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1 Introduction

The Voronin universality theorem |29] on the approximation of analytic functions
by shifts of the Riemann zeta-function ((s), s = o + it, opened a new direction in
analytic number theory. It turned out that other zeta and L-functions also have the
universality property, and this was confirmed by many authors. We state universality
theorems of different type for the function ((s) and the Hurwitz zeta-function (s, ),
0 < a < 1. The functions ((s) and (s, «) are defined, for o > 1, by

oo

1 > 1
((s) = me and C(S»a):z_:m,

m=1 m=0
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and have analytic continuations to the whole complex plane, except for a simple
poles at the point s = 1 with residue 1. For D = {s € C : % < 0 < 1}, denote
by K the set of compact subsets of strip D with connected complements. Moreover,
for K € IC, let H(K) be the set of continuous functions on K which are analytic in
the interior of K, and let Hy(K) be the subset of H(K') non-vanishing functions on
K. As usual, meas{ A} stands for the Lebesgue measure of a measurable set A C R.
The Voronin universality theorem can be stated in the following form.

Theorem A. Suppose that K € K and f(s) € Hy(K). Then, for every e > 0,

1
lim inf mneas {7’ €[0,7] : sup|¢(s+it) — f(s)| < 5} > 0.

T—o0 seK

Theorem A is a general form of the Voronin theorem whose initial version [29]
was stated for closed circles of the strip D. A proof of Theorem A is given in [10].
Now we recall the universality theorem for the Hurwitz zeta-function ((s, «).

Theorem B. Suppose that « is a transcendental or rational number not equal to 1
or 3. Let K € K and f(s) € H(K). Then, for every e > 0,

1
lim inf pneas {7‘ €[0,7]: sup|¢(s+it,a) — f(s)] < 5} > 0.

T—o00 scK

First Theorem B was obtained independently by S. M. Gonek and B. Bagchi in
their theses [5] and [1], respectively. Its proof is also given in [16].

We see that Theorems A and B differ one from another by the set of approximated
functions: Ho(K) C H(K). The universality of Theorem B often is called a strong
universality. So, Theorems A and B present two different types of universality.

The cases ((s,1) = ((s) and

(s3) = =06

are not included in Theorem B because these functions are universal but not strongly
universal.

In the case of algebraic irrational o, we have not any information on the universa-
lity of ((s, @).

The most interesting form of universality is the joint universality. In this case,
we deal with simultaneous approximation of more than one analytic functions. The
first result in this direction is also proved by Voronin a joint universality theorem
[30] for Dirichlet L-functions. Let x be a Dirichlet character modulo g. Then the
corresponding L-function L(s, x) is defined, for o > 1, by

— x(m)

L(s,x) =

)

m=1
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and by analytic continuation elsewhere. If y is a non-principal character, then the
function is entire, while in the case of the principal character, the function has a
simple pole at the point s = 1 with residue

()

plg

We remind that two Dirichlet characters are called equivalent if they are genera-
ted by the same primitive character.
Now we state a modern version of the Voronin theorem.

Theorem C. Suppose that xi,...,Xr are pairwise non-equivalent Dirichlet

characters, and L(s,x1),...,L(s,x,) are corresponding Dirichlet L-functions. For
j=1,...,r, let K; € K and f;(s) € Hy(K;). Then, for every e > 0,

1
lim inf meas {7’ €1[0,7]: sup sup |L(s+i7, x;) — fi(s)] < 6} > 0.

Tooo 1<j<r s€K;

Theorem C by different methods also was obtained by S. M. Gonek [5] and
B. Bagchi [1], [2].

There are known joint universality theorems for other zeta and L-functions,
usually they are of one type, i. e., the approximated functions f;(s) € Ho(K;) or
fi(s) € H(K;). The joint universality for Hurwitz zeta-functions was discussed in
[27] and [14], for Lerch zeta-functions in [18], [21] and [16], for twists with character
of L-functions attached to certain cusp forms in [20]. The aim of this paper is to
give a short survey on the joint universality for zeta-functions of different types,

i. e., connecting simultaneously the approximation of functions from sets Hy(Kj)
and H(K;).

2 Joint universality of ((s) and ((s, a)

The paper of H. Mishou [26] is the first work on the joint universality for zeta-
functions of different types. For brevity, further we will call this universality a mixed
joint universality.

THEOREM 1 (|26]). Suppose that the number o is transcendental. Let Ky, Ky €
IC, and fi(s) € Ho(K1) and fao(s) € H(Ks). Then, for every e > 0,

1
lim inf pneas {T €[0,7]:

T—o0

SUPsek, C(s +im) = hils)] <, } >0
SupsEKQ ’g(S + iT’ Oé) o f2<8)| <€ |



JOINT UNIVERSALITY FOR ZETA-FUNCTIONS OF DIFFERENT TYPES 195

A proof of Theorem 1 is based on the linear independence over the field of rational
numbers of the set

{(logp: p € P),(log(m+ «), m € Ny)}, (1)

where P and Ny denote the sets of all primes and non-negative integers, respectively.
For a region G on the complex plane, denote by H(G) the space of analytic functions
on G endowed with the topology of uniform convergence on compacta. Then, using
the linear independence of the set (1), it is deduced by a standard method that the
probability measure

%meas (re0,T]: (C(s+ir),C(s+ima)) € A}, A€ B(HXD)),

where B(S) denotes the o-field of Borel sets of the space S, converges weakly to a
probability measure P on (H?*(D), B(H*(D))) as T — oo. Moreover, the support of
the measure P is the set

{g€ H(D): g(s) #0o0r g(s) =0} x H(D).

