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Given a (smooth, projective, geometrically connected) curve over a number
field, one expects its Hasse—Weil L-function, a priori defined only on a right
half-plane, to admit meromorphic continuation to C and satisfy a simple
functional equation. Aside from exceptional circumstances, these analytic
properties remain largely conjectural. One may formulate these conjectures
in terms of zeta functions of two-dimensional arithmetic schemes, on which
one has non-locally compact “analytic” adelic structures admitting a form
of “lifted” harmonic analysis first defined by Fesenko for elliptic curves.
In this paper we generalize his global results to certain curves of arbitrary
genus by invoking a renormalizing factor which may be interpreted as the
zeta function of a relative projective line. We are lead to a new interpre-
tation of the “gamma factor” (defined in terms of the Hodge structures at
archimedean places) and an (two-dimensional) adelic interpretation of the
“mean-periodicity correspondence”, which is comparable to the conjectural
automorphicity of Hasse-Weil L-functions.

§1. Introduction

Let S be a scheme of finite type over Z. The zeta function of § is defined
on R(s) > dim(S) by the Euler product

1
(S, s) ngw,

where |S| denotes the atomisation of S, that is, its set of closed points, and
k(z) is the residue field at a closed point z. The question of meromorphic

Key words: scheme of finite type, zeta function, local field, Hasse—Weil L-function, com-
plete discrete valuation field, adeles.
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continuation of such zeta functions remains open, along with the conjectural
functional equation with respect to s — dim(S) — s.

A basic case is when § is a proper, regular model of a smooth projective
curve C over a number field k. Associated to each étale cohomology group of C,
one has a Hasse-Weil L-function L(H'(C),s) defined as the Euler product of
reciprocal characteristic polynomials of the action of Frobenius on the inertia
invariants. The cases + = 0, 2 reduce to Dedekind zeta functions of the ground
field k, and so the unknown quantity is L(C,s) := L(H'(C),s). One has the
following equation
Ck(s)Ck(s — 1)

L(C,s)
This expression may be viewed as a definition of n(S, s), which is easily seen as
a product of explicit functions rational in a variable of the form p~*, where p
ranges over the residual characteristics of bad reduction. From this one infers
that the meromorphic continuation of (S, s) is equivalent to that of L(C,s).
An exercise in étale cohomology demonstrates that n(S, s) admits the correct
functional equation so that those of L(C, s) and ((S, s) are equivalent [2].

By taking into account the additional contribution of finitely many hori-
zontal curves on S, in this paper we study a modified zeta function

¢(S,s) =n(S,s)

n

Z(S,{ki},s) = (S, 8) [ [ ¢(Rir 5/2),
i=1
where the number fields k;/k are determined by the horizontal curves. Up to

sign, the functional equation of L(C, s) is equivalent to
Z(S,{ki}, s)* = Z(S,{ki},2 — s)?,

where Z is not quite the product of the completions:

n
Z(8,{ki},s) = Z(S. {ki}, ) AS)PD(S, 5) [[ T (kiy 5/2).
i=1
In the above expression A(S) denotes the conductor of S and T'(S, s) (resp.
I'(k;, s)) denotes the gamma factor of S (resp. k;). These quantities will be
defined in the main body of this text.

For number fields, or curves over finite fields, it is well understood that the
analytic properties of zeta functions can be obtained through harmonic anal-
ysis on a commutative adelic group — this is reviewed in §2. These techniques
have long since been extended to various non-commutative algebraic groups.
Our goal is to develop this idea on certain two-dimensional adelic groups. We
will review the theory of two dimensional local fields in section 4.3, and two-
dimensional analytic adeles in 4.4. The most fundamental issue is that these
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groups are not locally compact, and so what we mean by “harmonic analysis”
has to be somewhat modified. The development of harmonic analysis on more
general topological groups is of the utmost importance, as mentioned as far
back as Weil [30, Foreword)].

The approach taken here is to allow our measure to take values not in R,
rather in the field of Laurent series R((X)), which is itself a two-dimensional
local field. We follow the approach of Fesenko [7, 10, 9], though we note simi-
larities to techniques of motivic integration which we will not seek to expose
here.

Following a sketch given in [10, Section 57], §6 introduces zeta integrals ex-
tending those of Fesenko in the case where C' = E is an elliptic curve, the pri-
mary difference being a renormalising factor whose arithmetic interpretation is
a power of ((P!(Oy), s). Fesenko’s original definition of zeta integrals diverges
for higher genus curves, due to a certain incompatibility of the additive and
multiplicative measures, which is rectified by the renormalizing factor. More-
over, there is a simple connection between this factor and the archimedean
components (a quotient of gamma functions depending on Hodge structure)
of the completed zeta function, as will be explained.

When C has simple reduction properties (which can always be obtained
after base change), we will show that Z(S, {k;}, s)? is an integral over certain
two dimensional “analytic adeles”, up to the square of a rational function Q(s)
of the following form

D
Q(S) - (1 . S)m’

for constants D € C and m € N, each of which depend on the base field k& and
will be explicitly given. Therefore Q(s)? is invariant with respect to s — 2 —s.
The required reduction properties for the integral expressions are explained
in 3, and are broadly comparable to semistablity. When C' possesses these
reduction properties, the conductor A(S) arises from counting singularities on
bad fibres.

The Hasse-Weil L-function is expected to be automorphic. This expectation
is not held for the zeta function ((S,s), which, as a proper quotient of (con-
jecturally) automorphic L-functions, is not in the Selberg class. One possible
replacement is the notion of mean-periodicity, as studied extensively in [6].
We will state the relevant conjecture in 7.1 and conclude this paper with an
adelic interpretation of the mean-periodicity condition. This is the first step
towards its verification via adelic duality.

Remark 1.1. The fact that it is the square of the modified completed zeta
function appearing in the integral expressions is due to the fact we integrate
over two-copies of the multiplicative group of the analytic adeles. Of course,
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one might expect that integrating over a single copy would give rise to the
completed zeta function itself — this is not true at finitely many factors. There
are two further reasons for considering the square of the zeta function. Firstly,
in this way we avoid issues with the sign of the functional equation. Secondly,
there is a compatibility with two-dimensional class field theory, which is the
basis of a GL;(A(S))-theory that will not be included in this work. We also
observe that the integration theory used in the work of Fesenko and current
paper plays a role in the theory of algebraic groups over fields of the form
Qyp((2)), for example, we have the application in [16].

§2. Tate's thesis

We will begin by summarizing the content of Tate’s thesis for Dedekind
zeta functions [28]. Let k& be a number field with ring of integers Oy. The
Dedekind zeta function of Oy, is then the zeta function of the arithmetic scheme
S = Spec(O):

((S,s) =((k, 5).
Associated to k one has the locally compact groups of adeles Ay and ideles
A . k* is embedded diagonally into A} and the module map | | : A} — R}

is such that for o € k%, |a] = 1.
Let f € S(Ag), the adelic Schwartz space, be defined as follows

fla) = @y folaw),

char(Oy)(aw), vt oo,
folaw) = < exp(—ma2), v real,
exp(—27|ay,|?), v complex,

where in the case of a non-archimedean place v { co, O, is the ring of integers
of the completion k,. For all s > 1, the following integral absolutely converges

)= [ Flelaldute) = €(,)

where 1 is a Haar measure on A} . In fact, up to scalar multiplication there
is a unique such measure. Such integrals were known and studied by Artin,
Weil, ITwasawa, Tate and many other mathematicians, and we will call them
“one-dimensional zeta integrals”.

