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To Professor S. V. Vostokovon the o

asion of his 70th birthdayZETA INTEGRALSON ARITHMETIC SURFACES

© T. OLIVERGiven a (smooth, proje
tive, geometri
ally 
onne
ted) 
urve over a number�eld, one expe
ts its Hasse{Weil L-fun
tion, a priori de�ned only on a righthalf-plane, to admit meromorphi
 
ontinuation to C and satisfy a simplefun
tional equation. Aside from ex
eptional 
ir
umstan
es, these analyti
properties remain largely 
onje
tural. One may formulate these 
onje
turesin terms of zeta fun
tions of two-dimensional arithmeti
 s
hemes, on whi
hone has non-lo
ally 
ompa
t \analyti
" adeli
 stru
tures admitting a formof \lifted" harmoni
 analysis �rst de�ned by Fesenko for ellipti
 
urves.In this paper we generalize his global results to 
ertain 
urves of arbitrarygenus by invoking a renormalizing fa
tor whi
h may be interpreted as thezeta fun
tion of a relative proje
tive line. We are lead to a new interpre-tation of the \gamma fa
tor" (de�ned in terms of the Hodge stru
tures atar
himedean pla
es) and an (two-dimensional) adeli
 interpretation of the\mean-periodi
ity 
orresponden
e", whi
h is 
omparable to the 
onje
turalautomorphi
ity of Hasse{Weil L-fun
tions.
§1. Introdu
tionLet S be a s
heme of �nite type over Z. The zeta fun
tion of S is de�nedon ℜ(s) > dim(S) by the Euler produ
t�(S; s) = ∏x∈|S| 11− |k(x)|−s ;where |S| denotes the atomisation of S, that is, its set of 
losed points, andk(x) is the residue �eld at a 
losed point x. The question of meromorphi
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200 T. OLIVER
ontinuation of su
h zeta fun
tions remains open, along with the 
onje
turalfun
tional equation with respe
t to s 7→ dim(S)− s.A basi
 
ase is when S is a proper, regular model of a smooth proje
tive
urve C over a number �eld k. Asso
iated to ea
h �etale 
ohomology group of C,one has a Hasse{Weil L-fun
tion L(Hi(C); s) de�ned as the Euler produ
t ofre
ipro
al 
hara
teristi
 polynomials of the a
tion of Frobenius on the inertiainvariants. The 
ases i = 0; 2 redu
e to Dedekind zeta fun
tions of the ground�eld k, and so the unknown quantity is L(C; s) := L(H1(C); s). One has thefollowing equation �(S; s) = n(S; s)�k(s)�k(s− 1)L(C; s) :This expression may be viewed as a de�nition of n(S; s), whi
h is easily seen asa produ
t of expli
it fun
tions rational in a variable of the form p−s, where pranges over the residual 
hara
teristi
s of bad redu
tion. From this one infersthat the meromorphi
 
ontinuation of �(S; s) is equivalent to that of L(C; s).An exer
ise in �etale 
ohomology demonstrates that n(S; s) admits the 
orre
tfun
tional equation so that those of L(C; s) and �(S; s) are equivalent [2℄.By taking into a

ount the additional 
ontribution of �nitely many hori-zontal 
urves on S, in this paper we study a modi�ed zeta fun
tionZ(S; {ki}; s) = �(S; s) n∏i=1 �(ki; s=2);where the number �elds ki=k are determined by the horizontal 
urves. Up tosign, the fun
tional equation of L(C; s) is equivalent to
Z(S; {ki}; s)2 = Z(S; {ki}; 2− s)2;where Z is not quite the produ
t of the 
ompletions:

Z(S; {ki}; s) = Z(S; {ki}; s)A(S)(1−s)=2�(S; s) n∏i=1�(ki; s=2):In the above expression A(S) denotes the 
ondu
tor of S and �(S; s) (resp.�(ki; s)) denotes the gamma fa
tor of S (resp. ki). These quantities will bede�ned in the main body of this text.For number �elds, or 
urves over �nite �elds, it is well understood that theanalyti
 properties of zeta fun
tions 
an be obtained through harmoni
 anal-ysis on a 
ommutative adeli
 group | this is reviewed in §2. These te
hniqueshave long sin
e been extended to various non-
ommutative algebrai
 groups.Our goal is to develop this idea on 
ertain two-dimensional adeli
 groups. Wewill review the theory of two dimensional lo
al �elds in se
tion 4:3, and two-dimensional analyti
 adeles in 4:4. The most fundamental issue is that these
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ally 
ompa
t, and so what we mean by \harmoni
 analysis"has to be somewhat modi�ed. The development of harmoni
 analysis on moregeneral topologi
al groups is of the utmost importan
e, as mentioned as farba
k as Weil [30, Foreword℄.The approa
h taken here is to allow our measure to take values not in R,rather in the �eld of Laurent series R((X)), whi
h is itself a two-dimensionallo
al �eld. We follow the approa
h of Fesenko [7, 10, 9℄, though we note simi-larities to te
hniques of motivi
 integration whi
h we will not seek to exposehere.Following a sket
h given in [10, Se
tion 57℄, §6 introdu
es zeta integrals ex-tending those of Fesenko in the 
ase where C = E is an ellipti
 
urve, the pri-mary di�eren
e being a renormalising fa
tor whose arithmeti
 interpretation isa power of �(P1(Ok); s). Fesenko's original de�nition of zeta integrals divergesfor higher genus 
urves, due to a 
ertain in
ompatibility of the additive andmultipli
ative measures, whi
h is re
ti�ed by the renormalizing fa
tor. More-over, there is a simple 
onne
tion between this fa
tor and the ar
himedean
omponents (a quotient of gamma fun
tions depending on Hodge stru
ture)of the 
ompleted zeta fun
tion, as will be explained.When C has simple redu
tion properties (whi
h 
an always be obtainedafter base 
hange), we will show that Z(S; {ki}; s)2 is an integral over 
ertaintwo dimensional \analyti
 adeles", up to the square of a rational fun
tion Q(s)of the following form Q(s) = D(1− s)m ;for 
onstants D ∈ C and m ∈ N, ea
h of whi
h depend on the base �eld k andwill be expli
itly given. Therefore Q(s)2 is invariant with respe
t to s 7→ 2−s.The required redu
tion properties for the integral expressions are explainedin 3, and are broadly 
omparable to semistablity. When C possesses theseredu
tion properties, the 
ondu
tor A(S) arises from 
ounting singularities onbad �bres.The Hasse{Weil L-fun
tion is expe
ted to be automorphi
. This expe
tationis not held for the zeta fun
tion �(S; s), whi
h, as a proper quotient of (
on-je
turally) automorphi
 L-fun
tions, is not in the Selberg 
lass. One possiblerepla
ement is the notion of mean-periodi
ity, as studied extensively in [6℄.We will state the relevant 
onje
ture in 7:1 and 
on
lude this paper with anadeli
 interpretation of the mean-periodi
ity 
ondition. This is the �rst steptowards its veri�
ation via adeli
 duality.Remark 1.1. The fa
t that it is the square of the modi�ed 
ompleted zetafun
tion appearing in the integral expressions is due to the fa
t we integrateover two-
opies of the multipli
ative group of the analyti
 adeles. Of 
ourse,



202 T. OLIVERone might expe
t that integrating over a single 
opy would give rise to the
ompleted zeta fun
tion itself | this is not true at �nitely many fa
tors. Thereare two further reasons for 
onsidering the square of the zeta fun
tion. Firstly,in this way we avoid issues with the sign of the fun
tional equation. Se
ondly,there is a 
ompatibility with two-dimensional 
lass �eld theory, whi
h is thebasis of a GL1(A(S))-theory that will not be in
luded in this work. We alsoobserve that the integration theory used in the work of Fesenko and 
urrentpaper plays a role in the theory of algebrai
 groups over �elds of the form
Qp((t)), for example, we have the appli
ation in [16℄.

