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ITIOJIYHEITHBIE I'PYIIIIOBBIE KOJIBITA
KJACCUYECKUX I'PYIIII, OITPEAEJIEHHBIX HA/
II0JIAMMX C HEYETHBIM Y9IUCJIOM SJIEMEHTOB

§1. BBEIEHUE

IIycts G — KOHeYHaA TPyNNa, U OyCTh F — MoJTe XapaKTEPUCTUKHA P,
gemsmen nopsanok G. B cepun padot [1-5,15] nsyuanacs ciegyomas mpo-
6aema; omucath napsl (F,G), Takue, 9T0 rpynnosoe koablo FG asriserca
nonynenseiM. B wactrOCTH, B [4] GBLTA CHOPMYyIMpPOBaHA MIOGATLHAS TH-
NOTE3a O CTPOEHWA TAKAX Hap (CM. TOIHYO GOpMyaupoBKy Huxke). OCHOB-
HEIM KOMIIOHEHTOM 3TOU THUIOTE3LI ABIACTCA OMUCAHUE MPOCTHIX KOHET-
HBLIX CPYTI C TOMYIEMTHBIMA TPYTITOBBIMA KOMTBIAMM.

I'pynmossie KOIbIIa 3HAKOIEPEMEHHBIX [PYII OBLIN PACCMOTDEHE! B [3],
a MpOCTHIX crnopaguwdeckux rpynn u rpynn Cyasyku — B [4]. Hampuwmep,
[JIA TPOCTHIX CHOPAIMIECKMX CPYIN HOMYHENHOCThL TPYIIOBOTO KOMBIA
F @ umeer mecro, eciiu u Toabko e G = Jyup = 3, m60G = My up =
5. Manee, IPOEKTUBHLIE CHEMUAILHEIE JUHEMHbLIC IPYTIEL ¢ MOTYICIHEIMA
CPYIIOBLIME KOJIBIIAMY ObLIM ONMCAHEL B [15], & HeKIacCcUIecKne IpoCcTHIe
KOHEUHBIe IDYIINLI INeBa TUla — B [5].

B macrosmen paboTe MBI JaIuM IOJHLIA OTBET Ha BOIPOC O MOJIYIIEH-
HOCTH B Crydae, Korga G — mpocTas KOHEYHAs KIACCHIECKas (CHMILIEK-
THIECKasA, YHATAPHAA WA OPTOTOHAIBHAA) DPYIIA HAJ MOJEM HEYeTHOU
XapaKTEepUCTUKA. B 3TOM CIydae BOZHUKAET TOMBLKO OJNH MPUHIUIAAILHO
HOBBIN KJIACC TPYMI C MOJYHENHLIMEA FPYTITOBEIMA KOIBIAMEA. A MMEHHO,
MBI JOKAKEM, ITO JI00as KIACCHIECKAS TPOCTAA KOHETHASA MPYTIIA C MOy -
HEMHBIM TPYIIIOBEIM KOJBIOM MO0 H30MOP(MHA TPOCKTUBHOU CIICMUATb-
Hou juHenHou rpynne PSLs(q), npudem p | ¢ — 1 B G0nbIIKHCTBE CIoy9aes;
mm60 G = PSUs(¢?), mpuaem p mHeweTHO M memuT q — 1.

K coxanenuoo, UCTOIB3YEMBIN B HACTOAIICH PabOTe MOLX0 HE MO3BO-
JIIET BKIIOYUTH CPYMIIOBLIE KOJIBIE KIACCHIECKAX TPYII, OMPeneIaeMbIX

Katouesbie ¢406a: TOMYHEIHOE KOMBIO, TPYIIIOBOE KOMBIO, KIACCAIECKNE TPYTIIHL.
AsToper 6rarogapusl A. E. 3amecckoMy 3a MOJME3HBIE 3aMEYaHUA, CIOCOOCTBOBAB-
mue yJIy‘IH_[eHI/I}O CTaTbhU.
Iepsoin aBTop mogaepxkan rpantoM BPDPDU (mpoekt No. P15PM-025) .
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Ha O IOJAMU C Y€THBIM YINCJIOM 3JIEMEHTOB. ITO e,[[PIHCTBeHHBIﬁ KJIaCC Ipo-
CTBIX KOHEYHBIX I'DYHII, NI KOTOPBIX BOIIPOC O MOAYIETHOCTU I'PYTIIOBHIX
KoOJIen] IIOKa OCTaeTCsa HEPEIICHHBIM.

§2. OCHOBHBIE CBEJIEHUA

HamomuuM, aTo Moayabs M Ha3biBaeTCS HEMMHBIM, €CJAU €0 PEIIeTKa
TOAMOIYJIEN ABMACTCSA [EMBI0; U TOMYIIEMHBIM, €CJIU OH PACK/IA ILIBACTCS
B MPAMYIO CyMMYy MHemHLIX Moayaen. CkaxkeM, 9TO KOJAbIO R mosymemn-
HOe, eCJU MPABLIN PEryIApHBIL MOAYJIL RpR MOJYIETHON, U TO XK€ BEPHO
s aesoro moxayas grR. Urtak, R — moiyuemHoe KOJIBILO, €CIM U TOJBKO
€CIM UMeeT MEeCTO paljoXKeHue efuHunbl 1 = e; + -+ + e, B CyMMY IO-
MAPHO OPTOTOHAMBHBIX UAEMIIOTEHTOB, TAKUX, 9TO BCe MOAy.n ¢; R u Re;
ABIAIOTCA HenHBIMU. Hampumep, 11060€ KIaCCHIECKN MOIYITPOCTOE KOIBIIO
mosynenso. Eiie oquH mpuMep MOMYIEmHOrO KOIbIA JOCTABMAET JOKAIA-
3anua Z(p).

IMycts G — xoHeuHas rpymma, u MycTh F — moje XapaKTepUCTUKU P.
Hac 6ymer mHTEpecoBaThb BOMPOC O TOM, KOrga CpymmoBoe koabio F'G
moayuenuoe. Eciu p we gemut mopagok G, To F'G — KIacCuvecku mouy-
MPOCTOE KOMBIO. VCKII09asa 5TOT “TpUBKATLHEIN CIyYal, B 3TOU paboTe
MBI OyIeM IPeAnoIaraTh, YTO P AJIUT HOPAAOK G.

N3BeCTHO HECKOIBKO OTPAHUYEHUN HA T'PYIINY, KOTOPHIE BEITEKAIOT U3
MOJYLEMHOCTH ee TPYIIOBOro Komibia. Hampumep, u3 pesyabrara Xurma-
Ha [12] crenyeT IMKINIHOCTS (JMH0GOU) CUIOBCKOU p-MOArPYNOsl P rpym-
et G

W3 pa6orsr Asentya u 'puddura [7] (cM. Takxke [1]) BEITeKaeT, 4TO
MOJYLIENHOCTb KObla F'G 3aBUCHT TOJBKO OT XapakTepuctuku nojs F.
Hampumep, 97065l yIPOCTUTD BEIMUACICHUS, MOXHO CIATATH F KOHETIHBIM
moseM, Win “IocTarTovHo GoabimmM” (CKaxkeM, aareOpandecKu 3aMKHY-
TEIM) moeM. B mocaennem ciydae moaynenHocTs Koabla F'G 3KBUBATEHT-
Ha TOMY, 9TO P IUKINYeCKas, U KaXK BN P-MOAYIAPHBIA HETTPUBOIUMEIN
xapakTep rpynnbl G MOXeT OBITb HOTHAT A0 OOBIKHOBEHHOT'O XapaKkTepa
€IMHCTBEHHBIM 006Pa30M.

