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1. Formulation of the problem. Consider the unit disc ¢ in the complex plane C and discs
D,={2€C: |z—ap <m} CcU, (k=1,2,...,n). Denote by C = CU {oo} the extended
complex plane. Let D = (U — Uy DrUTy), 2=0€ D, Dy={z¢€C: |z| > 1}, I'y = 0Dy,

[p = 0U. Let the curves T'y (k=1,2,...,n) be orientated in the counter clockwise sense, and T'y
be orientated in the clockwise sense. Let n = (n1,n3) be the outward unit normal vector to T
(k=0,1,...,n). The normal derivative to 'y is introduced as follows

0 0 0

—— =N15- tna—. 1

On Loz 28y (1)

Let A and ~y; be positive real numbers.
We consider the following problem: to find a function w(z), (piece-wise) harmonic in D, Dy

(k=0,1,...,n) continuously differentiable in the closures of the considered domains except z = oo,
satisfying the following conjugation conditions on all 'y (k=0,1,...,n):
ou~ ou™
— () = Apg—(t 2
(1) = M (1), 2)
ou™ _
M (1) + el (1) = u™(8) = 0, (3)

and such that u(z)—Repn(z) is bounded at infinity, where py(z) = Ag+A1z+ A2%+.. .+ AnzV
is a given polynomial of order N. In (2), (3) we denote by u™ and w~ the boundary values of
u(z) from the left and the right of each boundary curve according to chosen orientation.

This problem has applications in the steady heat conduction of composites when the contact
between materials is imperfect (see [1, 2|). Further, we identify the normal vector n = (n1,n9) with
the complex number n = nj + ins. Introduce the function

p(2) = u(z) +iv(2) (4)

analytic in D, Dy (k = 0,1,...,n) continuously differentiable in the closures of the considered
domains except z = co. Function ¢(z) has the principal part py(z) at infinity, i.e. ¢(z) — pn(2)
is bounded z — oco.

Let us fix a curve I'y (k= 1,2,...,n). The boundary values of the normal derivatives can be
written in the form
ou™t(t 1
L0 n vt (n) = L Ret - a) () (@), 1t arl = 6
n Tk
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since (o) (z) = i za—y Let s be the natural parameter on the curve I'y and
ds ‘oz 18y
be the tangent derivative along I'p. Applying the Cauchy—Riemann equations
out vt Gut _c%i
or Oy Oy Oz
and using (1), (6) we have
ou* - ou* . out n ovt . ovt B ovt
n 9 oy~ Yoy Pox  8s
This yields
0 O

s (t) = Akg(t), [t —ag| = 7.

Integrating (8) on s we arrive at the relation

v (t) = ANv T (8), |t — ak| = 1.

(9)

We put the constant of integration to be zero, since the imaginary part of the function ¢ is

determined up to an additive constant, which does not impact on the form of w(z).
from (9):
Ime™(t) = A, Tm ™ (t), [t — ag| = 74
Using (4) and (5) we rewrite (3) in the form
+ - Ak +y/
Req o™ (1) —¢ () + —(t —ax)(@™)' () p =0, |t —ak| =75
Tk
Two real relations (10) and (11) yield the following complex one
@~ (t) = or(t) — pror(t) + 2u Re(t — ap) @ (t), [t — ax| =74,
where
A+ 1 4 A — 1 14 px
¢k(’z) 2 2 (Z)7 z€ D, pk )\k T 1’ Mk 27‘]{}% ) k 0,1, y T
Due to symmetry with respect to I'y one can rewrite (12) as follows
- , i —
¢ (1) = on(t) — pror(t) + pr(t — ar) i (t) + L ¢(t), [t —ak| =1y
If £ =0, then in a similar way the boundary condition on I'y takes the form
_ - 17—
P~ (t) = ¢o(t) — pogo(t) + potey(t) + poz (1), It =1.

It follows

(10)

(11)

(14)

(15)

The function ¢g(z) has a pole of order N at infinity, and by (13) ¢(z) can be presented in the

form
d0(z) = po(2) + pn(2), |2|>1.
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Without loss of generality one can suppose that px(0) = 0.

Problems similar to (2), (3) were studied in the paper [1, 2]. Our method generalizes the approach
described in [3].

2. Functional-differential equation. Introduce the inversion with respect to the circle I'y

Z(k) =12z —ap+ap, k=0,1,...,n.