§2. Tate's thesisWe will begin by summarizing the 
ontent of Tate's thesis for Dedekindzeta fun
tions [28℄. Let k be a number �eld with ring of integers Ok. TheDedekind zeta fun
tion ofOk is then the zeta fun
tion of the arithmeti
 s
heme
S = Spe
(Ok): �(S; s) = �(k; s):Asso
iated to k one has the lo
ally 
ompa
t groups of adeles Ak and ideles
A×k . k× is embedded diagonally into A×k and the module map | | : A×k → R×+is su
h that for � ∈ k×, |�| = 1.Let f ∈ S(Ak), the adeli
 S
hwartz spa
e, be de�ned as followsf(�) = ⊗vfv(�v);fv(�v) = 






har(Ov)(�v); v ∤ ∞;exp(−��2v); v real,exp(−2�|�v |2); v 
omplex,where in the 
ase of a non-ar
himedean pla
e v ∤ ∞, Ov is the ring of integersof the 
ompletion kv. For all s > 1, the following integral absolutely 
onverges�(f; s) := ∫

A
×k f(�)|�|sd�(�) = �(k; s);where � is a Haar measure on A×k . In fa
t, up to s
alar multipli
ation thereis a unique su
h measure. Su
h integrals were known and studied by Artin,Weil, Iwasawa, Tate and many other mathemati
ians, and we will 
all them\one-dimensional zeta integrals".In order to pro
eed, one applies basi
 te
hniques of integration (the Fubiniproperty) and harmoni
 analysis on the lo
ally 
ompa
t multipli
ative groupof ideles. Adeli
 duality, whose in
arnation is the theta formula and Riemann{Ro
h theorem, then implies the analyti
 
ontinuation and fun
tional equation
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tion. More pre
isely, one shows that there exists an entirefun
tion �f (s) su
h that�(k; s) = �f (s) + �f̂ (1− s) + !f (s);where f̂ ∈ S(Ak) is the Fourier transform of f , and !f : C → C is the Lapla
etransform of a rational fun
tion:!f (s) = ∫ 10 hf (x)xsdxx ;hf (x) = −�(A1k=k×)(f(0) − x−1f̂(0)):The expli
it form of hf (x) 
learly implies the meromorphi
 
ontinuation andfun
tional equation of �(k; s). The fun
tion hf (x) is 
losely related an integralover the weak topologi
al boundary of a global subspa
e of the adeles. Morepre
isely, if A1k denotes the set of ideles of norm 1, thenhf (x) := −

∫
∈A1k=k× ∫�∈�k×(f(x
�)− x−1f̂(x−1
�))d�(�)d�(
):The boundary �k× is that of the multipli
ative group k× with respe
t to theweak (or \initial") topology on Ak, whi
h is simply k\k× = {0}. A de�nitionof this topology may be found in [3, I, 2.3℄.More generally, one 
an 
onsider one-dimensional zeta integrals where | |s isrepla
ed by an arbitrary quasi-
hara
ter � of the multipli
ative group of ideles.In this setting one dedu
es the basi
 analyti
 properties of He
ke L-fun
tions.Fesenko attempted to extend these ideas to dimension 2 as follows [10, 9℄.Let E be a proper, regular model of an ellipti
 
urve E over a number �eld k,then [10, Se
tion 3℄ shows that there is an entire fun
tion �E su
h thatA(E)1−s�(E ; s)2 = �E(s) + �E(2− s) + !E(s);where !E(s) is de�ned for ℜ(s) > 2. Generalizing the embedding k ,→ Ak,there is a semi-global ring of adeles1 B(E) ,→ A(E) su
h that, with respe
t toan indu
tive limit of weak topologies for a given family of 
hara
ters, !E(s) is
losely related to an integral over the boundary of B(E). We will develop theseideas for higher genus 
urves.
§3. ConventionsLet C be a smooth, proje
tive and geometri
ally 
onne
ted 
urve over anumber �eld k. We now spe
ify a model S of C simplisti
 enough for appli-
ation of two dimensional adeli
 analysis in its 
urrent form. A further devel-opment of the theory of lifted harmoni
 analysis should allow for appli
ation1We will see the de�nition of this ring in §7.



204 T. OLIVERto a more general 
lass of arithmeti
 surfa
es. If one is willing to base-
hange,no restri
tions are required2.Let B be a Dedekind s
heme of dimension 1, and let � : S → B be a regular,integral, proje
tive, 
at two-dimensional B-s
heme. We will 
all su
h an S anarithmeti
 surfa
e. Closed, irredu
ible 
urves on S are either horizontal orverti
al. More pre
isely, su
h 
urves are either an irredu
ible 
omponent ofa spe
ial �bre or the 
losure of a 
losed point of the generi
 �bre, the latterbeing �nite and surje
tive onto the base B.Sin
e S is regular, the spe
ial �bre Sb over a 
losed point b ∈ B is the Cartierdivisor �∗b. If a given spe
ial �bre Sb 
ontains r irredu
ible 
omponents Sb;i,with multipli
ity di, then, as Weil divisors
Sb = ∑16i6r diSb;i:An e�e
tive divisorD on a regular Noetherian s
heme X is said to have normal
rossings if, at ea
h point x ∈ X, there exist a system of parameters f1; : : : ; fnof X at x su
h that, for some positive integer m 6 n, there are integersr1; : : : ; rm su
h that OX(−D)x is generated by f r11 : : : f rmm . If D = Sb is the�bre over b ∈ B, below we will ask for this property to be true over the residue�eld k(b), in short, we will be asking for split singularities.The zeta fun
tion depends only on the atomization of S, in parti
ular thezeta fun
tion agrees with that of the redu
ed part Sred. With that in mind,for the purposes of adeli
 analysis we will only work with the redu
ed part ofea
h �bre, ta
itly using the same notation:
Sb := ∑16i6r Sb;i:On �nitely many redu
ed �bres Sb, there may well be non-smooth points. Inthis se
tion we will only work with ordinary double points. Moreover, we needSb to be a normal 
rossing divisor over k(b), so we will assume the ordinarydouble points are split. To summarize:We will assume that the redu
ed part of ea
h �bre on S has only split ordi-nary double points.From now on, B will be Spe
(Ok), where k is a number �eld. Let C bea smooth, proje
tive geometri
ally irredu
ible 
urve of genus g over k, su
hthat C has good redu
tion in all residual 
hara
teristi
s less than 2g + 1.This ensures that the Swan 
hara
ter is trivial and the 
ondu
tor of S 
an be
omputed by 
ounting singularities as in [25℄.2One may be able to pro
eed by 
onsidering zeta integrals twisted by Galois 
hara
tersand attempting a des
ent to the base �eld. We will not do this here, as mu
h remains to bedeveloped.
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ribe an arithmeti
 surfa
e S → Spe
(Ok) assemistable if S is a regular Spe
(Ok)-
urve with smooth generi
 �bre and all
losed �bres are redu
ed normal 
rossing divisors.Remark 3.2. One 
ould work with a more general 
lass of 
urves by in-
orporating extensions of the base �eld. More pre
isely, let C be a smooth,proje
tive geometri
ally 
onne
ted 
urve of genus > 2 over the fun
tion �eldKof a one-dimensional Dedekind s
heme B. By the Deligne{Mumford theorem([5℄, [17, Theorem 10.4.3℄), there exists a Dedekind s
heme B′ with fun
tion�eld K ′ su
h that the extension CK′ has a unique stable model over S′. One
an take the extension K ′=K to be separable. This base 
hange required bythe Deligne{Mumford theorem is not intra
table. Let G := Gal(K ′=K), whi
hhas a natural a
tion on S, lifting that on Spe
(OK′). The stable redu
tion,along with its natural G-a
tion determines the lo
al fa
tors of the L-fun
tion(for example, see [4, Theorem 1.1℄).We 
on
lude this se
tion with some notation to be used throughout thispaper.Notation. The fun
tion �eld of S is denoted by K. Closed points of S aredenoted x, and y will denote an irredu
ible �bre or horizontal 
urve. Wheny is an irredu
ible 
omponent of a �bre, its genus is denoted gy and fun
tion�eld k(y). The maximal �nite sub�eld of k(y) has 
ardinality denoted q(y).The set of 
omponents of a �bre Sp is denoted by 
omp(Sp). If x is a singularpoint on a �bre Sp, then
Sp(x) = ∪y∈
omp(Sp)y(x);where y(x) denotes the set of lo
al bran
hes of y at x.

§4. Two-dimensional lo
al �eldsLet S be a two dimensional, irredu
ible, Noetherian s
heme and letx ∈ y ⊂ S be a 
omplete 
ag of irredu
ible 
losed subs
hemes. If m is alo
al equation for x and p is a lo
al equation for y, then let O = ÔS;x andKx;y = Fra
((̂O)pO);see, for example, [1, 24, 12℄, [11, Part 1℄ and [21, Se
tions 6, 7℄.If x is a smooth point of y, then Kx;y is an example of a two-dimensionallo
al �eld; it is a 
omplete dis
rete valuation �eld whose residue �eld is a one-dimensional lo
al �eld. If x is a singular point on y, the same 
onstru
tion



206 T. OLIVERyields a dire
t produ
t of two-dimensional lo
al �elds. Re
all that y(x) is theset of lo
al bran
hes of y at x, thenKx;y = ∏z∈y(x)Kx;z;where Kx;z is the two-dimensional lo
al �eld asso
iated to x and the minimalprime z.The residue �eld of Kx;z will always be denoted Ex;z. A lift of a lo
alparameter from Ex;z to Kx;z will be denoted t1;x;z, and the 
ardinality of theresidue �eld of Ex;z (whi
h is the se
ond residue �eld of Kx;z) is denotedq(x; z).Let F be a two-dimensional lo
al �eld. As a 
omplete dis
rete valuation�eld, it has the a dis
rete valuationv2 : F ։ Z;for whi
h we �x a lo
al parameter t2. We denote the ring of integers withrespe
t to this valuation OF .On the residue �eld F we have the dis
rete valuationv1 : F ։ Z:Together, v1 and v2 indu
e a \rank 2" valuation on F , whi
h depends on t2:v : F → Z2;� 7→ (v1(�t−v2(�)2 ); v2(�));where Z2 is given the lexi
ographi
 ordering. Let OF denote the ring of integerswith respe
t to v, we haveOF = {x ∈ OF : x ∈ OF }:Unlike the 
lassi
al situation, there are in�nitely many di�erent rank 2 dis
retevaluations on F , however, the ring of integers and maximal ideal do not dependon this 
hoi
e.When F = Kx;y we use the notations:
OF = Ox;y;OF = Ox;y;and when y = Sp is the �bre of S over p ∈ Spe
(Ok) we will write