Ecau G — p-paspemumas rpynna ¢ QUKIAIECKON CUIOBCKOU P-TIOATPYTI-
non P, To m3 pesyasrara Mopurs [17] (gokasamnoro gusa anreGpamtde-
CKHU 3aMKHYTOT'O TOJIA) BEITEKAET MOMYHEmHOCTh Koablia FG. Eciu G ne
p-paspemuma, HO P nukandeckas, T0O, Kak m3BecTHO, G UMEeT KOMIIO3U-
nuonnsn pag {e} C Oy C K C G. 3aecs Op — HauOOIbIIAS HOPMAJIBHAS
moArpymnna rpynns (G, 9er mopsagqoK B3AMMHO NPOCT ¢ p; K — HauMeHbInasa
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HOpMaJIbHAsA MOArpymnma rpynmsl (G, co6CTBeHHO cogepxkamas Op (ITo
Breder P C K); u H = G/K — HeabeneBa mpocTas KOHEYHAA CPYIIA.

B pa6otre [4] mamu OblLia BHLIBMHYTA UIOTE3a, YTO L He-p-paspe-
MIMMBIX TPYIN € MUKJIXIECKOU CHIOBCKOU P-MOATPYHION Koabio F'G mo-
JYIEIHOE, eCIN U TOJIBKO €CIU TO XKe BepHO mid Koabia F'H. Boaee Toro
(cMm. daxT 2.4), TOKA3BIBAA BTY TUTOTE3Y, MOKHO CIATATh, uT0 G = K.
B wacTHOCTH, 5TO MpeanoaoKeHre OBUIO TPOBEPEHO A CPYII MOPALKA,
< 2000 (meomybaukoBano). Urak, mepeducienne Beex IPOCTHIX KOHETHBIX
CPYIIT C IIOMYOENHBIM CPYIIOBEIM KOJBIOM ABIAETCA BAXKHEIM IIATOM B
MOKA3ATEIbCTBE DTOU FUIOTE3HL.

3amernm (cum. [8, temma 4.4.12]), uro Op SABIIETCS AHHYIATOPOM [VIAB-
HOro 6s0Ka By rpynmner (7, HO3TOMY UCKOMBIN CIIMCOK TPOCTHIX TPYII 1aCT
ONMMCAHWE BCEX KOHEYHBLIX IPYII, IbM TIABHBIE OJIOKH MOJIYIECTHLIE.

Huxe mam morpebyercs cnucok rpynn SL,(¢) u PSL,(¢) ¢ moxyuen-
HLIMJ T'PYIIOBLIME KOJIBITAMIE.

®Paxr 2.1. [15] Tyemv G - odua uz epynn PSL,(q) wau SL,(q), n > 2.
ITyecmv F — noae zapaxmepucmury p, deaswet nopadox G. Toeda koavyo
FG noayuennoe, ecau U moabko €CAU 6bINOARALTNCA 00HO U3 CACOYIOUUT
Yycaosul:

)n=2,p>2up deaum q—1;

Dn=2,p=q=2usup=q=3;

3I)n=2,3,p=3uqg=2,5 (mod 9).

3aMeTuM, UTO BCE NPOEKTUBHBIE CIEIUAIBHLIE TPYIIIEL B 3TOM CITUCKE,
kpome PSLy(2) u PSLy(3), ABasioTCs IPOCTHIMU.

Ecau p = 2, To rpynmosoe koabo F'G momrynennoe, eCIu u TOIBKO eCIHn
rpynna G ssasercsa 2-uunbnoredtHon (cu. [2]). Hosromy, kax npasumio,
MBI OyeM OpeAnogaraTb, 9To p HedeTHO. Cleayomun IpocTon (pakT
TaKXKe BEChMA, TIOJNE3EH.

®@axkr 2.2. [18, npennoxenue 5.1] ITyemv G — npocmas Koneunas neade-
A€8a 2PYNNa auesa muna, onpedesseman nad nosem Lasya u3 q snemen-
mos u ne uzomopdunas epynne PSLy(q). Ecau p deaum q, mo cusosckas
p-nodepynna epynnsvt G He YUKAUYECKAL.
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NTak, B GOMBLIIMHCTBE CIyIaeB MOXKHO TPEANOJAraTh, ITO p He Ae-
aut ¢. Yepes d Oyaem 0603HAYATH TMOPALOK ¢ O Momayaio p. Or mapa-
MeTpa d 3aBUCAT OMUCAHME CHIOBCKAX P-TIOATPYII KOHEIHLIX KJIACCATIE-
ckux rpynn [19,20]. B tabauue 1 npencraBieHbl HOPSAAKA CAIOBCKAX P-
HNOACPYII AIs Ciydas, Korga p > 2 u p He geaur ¢. [Ipu srom |H|, o6o-
3HAYAeT MOPANOK CIIOBCKOW p-moarpynmsl rpymnsl H, a |k/l] — menas
qacTh apobu k/I.

Eme onua mosesHe KpUTEpUU MOTYyHENHOCTH HCIOAL3YET TePEBbA
Bpayspa. A umenno (cu. [8, cregcreue 7.2.22]) koasno F'G motyuensoe,
€CIM W TOJLKO €CIM CHJIOBCKAA pP-MoArpynna P nukawmdeckas u mIepeBo
Bpayoapa 1106010 p-610Ka rpynnsl G ABIAETCS 3BE€3I0U, Ubid UCKIIOUATENb-
Hag BepIuHa, (€Cau CYIIECTBYET) HAXOOUTCA B LEHTPE 3BE3bL.

Ham momagoouTcsa caenyroiun pesyabrar Ponra u CpuHuBacaH.

®akt 2.3. [10] Iycmv G — odua u3 xaaccuueckuz 2pynn GU,(q?),
SO2n+1(q), CSps,(q) wau CSOZ,(q) dan mewemmozo q. IMyemy F — no-
ae newemnoti Tapaxmepucmury p, ne deasuet q. Toeda depeso Bpayapa

Tab6mmma 1. IlopAIKy CIIOBCKIX HOATPYIIIL KIACCATIeCKAX
rpymm [19, c. 540]

I'pynma Ycnosue Ha d Iopsamok cmios- | Cunos-
CKOU p-TIOATPYIIIEL | CKUN
TUn
d weTHO GLom (9)p A
R0 d HeIeTHO GL(q)], B
d werHO GLom(9)|p A
GO2m11(9) d HeveTHO GL(9)p B
d mederHo GL..(9)|p B
GO3,.(9) d getsno u [d/2m] me- | | GLam—2(q)]p A
9EeTHO
B ocTaIbHLIX crydaax | | GLaom(9)]p A
d HedeTHO GLy—1(Q)lp B
GO3,,(9) daerno u |d/2m| get- | | GLam—2(q)|p A
HO
B ocTaIbHLIX crydaax | | GLaom(9)]p A
d=2 (mod 4) GL,(¢?)] B
2 2
GUn(7") B ocrambHbIX caydasx | | GL|,/2((q)]p A




162 A. B. KYXAPEB, I'. E. IYHUHCKUIA

4100020 p-baoxa 2pynnbt G ¢ yukauweckot dedexmmuoti nodepynnot A6.44-
emcsa 0Mmpes3KoM.

Mgl mokaxkeMm, 9TO B GOJBIIUHCTBE CAyYaeB MJIABHBIU OJ0K By CpyImbl
G comepXuT MO KpauHen Mepe e > 3 pebep, OTKyaa OyaeT CaeqoBaTh, 9TO
DTOT OJIOK HE ABISIETCS TMOJIYLENHBIM KOJBIOM. 30eCh € = e — UHIEKC
nenrpaausaropa Cg(P) B nopmamusarope Ng(P), T.e. HaM HEOOXOIUMO
OLIEHUTH HETPUBUAJIBLHOE NEUCTBUE HOPMAIM3ATOPA COMpaxkeHueM Ha P.
3amerum, uro ecau H — moarpymma G, comepxkammas P, To ungekc ey,
BBIYUCJIEHHLIN B H |, HE IPEBOCXOAUT €¢ .