The relation ¢7y =t holds for all ¢ € I'. If 1 (z) is a function, analytic in the disc |z — ax| < rj
and continuous in its closure, then the function ¢(szk)) is analytic in |z —ag| > r; and continuous
in|z—ag >rp (k=0,1,...,n).

Introduce the function

Ok (2) + pr(z — ar) ), (2) +

n L r2
+ ';f:o(/’j(ﬁj(za)) My _]aj j(%j))) +
+ 0060(1/Z) — potdh(1/7), z€Dp, k=1,2,...,n;
P(2) = 2
- X[ - )

J z—aj

l\z

—

+ 000 1/Z — po396(1/2), z € D\ {0};

() — mosile) + 32 |038500) ~ mih TG | 2 € Do
2

w |

Lemma 1. The function ®(z) is analytic on C \ {0, o0}.

Proof. Similarly to [3] we can see that the function @ is analytic in Dy and has the zero jump
across the curve I'y, (k=1,2,...,n). Since existenc of analytic-type singularities follows from (15),
it sufficies to calculate the jump of ® across the unit circle I'y:

Ag= 1i d(z) — i d(2).
0 Z—}tnelf‘o (Z) Zﬁltrélf‘o (z)
zeD z€Dg

By (17)

n 2 1—
Bo=_tim (ote)+ X2 [nidiCety) — i BTG )| + o (1/3) — i S E0173) ) ~

n 2
z€Do -

Hence,

D= @™ (1) + podol) — o3 By(0) — Golt) + potdh(), Il = 1.

Thus, by (15) we obtain Ag = 0. It complete the proof.

Consider the function ®(z) in the domain Dy. Since ¢o(z) is of the form (16), hence P(z)
has a pole of order N at infinity. It follows from (17) that ®(z) is analytic in D except z = 0,
and the principal parts at z =0 of ®(z) and of the function

po90(1/%) — 10 - G(1/%). (18)



are the same. It follows from (16), that the principal part of (18) at z =0 is popn(1/Z) —popy (1/Z).
Hence, ®(z) has a pole of order N at z =0 and

2(2) ~ pupw (1/3) — o~ oy (1/7) (19)

is bounded in C. It follows from the definition (17) of the function ®(z) in |z| > 1 and from the
relation (16) that the principal part of ®(z) at z = co is equal to

PN (2) — pozpy(2). (20)

Therefore, the function

2(2) — p (=) — 102y (2) — popN(1/%) — o Py (1/7) (21)
is bounded in C and analytic in C\ {0,00}. Then Liouville’s theorem yields
B(2) = b (=) — 0w (2) + PN (L) + a0 poB (177) + ¢ (22
when ¢ is an arbitrary complex constant. Introduce
9(2) = px(2) = nozply(2) + popn (1/7) + Mo%ﬂom +e

Writing (17) in Dy, we obtained the system of functional-differential equations with respect to

ox(z) (k=0,1,...,n):
B1(2) + = — @) (2) + podo(17) — o Fp(1/7) =

n 2
= Z <_p]¢](zz<] )+MJ ¢/( )> —|—g(2), |Z_ak| Srky k‘:1,2,...,’l’L, (23)

n

do(z) — pozdp(z) = Z[ PJ¢J( ) + NJ

j=1

(=) | +az), [zl > 1. (24)

3. Spaces and operators. In this section we describe spaces in which the system (23), (24) has
to be solved. Instead of n+1 function ¢r(z) (k=0,1,...,n) we introduce formally one function
analytic in J;_, Dy whose restriction on Dy, coincides with ¢y, i.e.

@(Z) :Qbk(Z), z€Dg, k=0,1,...,n. (25)

We introduce the space C4 of functions analytic in |J;_, Dy and continuous in the closure of

Ur—o Dk, endowed with the norm ||f|lc, = sup sup |f(rge?+ax)|. Let C} be the subspace
k=0,1,...,n 0<0<27

of Cy4 consisting of functions continuously differentiable in the closure of |Jii_, Dy, endowed with
the norm (| flly = Iflles + 1 llca-