Ox;p := Ox;Sp ;Ox;p := Ox;Sp :It is well known that 
omplete dis
rete valuation �elds have a non-trivial
R-valued Haar measure only when their residue �eld is �nite. In parti
ular,



ZETA INTEGRALS ON ARITHMETIC SURFACES 207there is no R-valued Haar measure on higher dimensional lo
al �elds. A lifted
R((X))-valued Haar measure and integration theory appeared in [8, 10℄. Inthese papers Fesenko develops two approa
hes to the theory of higher Haarmeasure on higher lo
al �elds, taking values in formal power series over R.A third, lifting approa
h, suggested in [10℄ was further developed by Morrowin [20℄. All these approa
hes give essentially the same translation invariantmeasure on a 
lass of measurable subsets of F . There is also a model-theoreti
approa
h of Hrushovski{Kazdhan [14℄.Example 4.1. Let F be a two-dimensional lo
al �eld, with a �xed lo
alparameter t2 and residue �eld K. On the lo
ally 
ompa
t �eld K we have aHaar measure �K , normalized so that �K(OK) = 1. Let A be the minimal ringof sets generated by �+ tj2p−1(S), where S is �K-measurable, the \measure"of a generator of A is Xi�K(S) ∈ R((X)). For example �F (OF ) = 1, whereOF is the rank two ring of integers. This measure extends to a well-de�nedadditive fun
tion on A, whi
h is moreover, 
ountably additive in a 
ertainre�ned sense, [7, Part 6℄, [8, 10℄.We observe the following:(1) Essential role was played by a 
hoi
e of a lo
al parameter t2. An anal-ogous statement will be true in the adeli
 
ounterpart of example 5.2.(2) In the mixed 
hara
teristi
 
ase there are non-linear 
hanges of vari-ables for whi
h the Fubini property of the measure does not hold [19℄.This 
ould be 
onsidered as an example of the non-
ommutativity in-herent in studying L-fun
tions of 
urves over global �elds. In this pa-per, su
h 
onsiderations will not 
ause a problem.

§5. Analyti
 adelesLetX be a Noetherian s
heme, letM be a quasi-
oherent sheaf onX, and letT be a set of redu
ed 
hains onX. To su
h a triple (X;M;T ), one 
an asso
iatean abelian group A(X;M;T ) of adeles. We will 
all these groups \geometri
adeles" and re
ommend the following referen
es for details [23, 24, 1, 15, 11℄and [21, Se
tion 8℄.The adeli
 groupA(X;M;T ) 
an be interpreted as a restri
ted produ
t overT of lo
al fa
tors, whi
h are obtained by lo
alising and 
ompleting along ea
h
ag. Often, one takes T to be the set of all redu
ed 
hains on X, and we denotethe resulting group by A(X;M). A(X;M) has more stru
ture than that of anabelian group | it admits a semi-
osimpli
ial stru
ture whose 
ohomology isthat of M .Let y be an irredu
ible 
urve on an arithmeti
 S as spe
i�ed in §3. If Tis the set of all redu
ed 
hains formed by 
losed points on y, then we will



208 T. OLIVERdenote A(S;OS ; T ) by A(y). Later (remark 5.3) we will see that this spa
e is\too big" for integration, whi
h motivates us to introdu
e the smaller spa
esof \analyti
" adeles A(y), following the 
onstru
tions of [10, Se
tion 1℄3.As mentioned in 3, there are two types of irredu
ible 
urves on S | verti
aland horizontal 
urves. Whilst there is no real di�eren
e in the 
onstru
tion of
A(y), we will treat the two 
ases separately so as to emphasize some importantaspe
ts in ea
h setting. In parti
ular, the �bres may well be singular, and thehorizontal 
urves 
ontain ar
himedean information.5.1. Fibres. Let y be an irredu
ible 
omponent of the �bre Sp over p ∈Spe
(Ok). For any n > 0 and any point x ∈ y, one 
an de�ne lo
al liftingmaps lnx;y : E⊕nx;y →

{
Ox;y if Kx;y is of equal 
hara
teristi
,
Ox;y=tnOx;y otherwise,and, subsequently, adeli
 lifting mapsLny : A(k(y))⊕n →

{(Kx;y)x∈y;(Ox;y=tnOx;y)x∈y:For details of these 
onstru
tions, the reader is referred to [10, Se
tion 1.1℄.The y-
omponent of the analyti
 adeles is the following ring:
A(y) = {(ax;y)x∈y : ax;y ∈ Kx;y;∀n > 0; (ax;y) + tnyOy ∈ im(Lny )}:Re
all that, when x is a singular point on y, Kx;y is in fa
t ∏z∈y(x)Kx;z.For ax;y ∈ Ox;y = ∏z∈y(x)Ox;z, let ax;y = (ax;z)z∈y(x) denote the image ofax;y under the residue map to ∏Ex;z. We thus havepy : A(y) → A(k(y));(ax;y) 7→ (ax;y):De�nition 5.1. Let Sp denote the �bre of S over p. The Sp-
omponent A(Sp)of the analyti
 adeles is

A(Sp) = ∏y∈
omp(Sp) A(y):We have a residue mappp = (py) : A(Sp) → ∏y∈
omp(Sp )A(k(y)):3The geometri
 adeles A(S) exist for arbitrary Noetherian s
hemes S . One 
an 
onsiderwhat the general de�nition of the analyti
 spa
e A(S) is and what role it plays in algebrai
geometry.



ZETA INTEGRALS ON ARITHMETIC SURFACES 209The following example gives a 
on
rete interpretation of analyti
 adeli
spa
es and the subsequent remark explains why their measure theory 
annotbe extended to geometri
 adeles.Example 5.2. Let S be a two-dimensional algebrai
 variety over a �nite �eldand let y be a nonsingular irredu
ible 
urve on S, with fun
tion �eld k(y).Asso
iated to y we have the 
omplete dis
rete valuation �eldKy = Fra
(Ôy):We �x a lo
al parameter and denote it by ty, it 
an be taken as a se
ondlo
al parameter for all two-dimensional lo
al �elds asso
iated to 
losed pointsx on y. We will refer to it as a lo
al parameter of y. The ring A(k(y)) islo
ally 
ompa
t and has a Haar measure �A(k(y)). We have a non-
anoni
alisomorphism
A(y) ∼= A(k(y))((ty)):Let p be the map to A(k(y)) sending a power series to its free 
oeÆ
ient. Asin example 4.1, one 
an 
onstru
t an R((X))−measure �y on A(y). Let S bea measurable subset of A(k(y)), then�y(tiyp−1(S)) = Xi�A(k(y))(S):Remark 5.3. As in the above situation, let y be an irredu
ible 
urve on S.If A(y) is the group of geometri
 adeles asso
iated to y on S, M = OS and Tis the set of all redu
ed 
hains of the form x ∈ y ⊂ S, thenA(y) = ∪r∈ZtryA(y):A(y) 
an be understood as a restri
ted dire
t produ
t of A(y) in whi
h almostall 
omponents lie in A(y). Sin
e the measure of A(k(y)) is in�nite, the measureof A(y) in the previous example is in�nite. The geometri
 adeles are thereforea restri
ted produ
t with respe
t to a set of in�nite measure, and so we 
annotextend the measure to A.5.2. Horizontal 
urves. Horizontal 
urves on S will play a 
ru
ial role inthis paper. We will begin by explaining their ar
himedean 
ontent, whi
h isroughly that ea
h horizontal 
urve interse
ts the ar
himedean �bres of thesurfa
e, as we now explain in more detail.By an ar
himedean �bre, we mean the �bre produ
t
S� = S ×Spe
(Ok) k�:where � is an ar
himedean pla
e of the base �eld k, with 
orresponding 
om-pletion k�. There is a natural morphism from an ar
himedean �bre to thegeneri
 �bre