IMockonbKy GOJIBIIUHCTBO PACCMATPUBAEMBIX 30ECH TPYII ABIAIOTCA
TMOATPYIIIAMA TIOJTHOW JUHEWHOU TPYINLI, TO UHIEKC € MOXKHO OIECHUTH,
BBLIMMC/IAA COOTBETCTBYIOIINI NHEKC B JUHEMHOU IPYIINE, [ OH 3aBUCAT
roabko ot d. Hampumep, rpynna G = GL4(¢) cogepxur konuio myJb-
TUILIMKATUBHON TPYIIILL IIOJIA de, — TaK HA3LIBAEMLII IUKJ SHHIepa.
Torga cumoBckas p-moarpymnma P rpynner G MOXeT BBIOpaHA KaK MOJI-
rpymmna >Toro nukia. llearpanmusarop P B G coBmagaet co BCEM MUKIOM,
a HOPMAIM3ATOP MOPOXK JEH HAJ IIEHTPAIUIATOPOM DIEMEHTOM Y, KOTOPHIN
JEHCTBYeT COMpSIKEHMeM Ha, MOPOXKIaomeM o rpymnsl P xak o = af,
CIeJ0BATEIBLHO € = d.

3aMeTuM TakkKe, YTO CUIOBCKaA p-moArpymmna rpymnsl GL,, (¢) nukiu-
Yeckas U HeTPUBUAIBHAS, €CIN U TOJABKO ecan m/2 < d < m.

Ecan xonpno FG noayuennoe, To d He MOXET OBITH CIMIIKOM MAaJIbIM
IO OTHOIIEHUIO K Pa3Mepy MATPUIl, WHAYe P He MUKIMIecKas; u He MOXeT
OBITH OYEHBb OOJBIINM, MOCKOJBKY DTO BIAEYET € > 3. JTa CYIIECTBEHHO
OrPAHUYUBAECT PA3MEPHI MATPHII, I KOTOPHIX I'PYIIMOBLIE KOJIBIIA, COOT-
BETCTBYIOIIUX T'PYNI MOLYT OBITH MOIYUEIHBIMA; U OCTABIIUECS CIyIau
“MaJIeHbKUX TPYIIT AHAIUUPYIOTCA HPAMBIM CIETOM.

Hainen oCHOBHOU LEJTBIO ABISAIOTCA CPYIHIOBBIE KOJIbIA KOHEYHBIX MPO-
CTHIX KiaccudeckuX rpymm. O 1HAKO NPy UCTOTB30BAHNY (PAKTA 2.3 ITPUXO-
IUTCs PACCMATPUBATEH HEMPOCTHIE KIACCUYECKUE T'PYHNbl (HAIPUMED, UX
KOH(OPMHBIE BAPUAHTEL). KpoMe TOro, HeHTpaIu3aTOPE 1 HOPMAIU3aTO-
PBI CHIOBCKUX MOATPYIII MPOIIE BHIYUCIATE Ui KOHKPETHOU TCPYIIIBL U3
KJIACCUYIECKOTO PALA, BEIOOP KOTOPOU MOXKET OBITh OTINYeH OT (hakTa 2.3.
[l1s mepexoga MeX Iy Pa3JudHBLIMU MPEICTABATEIIMA B OJHOM KIACCUIe-
CKOM PAIY, MBI OyIeM UCIONBL30BATh CISAYIOMNN pe3yabTaT deura.

dakT 2.4. [8, Teopema 6.2.7] IIycmv F — noae zapaxmepucmuxu p.
ITyecmv H — nopmaavnas nodepynna epynnsvt G, codeprcawas cui08cKyo
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p-nodepynny P. Toeda xomvuo FG — noayuenwnoe, ecau u moavko eciu
mo sce sepno 0aa xoavya FH.

Ham Taxxe noTpebyeTcs JOKATBHEIN BADUAHT STOr0 gakTa. Hamomuamm
(cm. [8, c. 196]), aTo Gaok B rpynnst G HakpuiBaeT 0iok B’ ee HOpMaib-
HOU moArpynmsl H, ecam maumgyTces xapakTepul X € B u ¥/ € B’ Takne,
9TO X' ABIACTCA KOMIIOHEHTOU Cy)erus X Ha H . Hampumep, rmapabl 610K
G BCcerga HaKpPHIBAET TVIABHBLIN OTOK H.

Iyctes (7,Q) — nepeso Bpayspa 6moka B ¢ MCKIIOYATENBLHON BEPIIA-
mou (). Torma mepeeo 7" mosydaercsa M3 7T PacKpy4IMBaHMEM BOKPYT (),
KOTODOE CO34AeT N BeTBel (MCXOJHOE AEPEBO CIMTAETCSA OLHOU BETBBIO).
Hampuwmep, eciu 7 — oTpe3ok

TO 73 — 3Be3Ja CIeIVIOMEro BUIA

Crenyst Penry [9, c. 43], ckaxeM, 1To nepeebs Bpayspa 610koB By 1
B> mogo6usbI, ecin HaugeTcs Takoe aepeso (7,Q), uro 7(By) = ™ n
7(By) = 7" mas HATYPaIbHBIX YUCET M U N.

Jlemma 2.1. IIyecmsv F' — noae xapaxmepucmuxu p, u nycme G — 2pynna
¢ yuKrauweckot cuasosckot p-nodepynnot P. IIycmv H — nopmasvras noo-
epynna epynnvt G, ueti undexc 8zaummo npocm c p. Ipednosoxcum, wmo
depeso Bpayapa eaasnozo 6aoxa epynnvt G asasemea ompesxom. Toeda
u depeso Bpayapa eaasnozo 6ao0xa epynnvt H seasemca ompesxom.

HMoxkazareascTBo. Ilycts 79(G) — gepeso Bpayspa riasuoro 6moka rpym-
el G, caepoBarensHo, 7o(G) — orpesok ¢ eq pebpamu. [lockoasky H co-
nepxut P, u3 [9, nemma 4.2] BeiTexkaer, uro 7o (G) mogobuo gepesy Bpay-
spa To(H) rmasHoro 6moka H, cregosarensto 7o(G) = 7™ u 1o(H) = ™"
[T HEKOTOPOT'O [EPEBA T

Ecau eq mewerno, To 7 coBuagaer ¢ 19(G). llockoasky ey < e, cie-
poBarenasHo To(H) = T Takxke saBaseTcs oTpeskoM. lIpexmomoxum, 4To
eq = 2k getno. Torma moABIAETCA NOMOIHATEIBLHAS BO3MOXKHOCTD, KOTIa
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T — uHTEpBaI ¢ k pebpaMy M UCKIIOYATEILHON BEPIINHON Ha KOHIe. U3
eg < eg 3akmodaeM, 9To aubo 1o(H) = 7, mbo 179(H) = 19(G), uTo un
maet Tpebyemoe. (I

Ba3oBble cBeIEHNA O KIACCHUECKUX KOHEUHBIX TPYMIAX MOXKHO HAUTH
B [14] u [21]. 15 DOIHOTEL U3JI0KEHUS MBI IIPUBELEM HEOOXOJUMEIE OIIpe-
JLEJICHUSL.

§3. CUMILIEKTUYECKUE T'PYIIIIBI

Ilycts V' — BeKTOpHOE TPOCTPAHCTBO KOHEYHOW DPA3MEPHOCTHU 7, HAT
noneM laxya F, ¢ HeweTHbIM umciaoM siaemeHTOB. Buinuennas dopma f :
V xV — V nasbiBaeTca KOCOCUMMETPUIHOM, €CITU PaBeHCTBO f(u,v) =
—f(v,u) BEIDOMHSETCS A1 BCex u,v € V.

Mycte f — xococummerpuvHas HeBHIpOXKAeHHAA dopma HA V. Takas
dopMa eIMHCTBEHHA C TOYHOCTHLIO IO BBEIOOpA 0a3mca MPOCTPAHCTBA V.
Kpowme Toro, n = 2m — wernoe uucao. Ecin f 3agana marpumen W, To
W = —W?*, rge t o3Ha9aeT TPAHCIOHUPOBAHIE.