For each fixed k = 0,1,...,n, we define the Hilbert spaces £2(I'x) of functions f(t) which
satisfy the condition f(rge® —|— ay) € £2(0,27) with respect to the variable 6 € (0,27) endowed
with the norm ||f||£2(1“k |f(7‘ke"9 + ay)|?df. For fixed k =1,2,...,n the space H?(Dy) is
introduced as the space of analytlc functions on Dy, satisfying the condltlon

sup /|fre + ap) > df < oo

0<r<rg
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and endowed with the norm HfH%{?(Dk) =, sup f027r |f(re®® + ay)? df. Note that for 7, = 1 and
<r<ri

ar = 0 we obtain the classical Hardy space. For k = 0 the space H?(Dy) is introduced as the

space of analytic functions on Dy satisfying the condition sup 027r |f(re®)|? do < oo.
<r<oco

Introduce ‘H? as the space of all function ¢ analytic in (Ji_o Dy for which ¢p € H*(Dy)
endowed with the norm [|¢||2, :== Y71, HqSlH%Q(Dk), where ¢r(z) = ¢(z) in Dy (k=0,1,...,n).

The introduced spaces are related as follows
ChcCycHE
Introduce the operator L : C}‘ — H? define as follows
Lf(z) =Lgf(2), z€Dy, k=0,1,...,n,
where
Lof(2) = f(2) — pozf'(2), 2 € D,

Lpf(2) = f(2) + pe(z —ap) f'(2), |z—ap| <mpy k=1,2,...,n.

Theorem 1. Let pu, > 0, k = 0,1,...,n. Then the operator L™' is bounded in H? and
L <L

Proof. We consider equation Lf = 1 with a given function ¥ € H? and unknown function
f € H2. This equation is equivalent to n + 1 equations Ly fy = ¥, in H?(Dg) (k=0,1,...,n).
We us examine the case k£ = 0. For all other curves we can proceed in the same way. Represent the
functions fo(z) and ¥p(z) in Dy in form of their Taylor series

Calculate

SIOEEDPE

m=0

Then equation Lgfy = 10 in the space H?(Dp) is equivalent to the equation in [?
Qom, + Hoom = /80777,7 m = 07 17 ey (26)

where [? is the space of the sequences aj = {kem }o0_y endowed with the norm

o0
£l = > lam[rg™
m=0
The following estimate
n
IL™ Il = sup (Z HLj_lﬂlj\|2> < 18Il = ¥ ll3¢2, (27)
||¢||Hz=1 j=0

is valid, where h? is the space of the sequences B = (8o, 51,...,8a), Bj € > (7 =0,1,...,n)
endowed with the norm ||3]l52 = (37, HﬁjHl%)l/Q. Then (27) yields the inequality |L7!| < 1

in H2.
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4. Solution to functionals equation. Define the operator A in the space H?

r2
Ap(z) = —poo(1/7) +uo§¢6(1/f) - <—Pj¢j<26>> M ¢3(ZE}>)>

AR T
for |[z—ag| <7 (k=1,2,...,n) and
n - 7,2 -
Ap(z) = [—Pjébj(zﬁkj)) + Mjﬁ¢9(2?j))]a 2| > 1.
j=1 J

The system of equations (23), (24) can be written as the operator equation in H?
Lp=A¢p+g.

Then similarly to [3] we deduce the following theorems.

Theorem 2. Operator A is compact in H2.

Theorem 3. For sufficiently small coefficients |pi| <1 and pr >0 (k=0,1,...,n ) boundary
value problem (14), (15) has a unique solution in H? which can be found by the method of successive
approximations applied to equation

¢=L"1Ap+L71g. (28)

Proof follows from the structure of the operator A and Theorem 1.

Remark 1. If g € C}, then ¢ € C}. Theorem 3 yields an efficient algorithm to solve
equations (23), (24) in the space H2.

Remark 2. The solution u(z) to the original boundary problem (2), (3) has the form

2
R 1D k=1,2,...
U(Z): )\k+1 eqbk(Z), z € clDy, ) &y > 1,

Re p(z2), ze D,

(29)

where

n 7"2- 1
o =3 ) )| — (173 + 177,
j:
¢r(z) is a solution of (23), (24) found due to Theorem 3. One can see that the solution wu(z)
determined by (29) depends on an arbitrary additive real constant Re c.
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P. Drygas
Functional-differential equations in Hardy-type classes

Summary
We consider a conjugation problem for harmonic functions in multiply connected circular domains. The
problem is rewritten in the form of the R -linear boundary value problem which is solved in Hardy-type
classes by using equivalent functional-differential equations.
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