S� → S ×Ok k = S� ∼= C:
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losed point on the generi
 �bre C ∼= S� is a �nite redu
eds
heme. A horizontal 
urve y on S is the 
losure {z} of a unique 
losed pointz ∈ C, whi
h has residue �eld k(z). There are only �nitely many points on S�whi
h map to z, and they are the primes of k� ⊗k k(z), whi
h 
orrespond tothe in�nite pla
es of k(z) extending � on k.At a 
losed point ! on S� we have a two-dimensional lo
al �eldK!;� = Fra
(ÔS�;!):The residue �eld of K!;� is denoted k�(!) and is either R or C. We have,respe
tively K!;� ∼= {
R((t));
C((t)):Let y be a horizontal 
urve on S, and let � be an ar
himedean pla
e of k. Bythe 
orresponden
e just des
ribed, we have an ar
himedean pla
e ! of k(y)and a two-dimensional lo
al �eldK!;y = k(y)!((ty));where k(y)! is the 
ompletion of k(y) at !.Repeating the 
onstru
tion from 5.1, we obtain a lifting mapln!;y : k(y)⊕n! → O!;y ∼= {

R[[t℄℄;
C[[t℄℄:Also, at a 
losed point x ∈ y, we have a lo
al liftinglnx;y : Ex;y → Ox;y:Altogether, we have an adeli
 map:Lry : ⊕x∈ylnx;y ⊕! ln!;y : A(k(y))⊕n →
∏x∈yKx;y ∏! K!;y:De�nition 5.4. Let y be a horizontal 
urve on S. The y-
omponent of theanalyti
 adeli
 spa
e is:

A(y) = {((ax;y)x∈y; (a!;y)!) ∈ ∏x∈yKx;y ∏! K!;y : ∀n > 1;((ax;y)x∈y; (a!;y)!) ∈ im(Lny )}:The residue maps Ox;z → Ex;z and O!;y → k(y)! indu
epy : A(y) → A(k(y)):



ZETA INTEGRALS ON ARITHMETIC SURFACES 2115.3. Additive normalization. We want to extend example 5.2 to the an-alyti
 adeli
 rings asso
iated to �bres and horizontal 
urves. If y is a 
urveon S of either des
ription, the additive group of the ring A(k(y)) of adeles onthe fun
tion �eld k(y) is a lo
ally 
ompa
t abelian group. It thus has a Haarmeasure, whi
h is unique up to s
alar multipli
ation. The R((X))-measure on
A(y) will depend on a 
hoi
e of normalization of the Haar measure on A(k(y)).Let F be a two-dimensional lo
al �eld. If F is non-ar
himedean and  F :F → C× is a 
hara
ter, then we will refer to the orthogonal 
omplement of OFas the 
ondu
tor of  F . If F is an ar
himedean two-dimensional lo
al �eld,the 
ondu
tor is the orthogonal 
omplement of OF .When F = Kx;z (resp. K!;y), we denote  F by  x;z (resp.  !;y). The aimis to de�ne the normalization of the measure on A(k(y)) through the 
hara
-ters  x;z.Lemma 5.5. For any 
losed point x on the �bre Sp of S, let z be a bran
hof an irredu
ible 
omponent of Sp at x. There are 
hara
ters  x;z of the two-dimensional lo
al �elds Kx;z su
h that if x;p = ⊗z∈Sp(x) x;z;then the following is de�ned on A(Sp): p = ⊗x∈Sp x;p:Moreover, the 
ondu
tor Ax;p is 
ommensurable with Ox;p, with equality atalmost all x ∈ Sp, in
luding the singular points. There is a non-trivial'p : A(k(Sp)) → C×su
h that  p = 'ppp:Similarly, if y is a horizontal 
urve, for all points x ∈ y and ar
himedeanpla
es ! of k(y), there are lo
al 
hara
ters  x;y and  !;y su
h that y = ⊗x∈y x;y ⊗!  !;yis de�ned on A(y) with the same properties.Proof [10, Proposition 27℄. �From now on we �x su
h  x;p (resp.  x;y) for all 
losed points on �bres Sp(resp. horizontal 
urves y).De�nition 5.6. Let y be an irredu
ible 
omponent of a �bre. If x is a non-singular point on y, de�ne d(x; y) byAx;y = td(x;y)1;x;y Ox;y;
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ondu
tor of  x;y and t1;x;y denotes the lo
al parameter ofKx;y. If x is a split ordinary double point on y, and z; z′ are lo
al bran
hes ofy at x, we will write d(x; z) = d(x; z′) = −1.Lemma 5.7. Let Sp be a smooth �bre on S, then
∏x∈Sp

qd(x;p)x;p = 1:Proof. Let k(Sp) denote the fun
tion �eld of Sp and let v be a pla
e of thisglobal �eld. The residue �eld at v has 
ardinality qv. The lemma then followsfrom the representation of the 
anoni
al divisor C on z as
C = ∑v mvv;where Pmvv is the v-
omponent of the 
ondu
tor of the standard 
hara
ter on

A(k(z)). We know: N(Pmvv ) = qmvv = qdeg(v)mv :So ∏v N(Pmvv ) = q−deg(C);and formula follows from the fa
t that deg(C) = 2g − 2. �Let �A(k(y)) be the Haar measure on A(k(y)) whi
h is self dual with respe
tto the 
hara
ter 'y from lemma 5.5. If y is an irredu
ible 
urve on S, let Ldenote a measurable subset of A(k(y)) with respe
t to the above Haar measure.Consider the lifted measure MA(y) on A(y) su
h thatMA(y)(tiyp−1y (L)) = Xi�A(k(y))(L):For example, let Sp be a smooth �bre of S over p. Consider the subsetOA(Sp) = ∏x∈Sp

Ox;p;then MA(Sp )(OA(Sp)) = �A(k(Sp))( ∏x∈Sp

Ox)= ∏x∈Sp

�k(Sp)x(Ox)= ∏x∈Sp

qd(x;y)=2x;p= q1−g(Sp )
p ;



ZETA INTEGRALS ON ARITHMETIC SURFACES 213where g(Sp) = g denotes the genus of the spe
ial �bre Sp.De�nition 5.8. Let g be the genus of C and Sp be a smooth �bre, de�ne:�A(Sp) = q(Sp)g−1MA(y):If Sp is a singular �bre, then �A(Sp) =MA(Sp):If y is a horizontal 
urve, let �A(y) =MA(y).So, for all smooth �bres and horizontal 
urves �A(y)(OA(y)) = 1.De�nition 5.9. A simply integrable fun
tion on A(y) is a �nite linear 
ombi-nation of 
hara
teristi
 fun
tions of measurable sets under the measure �A(y).In this paper we will only integrate these simply integrable fun
tions, forwhi
h the integral is the linear 
ombination of the measures. For a more generaltheory, see [10, 1.3℄.
§6. Zeta integrals on STwo-dimensional zeta integrals were �rst studied by Fesenko for properregular models of ellipti
 
urves [9, 10℄. We extend his results to a model S asin 3, following the sket
h in [9, Part 57℄.6.1. Multipli
ative normalization. First, we re
all the relationship be-tween the measure on the additive and multipli
ative group of one-dimensionallo
al �elds and adeles.Example 6.1. Let k be a number �eld. At ea
h non-ar
himedean prime p wehave a normalized Haar measure d� on the lo
ally 
ompa
t additive abeliangroup kp, whi
h has �nite residue �eld of 
ardinality q(p). One then integrateson the multipli
ative group k×p with the measure(1− q(p)−1) d�

| |kp

:In turn, one integrates over the idele group A×k with the tensor produ
t ofthese measures.Similarly, on an arithmeti
 surfa
e, we need a measure 
ompatible withthe multipli
ative stru
ture of a two-dimensional lo
al �eld. Let F be su
ha �eld with lo
al parameter t2 and let t1 be a lift of the lo
al parameter ofthe residue �eld of F . Let U denote the group of prin
ipal units, and let q
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ardinality of the �nal (�nite) residue �eld. One 
an de
ompose themultipli
ative group F× as follows:F× =< t1 >×< t2 >× U:Using this de
omposition we de�ne the R((X))-valued module | |F by
|ti2tj1u|F = q−jXi:When F = Kx;y, we use the notation | |F = | |x;y.Let z denote a lo
al bran
h of an irredu
ible 
urve on S at a point x.Motivated by example 6.1, we will use the following measure on K×x;z:MK×x;z = MKx;z(1− q(x; z)−1)| |x;z :De�nition 6.2. A simply integrable fun
tion with respe
t to the above mea-sure is a �nite linear 
ombination of 
hara
teristi
 fun
tions of measurablesets.Example 6.3. Let Sp be a smooth �bre of S and 
onsider the followingmeasurable fun
tion for ea
h 
losed x ∈ yfx;Sp = | |sx;Sp


har(Ox;p);and de�ne fSp = ⊗x∈Spfx;Sp . Then, fSp is integrable and
∫

A(S×
p ) fSpd�×A(Sp) = �(Sp; s) ∏x∈Sp

q(x;Sp)(d(x;Sp ))(1−s)= �(Sp; s) ∏x∈Sp

q(x;Sp)(1−g)(1−s):In our 
ase the spe
ial �bres have at worst split ordinary double singularitiesand we will use an ad ho
 variant of the fun
tion in example 6.3 to re
overthe 
orresponding fa
tor of the zeta-fun
tion | for a more 
omplete approa
hsee [10, 36, Remark 1, 37℄. When x is a singular point of Sp, de�neMK×x;Sp