CummekTrdeckas rpynmna Sp,,(¢) cocTouT u3 00pATUMBIX MATDPHUL]
A nmopsagka n, KOTopsIe coxXpasAloT dopMy f, T.e. AW A = W. dta rpyn-
mMa UMeeT CJIeIYIOMINN MOPAIOK:

ISP, (@) =a™ (> —1)-(¢"—1)-...- (¢" — 1).

0

Hanpumep, moxuo B3siTE W = (—Im 16” ) Torga npasuio A — (A 0 )

—t
sagaer saoxernue GL,,(q) B Spa,, (q)- o
Koudopmuas cummiektudeckas rpymnmna CSp,, (¢) cocront u3 06-
PATUMBIX MATPWI, KOTOPHLIE COXPAHAIT [ C TOYHOCTBIO 0O MY.JTbTUILIA-
KaTuBHOTO cKanapa. Torga Sp,,(¢) — HopMansHas moarpynma B CSp,,(q)
unexca ¢— 1. Cxanapubie matpumnsr diag(a, -..,a), a € F; obpasyior nentp
rpymnsr CSp,,(¢) mopsanka ¢ — 1. TIOCKOIBKY ¢ HEUETHO, TO MepecevdeHne
5TON MOArPyHIHL ¢ Sp,,(q) coBmagaer ¢ ee nentpom Z = {+1[,}.
daxrop-rpynna Sp,,(¢)/Z Ha3bIBAeTCA IPOEKTUBHOU CUMILIEKTH-
geckou rpymnmou u obozagaerca PSp, (¢). Eciu n > 4, To ara rpymma
upocra (Spy(2) uckiouena u3 pacCMOTPEHUs, IIOCKOIbKY ¢ HEYETHO).
Ecu n = 2, To rpynna Sp,(¢q) nzomopdua rpymne SLx(q), u PSp,(q) =
PSLy(q) [14, c. 43]. Bompoc 0 MOMyIeNHOCT] IPYIIOBLIX KOTEI TUX CPYIII
pemaercsa pakTom 2.1.
Cremyromas TeopeMa IMOKa3BIBACT, ITO B OCTABIINXCA CIydadX IOIy-
HEmHBIE KOIbIA HE BCTPEIAIOTCA.
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Teopema 3.1. Ilyembv G — o0dua uz epynn CSp,,,(q), Spay,(q), wiu
PSp,,,(q), 2de m > 2 u q newemno. IIyemv F — noae xapaxmepucmu-
xu p, deasweti nopadox G. Tozda xoavyo FG e noayyennoe.

HokazaTeabcTBo. [Ipeamonoxum, 9T0 CIOBCKaAsA p-ioarpymna P rpym-
nel G nukaundeckas (1 He equHuIHAA). Kax OBLIO OTMEYEHO BHIIE, A
p = 2 xonbro F'G momyuemnHoe, eciu u TOJLKO ecau rpymma G ABIIeTCS
2-HUIBLIIOTEHTHON. JIerKO MPOBEPUTH, UTO HU ONHA U3 TPYIN B yCJIOBUU
TEOPEMBI He 2-HWIBIOTEHTHA. MTak, MBI MOXKEM MPEANONOKUTb, ITO P
"HeueTHO. Bonee Toro, ucnoabsys gakt 2.2, 3akiamodaeMm, 9TO p He ge-
JUT q.

IycTs d — mOpAmOK ¢ MO MOLYMI0 p. PACCMOTPUM CHAMAIA, CIyYal, KO-
roa d = 1, T.e. p neaut g — 1. Ilockoabky m > 2, TO KaXaas CUIOBCKAST
p-noarpynna rpyunst GL,,(¢) He nukmnaeckas. [Ipusegennoe Boime gua-
COHAJIBHOE BJIOXKEHUE MOKA3LIBAET, ITO TO XKe BepHO A11 Sp,,(¢), caegosa-
rensro, gas CSp,,(¢) u PSp,,(¢), — mporusopeune.

Urak, MOxkHO cunTarh, 9TO d > 2. HamomuuM, 9TO aHHYJATOD TUIAB-
Horo Gmoka Jobon rpynmel G paser Oy . [IoCKOIBKY p HEYETHO, TO IIaB-
HBIM 610K rpynnsl Sp,,(¢) coBnagaeT ¢ riaBHBIM 6ia0koM rpynnst PSp, (¢).
Hanee, mockoabKy p He neauT ¢ — 1, To ruasHbM 6aok rpymusr CSp,,(q)
AHHYIUPYeTCs HOPMAIbHOU moArpynnon Cyj_1 CKAIAPHBIX MATPHUII.

3amernM, ato daxrop-rpynmna CSp, (¢)/Cy—1 comepxur Sp,(¢)/Z =
PSp,,(¢) xak HOpManbHYIO mOArpymImy uHIeKkca 2. U3 dakra 2.3 BhITEKaeT,
4T0 nepeBo Bpayspa rmassoro 61oka rpynnst CSp,, (¢) sBaseTcs nHTEpBa-
aom ¢ e’ pebpamu. Torga remma 2.1 Baeder, uTo gepeso Bpayspa raasroro
6moxa rpynn Sp,,(¢) u PSp,,(¢) — uarepsax ¢ e < e’ pebpamu.

Mur noxaxewm, uto ungekc e = |N(P)/C(P)|, serauciaenssit 8 Sp,,(q),
60JBIIe 2, OTKYAa BBITEKAET, YTO TPYINOBLIE KOIbLA Ipynd Sp,(q) u
PSp,,(¢) ve momynenuste. Torga HepaBeHCTBO €' > e > 2 Biaeder, 4TO
To xe Bepro u 1 CSp,,(q).

ITopsanok u crpoenne P 3aBucsAT OT 4eTHOCTU d — cM. Tabauiy 1.

Caygan A: d 9eTHO. B aTOM caygae P MoxeT OBITH BHIOpaHA KAk
cuioBcKaa p-moarpynna oowemmomen rpynmsl GL,(q). Mockonbky P —
IUKINIECKAA TPYINa, TO moaydaeM, 94to m < d < 2m. I3 m > 2 Borrekaer
d > 2, cregoBaTensHO, d > 4.

IIpu nogxoxgsamem Bei6ope Marpuust W rpynna Sp,(q) X Sp,,_4(q) Bria-
oeBaercsa B Sp,(¢) xkax G10vHAsS AMATrOHAAbL, ClIeJOBAaTeabHO, P Moxer
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ObITHL BEIOpaHa B JeBoM BepxHeMm yruy GLg4(q). UTak, tocTaTodHo noka-
3aThb, 4TO uHAeKC eq = |N(P)/C(P)|, Beraucaennsm B Spy(q), He MeHbIIE
d.

IIycTe o — mopox garoommi cuIoBckon p-noarpynnsl Py rpynmst Sp,(q).
W3 [19, remma 4.6] Berrekaer, aro daxrop N (P)/C(P) nopoxaeH sneMeH-
TOM Yy, IEHCTBYIOmUM Ha « compaxenuem kak a¥ = a?. ITockombky 10
IEUCTBUE UMEET TOPALOK d, TO moaydaeM eq > d > 4, 9T0 u TpeGOBAIOCH.

Cay4gan B: d megeTHo. I3 Tabmuier 1 3aKI0UaeM, 9TO B 3TOM CIydae
nopsagok P raxon xke, kak y cunockou p-noarpynmnst P/ rpynnet GL,, (¢),
caenoBarensHo P spasercs obpasom P’ Broxennon B Sp,,(¢) Auaronain-
Ho. Iockomeky P’ — mmkamdeckas, 7o m/2 < d < m. Tak kax d > 2
HEYETHO, TO d > 3, MODTOMY JAOCTATOYHO MOKA3ATh, 9TO € > d.

