYT GBITH pearmsoBambl Kak Ny, M- NNy, = ui N Ny

M, = / hm_k(bgl(gS‘s(n)_k Nt (S™))) dim(g)
O(m+1)

— Sg—m/ hm—k:(gsé(n)—k N Ln(Sm)) dum(g)
O(m+1)

_ Jk—m Wm—k m m
=sp ——h"(L(S™))
Wm
k
= Wm—kSp-
MeTon BBIYHCTEHWS CPEIHErO 3HAYEHUA Mep Xaycaopda PacrpOCTpPaHs-
eTCA Ha CIyYall OJHOPOMHBIX PUMAHOBBIX MPOCTPAHCTB, I'PYMNa U30TPOMUN

KOTOPBIX TPAH3UTWBHA HA cdhepax M3 KacaTeIbHOTO MIPOCTPAHCTRE.

A 6aarogapen JI. [lorTepoButy 3a Bompoc-npeanonoxenue o ,,reopeme besy
B cpequeM“ u [I. flko6coHy 3a mome3HBIE KOMMEHTAPUN U CCHLIKH.
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