= ⊗z∈Sp(x)MK×x;z :6.2. Zeta integrals on the proje
tive line. We would like to take theprodu
t over all the �bres in order to obtain the non-ar
himedean part ofthe zeta fun
tion of S, in
luding the 
ondu
tor. Unfortunately, the produ
tdiverges due to the additional fa
tors appearing in example 6.3.To resolve this, we begin by observing something 
omplementary that hap-pens when we apply the adeli
 analysis on the s
heme P := P1(Ok). At a non-ar
himedean pla
e p of the base �eld k, the �bre Pp = P1(k(p)). At a 
losed



ZETA INTEGRALS ON ARITHMETIC SURFACES 215point x ∈ Pp, de�ne gx;p = 
har(Ox;Pp );and subsequently, gp = ⊗x∈Ppgx;p:Then
∫

A(Pp )× gp| |
s
Pp
d�A(Pp )× = �(Pp; s) ∏x∈Pp

q(1−s)x :Combining this 
omputation with examples 6.3 and 6.7 (later), we see that if
p is a good prime of C, then
∫

A(Sp)× fp| |
s
Sp
d�A(Sp )× ·

(∫

A(Pp)× gp| |
s
Pp
d�A(p)×)g−1 = �(Pp; s)1−g�(Sp; s):This is essentially a non-ar
himedean fa
tor of the zeta integral in 6.5 below |
ompli
ations will arise at the bad primes.The (1 − g)th power of the zeta integral on P1(Ok) 
onveniently 
an
elsthe divergent part of the zeta integral over S. But that is not all, as by a
ompletion pro
ess for the zeta fun
tion of P1(Ok)1−g, we 
an re
over thegamma fa
tor of S up to an [s 7→ 2 − s℄-invariant rational fun
tion. We willnow make this idea pre
ise.6.3. The Gamma fa
tor. The gamma fa
tor for the zeta fun
tion of S isthe quotient of the gamma fa
tors of it's Hasse{Weil de
omposition, i.e.,�(S; s) = �(k; s)�(k; s− 1)�(C; s) :The renormalizing fa
tor in fa
t indu
es the gamma fa
tor in a very naturalway. The zeta fun
tion of P1(Ok) is very simple:�(P1(Ok); s) = �(k; s)�(k; s− 1);and so its gamma fa
tor is�(P1(Ok); s) = �(C; s)r2�(R; s)r1�(C; s− 1)r2�(R; s− 1)r1 :
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tion,�(P1(Ok); s)1−g = 1(�(C; s)r2�(C; s− 1)r2�(R; s)r1�(R; s− 1)r1)g−1= 1(�(C; s)r2�(C; s− 1)r2�(C; s− 1)r1)g−1= �−r2(g−1)(s− 1)r2(g−1)(�(C; s)2r2�(C; s− 1)r1)g−1= �−(r1+r2)(g−1)(s− 1)(r1+r2)(g−1)(�(C; s)r1+2r2)g−1= �−(r1+r2)(g−1)(s− 1)(r1+r2)(g−1)R(s) �(S; s)= Q(s)�(S; s);where Q(s) = �−(r1+r2)(g−1)(s− 1)(r1+r2)(g−1)R(s) ;so Q(2− s) = ±Q(s):We thus see that 
ompleting the normalizing fa
tor gives us the trans
endentalpart of �(S; s).6.4. Integration on horizontal 
urves. We will remind ourselves of theHaar measure on R and C�k�(!) = {Lebesgue measure, dx; k�(!) = R;twi
e Lebesgue measure, 2dz; k�(!) = C:One then integrates on the multipli
ative group R× (resp. C×) with the mea-sure dx
|x| (resp. 2dx

|z|2 ).Example 6.4. We have the well-known identities:
∫

R×

e−�x2 |x|sdxx = �(R; s);
∫

C×

e−2�|z|2 |z|s 2dz
|z|2 = 2��(C; s):These are pre
isely the Gamma fa
tors required for the Dedekind-zeta fun
tionof a number �eld at a real (respe
tively 
omplex) pla
e.We will integrate on K!;y with the lifted measure from k(y)!.
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 measurable set onK!;y is one of the form ti!�k(y)!(A),where A ⊂ k(y)! is measurable with respe
t to the Haar measure on thear
himedean lo
al �eld k(y)!. This 
an be extended to �nite unions by linear-ity.At all 
losed points x of y we have the two-dimensional lo
al �eld Kx;y andthe natural lifted Haar measure as des
ribed in 6.1. Altogether, we have ameasure on A(y) = ∏′xKx;y ∏! A(!; y) for a horizontal 
urve y. For reasonsthat will soon be apparent, we rede�ne4 | |y to be ∏x∈y | |1=2y .On a set S of �bres and �nitely many horizontal 
urves:
| |S = ∏y∈S | |y;where
| |y = ∏x∈y | |x;y:On a horizontal 
urve y, we rede�ne A(y)× to be a maximal subgroup su
hthat the image of | |y is equal to that of | |2y.Example 6.6. At a nonsingular x ∈ y, let fx;y = 
har(Ox). At an ar
himedeanpla
e ! of y, let f!;y(�) = 
har(O!;y)(�)exp(Trk(y)!=R(1)|rest0!(�)|). Then∫

A(y)× f | |syd�A(y)× = �(k; ~f; | |s=2k );where �(k; g; �) is a 
lassi
al Iwasawa{Tate zeta integral and~f = ⊗v ~fv;~fv(�v) = 





har(Ov)(�v); v ar
himedean,e−��2v ; v real,e−2�|�v |2 ; v 
omplex,by the well-known theory of Iwasawa{Tate this integral de�nes a meromorphi
fun
tion on C and satis�es a fun
tional equation with respe
t to s 7→ 2− s.6.5. Zeta integrals. We are missing the fa
tors at bad primes p. At a splitordinary double singularity on the �bre Sp we have two lo
al bran
hes, so thatintegrating over multipli
ative group of the two-dimensional analyti
 adeli
spa
e for Sp gives us an additional fa
tor that is not present in the zeta fun
-tion. One way of treating singular and smooth �bres y in a regular way is byintegrating over A(y)× × A(y)×, whi
h we give the produ
t measure.4This potentially 
onfusing notation will be used throughout without mu
h further
omment.



218 T. OLIVERExample 6.7. Let y = Sp be a �bre over p with singular point x. Let z be abran
h of y at x, then de�ne fx;y on Ox;y ×Ox;y as follows5:fx;y = q−1x 
har(Ox;z; t−11;x;zOx;z):For nonsingular points x ∈ y putfx;y = 
har(Ox;y; Ox;y):Combining, put fy = ⊗x∈yfx;y, then
∫ fyd�A(y)××A(y)× = Ap(S)(1−s)�(y; s)2 ∏z∈Sp

q2(1−gz)(1−s)z :All that remains is to put everything together as an integral over the wholeadeli
 spa
e A(S)×, where S is 
ontains all �bres of S and �nitely manyhorizontal 
urves.De�nition 6.8. Combining the previous examples, letf = ⊗y∈Sfy;where y runs over all 
urves in S. fy is de�ned as follows:(1) Let y be a nonsingular �bre and x ∈ y be a 
losed point, putfx;y = 
har((Ox;y; Ox;y));fy = ⊗fx;y:(2) Let y be a �bre with singular point x. Choose bran
hes z; z′ ∈ y(x)and put fx;y = q−1x 
har(Ox;z; t1;x;zOx;z):(3) Let y be a (nonsingular) horizontal 
urve, for non-ar
himedean pla
esof k de�ne fx;y as in point (1). At ar
himedean pla
es ! takef!;y(�) = 
har(O!;y)(�)exp(Trk(y)!=R(1)|rest0! (�)|):We introdu
e the following abbreviated notation:De�nition 6.9. Let k be a number �eld and P = P1(Ok). Let S denote a setof 
urves on S, 
onsisting of all �bres and a �nite set Sh of horizontal 
urveson S. If f is an integrable fun
tion on A(S)× × A(S)× and h is an integrable5This is the image of Char(Ox;y) under Fesenko's \diamond operator".
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tion on A(P)× × A(P)×, then the zeta integral �(2)S (f; h; s) is de�ned tobe the following produ
t:
∏

p∈Spe
(Ok)( ∫

A(Pp )××A(Pp )× hp| |
s
Pp
d�A(Pp )×)g−1 ∫

A(Sp )××A(Sp )× fSp | |
s
Sp
d�A(SP )×

×
∏y∈Sh ∫

A(y)× fy| |syd�A(y)× ×
(�(P1(Ok); s))1−g:Remark 6.10. This 
an be viewed as a \renormalized" integral over theadeli
 spa
es A(S; S)× and A(P; S)× [10, Part 57℄. In the next se
tion wewill 
onsider this as an integral over the analyti
 adeles of the non-
onne
tedarithmeti
 s
heme
S