In order to proceed, one applies basic techniques of integration (the Fubini
property) and harmonic analysis on the locally compact multiplicative group
of ideles. Adelic duality, whose incarnation is the theta formula and Riemann—
Roch theorem, then implies the analytic continuation and functional equation
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of the zeta-function. More precisely, one shows that there exists an entire
function 7y(s) such that

E(k,s) = ng(s) +mp(1 — 8) + wy(s),

where fe S(Ay) is the Fourier transform of f, and wy : C — C is the Laplace
transform of a rational function:

e

1
wi(s) = /0 T

X

hy(z) = —p(Ag/E*)(f(0) — 27 (0)).
The explicit form of hy(z) clearly implies the meromorphic continuation and
functional equation of £(k, s). The function hy(z) is closely related an integral
over the weak topological boundary of a global subspace of the adeles. More
precisely, if A} denotes the set of ideles of norm 1, then

hyte) == [ [ (fe98) o T ) du(@du(y).
vehl /kx JBeokx
The boundary 90k* is that of the multiplicative group k* with respect to the
weak (or “initial”) topology on Ay, which is simply k\£* = {0}. A definition
of this topology may be found in [3, I, 2.3].

More generally, one can consider one-dimensional zeta integrals where | |* is
replaced by an arbitrary quasi-character y of the multiplicative group of ideles.
In this setting one deduces the basic analytic properties of Hecke L-functions.

Fesenko attempted to extend these ideas to dimension 2 as follows [10, 9].
Let £ be a proper, regular model of an elliptic curve E over a number field £,
then [10, Section 3] shows that there is an entire function ng such that

A(E)170C(E,5)* = ne(s) +me(2 — 5) + we(s),
where wg(s) is defined for R(s) > 2. Generalizing the embedding k& — Ay,
there is a semi-global ring of adeles' B(E) — A(&) such that, with respect to
an inductive limit of weak topologies for a given family of characters, wg(s) is
closely related to an integral over the boundary of B(E). We will develop these
ideas for higher genus curves.

§3. Conventions

Let C be a smooth, projective and geometrically connected curve over a
number field k. We now specify a model S of C simplistic enough for appli-
cation of two dimensional adelic analysis in its current form. A further devel-
opment of the theory of lifted harmonic analysis should allow for application

IWe will see the definition of this ring in §7.
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to a more general class of arithmetic surfaces. If one is willing to base-change,
no restrictions are required?.

Let B be a Dedekind scheme of dimension 1, and let 7 : S — B be a regular,
integral, projective, flat two-dimensional B-scheme. We will call such an § an
arithmetic surface. Closed, irreducible curves on & are either horizontal or
vertical. More precisely, such curves are either an irreducible component of
a special fibre or the closure of a closed point of the generic fibre, the latter
being finite and surjective onto the base B.

Since S is regular, the special fibre S, over a closed point b € B is the Cartier
divisor 7*b. If a given special fibre S, contains r irreducible components Sy ;,
with multiplicity d;, then, as Weil divisors

Sp = Z d;Sp;-
1<i<r
An effective divisor D on a regular Noetherian scheme X is said to have normal
crossings if, at each point z € X, there exist a system of parameters fi,..., fn
of X at z such that, for some positive integer m < n, there are integers
T1,...,Tm such that Ox(—D), is generated by f{* ... fim. If D = S} is the
fibre over b € B, below we will ask for this property to be true over the residue
field £(b), in short, we will be asking for split singularities.

The zeta function depends only on the atomization of S, in particular the
zeta function agrees with that of the reduced part Syeq. With that in mind,
for the purposes of adelic analysis we will only work with the reduced part of
each fibre, tacitly using the same notation:

Sb = Z Sb,i-

1<i<r

On finitely many reduced fibres Sy, there may well be non-smooth points. In
this section we will only work with ordinary double points. Moreover, we need
Sp to be a normal crossing divisor over k(b), so we will assume the ordinary
double points are split. To summarize:

We will assume that the reduced part of each fibre on S has only split ordi-
nary double points.

From now on, B will be Spec(Oy), where k is a number field. Let C be
a smooth, projective geometrically irreducible curve of genus ¢ over k, such
that C has good reduction in all residual characteristics less than 2g + 1.
This ensures that the Swan character is trivial and the conductor of S can be
computed by counting singularities as in [25].

20ne may be able to proceed by considering zeta integrals twisted by Galois characters
and attempting a descent to the base field. We will not do this here, as much remains to be
developed.
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Remark 3.1. Some authors describe an arithmetic surface S — Spec(Oy) as
semistable if S is a regular Spec(Oj)-curve with smooth generic fibre and all
closed fibres are reduced normal crossing divisors.

Remark 3.2. One could work with a more general class of curves by in-
corporating extensions of the base field. More precisely, let C be a smooth,
projective geometrically connected curve of genus > 2 over the function field K
of a one-dimensional Dedekind scheme B. By the Deligne-Mumford theorem
([5], [17, Theorem 10.4.3]), there exists a Dedekind scheme B’ with function
field K’ such that the extension Cxs has a unique stable model over S’. One
can take the extension K'/K to be separable. This base change required by
the Deligne-Mumford theorem is not intractable. Let G := Gal(K'/K), which
has a natural action on S, lifting that on Spec(Of-). The stable reduction,
along with its natural G-action determines the local factors of the L-function
(for example, see [4, Theorem 1.1]).

We conclude this section with some notation to be used throughout this
paper.

Notation. The function field of S is denoted by K. Closed points of S are
denoted z, and y will denote an irreducible fibre or horizontal curve. When
y is an irreducible component of a fibre, its genus is denoted g, and function
field k£(y). The maximal finite subfield of k(y) has cardinality denoted ¢(y).
The set of components of a fibre S, is denoted by comp(Sy). If = is a singular
point on a fibre Sy, then

Sp(x) = Uyecomp(sp)y(x)a

where y(z) denotes the set of local branches of y at z.

§4. Two-dimensional local fields

Let & be a two dimensional, irreducible, Noetherian scheme and let
z € y C S be a complete flag of irreducible closed subschemes. If m is a
local equation for z and p is a local equation for y, then let O = Ogs , and

Ky y = Frac((0)s0);

see, for example, [1, 24, 12], [11, Part 1] and [21, Sections 6, 7].

If z is a smooth point of y, then K, , is an example of a two-dimensional
local field; it is a complete discrete valuation field whose residue field is a one-
dimensional local field. If z is a singular point on ¥, the same construction
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yields a direct product of two-dimensional local fields. Recall that y(z) is the
set of local branches of y at z, then

Kx,y = H K:v,za
zey(x)
where K , is the two-dimensional local field associated to  and the minimal
prime z.

The residue field of K, , will always be denoted E, .. A lift of a local
parameter from E, , to K, , will be denoted %1z ., and the cardinality of the
residue field of E,, (which is the second residue field of K, ) is denoted
q(z, 2).

Let F be a two-dimensional local field. As a complete discrete valuation
field, it has the a discrete valuation

vyt B — 7,
for which we fix a local parameter to. We denote the ring of integers with

respect to this valuation OF.
On the residue field F' we have the discrete valuation

v F — 7.
Together, v; and vs induce a “rank 2” valuation on F', which depends on ¢5:
v: F — 72

@), v5(a)),

where Z?2 is given the lexicographic ordering. Let O denote the ring of integers
with respect to v, we have

OF:{$€OF:T€OF}.