The above facts are sufficient to prove Theorem 1.

3 Periodic zeta-functions

The functions ((s) and ((s, ) have their natural generalizations. Let a = {a,, :
m € N} and b = {b,, : m € Ny} be two periodic sequences of complex numbers with
minimal periods & € N and | € N, respectively. Then generalizations of ((s) and
((s, ) are, respectively, the periodic zeta-function ((s; a) and the periodic Hurwitz
zeta-function (s, «; b), defined, for o > 1, by

> a > b
N % ond =S’
mz_:l e an g(S,Oé, b) mz_:o (m + a)s

The periodicity of sequences a and b, for o > 1, implies the equalities

1< m
) = 5 2 ot ()
m=1
and

((s,a;b) lstmg( m+a))’

which give analytic continuation for the functions ((s;a) and ((s, «; b) to the whole
complex plane, except, maybe, for simple poles at the point s = 1 with residues

1< 1
F 2 o 72

m=1 m=0
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respectively. If the later quantities are zeros, then the functions ((s;a) and (s, «; b)
are entire.

The universality of the function ((s;a) with a multiplicative sequence is given in
[25], [28] and is similar to Theorem A. The general case was obtained in [9], and is
of the form.

THEOREM 2. For every non-zero periodic sequence a of complexr numbers, there
exists a positive constant co = co(a) such that, for every K € IKC with height h(K) =

max Im(s) — m1}r<1 Im(s) < co, f(s) € H(K), and every ¢ > 0,
s se

hTHi,ioI.}f %meas {T €[0,7]: rg}gdﬁ(& +ir,a) — f(s)| < 8} > 0.

The universality of the function ((s,a;b) with transcendental parameter « is
proved in [6], and completely coincides with Theorem B.

The joint universality for periodic zeta-functions with multiplicative coefficients
was discussed in [17]. Suppose that, for j = 1,...,7, a; = {a;,; : m € N} is a
periodic sequence of complex numbers with minimal period k;, and ((s; a;) is the
corresponding periodic zeta-function. Denote by k = [ky, ..., k,,]| the least common
multiple of the periods ki, ..., k., and by uy, ..., uyu) the reduced system of residues
modulo k, where (k) is the Euler function. Define the matrix

aull aulg e aulr
A _ augl a'u22 e a“LLQT’
Qugyl Qugy2 - Guggyr
THEOREM 3 ([17]). Suppose that the sequences ay,...,a, are multiplicative,

rank(A) = 1, and that, for all primes p, the inequalities

> Al .
Z’pj‘gcj<1, j=1,...,71, (2)
=1 DP?

hold. For j =1,...,r, let K; € IC, and f;(s) € Hyo(K;). Then, for every ¢ > 0,

1
lim inf pineas {7’ €[0,7]: sup sup [((s+it;a5) — fi(s)] < 8} > 0.

T—o0 1<j<r; s€K;

The joint universality for periodic Hurwitz zeta-functions was studied in a series
of works [11]-[13], [7], [23] and [24]. For j = 1,...,7,let 0 < a; < 1 and b; =
{bmj : m € Ny} be a periodic sequence of complex numbers with minimal period
l;, and let ((s, ay;a;) denote the corresponding periodic Hurwitz zeta-function. The
simplest case [; =l and o; = 0, j = 1,..., 7, was considered in [11]|. The hypothesis
that [; =1, j = 1,...,r, was removed in [12|. The general case with algebraically
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independent over the field of rational numbers Q numbers aq, ..., a, and a certain
rank condition on the coefficients b,,; was studied in |7|. A rank condition was
removed in 23], and the following theorem was proved. We set

L(oq,...,0p) ={log(m+a;): meNy=NU{0}, j=1,...,r}.

THEOREM 4. Suppose that the set L(ay, ..., a,.) is linearly independent over Q.
Forj=1,...,r, let K; € K and f;(s) € H(K;). Then, for every e >0,

1
lim inf pineas {7’ € [0,7]: sup sup [((s+iT,a;j;b;) — fi(s)] < 8} > 0.

T—00 1<j<r seKj

Clearly, the linear independence of the set L(aq,...,q,) holds whenever the
numbers aq, ..., «, are algebraically independent over Q. Therefore, the hypothesis
on the numbers oy, ..., «, in Theorem 4 is weaker than that in [7].