g−1∐i=1 P:Remark 6.11. In this se
tion we have only spe
i�ed one integrable fun
tion,for a more 
omplete theory see [10, Se
tion 1.3℄. In general, integrable fun
tionswill only di�er at �nitely many 
omponents.At a 
losed point x ∈ Pp, de�ne hx;Pp = 
har(Ox;Pp ; Ox;Pp ), and let hPp =
⊗x∈Pphx;Pp . Convergen
e of the preliminary zeta integral in some spe
i�edhalf plane will be a 
orollary (6.13) of the following 
omputation.Theorem 6.12. Let S be a set of 
urves 
onsisting of all �bres and �nitelymany horizontal yi, ea
h of fun
tion �eld k(yi). If f is as in de�nition 6.8 andh is as above, then�(2)(f; h; s) = Q(s)2�(S; s)2A(S)(1−s)�(S; s)2 ∏i �(k(yi); s=2)2;where Q(s) is a rational fun
tion su
h thatQ(s) = ±Q(2− s);and �(k(yi); s) is the 
ompleted Dedekind zeta fun
tion of the �nite extensionk(yi)=k whi
h satis�es the fun
tional equation:�(k(yi))(s2) = �(k(yi))(2− s2 ):Proof. This follows from 
ombining examples 6.3, 6.7, 6.4 and 6.6. �Corollary 6.13. Assume that the integral in the above de�nition is de�ned atf; h, then it 
onverges for s ∈ {ℜ(s) > 2}.
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ase of f; h as in the theorem, the 
onvergen
e of the zetaintegral follows from the well known properties of �(S; s) whi
h are des
ribedin [26℄. For arbitrary f; g su
h that the zeta integral is de�ned, the 
al
ulationwill di�er by only �nitely many fa
tors. �We will introdu
e the notation
Z(S; {yi}; s) = �(S; s)A(S)(1−s)=2�(S; s)Q(s)∏i �(k(yi); s=2):Clearly, the zeta fun
tion veri�es admits meromorphi
 
ontinuation if and onlyif Z(S; {yi}; s) does, and the fun
tional equations are equivalent.Let T be a two-dimensional arithmeti
 s
heme over Spe
(Ok). For p ∈Spe
(Ok), de�ne | |

(n)
Tp

on (A(Tp)×)×n by |(a1; : : : ; an)|(n) = |a1| : : : |an|. Wewill use the produ
t measure on (A(Tp)×)×n. Let f (n) = (f; : : : ; f) and g(n) =(g; : : : ; g), and de�ne �(n)(S; f; h; s) as the following produ
t:
∏

p∈Spe
(Ok)(∫(A(Pp )×)×n g(n)p (| |(n)Pp
)sd�(A(Pp )×)×n)g−1

×

∫(A(Sp )×)×n f (n)Sp
(| |(n)Sp

)sd�(A(SP )×)×n
×

∏y∈Sh ∫(A(y)×)×n f (n)y (| |(n))syd�(A(y)×)×n�(P1(Ok); s)n(1−g)=2:Corollary 6.14. For ea
h positive integer m, we have�(2m)(S; f; h; s) = Z(S; {yi}; s)2m:Proof. This follows from Theorem 6.12 and the de�nitions of measures above.
�When the genus of C is 1 and 2m = 2, we re
over Fesenko's zeta integrals forellipti
 
urves and the formula in 
orollary 6.14 agrees with his �rst 
al
ulation.This motivates the following de�nitions:De�nition 6.15. An simply integrable fun
tion on (A(S; S)×)×2 is a �nitelinear 
ombination of �(A(S;S)×)×2-measurable sets.De�nition 6.16. Let S be a set of 
urves on S, for simply integrable fun
tionsf : (A(S; S)×)×2 → Cand h on (A(P1(Ok))×)×2, the \two-dimensional unrami�ed zeta integral" is�(S; S; f; h; | |s) := �(2)(S; f; h; s):
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onje
ture, extending that of [10, Se
tion 4℄:Conje
ture 6.17. Provided the set S of 
urves on S 
ontains �nitely manyhorizontal 
urves, the zeta integral �(S; S; f; h; | |s) meromorphi
ally extendsto the 
omplex plane and satis�es the following fun
tional equation�(S; S; f; h; | |s) = �(S; S; f; h; | |2−s):Remark 6.18. Let S 
ontain all �bres of S and �nitely many horizontal
urves, then�(S; S; f; h; | |s) = �(S; S; f; h; | |2−s) ⇐⇒ �(S; s)2 = �(S; 2− s)2
⇐⇒ �(S; s) = ±�(S; 2− s)
⇐⇒ �(C; s) = ±�(C; 2 − s):We have integrated over two 
opies of the multipli
ative group of the ringof analyti
 adeles so as to get the 
orre
t fa
tor of the zeta fun
tion at splitordinary double points. This is not the only motivation for doing so. In fa
t,there is a 
ertain 
ompatibility with two-dimensional 
lass �eld theory thatallows us to de�ne \twisted" zeta integrals whose evaluation is an analogue ofHe
ke L-fun
tions for arithmeti
 surfa
es. This will be the subje
t of a laterse
tion. Before then, we will formulate the mean periodi
ity 
orresponden
ein terms of this \two dimensional adeli
 analysis" on S.

§7. Adeli
 duality and �ltrationsIn dimension two, there are three \levels" to the adeles | formal de�ni-tions will be given in 7.3. On the purely lo
al level, one has the produ
ts of�elds asso
iated to 
losed points on irredu
ible 
urves. The other extreme isthe global obje
t, i.e. the fun
tion �eld of the surfa
e. In between one has thelo
al-global (or semi-global) 
omplete dis
rete valuation �elds asso
iated to ir-redu
ible 
urves, or 
losed points on the surfa
e. One may 
onsider these levelsas a �ltration on the adeles, from whi
h one 
onstru
ts semi-
osimpli
ial 
om-plexes whi
h 
ompute the 
ohomology of quasi-
oherent sheaves. The additiveduality of the adeles and asso
iated quotients 
an then be used to dedu
e theRiemann{Ro
h theorem, for example as in [11℄. On the other hand, the dualityof multipli
ative, and K-theoreti
, adeli
 stru
tures give rise to results in 
lass�eld theory [13, Chapter IX℄.It is our desire to apply additive and multipli
ative adeli
 duality to the zetaintegrals of the previous se
tion. Shortly we will derive a harmono-analyti
 ex-pression of adeli
 duality known as the \two-dimensional theta formula." Theanalogous expression for ellipti
 surfa
es was �rst proved by Fesenko in [10,
§3.6℄. This terminology is by analogy to the 
lassi
al theta formula, expressing
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tional equation of the theta fun
tion. This 
lassi
al result 
an be veri-�ed through Poisson summation on the adeles and is used in the Iwasawa{Tatemethod for the fun
tional equation of He
ke L-fun
tions.In order to a
hieve this, we must 
onstru
t integrals on the lo
al-globaladeli
 spa
es. The measures required do not fa
torize as a produ
t of lo
al fa
-tors, so the ad ho
 method of renormalizing in the previous se
tion is not suÆ-
ient. Instead, we will 
onsider 
onvergent integrals on 
ertain non-
onne
tedarithmeti
 s
hemes.In 7.1 we will introdu
e the \boundary fun
tions" asso
iated to �(S; s), forarithmeti
 surfa
es S. They are de�ned in terms of inverse Mellin transforms ofprodu
ts of zeta fun
tions and are a priori nothing to do with two-dimensionaladeles. We will realise these fun
tions as adeli
 integrals in 7.2. In 7.3, the two-dimensional theta formula will allow us to understand an important 
ompo-nent of the boundary fun
tion as an adeli
 integral. Indeed, the terminology\boundary" 
omes from the fa
t that this 
omponent is an integral over asemi-global adeli
 boundary, with respe
t to a somewhat 
ompli
ated topol-ogy. The meromorphi
 
ontinuation, fun
tional equation, and even poles, ofthe zeta integrals are all redu
ed to the analogous properties of this boundaryintegral.7.1. Boundary fun
tions and mean-periodi
ity. The mean-periodi
ity
orresponden
e provides a ne
essary and suÆ
ient 
ondition under whi
h arith-meti
 zeta fun
tions admit meromorphi
 
ontinuation and the expe
ted fun
-tional equation. Our aim in this subse
tion is to provide some intuition ofthis result. For simpli
ity we will work in the strong S
hwartz spa
e S(R×+) offun
tions R×+6. This spa
e is used in the theory of zeta fun
tions elsewhere,for example [18℄, and is even impli
it as far ba
k as [29℄. It's topologi
al dualis the spa
e of weak tempered distributions.De�nition 7.1. A strong S
hwartz fun
tion is S((R×+))-mean-periodi
 if thereis a non-trivial weak-tempered distribution f∗ su
h thatf ∗ f∗ = 0:Equivalently7, f is S((R×+))-mean-periodi
 ifSpanC{y · f : y ∈ R×+} 6= S((R×+));where y · f(x) = f(x=y):6Equally one 
ould work with strong S
hwartz fun
tions on R by 
omposing with theexponential map.7This is equivalent as the Hahn{Bana
h theorem holds in S((R×+)).