Unlike the classical situation, there are infinitely many different rank 2 discrete
valuations on F', however, the ring of integers and maximal ideal do not depend
on this choice.

When F = K, , we use the notations:

a— (v1(at, ”

Or = Ogy,
OF = Ogy,
and when y = S, is the fibre of S over p € Spec(Oy,) we will write
Oz,p = OI,Sp’
Ogp:=0gs,-

It is well known that complete discrete valuation fields have a non-trivial
R-valued Haar measure only when their residue field is finite. In particular,



ZETA INTEGRALS ON ARITHMETIC SURFACES 207

there is no R-valued Haar measure on higher dimensional local fields. A lifted
R((X))-valued Haar measure and integration theory appeared in [8, 10]. In
these papers Fesenko develops two approaches to the theory of higher Haar
measure on higher local fields, taking values in formal power series over R.
A third, lifting approach, suggested in [10] was further developed by Morrow
in [20]. All these approaches give essentially the same translation invariant
measure on a class of measurable subsets of F'. There is also a model-theoretic
approach of Hrushovski-Kazdhan [14].

Example 4.1. Let F be a two-dimensional local field, with a fixed local
parameter t5 and residue field K. On the locally compact field K we have a
Haar measure p g, normalized so that ux(Ox) = 1. Let A be the minimal ring
of sets generated by a + t5p~1(S), where S is yx-measurable, the “measure”
of a generator of A is X'ux(S) € R((X)). For example pup(Op) = 1, where
Or is the rank two ring of integers. This measure extends to a well-defined
additive function on A, which is moreover, countably additive in a certain

refined sense, [7, Part 6], [8, 10].

We observe the following:

(1) Essential role was played by a choice of a local parameter 3. An anal-
ogous statement will be true in the adelic counterpart of example 5.2.

(2) In the mixed characteristic case there are non-linear changes of vari-
ables for which the Fubini property of the measure does not hold [19].
This could be considered as an example of the non-commutativity in-
herent in studying L-functions of curves over global fields. In this pa-
per, such considerations will not cause a problem.

§5. Analytic adeles

Let X be a Noetherian scheme, let M be a quasi-coherent sheaf on X, and let
T be a set of reduced chains on X . To such a triple (X, M, T'), one can associate
an abelian group A (X, M, T) of adeles. We will call these groups “geometric
adeles” and recommend the following references for details [23, 24, 1, 15, 11]
and [21, Section 8].

The adelic group A (X, M, T) can be interpreted as a restricted product over
T of local factors, which are obtained by localising and completing along each
flag. Often, one takes T to be the set of all reduced chains on X, and we denote
the resulting group by A (X, M). A(X, M) has more structure than that of an
abelian group — it admits a semi-cosimplicial structure whose cohomology is
that of M.

Let y be an irreducible curve on an arithmetic S as specified in §3. If T
is the set of all reduced chains formed by closed points on y., then we will
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denote A(S,Os,T) by A(y). Later (remark 5.3) we will see that this space is
“too big” for integration, which motivates us to introduce the smaller spaces
of “analytic” adeles A(y), following the constructions of [10, Section 1]°.

As mentioned in 3, there are two types of irreducible curves on § — vertical
and horizontal curves. Whilst there is no real difference in the construction of
A(y), we will treat the two cases separately so as to emphasize some important
aspects in each setting. In particular, the fibres may well be singular, and the
horizontal curves contain archimedean information.

5.1. Fibres. Let y be an irreducible component of the fibre S, over p €
Spec(Oy). For any n > 0 and any point z € y, one can define local lifting
maps

n . gen Oy if K, is of equal characteristic,
zy Py Ogy/t" Oy, otherwise,

and, subsequently, adelic lifting maps

(K:B y)xEya
12 A(k(y)®" — § e
! (O y /1" Ory)zey-

For details of these constructions, the reader is referred to [10, Section 1.1].
The y-component of the analytic adeles is the following ring:

A(y) = {(ax,y)xey gy € Kac,yavn =0, (ax,y) + tZOy € lm(LZ)}
Recall that, when z is a singular point on y, K, , is in fact Hzey(x) K.
For ayy € Opy = Hzey(x) Oz, let Gy gy = (@1,2) ,cy(2) denote the image of
az,y under the residue map to [[ E, .. We thus have
py : Aly) — A(k(y)),
(az,y) = (@sy)-

Definition 5.1. Let S, denote the fibre of S over p. The Sy-component A(S,)
of the analytic adeles is

AS)= I Aw).
yecomp(Sy)
We have a residue map

pp = (py) 1 A(Sp) — H A(k(y)).

y€ecomp(Sp)

3The geometric adeles A(S) exist for arbitrary Noetherian schemes S. One can consider
what the general definition of the analytic space A(S) is and what role it plays in algebraic
geometry.
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The following example gives a concrete interpretation of analytic adelic
spaces and the subsequent remark explains why their measure theory cannot
be extended to geometric adeles.

Example 5.2. Let S be a two-dimensional algebraic variety over a finite field
and let y be a nonsingular irreducible curve on S, with function field k(y).
Associated to y we have the complete discrete valuation field

K, = F‘rac(@).
We fix a local parameter and denote it by %,, it can be taken as a second
local parameter for all two-dimensional local fields associated to closed points
z on y. We will refer to it as a local parameter of y. The ring A(k(y)) is
locally compact and has a Haar measure px(y)). We have a non-canonical
isomorphism
Aly) = Ak (y))((ty))-

Let p be the map to A(k(y)) sending a power series to its free coefficient. As
in example 4.1, one can construct an R((X))—measure p, on A(y). Let S be
a measurable subset of A(k(y)), then

1y (tp ™ (S)) = X' pa iy (9)-

Remark 5.3. As in the above situation, let y be an irreducible curve on S.
If A(y) is the group of geometric adeles associated to y on S, M = Os and T
is the set of all reduced chains of the form =z € y C S, then

A(y) = Urezty Ay).

A (y) can be understood as a restricted direct product of A(y) in which almost
all components lie in A(y). Since the measure of A(k(y)) is infinite, the measure
of A(y) in the previous example is infinite. The geometric adeles are therefore
a restricted product with respect to a set of infinite measure, and so we cannot
extend the measure to A.

5.2. Horizontal curves. Horizontal curves on § will play a crucial role in
this paper. We will begin by explaining their archimedean content, which is
roughly that each horizontal curve intersects the archimedean fibres of the
surface, as we now explain in more detail.

By an archimedean fibre, we mean the fibre product

So' =S XSpec(Ok) kg.

where ¢ is an archimedean place of the base field k, with corresponding com-
pletion k,. There is a natural morphism from an archimedean fibre to the
generic fibre

S = Sxo, k=85,=C.
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The fibre over any closed point on the generic fibre C' = S, is a finite reduced

scheme. A horizontal curve y on S is the closure Q of a unique closed point
z € C, which has residue field k(z). There are only finitely many points on S,
which map to z, and they are the primes of k, ®j k(z), which correspond to
the infinite places of k(z) extending o on k.

At a closed point w on S, we have a two-dimensional local field

Kyo= Frac((jg\o’w).