Kak u panee, MOXHO CIUTATH, 9TO ™ = d. PaccMOTpUM CHOBA, DIEMEHT
y' € GLq4(q), meucrBue xoToporo conpsixenuem Ha P’ 3amaer aBromop-
¢dusm nopagka d. [TuaroHaIbHEIT 06Pa3 3TOrO AIEMEHTA, JEKUT B HOPMa-
muszarope P u 3anaer aBToMOpU3M MOPAIKA d DTOU MOATPYIIIH. (I

§4. YHUTAPHBIE 'PYIIIIBI

IIycts ~ — uaBomonua @ = a? mona laxya Fp2, u mycts V' — n-meprOe
BEKTOPHOE MPOCTPAHCTBO HAJT DTUM moneM. bummrennas gopma f : V X
V — V masbiBaeTCA 3PMHMTOBOM, ecau paseHcTBo f(u,v) = f(v,u) BH-
mosHAeTCA I Beex u,v € V. Ecim f 3agana marpumen W, ro W = W'

ycTe f — meBBIpOXK MeuHAsS pMuToBa hopma HA V. Taxkas popma equn-
CTBEHHA C TOYHOCTBIO [0 COMpsKeHUs obparumMon Marpuuen. (O6imasn)
yaurapnas rpymna GU, (¢?) coctour s marpu A € GL,(¢?) coxpa-
wmomux f. B wactrocTn, ecru W = I,,, To GU,(¢?) cocTout m3 maTpumn

A rakux, aro A - A= I,,. TlopAmOK >TOU I'PYNNEL CIETYOMIAN:
|GUA(@)| = """ (g +1)- (¢ = 1) - (¢" = (1)),

YHUTApHBIE MATPUIILI C ONpeneauTeneM 1 06pa3yoT HOpMAIbHYIO MO I-
rpymmy B GU,(¢?) mHmekca ¢ + 1, KoTopas Ha3LIBAETCA CHEUAATBLHOU
yHUTapHOUM rpymmou, u obozragaerca SU,(¢?). leatp Z »Tou rpymn-
OB COCTOUT U3 CKATAPHBEIX MATPUI M UMeeT mopanok (n,q + 1). daxrop-
rpynma PSU, (¢?) = SU,,(¢?)/Z na3eiBaeTca MpoeKTUBHOU yHUTAPHOU
rpynmou. Ecin n > 3, To mocaenuas rpynma npocta (kpome PSUsz(4),
[JIS1 KOTOPOU ¢ 9€THO).

3ameruwm (cu. [14, c. 43]), ato SUz(¢?) = SL2(q) u PSU2(¢?) = PSLy(g),

CJIeLOBaTEIbHO, BOIIPOC O IMOIYIENHOCTUA IPYIIOBBIX KOJEIl 3TUX PYII
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pemraet daxT 2.1. Utak, MOXKHO MPEANOJOXKUTE, UTO 1 > 3. B sTOM cy-
qae UMEIOTCS TPOCTHIE I'PYIILI ¢ MOIYIETHBIME TPYINOBBIMU KOMBIIAMU,
a UMEHHO, CIPABELJINBA CIEIYIOWAs TeOPEMA.

Teopema 4.1. ITycmv G — odua uz 2pynn GU,(¢?), SU,(¢?), uau
PSU,(¢?), 2de n > 3 u q newemno. Ilycmv F — noae zapaxmepucmury p,
deasweti nopadox G. Tozda epynnosoe xoavyo FG noayyennoe, ecau u
MOALKO eCauU N = 3 U P — HEUELMHoe uucao, deasujee q — 1.

MokazaTeabcTBo. CHavara cremaem oOIme 3aMeIaHna, KOTOPEIE O3B0~
JIIOT TEPEXONUTH MEXK Iy PA3HBIMA yHUTAPHEIMUA CPYIIIIAMM.

Ecmu p me genmut ¢+ 1, o uraexc rpymms SU, (¢?) B GU,(¢?) B3amvmuo
npocT ¢ p. U3 dakTa 2.4 BLHITEKAET, ITO I'PYIIOBLIE KOJBIA DTUX DY
HOIyIenHbe (MIN HET) OTHOBPEMEHHO.

3amernym, uTo ckanipHad MaTpuna diag(a,...,a), a € Fy. npunazre-
xut GU,(¢?), ecmn u Tombko ecim a?t! = 1, cregoBaTensHO, Takue Ma-
TPHULEL 00PA3YI0T HOPMAJIBHYI0 NUKINIeCKyo noarpynmy Cgyiq Hopagka
q + 1. @axrop-rpymma GU,,(¢?)/Cy+1 conepxut PSU, (¢?) xax mHOpMATE-
HYIO moArpynmy uHgekca (n,q + 1), cienoBaTeabHO, CPYIIOBLIE KOJbIA
DTUX MPYTIT ABIAIOTCA TOTYIEMTHEIMA OMHOBPEMEHHO. /lanee, NIaBHBIT O/I0K
rpymmer SU,(¢?) anmymupyeTcsa meHTpoM Z, C1eI0BATEILHO, COBIATAET C
riaaBHbIM 670KoM rpynmer PSU, (¢2).

MocraTounocts. Ectun G = SU3(¢?), u p nemut g — 1, To u3 [11, Teo-
pema 4.1] BerTekaer, uro koibio FG monynemnnoe. CormacHo 3aMedaHnam
BEIIITE, TO K€ BEPHO 1A TPymIoBoro Kobia rpymmsl GUs(¢?). Tlockorbky
PSU3(q?) sapmserca dpaxTop-rpymmon rpymmst SUs(g?), To ee rpymmosoe
KOJIBIIO TAKKE MOLYHEHOE.

Heo6xoaumocTs. [Ipeanonokum, 9To Koabio FG moayuentoe, B 9ac-
THOCTH, P — OMKINYIeCcKas rpymma.

Ecmu p = 2 wim p | ¢, To (kak ¥ BBHIIIE) HETPYAHO YCTAHOBUTH, HUTO
xoablio F'G ue nonynenuoe. Kpome toro, ecmu p gemur ¢ — 1 un > 3, To
rpynna P He IHKIMIecKas, TOCKOIbKY mveeT mMecto Baoxerne SUs(q?) x
SU»(q?) B SU4(¢?). Amanoruiso, P He MUKITIeCKas, €CTI n > 2 U P AeTAT
g+ 1 (em. [11]).

NTak, MOXHO TPEANONOKATE, YTO P — YeTHOE YUCJI0, He [Jedllee
g n q £ 1. CregoBarensuo, ecau d — MOPSAIOK ¢ MO MOLYIIO p, TO d > 2.
Kpowme Toro, d < 2n, nockoiabky P He enuHuIvHA.

Ilo 3amMevaHmAM BEHIIE NOCTATOYHO NOKA3ATh, 9TO MMIABHBEIU OJOK By
rpymmer G = GU,(¢?) me nomrynemson. ITo daxty 2.3 mepeso Bpayapa



168 A. B. KYXAPEB, I'. E. IYHUHCKUIA

DTOro OJOKA SBAAETCSA WHTEPBAJIOM C € pebpaMu, MOITOMY JOCTATOYHO
moKa3aTh, uTO e > 2. PaccMoTpuMm Bce BO3MOXKHBIE caydaum mis P u3
TabauIsl 1.

Caygau B: d =2 (mod 4). B gactaOCTH, U3 d > 2 caenyeT d > 6.

B sTom crydae P MOxeT OBITH BLIOpaHA KAK CHIOBCKAA P-TTIOATPYIITA
obwemmomeit rpymmer GL, (¢2). 3ameTum, wTo MopAIok f wmcna g2 mo Mo-
aymo p paser d/2. llockonpky P nukamdeckas, 7o n/2 < f < n, ciegosa-
TerbHo, n < d < 2n. Hampumep, sto Tax naas G = GUz(3) up =7 | 33 +1,
Te.d=6uf =3

Ucnomsays auaronansnoe Bkmodernue GUy(¢?) xGU,,_¢(¢?) B GU,(¢?),
BLIGEPEM CHUIOBCKYIO p-oArpynny P B meBom BepxueM yriry GL (¢%). 9ro-
OBl YCTAHOBUTE, YTO € > 3, JOCTATOYHO TMPOBEPUTH 3TO HEPABEHCTBO /I
nunexca ey = |[N(P)/C(P)| B rpynne GLy(g?).