ZETA INTEGRALS ON ARITHMETIC SURFACES 223Example 7.2. One should think about this de�nition in 
omparison to smoothperiodi
 fun
tions on R. Say su
h a fun
tion f has period p, then it satis�esthe following 
onvolution equationf ∗ (Æp − Æ0) = 0;where Æa denotes the Dira
 distribution at a. Evidently, R a
ts on C∞(R) byy : f(x) 7→ f(x− y), and the set SpanC{y · f : y ∈ R} is not dense in C∞(R).Unfortunately, it was explained in [6℄ that the spa
e of smooth fun
tions isnot suitable for appli
ations to zeta fun
tions, though, the spa
e of fun
tionsof not more than exponential growth may be.Let S → Spe
(Ok) be a proper, regular model of a smooth proje
tive 
urveover a number �eld k. For i = 0; : : : ; n, let ki denote a �nite Galois extensionof k. De�ne, for 
≫ 0, the inverse Mellin transformf(S; {ki}) : R×+ → C;f(S; {ki}; x) = 12�i ∫(
) Z(S; {ki}; s)x−sds;and h(S; {ki}) : R×+ → C;h(S; {ki}; x) = f(S; {ki}; x)− x−1f(S; {ki}; x−1):It follows from [6, Theorem 5.18℄ that �(S; s) admits meromorphi
 
ontinua-tion to C and satis�es the fun
tional equation (up to sign) if and only if thereis an integer n and �eld extensions ki=k, i = 1; : : : ; n, su
h that h(S; {ki}; x)is S((R×+))-mean-periodi
. We are lead to the following 
onje
ture.Conje
ture 7.3. There exists a �nite set of extensions {ki=k} su
h thath(S; {ki}; x) is X-mean-periodi
, where X = S(R×+)-mean-periodi
.The remainder of this se
tion will fo
us on providing a two-dimensionaladeli
 framework for studying this 
onje
ture. More pre
isely, we will for obtainintegral representations for the fun
tions h(S; {ki}; x) over semi-global adeli
obje
ts.Remark 7.4. The mean-periodi
ity 
orresponden
e may be 
ompared to au-tomorphi
ity of the Hasse{Weil L-fun
tions appearing in the motivi
 de
om-position of the zeta fun
tion, for example, [27, 22℄.7.2. A se
ond 
al
ulation of the zeta integral. As always, let S be aproper, regular model of a smooth, proje
tive, geometri
ally 
onne
ted 
urveC over a number �eld k, and let P denote the relative proje
tive line P1(Ok).



224 T. OLIVERDue to the renormalizing fa
tors of the previous se
tion, we are interested inthe zeta fun
tion of the disjoint union
X = S

g−1∐i=1 P:Given any disjoint union X = ⋃Xi of s
hemes of �nite type over Z, one has�(X; s) = ∏ �(Xi; s);therefore we have �(X ; s) = �(S; s)�(P; s)g−1:Let C (S) denote a set of 
urves on S, and C (P) denote a set of 
urves on P.We will assume throughout that C (S) 
ontains at least one horizontal 
urve,
C (P) 
ontains none, and ea
h set in
ludes all �bres. Let C (X ) denote theunion:

C (X ) = C (S) ∪ C (P):We will de�ne an analyti
 adeli
 spa
e on X as the following produ
t
A(X ;C (X )) = A(S;C (S))× g−1 
opies︷ ︸︸ ︷

A(P;C (P)) × · · · × A(P;C (P)) :To avoid 
umbersome notation, for an arithmeti
 surfa
e A = S;P;X and aset C (A) of 
urves on A we will use the notationT (A;C (A)) = (A(A; (A))× A(A; (A)))×:Note that if C (X ) 
ontains only �nitely many horizontal 
urves on S then thefollowing integral 
onverges for s > 1:
∫T (X );C (X ) (f ∐ h)(�)|�|sd�(�);where the measure on T (X ) is simply the produ
t measure on the multipli
a-tive adeli
 groups. Indeed, in the notation of the previous se
tion, this is equalto the zeta integral �(S;C (S); f; h; | |s):From now on, we will assume C (X ) = C (S) ∪ C (P) to be �xed, and simplyuse the notation T (X ) and�(f; h; s) := �(S;C (S); f; h; | |s):Due to the presen
e of a horizontal 
urve in C (S), we have a surje
tive moduleon T (X ),

| | : T (X ) → R×+;
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t of modules on S and P, whi
h are modi�ed at horizontal
urves as in the previous se
tion. T1(X ) denotes the kernel of this module,namely T1(X ) = {x ∈ T (X ) : |x| = 1}:We may 
hoose a splitting T (X ) ∼= R×+ × T1(X ):The aim is to integrate over T1(X ). In order to do so, we must �rst 
onsidera �nite subset C (X )0 ⊂ C (X ) 
ontaining at least one horizontal 
urve on S.
C (X )0 
an be de
omposed into a union

C (S)0 ∪ C (P)0;where the �rst set 
ontains only 
urves on S and the se
ond only those on P.For su
h an C (X )0, its 
omplement will be denoted C (X )0 = C (X )−C (X )0.We de�neTC (X )0(X ) = ∏y∈C (S)0(A(S; y)× A(S; y))× ∏y∈C (P)0 g−1∏i=1(A(P; y) × A(P; y))×:Again, we have a surje
tive map
| |C (X )0 : TC (X )0(X ) → R×+;de�ned in the obvious manner. Its kernel is denotedTC (X )0;1(X );and we have a splittingTC (X )0(X ) ∼= R×+ × TC (X )0;1(X ):Let p(C (X )0) denote the produ
t of proje
tions to one-dimensional adeli
spa
es as introdu
ed in the previous se
tion. We will �x a Haar measure onp(TC (X )0;1(X )) su
h that the Haar measure on p(TC (X )0(X )) is the produ
t ofthis Haar measure and that on R×+, and let �(TC (X )0;1) denote the lift of thisHaar measure. For an integrable F on T (X ), for example F = f ∐h de�nedby the fun
tions in the previous se
tion, let

∫T1(X ) F = ∫T
C(X)0 (X ) ∫T

C(X)0;1(X ) F (�0
)d�(TS0;1)d�(TC (X )0);where �0 ∈ TC (X )0 is su
h that
|�0|C (X )0 = |�|−1

C (X )0 :The integral does not depend on the 
hoi
e of C (X )0, and we have the followinglemma as a 
onsequen
e of [10, Lemma 43℄.



226 T. OLIVERLemma 7.5. For an integrable fun
tion F on T (X ), we have the following
∫T (X ) F = ∫

R
×+ ∫T1(X ) F (x�)d�(�)dxx :In parti
ular, we 
an de
ompose the zeta integrals of the previous se
tionas �(f; h; s) = ∫

R
×+ �x(f ∐h; s)dxx · �(P; s)1−g ;where �x(f ∐h; s) = ∫T1(X ) (f ∐h)(mx�)|mx�|sd�(�):This de
omposition is the key to our se
ond 
al
ulation of the zeta integral.Proposition 7.6. Let f; h be as in the previous se
tion, then we may de
om-pose the zeta fun
tion as a sum of the form�(f; h; s) = �(s) + �(2− s) + !(s);where �(s) absolutely 
onverges for all s, and so extends to an entire fun
tionon C.Proof. We de
ompose the multipli
ative groupM = R×+ of positive real num-bers as M =M+ ∪M−, whereM± = {m ∈M : ±(|m| − 1) > 0}:We give these spa
es the measure�M± = {�M on M −M ∩ T1,12�M on M ∩ T1.The result then follows dire
tly from�(f; h; s) = ∫M+ �m(f; h; s)d�M+(m) + ∫M−

�m(f; h; s)d�M−(m);and !m(s) = �m(f; h; s)− |m|−2�m−1(f; h; s);by writing �(s) = ∫M+ �m(f; s)d�M+(m);!(s) = ∫M−

!m(s)d�M−(m):
�
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omplete set of horizontal 
urves in C (S). We will de�nethe adeli
 boundary fun
tion h(S; {yi}; ·) : R×+ → C as follows
h(S; {yi}; x) = ∫T1(X )(x2f(mx
)− f(m−1x 
))d�(
);where mx ∈M ⊂ T (X ) is a 
hoi
e of representative of x ∈ R×+.From the above proposition we dedu
e the following:Corollary 7.7. Let f(S; {yi}; x) be the inverse Mellin transform of Z(S; {yi}; s),then

h(S; {yi}; x) = f(S; {yi}; x)x2 − f(S; {yi}; x−1):In parti
ular, by Mellin inversion, and the evaluation of the zeta integrals inthe previous se
tion,
h(S; {yi}; x) = x−1=2h(S; {k(yi)}; x):In this way, we understand the boundary fun
tion h of the mean-periodi
ity
orresponden
e [6℄ as an adeli
 integral. The next step is to understand therole of lo
al-global adeli
 boundaries.7.3. The adeli
 boundary term. Our 
urrent goal is to understand theboundary fun
tion as an integral over the topologi
al boundary of an adeli
subspa
e (thus motivating the terminology used throughout). This is the �rststep towards a veri�
ation of the mean-periodi
ity 
onje
ture stated abovethrough two-dimensional adeli
 duality.Re
all that, if G is a topologi
al group, then the weak topology is theweakest su
h that with respe
t to whi
h every 
hara
ter of G is 
ontinuous [3,I, 2.3, 2.4℄. Let k be a number �eld and f ∈ S(Ak) be an adeli
 S
hwartzfun
tion. In §2 we saw the expressionhf (x) := −