The residue field of K, , is denoted k,(w) and is either R or C. We have,
respectively

~ JR((?)),
w,o —
C((2))-
Let y be a horizontal curve on S, and let o be an archimedean place of k. By

the correspondence just described, we have an archimedean place w of k(y)
and a two-dimensional local field

Kw,y = k(y)w((ty))a

where k(y),, is the completion of k(y) at w.
Repeating the construction from 5.1, we obtain a lifting map

Iy K()E" — Oy = {R”t”j

Also, at a closed point = € y, we have a local lifting
lay : Bzy — Opy.
Altogether, we have an adelic map:
Ly @aeylly, @10 Ak) ™" — [ Koy || Ko
TEY w

Definition 5.4. Let y be a horizontal curve on §. The y-component of the
analytic adelic space is:

A(y) = {((ax,y)xeya (aw,y)w) € H Kx,y HKw,y :Vn > 1,

TEY w
((ax,y)xeya (aw,y)w) € lm(LZ)}

The residue maps O, , — E, , and O, — k(y), induce
py : Aly) — Alk(y)).
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5.3. Additive normalization. We want to extend example 5.2 to the an-
alytic adelic rings associated to fibres and horizontal curves. If y is a curve
on S of either description, the additive group of the ring A(k(y)) of adeles on
the function field k(y) is a locally compact abelian group. It thus has a Haar
measure, which is unique up to scalar multiplication. The R((X))-measure on
A(y) will depend on a choice of normalization of the Haar measure on A(k(y)).

Let F be a two-dimensional local field. If F' is non-archimedean and ¥r :
F — C* is a character, then we will refer to the orthogonal complement of Op
as the conductor of ¥p. If F' is an archimedean two-dimensional local field,
the conductor is the orthogonal complement of Of.

When F = K, , (resp. K, ), we denote 1r by 1, . (resp. 1,4). The aim
is to define the normalization of the measure on A(k(y)) through the charac-
ters 1y ,.

Lemma 5.5. For any closed point x on the fibre S, of S, let z be a branch
of an irreducible component of S, at x. There are characters 1), , of the two-
dimensional local fields K, , such that if

Q/)I,p = ®268p(x)¢$,2’
then the following is defined on A(Sy):

¢p = Bges, 1/)56,!3'

Moreover, the conductor A, is commensurable with Oy, with equality at
almost all x € Sy, including the singular points. There is a non-trivial

Pp - A(k(Sp)) — C~
such that
¢p = PpPp-

Similarly, if y is a horizontal curve, for all points x € y and archimedean
places w of k(y), there are local characters 1y, and 1), , such that

Yy = QueyPay Quw Yuy
is defined on A(y) with the same properties.
Proof [10, Proposition 27]. O

From now on we fix such ¢, ,, (resp. 1, ,) for all closed points on fibres S,
(resp. horizontal curves y).

Definition 5.6. Let y be an irreducible component of a fibre. If x is a non-
singular point on y, define d(z,y) by

d(z,
Ay = tl(x Vo

»ToY .Y
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where A, is the conductor of 9, , and ¢ ;, denotes the local parameter of
K, . If z is a split ordinary double point on y, and z, 2’ are local branches of
y at x, we will write d(z,2) = d(z,2') = —1.

Lemma 5.7. Let Sy be a smooth fibre on S, then
d )
H Q:ES;; P) =1.
Q?GSp

Proof. Let k(S,) denote the function field of S, and let v be a place of this
global field. The residue field at v has cardinality g,. The lemma then follows
from the representation of the canonical divisor € on z as

¢ = vav,

where P]" is the v-component of the conductor of the standard character on
A(k(z)). We know:
N(P) = g = gesome,
So
[TV ) = g s,
v

and formula follows from the fact that deg(€) =29 — 2. O

Let f14(k(y)) be the Haar measure on A(k(y)) which is self dual with respect
to the character ¢, from lemma 5.5. If y is an irreducible curve on S, let L
denote a measurable subset of A(k(y)) with respect to the above Haar measure.
Consider the lifted measure M,y on A(y) such that

M) (typy (L)) = X iy (L),
For example, let S, be a smooth fibre of S over p. Consider the subset
OA(Sy) = [] Oup:
Q?GSp
then
Mi(s,)(OA(Sy) = MA<k<sp>>< 11 Ow)

CEESp

= H 1k(Sp). (Ox)

CEESp

H qgfg,y)/ 2

CEESp

1—g(S
= gy 9( p)’
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where ¢(S;,) = g denotes the genus of the special fibre S,,.
Definition 5.8. Let g be the genus of C' and S, be a smooth fibre, define:

pa(sy) = 4(Sp)? ™ Magy)-
If S, is a singular fibre, then

1a(s,) = Mas,)-

If y is a horizontal curve, let py () = My(y)-

So, for all smooth fibres and horizontal curves py ) (OA(y)) = 1.

Definition 5.9. A simply integrable function on A(y) is a finite linear combi-
nation of characteristic functions of measurable sets under the measure p15 ().

In this paper we will only integrate these simply integrable functions, for
which the integral is the linear combination of the measures. For a more general
theory, see [10, 1.3].

§6. Zeta integrals on S

Two-dimensional zeta integrals were first studied by Fesenko for proper
regular models of elliptic curves [9, 10]. We extend his results to a model S as
in 3, following the sketch in [9, Part 57].

6.1. Multiplicative normalization. First, we recall the relationship be-
tween the measure on the additive and multiplicative group of one-dimensional
local fields and adeles.

Example 6.1. Let k& be a number field. At each non-archimedean prime p we
have a normalized Haar measure du on the locally compact additive abelian
group kj, which has finite residue field of cardinality ¢(p). One then integrates
on the multiplicative group k, with the measure

d

—1y OH

(1 =qlp) )7
| ks

In turn, one integrates over the idele group A;* with the tensor product of

these measures.

Similarly, on an arithmetic surface, we need a measure compatible with
the multiplicative structure of a two-dimensional local field. Let F' be such
a field with local parameter to and let ¢; be a lift of the local parameter of
the residue field of F'. Let U denote the group of principal units, and let ¢
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be the cardinality of the final (finite) residue field. One can decompose the
multiplicative group F'* as follows:

F* =<t >*<ty >* U.
Using this decomposition we define the R((X))-valued module | | by
{tyt]ulp = ¢ I X"
When F' = K, ,, we use the notation | |[p = | |4,4.

Let z denote a local branch of an irreducible curve on § at a point z.
Motivated by example 6.1, we will use the following measure on K :

M X == .

Koo ™ (1= q(z,2)7)] |a.:
Definition 6.2. A simply integrable function with respect to the above mea-
sure is a finite linear combination of characteristic functions of measurable
sets.

Example 6.3. Let S, be a smooth fibre of § and consider the following
measurable function for each closed z € y

fa.s, = | l2,s,char(Oz,p),
and define fs, = ®zes, f1,5,- Then, fs, is integrable and
/ § fSpdlﬁg( ((Sp, s) H q(z Sp 4(@:5p))(1=5)
A(SP ) QTGSF
((Sps 5) qug 1 9)(1—s)
Q?GSp

In our case the special fibres have at worst split ordinary double singularities
and we will use an ad hoc variant of the function in example 6.3 to recover
the corresponding factor of the zeta-function — for a more complete approach
see [10, 36, Remark 1, 37]. When z is a singular point of Sy, define

MK;Sp = ®zesp () Mgy, -

6.2. Zeta integrals on the projective line. We would like to take the
product over all the fibres in order to obtain the non-archimedean part of
the zeta function of S, including the conductor. Unfortunately, the product
diverges due to the additional factors appearing in example 6.3.