IIycte o — mopox garommu rpynnsr P. Coracao [19, semmer 4.6, 5.5],
Haugerca sneMeHT y € GLjy(g?), KOTOPEIM AEHCTBYET CONPAXKEHUEM Kak
a¥ = af, cregoBarensho ey > f. Ho Torga d > 6 Breter f > 3, orkyga
ey = 3, 9TO 1 TPeGOBATOCH.

Cayaaum A: d=0,1,3 (mod 4). lycte n = 2m+¢,raee = 0, 1. Uz Ta-
6/mnbl 1 BUIHO, 9TO MOPAIOK P paBeH MOpAAKY CHIOBCKOU P-TIOATPYIIIEL
P’ rpymmet GL,, (¢?). Hpexnonoxum caatana, ato € = 0. Buibupas W =

(I?n T, nomyaum Baoxerue rpymst GLy, (¢%) 8 GU,(g?), xoTopoe oto-

A J—
0A
ot € = 1, — mpocTo go6apuM K W IOTOTHUTETLHYIO €IUHUILY B MTPABOM
HIDKHEM yTUTy.

HamomuuM, 410 d — MOPAZOK ¢ IO MOAYIIO P, U f — MOPAIOK g> IO
TOMy XK€ MOLyai0. PaccMoTpuM cHadaIa Caydan, Korga d HedeTHO, CJe-
goBaTeabHo, f =d > 2.

IMockombky rpynna P’ mukawdeckas W He eIWHUTHAL, MBI 3AKTIOYAEM,
aro m/2 < f < m. Kax BbIlle, 9TOGHI OL[EHUTH €, JOCTATOYHO BEIMUCINTH
IeHTPATI3ATOp U HOpMamm3aTop »Toi moarpynmsl B G = GUsy(q?). Ber-
6epem aaemenT u3 GLg(¢?), KOTOpEIA meiicTByeT compsukerumem Ha P’ Kax

O6paxaeT Marpuily A B ( o, ) AnanoruvHoe BJIOKEHUE UMEET MECTO U

aBroMopdusM mopsaka f. Pa3zMHOXAA 5TOT BIEMEHT MO IUATOHAJM, BbI-
BOqUM € > d > 2, 9TO u TpebOBAIOCH.

Nrak, ocTamochk pacCMOTPETh CIydan, KOoraa d JeauTces Ha 4, B 9acT-
voctu d > 4. Torga d = 2f Brewer f > 2. Eciu d > 4, To ucnonszyem
OUArOHAJILHOE BJIOXKEHNE, YTOOLI JOKa3aTh, 9TO € = f > 2.



IMOJIYHUEIIHBIE I'PYIIIIOBBIE KOJIBIIA KJACCUYECKUX I'PYIIIT 169

NTak, MBI MOXKEeM TPeATonokuTs, 910 d = 4 u f = 2, T.e. G = GUy(q?)
up|q>+1.Us [6, c. 465] (cM. Taxxe [13, npemnoxenue 6]) BEITEKaeT, 9TO
DIaBHBIM 610K By rpynner G aBigeTca oTpeskoM ¢ 4 peGpaMu, 9TO U TaeT
Tpebyemoe. A umeHHO xapakTepsl B By coorBeTcTByIOT pasbuenusm (4),
(3,1), (2,2), (2,1?), (1*) u cBa3amL B CrETyIONIEE JEPEBO:

1 3(¢?—q+1) (¢—1)(g+1)3(¢%>—g+1) q° q(q®>—q+1)
@] { ] O

(4) (2,12) (2%) (1%) (3,1)

3IECh CTENEeHN XaPAKTEPOB JErKO BLIMUCIAIOTCA, UCIOAL3YA (POPMYJILI
[6, c. 465]. DTu crenenu cpasaumer ¢ 1, —1,—4, —1,1 no mogy.o p. U3 [8,
Teopema 7.2.16] BEITeKaeT, 4TO xapakTep (22) HCKIIOIUTeTLHDIN. O

§5. OPTOTOHAJBHBIE TPYMIbl. HEYETHAS PABMEPHOCTD

Iycte n = 2m+1, m > 1, u nyctsb V — n-MepHOE BEKTOPHOE TPOCTPAH-
cTBO HaJ moteM [arya ¢ HedeTHBIM YUCIOM a1eMeHToB ¢. O6man opTo-
ronanpHaa rpynna GO, (¢) cocTouT m3 06PATUMEIX MATDUIL TOPAIKA
N, KOTOPBLIE COXPaHAIT CKAIAPHOE IIPOM3BEIeHNe, 3aJaHHOe HEKOTOPOU
marpunen W. Hanpumep, qna W = I, umeem A € GO, (q), ecin u Tonbko

. 0 I, 0
ecmn A- At = I,,. [Ipyro# BO3MOXKHOCTBIO ABIsAeTca W = (Im 0 0), 9TO0
0 01

naet Biaoxenue GL,,(¢) — GO,(q), A — (§ A(;—i (1))

I'pynna GO, (g) COAEPRUT cHENMAIBHYI OPTOrOHAJIBHYIO I'DyI-
my SO, (q), COCTOALIYIO U3 MATPUI] C ONpEeIeIuTeneM 1, KAk HOPMATLHYIO
noarpynmy uaaexca 2. Jlasee, KOMMyTaHT 3>TOU T'PYIIILI UMEET MHIEKC 2
B SO, (¢q), u obo3uaqaerca Q,(q). Hocrequss rpynmna uMeer cieryonmn
TOPSAIOK:

[Onl@) = g™ (@ = 1) g 1) (P 1),

Ecau m > 2, ro rpynna Q,,(q) npocra (rpynmy 25(2) = Sg He paccma-
rpuBaeM). Cornacuo [14, c. 43], uMeT MecTo CIefyonme n30MOphU3MbL:
N3(q) = PSLa(q) m Q5(q) = PSp,(gq), mosTOMy BOIPOC O MOTYLENHOCTH
PPYIIOBBIX KOJEI 3TUX rpynn nposcasercsa daxkrom 2.1 u Teopemon 3.1.
Hanpuwmep, rpynnosoe koasuo rpynmet 25(q) (a rakke GO5(q) u SO5(q))
HE ABJIAETCA IOJYIEITHLIM.
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Wrak, uccrenys moaymenHoCTb MPYIHIOBBIX KOJEI BBEIEHHBIX BHIIIE OP-
TOrOHAJIBHBIX T'PYIII, MOXHO CIUTATD, ITO M > 2, T.€. N > J.

Teopema 5.1. IIycms G — odua uz epynn Qomt1(q), SO2m+1(q), uau
GO2m11(q), 2de m > 3 u q neuemno. Ilycmv F — noae zapaxmepucmury
p, deasweti nopadox G. Tozda epynnosoe xoavyo FG ne noayyennoe.

HokazaTeabcTBo. Kak OOBIYHO, HETPYIHO MCKIIOYATL BO3MOXKHOCTH
p = 2, a TakXke CIydau, KOrga p OemuT ¢. tak, MOXHO MpeAnoIaraTh,
UTO p — HEUeTHOE YMCI0, He Aejdinee ¢. MBI Takxke MpeImoIaraeM,
YTO CWIOBCKas P-moArpynna P uukandeckas u He equHUIHAA. [[0CKOIBKY
BCE MHIEKCHI BKJIYEHUN PACCMATPUBAEMBIX I'PYII PABHBI 2, UCIOAb3Y
daxT 2.4, 1OCTATOYHO AOKA3aTh, YTO MIABHBIM 010K By rpynmer SO, (q)
HE TIOJTYLIEMHON.

o paxTy 2.3 xepeso Bpayspa 610ka By apaseTcs oTpeskom ¢ € pebpa-
MU, TAe € — MHIEKC NeHTPAIn3aTOpa MOATPYTNsl P B ée HOpMaIm3aTope,
Boraucienasit B SO, (¢). Urak, gocraTouso gokasars, aro e > 2. Jamee,
nockoabky uagekc SO, (¢) 8 GO, (¢) paBen 2, To OCTATOYHO IPOBEPUTh,
YTO COOTBETCTBYIOIUN UHIEKC e, Beraucaenus B G = GO, (q), 6oabrue 4.