∫
∈A1k=k× ∫�∈�k×(f(x
�)− x−1f̂(x−1
�))d�(�)d�(
);where the boundary of k× ,→ A×k is with respe
t to the weak topology on thelo
ally 
ompa
t topologi
al group A×k . Expli
itly, this is the following rationalfun
tion: hf (x) = −�(A1k=k×)(f(0) − x−1f̂(0)):We will need to use a two-dimensional analogue of the in
lusion k× ,→ A×k .Let A be an arithmeti
 surfa
e (in pra
ti
e, it will be S or X = S
∐g−1i=1 P)with fun
tion �eld K. If y is a 
urve on A, the �eld Ky = Fra
(Ôy) is a
omplete dis
rete valuation �eld whose residue �eld is the global �eld k(y). It
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al, nor truly global in nature. For all 
losed pointsx ∈ y, we have an embedding Ky ,→ Kx;y;whi
h together indu
e a diagonal embeddingKy ,→ ∏x∈yKx;y:For a 
urve y on A, let B(A; y) denote the interse
tion of the image of thisembedding with A(A; y). Informally speaking, the 
ounting measure on k(y)lifts to an R((X))-valued measure on B(A; y). We now make this more pre
ise.De�nition 7.8. A basi
 measurable set on B(y) is a set of the form tiyp−1y (A),where A ⊂ k(y) is measurable with respe
t to the dis
rete 
ounting measure8�k(y) on k(y), and i ∈ Z. The measure �B(y) of tiyp−1y (A) is Xi�k(y)(A) ∈
R((X)).This measure 
an be extended by linearity. An in�nite produ
t of thesemeasures is divergent unless, for all but �nitely many y, ea
h A ⊂ k(y) 
ontainspre
isely one point. Firstly we will 
onsider �nite produ
ts.Let C (A)0 be a �nite set of 
urves on A, and de�ne

B(A; S0) = ( ∏y∈C (A)0 B(A; y)) ∩ A(A;C (A)0):We will integrate on B(A;C (A)0) with a measure indu
ed from the produ
tof the lifted 
ounting measures on ea
h B(A; y), for y ∈ C (A)0. Expli
itly, wemake the following de�nition:De�nition 7.9. Let A be an arithmeti
 surfa
e and let C (A)0 denote a �niteset of 
urves on A we de�ne the measure �B(C (A)0) by�B(C (A)0 = ⊗y∈C (A)0�B(y):We de�ne the measure on B(A;C (A)0)×B(A;C (A)0) to be the produ
t mea-sure.Let F be a two-dimensional lo
al �eld, and let  be a 
hoi
e of 
hara
tersu
h that all 
ontinuous 
hara
ters of F are of the form a : � 7→  (a�);8Su
h a set is a �nite set of points.
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tion f on F , the Fourier transform F(f) withrespe
t to  is de�ned by
F(f)(�) = ∫F f(�) (��)d�:In parti
ular, this applies to �elds of the form Kx;y and we denote the Fouriertransform on these �elds by Fx;y. For any integrable fun
tion fy on A(A; y),we may de�ne
Fy(fy) = ⊗x∈yFx;y(fx;y):By [10, Proposition 32℄, we have a \summation formula"9:Proposition 7.10. Let C (A)0 be a �nite set of 
urves on an arithmeti
 sur-fa
e A, and f be an integrable fun
tion on B(A;C (A)0)× B(A;C (A)0) then,for all � ∈ A(A;C (A)0)× A(A;C (A)0),

∫ f(��)d�B(A;C (A)0)×B(A;C (A)0)(�)= 1
|�| ∫

F(f)(�−1�)d�B(A;C (A)0)×B(A;C (A)0)(�):We want a multipli
ative analogue of this statement. Let y be a 
urve on
A, we introdu
e the notationT0(A; y) = B(A; y)× × B(A; y)× ⊂ T (A; y):To integrate on this spa
e we make the following de�nitions.De�nition 7.11. Let y be a 
urve on an arithmeti
 surfa
e A, and let �k(y)×denote the dis
rete 
ounting measure on the multipli
ative group k(y)× of thefun
tion �eld k(y). A basi
 measurable �B(A;y)× on B(A; y)× is of the formtiyp−1y (A), where A is a �k(y)× -measurable set of k(y)×, and its measure isXi�k(y)(A) ∈ R((X)). We de�ne�T0(A;y) = �B(A;y)× ⊗ �B(A;y)× :These measure 
an be extended to �nite unions by linearity.For a subset C (A)0 of �nitely many 
urves on A, letT0(A;C (A)0) = ∏y∈C (A)0 T0(A; y) ⊂ T (A;C (A)0):On T0(A;C (A)0), we introdu
e the measure�T0(A;C (A)0) = ∏y∈S0(qy − 1)−2�T0(A;y):9The semi-global adeli
 obje
t B is dis
rete in A.



230 T. OLIVERFinally, let C (A) be a set 
ontaining all �bres and �nitely many horizontal
urves, we de�ne T0(A;C (A)) = ∏y∈C (A) T0(A; y):On this spa
e, we integrate using the following rule
∫T0(A;C (A)) F = lim

C (A)0⊂C (A) ∫T0(A;C (A)0) F ;Integrable fun
tions are those su
h that this limit is �nite. Overall, we have a�ltration T0(A; S) ⊂ T1(A; S) ⊂ T (A; S):In [10, Se
tion 3.5℄, Fesenko introdu
es a measure on the quotient su
h that,for an integrable fun
tion g on T (A;C (A)):
∫T1(A;C (A)) g = ∫T1(A;C (A))=T0(A;C (A)) ∫T0(A;C (A)) g(
�)d�(�)d�(
):Let C (A)0 ⊂ C (A) be a �nite subset. We endow A(A;C (A)0)×A(A;C (A)0)with the weakest topology su
h that ea
h 
hara
ter lifted by p is 
ontinuous.With respe
t to this topology, we will 
all the boundary �T0(A;C (A)0) ofT0(A;C (A)0) ⊂ A(A;C (A)0)×A(A;C (A)0) the \weak boundary". Note thatthis is a measurable subset of B(A;C (A)0)×B(A;C (A)0), and we may de�ne

∫�T0(A;C (A)0) g = d(C (A)0)
×

∫

B(A;C (A)0)×B(A;C (A)0 g · 
har�T0(A;C (A)0)d�B(A;C (A)0)×B(A;C (A)0 ;where d(C (A)0) = ∏y∈C (A)0(qy − 1)−2:We are interested in an indu
tive limit of these weak boundaries:�T0(A;C (A)) = ⋃S0⊂S T0(A;C (A)0);where the union runs over �nite subsets C (A)0 ⊂ C (A). If g is an integrablefun
tion on A(A;C (A))× A(A;C (A)), then one de�nes
∫�T0(A;C (A)) g = lim

C (A)0⊂C (A) ∫�T0(A;C (A)0) g:
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eptional 
ir
umstan
es.One su
h 
ase is expressed by the so-
alled \two-dimensional theta formula".Theorem 7.12. Let A be an arithmeti
 surfa
e, S denote a set of 
urves on
A, and f be an integrable fun
tion on A(A; S)× A(A; S), then

∫T0(A)(f(��)−F(f�)(�))d�(�) = ∫�T0(A)(F(f�(�))− f(��))d�(�):One applies this result to A = X and g = f ∐h. Consequently, one obtainsthe boundary integral 
ontribution to h(S; {k(yi)}; x). It transpires that thisboundary integral knows mu
h about the analyti
 properties of zeta.Corollary 7.13. Let {yi} be the set of horizontal 
urves on S in C (X ). Wemay de
ompose the boundary integral as follows
h(S; {yi}; x) = h1(S; {yi}; x) + h2(S; {yi}; x);where

h1(x) = ∫T1(X ;C (X )) (|�−1| − 1)f(m−1x �−1)d�(�);
h2(x) = x2 ∫[T1=T0℄(X ;C (X ))

×

∫�T0(X ;C (X )) (|mx
|−1f(m−1x �−1
−1�)− f(mx
�))d�(�)d�(
);and mx are lifts of x ∈ R×+ to T (X ), and � is as in [10, Se
tion 3.4℄.For ellipti
 
urves, this result was �rst dedu
ed by Fesenko. An analogousde
omposition, not involving adeli
 integrals, appeared in [6, Remark 5.11℄.A
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