To resolve this, we begin by observing something complementary that hap-
pens when we apply the adelic analysis on the scheme P := P!(Oy). At a non-
archimedean place p of the base field k, the fibre P, = P1(k(p)). At a closed
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point z € Py, define
gz,p = char(Ozp, ),
and subsequently,
Ip = QzePyJu,p-

Then

gpl 1, diap,yx = C(Pyrs) T ol .
/A(Pp)x p‘ ’Pp A(Py) p H

Iepp

Combining this computation with examples 6.3 and 6.7 (later), we see that if
p is a good prime of C', then

g—1
fol 1% du ><</ go| 15 du ><> = C(Pp, 8)7IC(S,, ).
/A(sp)x ol |$p A(Sp) A(Py)* pl |79p A(p) (Pyp, s) (Sp, )

This is essentially a non-archimedean factor of the zeta integral in 6.5 below —
complications will arise at the bad primes.

The (1 — g)th power of the zeta integral on P!(Oy) conveniently cancels
the divergent part of the zeta integral over S. But that is not all, as by a
completion process for the zeta function of P'((O;)!79, we can recover the
gamma factor of S up to an [s — 2 — s]-invariant rational function. We will
now make this idea precise.

6.3. The Gamma factor. The gamma factor for the zeta function of S is
the quotient of the gamma factors of it’s Hasse—Weil decomposition, i.e.,
L(k,s)T(k,s —1)

(C,s)

I'(S,s) =

The renormalizing factor in fact induces the gamma factor in a very natural
way. The zeta function of P!(QO}) is very simple:

C(Pl(ok)a S) = C(ka S)C(ka S = 1)3
and so its gamma factor is

D(PY(O),s) =T (C,s)T(R,s)"'T(C,s — 1) (R, s — 1)™.
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Applying well-known identities of the gamma function,
1
(T(C, s)2T'(C, s — 1)2T(R, s)"1 (R, s — 1)71)9-1
1
(O(C, 5)mD(C, s — 1)7=2D(C, s — 1)m1 )9t
9= (g — 1)m2(9-1)
~ (D(C.5)?T(C,s — 1) )9t
a(rtr2)(9=1) (5 — 1)(m+r2)(g—1)
(T(C, 5)r172)01
a=(rtr2)(9=1) (5 — 1)(ritr2)(9—1)

L(P'(Op),5)' 79 =

— r
R0 (S,3)
= Q(s)I'(S, s),
where
7{.7(1"14»1"2)(9*1)(3 _ 1)(r1+r2)(gfl)
Q(S) = R(S) ’
SO

Q2 —s) = £Q(s).
We thus see that completing the normalizing factor gives us the transcendental
part of I'(S, s).

6.4. Integration on horizontal curves. We will remind ourselves of the
Haar measure on R and C
_ ) Lebesgue measure, dz, ks(w) =R,
Hho (@) = twice Lebesgue measure, 2dz, k,(w) = C.

One then integrates on the multiplicative group R* (resp. C*) with the mea-

dx 2dx
sure -7 (resp. —s ).
|| (resp IZIZ)

Example 6.4. We have the well-known identities:

d
/ ez = T(R, 5),
RX z
2d
/ =222 222 — 9xD(C, 5).
(CX

2|

These are precisely the Gamma factors required for the Dedekind-zeta function
of a number field at a real (respectively complex) place.

We will integrate on K, , with the lifted measure from £(y)..
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Definition 6.5. A basic measurable set on K, , is one of the form tf‘,uk(y)w (A),
where A C k(y), is measurable with respect to the Haar measure on the
archimedean local field &(y),,. This can be extended to finite unions by linear-
ity.

At all closed points z of y we have the two-dimensional local field K , and
the natural lifted Haar measure as described in 6.1. Altogether, we have a
measure on A(y) = [, K;,[[, A(w,y) for a horizontal curve y. For reasons
that will soon be apparent, we redefine! | |, to be [leey ! ];/2
On a set S of fibres and finitely many horizontal curves:

s =TT 11

yeS

|y = H’ |2,y

TEY

where

On a horizontal curve y, we redefine A(y)* to be a maximal subgroup such
that the image of | |, is equal to that of | |2.

Example 6.6. At a nonsingular z € y, let f, , = char(O,). At an archimedean
place w of y, let f,,(a) = char(Oy,y)(@)exp(Try(y), /r(1)[res;o (a)]). Then

7 2
Ay)>
where ((k, g, x) is a classical Iwasawa-Tate zeta integral and
f = ®Uf~va
char(Oy,)(ay), v archimedean,
Jolaw) = 67”0‘3, v real,

. 2
e 2mlow]” v complex,

by the well-known theory of Iwasawa—Tate this integral defines a meromorphic
function on C and satisfies a functional equation with respect to s — 2 — s.

6.5. Zeta integrals. We are missing the factors at bad primes p. At a split
ordinary double singularity on the fibre S, we have two local branches, so that
integrating over multiplicative group of the two-dimensional analytic adelic
space for S, gives us an additional factor that is not present in the zeta func-
tion. One way of treating singular and smooth fibres y in a regular way is by
integrating over A(y)* x A(y)*, which we give the product measure.

4This potentially confusing notation will be used throughout without much further
comment.
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Example 6.7. Let y = S, be a fibre over p with singular point z. Let z be a
branch of y at z, then define f,, on Oy y X Oy 4 as follows”:

foy = az "char(Oy . t1) O, ).
For nonsingular points = € y put
fzy = char(Oy 4, Oy y).
Combining, put f, = Qzeyfzy, then
/fyd:uA(y)XxA(y)X = Ap(S)1¢(y, 5)? [ 2190,
ZGSp

All that remains is to put everything together as an integral over the whole
adelic space A(S)*, where S is contains all fibres of S and finitely many
horizontal curves.

Definition 6.8. Combining the previous examples, let

f = ®y€5fy7
where y runs over all curves in S. f, is defined as follows:

(1) Let y be a nonsingular fibre and z € y be a closed point, put
fzy = char((Ogy. Ogy)).
fy = ®fay

(2) Let y be a fibre with singular point z. Choose branches z, 2" € y(z)
and put

fx,y = qx_lchar(Ox,z, tl,m,zox,z)-

(3) Let y be a (nonsingular) horizontal curve, for non-archimedean places
of k define f;, as in point (1). At archimedean places w take

Juy() = char(Oy y) (a)exp(Try(y), /r(1)[res (a)]).
We introduce the following abbreviated notation:

Definition 6.9. Let k be a number field and P = P'(Oy). Let S denote a set
of curves on S, consisting of all fibres and a finite set Sp of horizontal curves
on S. If f is an integrable function on A(S)* x A(S)* and h is an integrable

5This is the image of Char(O,,,) under Fesenko’s “diamond operator”.
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function on A(P)* x A(P)*, then the zeta integral CéQ)(f, h, s) is defined to
be the following product:

g—1
11 ( / hyl \%deA(Pp)X) / fs, 118, dpa(sp)x

PESPec(Or) “A(Py)* X A(Py)* A(Sp)* XA(S)*
IL [ Bl sy % (€' (©0).9)' "
yesh A(y)x

Remark 6.10. This can be viewed as a “renormalized” integral over the
adelic spaces A(S,S)* and A(P,S)* [10, Part 57]. In the next section we
will consider this as an integral over the analytic adeles of the non-connected

arithmetic scheme
g—1

ST P

i=1
Remark 6.11. In this section we have only specified one integrable function,

for a more complete theory see [10, Section 1.3]. In general, integrable functions
will only differ at finitely many components.