MMycts d — mopsamok g mo momymto p, caemoBareabho, 1 < d < 2m,
mockonbky P ue egunuunas. Coracuo Tabauie 1, UMEIOTCS CJAeIyIome
BO3MOXKHOCTHU I P.

Cay4gan A: d getno. Torga P moxeT 6BITH BLIOPaHA KAK IIOATPYIIIIA
obwvemmommen rpynnsl GLa, (¢). Hockonbky P nukindeckas, TO IOLyIaeM
m < d < 2m, crenoBarenso, d > 3. Vcnonsays [19, nemma 4.5], BEIBOAMM,
aTo e > d. Utak, eciu m > 4, To HepaBeHCTBO d > 6 BaedeT e > 6, 94TO u
TpebOBATOCH.

Ocranoce paccmorpers caydau m = 3 un = 7, t.e. G = GO7(¢) n
d = 4, T.e. p neut ¢>+ 1. Paccyx 1as Kak BbIIIe, MBI HOAydIaeM e = 4, 1ero
OJHAKO He mocTaTovHo. HeTpymaHO moKa3aTh, ITO 3TOT WHAEKC paBeH 4 u
B rpymnne SO7(q), ITO IaCT HYXKHBIN PE3yJAbTAT. A UMEHHO MCIONL3Y [6,
c. 466-467], HETPYIHO MOCTPOUTHL AePEBO Bpayspa MIaBHOrO GJIOKA DTOK
CPYIIIBL:

(P +e2+1) ¢ (B4 (g+1)/2 (D@1 ga(g3—1)(g—1)/2

(2) (59 1) ) (o125

31ech mopAIoK ¢ mo Monymo p paseH 2. [[oaToMy XapaKTepEl ompe-
IEJAI0TCA TMAPOU CHUMBOJOB pPAaHra 3 ¢ 2-cepaueBUHON (? ) Hanpuwmep,
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MOCAeJHAA Iapa MOLYIaeTCs U3 HapHl (1 5 5 ) CACAYIOMIME ONePALIMY
Ha “cuerax”:

(0%23)—’(8%3)_’(?)'

IIpu mepBOM AerCTBUUM MBI TIepeOpACHIBACT IBOUKY HABEPX, 3AMEHUB
ee HymeM, a npu BTOpoM — yaanseMm 0 m 1 B 060UX CHMBOJAX Taphl U
YMEHBIIAEM OCTABIIUUCA CUMBOI 3 Ha 2.

Crenenu xapakTepoB cpaBHuMEL ¢ 1, —1,1,4, 1 no Moay/0 p, mOSTOMY
(cm. [8, Teopema 7.2.16]) BTOpOU cnpaBa XapakTep SABJIAETCI UCKIIOUU-
TenbHbIM. K cOXaIeHno, MBI HE CMOTVIN OIPEIEJUTh CUMBOJI 3TOr0 XapaK-
Tepa.

Caygaau B: d mederno. B srom cayvae (cMm. Tabmumy 1) mopamok
P coBnagaer ¢ nopagkoM cuioBckou p-nmoarpymnsl P’ 8 rpynne GL,,(q),
caenoBaTenbHO, P oasraerca obpasom P/ mpu ImaroHATLHOM BIOXKEHWH,
YIOMSIHYTOM BHIIIIE.

TMockonbky P nmkiamdeckas, Mbl 3aKI09aeM, 9o m/2 < d < m, cie-
noBaTenbHo, d > 3. Beraucaaa mopmanuszatop P B GLy(¢), BeIBOAUM He-
paBerctBO e > d. Eciu d > 3, TO noaydaem xeraemoe, HAIIPUMED, DTO
BBLINOJHAETCA Ipu m 2> 6.

B ocrasmuxcs caygasx m = 3,4,5 u d = 3 HETPYAHO SIBHO BBIYUCIUTH
nepeBbsa Bpayspa rmiaBHOTO 610Kka. PaccMOTpuUM TOMBKO Caydan m = 3,
T.e. G = GO7(q) u d = 3, crenosaTersro, p | ¢> + ¢ + 1, rae npuvernM
MeHee IpAMBIe paccyx geHus. A uvenno u3 [6, gacts 13.8] BeITEKaeT, 4TO
qucao e pebep gepesa Bpayspa riaBuHoro 6moka By 3aBUCAT TOJBKO OT
d. Beraucasas 8 MAGMA mis ¢ = 3 u p = 13, monyuaem |Cq(P)| =52 u
N (P)| = 312, ciegoBaTensHo, e = 6, 9T0 1 Tpe6GOBAIOCH. O

§6. OPTOT'OHAJIBHBIE I'PYIIIBI B YETHOU PASMEPHOCTH.
Cayyam +

IIycte n = 2m dverwno, npuiem m > 1. Ilockorbky ¢ HEYeTHO, TO 06-
IIas OpTOroHATBHAA T'pymma Tuma +, B obosnatenuax GO (g), mo-
JKeT OBITH ONPENeTeHA KAaK T'PYNNa COCTOAINAA U3 OOPATUMBIX MATPHUIL
TOPSAIKA, 1, COXPAHSIOUIAX CUMMETPUIHYIO OUINHENHYIO (hOPMY ( [?n Ig‘ )
Koudopmuas oproronarsuas rpynma CO;(g) coctout us o6partu-
MBIX MaTPUIl, COXPAHAIMIMX Ty POPMY C TOYHOCTHIO A0 MYJbTUILIAKA-

TUBHOU KOHCTAaHTEL. ClenuajabHas OpTOrOHAJIbLHAA I'PyIIna SOI (q) -
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nogrpymma B GO, (q), 2TeMeHTE KOTOPOH WMEIOT eIWHUTHLIH OTPe eI -
TeJh.

Coruacuo [16, c. 13], koudopMHas cuenuaIbHas OPTOrOHAILHASM
rpynma coctout w3 marpun A € CO;(¢) Takux, 9TO AMA MYyTBTUILIH-
KATUBHON KOHCTAHTHI A = A(A) BRImOMHAETCS paBeHCTBO \™ = det A. B
wactroctn, CSO; (q) — mopmameras moarpymma rpymmsr CO;'(q), comep-
xamas SO, (q). Taxum 06pasoM, MBI IMeEM CJIeYIONIYO HEMOUKY BKIIOe-
HU HOpMATBHLIX moarpymn rpymmer CO(q):

co+(q)

N
\/

SO (q)

Csof () o GO¥ (g

° at(e)

Manee, nertp Z rpynns (), (¢) COCTOUT U3 CKATAPHBIX MATPUIL ¥ IMEET
nopsaaok (4,¢™ — 1)/2, crenoBarensHo, pasen 1 m6o 2. PaxTop-rpymma
0" (q)/Z naswpBaeTCA IPOEKTUBHOM OPTOrOHAIBHOM T'PYIIION U 060~
amauaerca PQ (q). Ee mopsagox pasen

m—1
PO (q)] = —— ™"V (g
(4,¢™-1) i1

Ecmu m > 3, 1o Bee rpynmst PQJ, () mpocTsr.

Samernm (cm. [14, c. 43]), aro rpymma (O (¢) w3oMopdHa 1Ud IPATBHO
rpymme Dy(,_1) nopagka 2(q — 1). Ilockomeky aTa rpymma paspemnmma, To
HETPYIHO I0KA3aTh, 9TO €€ IPYIIOBOE KOMBIO MOMYIENHOE, €CIN U TOIBKO
ecau p > 2 u p geaut q — 1.

Manee, rpymma Q(¢) wu30oMOpdHA NEHTPATLHOMY —pPACHIPEHIIO
2.(SLz(g) x SLa(q)), cremosarersno, PQS (q) = 2.(PSLay(q) x PSLa(q)).
IMomyenHoCTs CPYNHOBEIX KOJMEH 3TUX TPYHI PEIyIupPyeTCa K CIydaro
SL2(q) u PSLs(q), ciegoBarensho, uspiaekaercs u3 daxra 2.1.