At a closed point € Py, define hy p, = char(Oy p,, Or,p,), and let hp, =
Qgep, hz,p,. Convergence of the preliminary zeta integral in some specified
half plane will be a corollary (6.13) of the following computation.

Theorem 6.12. Let S be a set of curves consisting of all fibres and finitely
many horizontal y;, each of function field k(y;). If f is as in definition 6.8 and
h is as above, then

CO(f,h,5) = Qs)T(S, 5)2A(S)17)¢(S, 5)? Hak(yn, $/2)?,

where Q(s) is a rational function such that

Q(s) = £Q(2 - s),

and &(k(y;), s) is the completed Dedekind zeta function of the finite extension
k(yi)/k which satisfies the functional equation:

S 2—s
§h)) (5) = ek ()
Proof. This follows from combining examples 6.3, 6.7, 6.4 and 6.6. U

Corollary 6.13. Assume that the integral in the above definition is defined at
f,h, then it converges for s € {R(s) > 2}.
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Proof. In the case of f,h as in the theorem, the convergence of the zeta
integral follows from the well known properties of {(S, s) which are described
in [26]. For arbitrary f, g such that the zeta integral is defined, the calculation
will differ by only finitely many factors. O

We will introduce the notation

Z(S,{i}s) = ¢S, ) AS) ! IPT(S, 9)Q Hg (1), 5/2)-

Clearly, the zeta function verifies admits meromorphic continuation if and only
if Z(S,{yi},s) does, and the functional equations are equivalent.
Let 7 be a two-dimensional arithmetic scheme over Spec(Oy). For p €

Spec(Ox), define | |7 on (A(Z,)*)*" by [(ar,...,an)|™ = |as]... |an|. We
will use the product measure on (A(7,)*)*". Let f(™ = (f,..., f) and ¢ =
(g,-...g), and define ¢(")(S, f,h,s) as the following product:

(n) | () ot
g (1 1) dprg )
11 </(A(PP)XW Py ) i a(py) )

peSpec(Oy,)

X/ e SIS dragaspy e

<11 / W (| M) dn gy yen € (B (Of), 570972,
YyESh
Corollary 6.14. For each positive integer m, we have
C(Zm) (Sa f’ ha S) = Z(S, {yl}a 3)2m-

Proof. This follows from Theorem 6.12 and the definitions of measures above.
O

When the genus of C'is 1 and 2m = 2, we recover Fesenko’s zeta integrals for
elliptic curves and the formula in corollary 6.14 agrees with his first calculation.
This motivates the following definitions:

Definition 6.15. An simply integrable function on (A(S,S)*)*? is a finite
linear combination of i (x(s, g)x)x2-measurable sets.

Definition 6.16. Let S be a set of curves on S, for simply integrable functions
f:(A(S,8))2 =C
and h on (A(P'(Of))*)*?, the “two-dimensional unramified zeta integral” is

(S, S, f.h| [*) = C (S, f.hys).
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We make the following conjecture, extending that of [10, Section 4]:

Conjecture 6.17. Provided the set S of curves on S contains finitely many
horizontal curves, the zeta integral (S, S, f,h,| |°) meromorphically extends
to the complex plane and satisfies the following functional equation

(S, S, f.h | IP) = ((S, S, £, by | [P79).

Remark 6.18. Let S contain all fibres of S and finitely many horizontal
curves, then

((S. S, frha| ) =((S, S, foh,| P7%) == £(S,5)* = €£(S,2 — 5)?
— 6(87 3) = ié(sa 2 - S)
< A(C,s) = £A(C,2 — s).

We have integrated over two copies of the multiplicative group of the ring
of analytic adeles so as to get the correct factor of the zeta function at split
ordinary double points. This is not the only motivation for doing so. In fact,
there is a certain compatibility with two-dimensional class field theory that
allows us to define “twisted” zeta integrals whose evaluation is an analogue of
Hecke L-functions for arithmetic surfaces. This will be the subject of a later
section. Before then, we will formulate the mean periodicity correspondence
in terms of this “two dimensional adelic analysis” on S.

§7. Adelic duality and filtrations

In dimension two, there are three “levels” to the adeles — formal defini-
tions will be given in 7.3. On the purely local level, one has the products of
fields associated to closed points on irreducible curves. The other extreme is
the global object, i.e. the function field of the surface. In between one has the
local-global (or semi-global) complete discrete valuation fields associated to ir-
reducible curves, or closed points on the surface. One may consider these levels
as a filtration on the adeles, from which one constructs semi-cosimplicial com-
plexes which compute the cohomology of quasi-coherent sheaves. The additive
duality of the adeles and associated quotients can then be used to deduce the
Riemann—-Roch theorem, for example as in [11]. On the other hand, the duality
of multiplicative, and K-theoretic, adelic structures give rise to results in class
field theory [13, Chapter IX].

It is our desire to apply additive and multiplicative adelic duality to the zeta
integrals of the previous section. Shortly we will derive a harmono-analytic ex-
pression of adelic duality known as the “two-dimensional theta formula.” The
analogous expression for elliptic surfaces was first proved by Fesenko in [10,
§3.6]. This terminology is by analogy to the classical theta formula, expressing
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the functional equation of the theta function. This classical result can be veri-
fied through Poisson summation on the adeles and is used in the Iwasawa—Tate
method for the functional equation of Hecke L-functions.

In order to achieve this, we must construct integrals on the local-global
adelic spaces. The measures required do not factorize as a product of local fac-
tors, so the ad hoc method of renormalizing in the previous section is not suffi-
cient. Instead, we will consider convergent integrals on certain non-connected
arithmetic schemes.

In 7.1 we will introduce the “boundary functions” associated to ((S,s), for
arithmetic surfaces §. They are defined in terms of inverse Mellin transforms of
products of zeta functions and are a priori nothing to do with two-dimensional
adeles. We will realise these functions as adelic integrals in 7.2. In 7.3, the two-
dimensional theta formula will allow us to understand an important compo-
nent of the boundary function as an adelic integral. Indeed, the terminology
“boundary” comes from the fact that this component is an integral over a
semi-global adelic boundary, with respect to a somewhat complicated topol-
ogy. The meromorphic continuation, functional equation, and even poles, of
the zeta integrals are all reduced to the analogous properties of this boundary
integral.

7.1. Boundary functions and mean-periodicity. The mean-periodicity
correspondence provides a necessary and sufficient condition under which arith-
metic zeta functions admit meromorphic continuation and the expected func-
tional equation. Our aim in this subsection is to provide some intuition of
this result. For simplicity we will work in the strong Schwartz space S(R}) of
functions RiG. This space is used in the theory of zeta functions elsewhere,
for example [18], and is even implicit as far back as [29]. It’s topological dual
is the space of weak tempered distributions.

Definition 7.1. A strong Schwartz function is S((R}))-mean-periodic if there
is a non-trivial weak-tempered distribution f* such that

f*fr=0.
Equivalently’, f is S((R))-mean-periodic if

Spanc{y - f :y € R} # S((R})),

where

y - flz) = f(z/y).

6Equally one could work with strong Schwartz functions on R by composing with the
exponential map.
"This is equivalent as the Hahn-Banach theorem holds in S((RX)).
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Example 7.2. One should think about this definition in comparison to smooth
periodic functions on R. Say such a function f has period p, then it satisfies
the following convolution equation

f*(ép_éo):(]a

where §, denotes the Dirac distribution at a. Evidently, R acts on €°°(R) by
y: f(z) — f(x —y), and the set Spanc{y - f : y € R} is not dense in € (R).
Unfortunately, it was explained in [6] that the space of smooth functions is
not suitable for applications to zeta functions, though, the space of functions
of not more than exponential growth may be.

Let S — Spec(Oy) be a proper, regular model of a smooth projective curve
over a number field k. For 1 = 0,...,n, let k; denote a finite Galois extension
of k. Define, for ¢ > 0, the inverse Mellin transform

f(S Aki}) : RT = C,
1
S, {ki}.x) = — Z(8,{k;}, s)x™%ds,
18 )0 = 5 | 2(8.06).9)

and
h(S, {k:}) : RX — C,
h(sa {kz}ax) = f(Sv {kz}ax) - xilf(sa {kz}a xil)'

It follows from [6, Theorem 5.18] that ((S,s) admits meromorphic continua-
tion to C and satisfies the functional equation (up to sign) if and only if there
is an integer n and field extensions k;/k, i = 1,...,n, such that h(S, {k;}, z)
is S((R}))-mean-periodic. We are lead to the following conjecture.

Conjecture 7.3. There exists a finite set of extensions {k;/k} such that
h(S,{ki},x) is X-mean-periodic, where X = S(RZ)-mean-periodic.

The remainder of this section will focus on providing a two-dimensional
adelic framework for studying this conjecture. More precisely, we will for obtain
integral representations for the functions h(S, {k;}, z) over semi-global adelic
objects.

Remark 7.4. The mean-periodicity correspondence may be compared to au-
tomorphicity of the Hasse-Weil L-functions appearing in the motivic decom-
position of the zeta function, for example, [27, 22].

7.2. A second calculation of the zeta integral. As always, let S be a
proper, regular model of a smooth, projective, geometrically connected curve
C over a number field k, and let P denote the relative projective line P!(Oy,).
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Due to the renormalizing factors of the previous section, we are interested in
the zeta function of the disjoint union

g—1
x=s]]»
i=1
Given any disjoint union X = |J X; of schemes of finite type over Z, one has

C(X’ 8) = H C(Xla S)a

therefore we have
C(Xa 3) = C(Sa S)C(Pa S)g_l'

Let € (S) denote a set of curves on S, and % (P) denote a set of curves on P.
We will assume throughout that ¢ (S) contains at least one horizontal curve,
% (P) contains none, and each set includes all fibres. Let € (X) denote the
union:

C(X)=F(S)UE(P).
We will define an analytic adelic space on X as the following product

g—1 copies
A(X,C(X)) = A(S,%(S)) x A(P,C(P)) x - x A(P,6(P)).

To avoid cumbersome notation, for an arithmetic surface A = S,P, X and a
set €(A) of curves on A we will use the notation

T(A 7(A)) = (A(A, (A)) x A(A, (A) "

Note that if € (X) contains only finitely many horizontal curves on S then the
following integral converges for s > 1:

/T(X),%(X) (f I h> (@)]al*dp(a),

where the measure on T'(X) is simply the product measure on the multiplica-
tive adelic groups. Indeed, in the notation of the previous section, this is equal
to the zeta integral

(S, E(S), £ by | 7).
From now on, we will assume ¢ (X) = €(S) U € (P) to be fixed, and simply
use the notation T'(X) and
C(fa h, 3) = C(Sa CK(S)’ fih ’ ‘s)
Due to the presence of a horizontal curve in %(S), we have a surjective module
on T(X),
| [: T(X) = RY,
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given as the product of modules on & and P, which are modified at horizontal
curves as in the previous section. T7(X) denotes the kernel of this module,
namely
TI(X)={z€T(X):|z| =1}
We may choose a splitting
T(X) =R x T (X).

The aim is to integrate over T1(X). In order to do so, we must first consider
a finite subset ¢ (X)? C € (X) containing at least one horizontal curve on S.
%(X)° can be decomposed into a union

¢(S)" uE(P),

where the first set contains only curves on S and the second only those on P.
For such an €'(X), its complement will be denoted €' (X)y = € (X) — € (X)°.
We define

Tep(X) = J[ (AS.») x Ay ] H (P.y) x A(P,y))*.
ye?(S)0 ye? (P)0 i=1

Again, we have a surjective map

| lgx)e : Tgqayp (X) — RE,

defined in the obvious manner. Its kernel is denoted
Tg(xy0,1(X),

and we have a splitting
Tg(x)o (X) = R_T_ X Tg(;()o,l(/'f).

Let p(%(X)") denote the product of projections to one-dimensional adelic
spaces as introduced in the previous section. We will fix a Haar measure on
P(Tg(x)0,1 (X)) such that the Haar measure on p(Tiy(x)o (X)) is the product of
this Haar measure and that on RY, and let y1(Ti(xy0,1) denote the lift of this
Haar measure. For an integrable .% on T'(X), for example .# = f [ h defined
by the functions in the previous section, let

7= [ St duTe)dn o).
T (X) Teg(2)0(X) I Teg (390 1 (X)

where o’ € Te(xyo 1s such that

-1
E(X)° = 1®lg(xyo-

The integral does not depend on the choice of €(X)°, and we have the following
lemma as a consequence of [10, Lemma 43].
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Lemma 7.5. For an integrable function % on T(X), we have the following

/ /R/T 7 (wa)du(e) .

In particular, we can decompose the zeta integrals of the previous section

as
C(F by ) / . (th ) P,s5)',
where
(7 1ms) = [ (th>(mma)|mzalsdu(a)-
T1(X)
This decomposition is the key to our second calculation of the zeta integral.

Proposition 7.6. Let f,h be as in the previous section, then we may decom-
pose the zeta function as a sum of the form

C(fa ha 3) = 77(5) + 77(2 - 5) + w(s)a

where 1(s) absolutely converges for all s, and so extends to an entire function
on C.

Proof. We decompose the multiplicative group M = R7 of positive real num-
bers as M = M U M~, where

f={meM:+(m|-1) >0}
We give these spaces the measure
13y on M — M NTy,
4+ =
K %,uM on M NTy.

The result then follows directly from

C(fahas) = / Cm(fahas)d/J‘M+(m) + CM(fahas)d:u‘Mf(m)a
M+ M-
and

wm(s) = CM(fahas) - |m|_2<m_1 (f7h75)7
by writing

n(s) = Cm (f, 8)dpar+ (m),
M+

wl9) = [ am(s)duas-(m).



ZETA INTEGRALS ON ARITHMETIC SURFACES 227

Let {y;} denote the complete set of horizontal curves in € (S). We will define
the adelic boundary function h(S, {y;},-) : R¥ — C as follows

h(S, {yi}.a) = /T o (#m) = S ),

where m, € M C T(X) is a choice of representative of z € R}.
From the above proposition we deduce the following:

Corollary 7.7. Let {(S,{y;}, z) be the inverse Mellin transform of Z(S,{v;}, s),
then

h(sa {yi}a x) = f(Sv {yi}a x)xQ - f(S, {yi}vx_l)'

In particular, by Mellin inversion, and the evaluation of the zeta integrals in
the previous section,

h(sa {yi}a x) = {L‘71/2h(8, {k(yz)}a $)

In this way, we understand the boundary function A of the mean-periodicity
correspondence [6] as an adelic integral. The next step is to understand the
role of local-global adelic boundaries.