Hakowen, rpymma PQF (¢) msomopdua PSLs(q), creposaremsro, ee
PYIIIOBOE KOMBIIO HE momynenHoe (mo Tomy xe dakty). Ocrapmmecs cry-
Yay BKIIOYEHLI B CICAYIONIYIO TEOPEMY.
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Teopema 6.1. ITycmv G — odna uz epynn PQI (q), OF..(2), SOF..(q),
GO3,,(q), CSOF. (q¢) uau CO3,,(q), 2de m > 4 u q nevemmno. ITycmv F —
noJe Tapaxmepucmury p, desswet nopadox G. Toeda epynnosoe K04b40
FG wne noayyennoe.

HokazaTeabcTBo. Kak OOBIYHO, MOXKHO UCKIIOYATEL CIydand, KOTOA P =
2, a Tak¥ke Korga p neautT q win ¢— 1. UTax, MBI MOXeM MPeAnoIaraTh, ITO
d > 2 u P nuknuyeckas u HeTpuBuaibHasi. [lociennee BaedeT HEPpABEHCTBO
d < 2m—2. Ilo ¢pakTy 2.4 MOIYIETHOCTDH IPYIIIOBLIX KOJEIT A BCEX IPYIIIT
73 YCJIOBUS TE€OPEMBI SKBUBAJIECHTHA.

ITo daxry 2.3 nepeso Bpayapa riassoro 6soxa rpymst CSO;! (¢) apasa-
ercsa orpeskoM. Kpome Toro, >Totr 670K COBMATAET C TVIABHBIM OJOKOM
TPYIIEI COZ(q). CaenoBarenbuo, o Jemme 2.1 TO Ke BEPHO IS TUIAB-
soro 6oxa rpymmst G = GO} (¢). MosToMy mocTaTowHO HOKA3ATH, TO
UHIEKC €, BEYUCACHHBIN B 3TOU rpymre, 6onabiie 2. U3 Tabauist 1 umeem
CIeIYIONINe BO3MOXKHOCTY A1 P.

Caygaau A: d megerno. Torna P moxer 6uTh Bhiopana B GLy,(q).
Tak xax rpynma P HeTpuBmATbHAA U HUKIWYecKas, TO m/2 < d < m,
cregoBarensHO, m > 4 Baeder d > 2. Ucmoab3ys quaroHaibHOE BIIOXKe-
He A — (‘3 ) m GLy(q) B GO} (), momywaem e > d > 2, uto n
TpebOBATOCH.

Cay4gan B: d werno. HepasercTro d < 2m — 2 Breder, 9TO Leaas
9acTh gpobu d/2m paBHa HyIIO, Cleq0BaTeabHO, P MOkeT ObITh BEIOpaHA
kak nogrpynna rpymnst GL,(¢). U3 uukiranocTu u nerpusnansaoctu P
Burekaer m < d. Ucnomssys [19, memma 4.6], noaygaem e > d. Torga
d > 4 Baeder e > 4, 9T0 1 TPeOOBATIOCH. O

§7. OPTOT'OHAJIBHBIE I'PYIIIBI B YETHOU PASMEPHOCTH.
Cayyam —

Yro6sr onpegemuts GO, (¢), MOXHO HCIOIB30BATH CUMMETPHIECKYIO

0 Im_100
Gummeinyio dopmy ¢ marpumeir W = | fm-1t 0 00 ) rre e € T,
0 0 0-¢

He ABIACTCA KBaapaToMm. ONpemereHnsa OCTATBHBEIX TCPYNI B DTOM PALY
AHAIOTUYHLL IpeasraymeMy maparpady. Kpome Toro, nHIEKCH HOpMAIb-
uerx moarpymn rpymmet CO) () Taxme wxe, kax grs rpynmer CO(q).

Heutp Z rpynmet 2, (¢) cocront n3 (4,¢™ + 1) /2 saemenTos. Iopsagok
epymms P, (g) = 0 (0)/7 pases
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m—1
1

[P () = ——q"" 2 (" + 1) [T (@ - 1),
( 4 + ) i=1

Coruacuo [14, c. 43], rpynna , (¢) #3oMOpdHA AU IPAIBLHOU IDyII-
e Dy(g41), IPEIEM IPYNIOBOE KOJIbIIO DTOU TPYTIIEL TIOMYIENHO., eI 1
TONBKO €CTu p > 2 u p neaut q + 1.

Kpowme Toro, rpynma P, (¢) uaomopdua PSLz(¢?), u aToT cry4aai mo-
KpeBaeTca daxTom 2.1. Bomxee Toro, mockoibky g2 He paBeH 2,3, W He
MOXKET MaBaThb OCTATOK 2 WIN 5 IPU NeJTeHUU Ha 9, TO MOIYLEeNnHOCTH I
PQ; (q) BosuuKaeT, TOILKO ecu p > 2 gemut q° — 1.

Haxoren, rpynnosoe koo rpynnsl PQg (¢) 22 PSUy(¢) me nonyuen-
HOe o Teopeme 4.1.

OcraBmmecs CIyvan BKIIOYEHBI B CAEIYIOIIYIO TEOPEMY.

Teopema 7.1. IIycmv G — odua u3 epynn PQ5. (¢), Q5,,(9), SO3,,(q),
GO3,,(q), CSO;,,(q) uau CO3,,(q), ede m > 4 u q newemno. IIycmy F —
noae rapaxmepucmury p, deasuwet nopadox G. Toeda 2pynnosoe Koabyo
FG wne noayyennoe.

HokazaTreabcTBo. Kak 0OBITHO, MOXKHO HIPEAMONAraTh, UTO p > 2, p He
penut q u ¢ — 1, m 9T0o moarpynna P OUKINYECKAs U HE eIUHUIHASM.

ITo daxTy 2.3 nepeso Bpayspa rmassoro 6moka rpynmnesr CSO,, (¢) aBas-
eTcs 0TpeskoM, u 1o JemMme 2.1 To xe Bepuo mia rpynmsr GO (g). UTak,
IOCTATOTHO MTPOBEPUTD, YTO UHIEKC €, BEIYUCICHHLIN B MOCICTHEN IPYIITE,
6oubIe 2.

IIycre d — mopagok ¢ mo moxnyuo p. U3 ycaosun ma P moaydaem 2 <
d < 2m. PaccMoTpuM pasandHbie BO3MOXHOCTH masd P w3 Tabauisr 1.

Cay4gan B: d mHedeTno. Torga P MoxkeT OBITH BEIGPaHA KaK HOATPYTI-
na B GLy,_1(q). Hockonbky P mmxamdaeckas, to (m — 1)/2 < d Breder
d > 3. Hpumenss [19, remma 4.6], noayuum e > d > 3, 4T0 n TpeGOBATOCH.

Cay4au A: d 9eTHO. DTOT CIyvail pacmajaeTcsa Ha ABa MOACTy<as.

Ecau nenas wacts gpobu d/2m nederHa, 10 u3 d < 2m BLITEKAeT pa-
BeHCTBO d = 2m. U3 Tabauner 1 BugHo, 90 P MOXeT OLITH BLIOpaHA KAK
noarpynmna rpynnsl GLe,, (¢). Hockoasky P nukiandeckas, To m < d Bie-
et d > 5. Ucnonways [19, remma 4.6], 3akmodaem, 9to e > d > 5, 94T0 1
TpeOOBAIOCH.

Nuave nenas qacts gpobu d/2m paBHa Hy.IIO, ClIeL0BATEIBHO, P MOxeT
6bITh BhiOpana kak noarpymnna B GL,_»(g). Ilockoasky P nuxnudeckas,
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To m — 1<d Breder d> 4 Hpumenss [19, rtemma 4.6], norysaem e >d>4.
O
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We will make a list of simple finite classical groups defined over fields
of odd characteristic, whose group rings over a given field are serial.
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