7.3. The adelic boundary term. Our current goal is to understand the
boundary function as an integral over the topological boundary of an adelic
subspace (thus motivating the terminology used throughout). This is the first
step towards a verification of the mean-periodicity conjecture stated above
through two-dimensional adelic duality.

Recall that, if G is a topological group, then the weak topology is the
weakest such that with respect to which every character of G is continuous [3,
I, 2.3, 2.4]. Let £ be a number field and f € S(Ag) be an adelic Schwartz

function. In §2 we saw the expression
hite) == [ [ (per) o T ) du(Bdut),
veAl /kx JBeakx

where the boundary of £* — A/ is with respect to the weak topology on the
locally compact topological group A} . Explicitly, this is the following rational
function:
hy(@) = —p(AL/E*)(f(0) =27 f(0)).

We will need to use a two-dimensional analogue of the inclusion £* — A/,

Let A be an arithmetic surface (in practice, it will be S or X = S]_[Zg:_ll P)
with function field K. If y is a curve on A, the field K, = Frac(OQ,) is a
complete discrete valuation field whose residue field is the global field k(y). It
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is therefore neither truly local, nor truly global in nature. For all closed points
z € y, we have an embedding

Ky%K

Z,Y
which together induce a diagonal embedding

K, — H Ky
TEY

For a curve y on A, let B(A,y) denote the intersection of the image of this
embedding with A(A,y). Informally speaking, the counting measure on k(y)
lifts to an R((X))-valued measure on B(.A, y). We now make this more precise.

Definition 7.8. A basic measurable set on B(y) is a set of the form tépgl(A),
where A C k(y) is measurable with respect to the discrete counting measure®
i(y) on k(y), and i € Z. The measure pp,) of t;pgl(A) is X' (A) €
R((X)).

This measure can be extended by linearity. An infinite product of these
measures is divergent unless, for all but finitely many y, each A C k(y) contains
precisely one point. Firstly we will consider finite products.

Let € (A)° be a finite set of curves on A, and define

B(A,S°) = ( 11

IB%(A,y)) NA(A, € (A)Y).
y€EG(A)°

We will integrate on B(A, € (A)°) with a measure induced from the product
of the lifted counting measures on each B(A,y), for y € €(A)". Explicitly, we
make the following definition:

Definition 7.9. Let A be an arithmetic surface and let '(A)° denote a finite
set of curves on A we define the measure g4 (4)0) by

HB(6(A)0 = Qyer(A)OHB(y)-
We define the measure on B(A, € (A)°) x B(A, € (A)°) to be the product mea-

sure.

Let F be a two-dimensional local field, and let 1 be a choice of character
such that all continuous characters of F' are of the form

e+ a— P(aq),

8Such a set is a finite set of points.
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for a € F. For an integrable function f on F, the Fourier transform F(f) with
respect to 1) is defined by

F()(B) = /F F(0)i(af)do

In particular, this applies to fields of the form K, , and we denote the Fourier
transform on these fields by 7, ,. For any integrable function f, on A(A,y),
we may define

Fy(fy) = QzeyFay(foy)
By [10, Proposition 32], we have a “summation formula”?:
Proposition 7.10. Let €(A)° be a finite set of curves on an arithmetic sur-
face A, and f be an integrable function on B(A, € (A)°) x B(A, € (A)°) then,
for all o € A(A, € (A)°) x A(A,€(A)?),

/f(aﬁ)dﬂB(A,%’”(A)O)xIB%(A,%’”(A)U)(5)

1 —

We want a multiplicative analogue of this statement. Let y be a curve on
A, we introduce the notation

TO(Aa y) = B(Aa y)>< X B(Aa y)>< - T('Aay)
To integrate on this space we make the following definitions.

Definition 7.11. Let y be a curve on an arithmetic surface A, and let ok ()
denote the discrete counting measure on the multiplicative group k(y)* of the
function field k(y). A basic measurable g 4,)x on B(A,y)* is of the form
tép;l(A), where A is a ji(,)x-measurable set of k(y)*
X'y (A) € R((X)). We define

, and its measure is

HTo(Ay) = HB(Ay)< @ HB(Ay) <
These measure can be extended to finite unions by linearity.

For a subset ¢ (A)" of finitely many curves on A, let
To(A,C(A)) = [[ To(Ay) cT(A,E(A)°).
ye?(A)°
On Ty(A, € (A)?), we introduce the measure

proasan) = 1] (@ =1 ryay)-
yeso

9The semi-global adelic object B is discrete in A.
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Finally, let € (A) be a set containing all fibres and finitely many horizontal
curves, we define

To(A,6(A) = [ To(Ay).
y€%(A)
On this space, we integrate using the following rule

/ F = lim / Z,
To (A% (A)) E(A)°CE(A) JTy(A,€(A)9)
Integrable functions are those such that this limit is finite. Overall, we have a
filtration

T[](.A, S) C Tl(.A, S) C T(.A, S)
In [10, Section 3.5], Fesenko introduces a measure on the quotient such that,
for an integrable function g on T'(A, € (A)):

=), J
/Tl (A% (A)) T1(A,C(A)/To(AE(A)) JTo(AE(A))

Let (A)? C €(A) be a finite subset. We endow A(A, € (A)°) x A(A, € (A)°)
with the weakest topology such that each character lifted by p is continuous.
With respect to this topology, we will call the boundary 0Ty(A, € (A)°) of
To(A, € (A)°) C A(AE(A)°) x A(A, € (A)?) the “weak boundary”. Note that
this is a measurable subset of B(A, € (A)?) x B(A, ¢(A)?), and we may define

/ 9= d(%(A)°)

0To(A,€(A)9)

g(vB)du(B)du(y).

X / g - charar(a,2(4)0)AUB(A,Z(A)0)xB(A,F(A)
B(A,%(A)0)xB(AE (A)°
where
d?(A)") = 1] @-17*
yeE(A)°
We are interested in an inductive limit of these weak boundaries:

ITH(A,C(A) = | To(4,%(A)"),

SoCS

where the union runs over finite subsets ¢'(A)? C € (A). If g is an integrable
function on A(A, € (A)) x A(A,€(A)), then one defines

g= lim

/aTo(Afg(A)) C(A)OCE(A) /8T0(A,%’”(A)°) g
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The limit expressing the integral is only finite in exceptional circumstances.
One such case is expressed by the so-called “two-dimensional theta formula”.

Theorem 7.12. Let A be an arithmetic surface, S denote a set of curves on
A, and f be an integrable function on A(A,S) x A(A,S), then

/ (F(aB) - F(f2)(B))du(B) = / (F(falB)) — F(@B))da(B).
To(A) 9To(A)

One applies this result to A = X and g = f ][] h. Consequently, one obtains
the boundary integral contribution to h(S, {k(y;)},x). It transpires that this
boundary integral knows much about the analytic properties of zeta.

Corollary 7.13. Let {y;} be the set of horizontal curves on S in €(X). We
may decompose the boundary integral as follows

h(sa {yz}a I) = hl(sv {yz}ax) + hZ(Sa {yz}a I)a

where
hi(z) = / (o[ = 1)f(m3 o) du(a),
T (X,6(X))
h2(q:):a:2

[T1/To](X,%(X))

x / (Imar| ™ (ms vy B) — f(mary))du(B)diu(y),
8T0(X,%’”(X))

and my are lifts of z € RY to T(X), and v is as in [10, Section 3.4].

For elliptic curves, this result was first deduced by Fesenko. An analogous
decomposition, not involving adelic integrals, appeared in [6, Remark 5.11].
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