For periodic Hurwitz zeta-functions, a more general case of the joint universality
can be considered. For j = 1,...,r, let [; be a positive integer and 0 < a; <
1, for j = 1,...,r, L = 1,....0l;, let by = {b,;; : m € Ny} be a periodic
sequence of complex numbers with minimal period I; € N, and let ((s,a;;b;)
denote the corresponding periodic Hurwitz zeta-function. It is clear that, for the
joint universality, the functions ((s, ;; bj;) must be independent in a certain sense.
In the case of Theorem 4, this independence is expressed by linear independence

over Q of the set L(cy,...,a;). The case of the functions ((s,a;;bj;) is a more
complicated, thus some additional conditions on the coefficients b,,;; are needed.
Denote by L the least common multiple of the periods ly1, ..., 0y, - b1,y by,
and define the matrix
bint b .. by b ... bz, oo b1 b2 .. b1,
B— borr ba1a ... Doy baze ... booy, .. b1 b .. Doy,
brin briz ... bru, broe ... bra, ... b b ... bra,

Moreover, let

Then [13] contains the following result.
THEOREM 5. Suppose that the set
{loglm +a;): meNy, j=1,...,r, I=1,....1;}

is linearly independent over Q,and that rank(B) = k. For j = 1,...,r and | =
L,....0, let Ky C K and fu(s) € H(K;). Then, for every e > 0,

T—o00 1<5<r 1<I<1; s€Kj;

1
lim inf pneas {7’ €[0,7]: sup sup sup |¢(s+i7,a;j;b5) — fu(s)] < 6} > 0.
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It turns out that the rank condition in Theorem 5 can be made weaker. For

J=1,...,7 let L; be the least common multiple of the periods [;1,...,[;,, and
bij1 b2 ... buy
B; = baji  bajo ... by,
bijl bijg . bijlj

THEOREM 6. Suppose that the set (2) is linearly independent over Q and that
rank(B;) =1, j=1,...,r. Let K;; and f;(s) be the same as in Theorem 5. Then
the assertion of Theorem 5 is true.

4 First generalizations of Theorem 1

Theorem 1 on a mixed joint universality of classical zeta-functions ((s) and
((s,a) can be generalized for zeta-functions with periodic coefficients, and this was
done in [8].

THEOREM 7. Suppose that the sequence a is multiplicative such that, for every
prime p,

N~

p

and that the number « is transcendental. Let K1, Ky € K, and fi(s) € Hy(K,),
fa(s) € H(Ksy). Then, for every e > 0,

Sups€K1 ’C(S + ZT? Cl) - fl(s)‘ <ég, }
: > 0.
SUDe g, [C(s +1iT,050) — fa(s)| < ¢

Sl ooa, Q)
=1

T—o00

1
lim inf neas {7‘ €1[0,77]:

The condition (3) is technical, and, in our opinion, should be removed. However,
if, for some p,

> apz_
1+ZE—O, seD,
=1

then a problem arises, does fi(s) belong to Hy(K}).
The ideas of [8] have been developed in [15] for collections of periodic and periodic
Hurwitz zeta-functions.

THEOREM 8 ([15]). Suppose that the sequences ay,...,a. are multiplicative,
rank(A) = ry and inequalities (2) hold, and that the numbers o, . . ., a,, are algebrai-
cally independent over Q. For j =1,...,r1, let K; € K and f;(s) € Ho(K;), and,
forj=1,...,79, let f(j € K and fj(s) € H(f(j). Then, for every € > 0,

1
lim inf fmeas{T €[0,7]: sup sup [((s+iT;a;) — fi(s)] <e,

T—o0 1<j<r seKj
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sup sup [G(s + imsity) = (o) < = f >0
1<j<rs ek,

We note that, differently from Theorem 4, the linear independence over Q of the
set L(aq,...,qa,,) is not sufficient for the proof of Theorem 8 because we need the
linear independence over QQ of the set

{(logp: peP),(log(m+ca;): meNy, j=1,...,r)}.

On the other hand, the linear independence of the latter set follows from the algebraic
independence of the numbers aq, ..., «a,.
Now we present a generalization of Theorem 1 in the frame of Theorem 6.

THEOREM 9 ([4]). Suppose that the numbers o, . .., o, are algebraically indepen-
dent over Q, and that rank(B;) =1;, j=1,...,r. Forj=1,....,randl=1,...,];
let Kj € K and let fj(s) € H(Kj), and K € K and f(s) € Hy(K). Then, for every
e >0,

1
lim inf Tmeas{T €[0,7]: sup|¢(s+it) — f(s)] <&,

T—o0 seK

sup sup sup |C(s+iT, a5 a;) — fu(s)] < 5} > 0.
1<5<r 1<j<l; s€Kj

5 Zeta-functions of certain cusp forms

Let SL(2,7Z), as usual, denote the full modular group, i. e.,

SL(2,7) = {(‘; Z) - a,bc,d €7, ad—bc:l}.

Suppose that the function F'(z) is holomorphic in the upper half-plane Imz > 0, for

a b

some k € 2N and all ( . d ) € SL(2,7), satisfies the functional equation

cz+d

P (C‘“b) (2 4+ d)FF(2), (4)

and is analytic and vanishing at the cusps (rational points and oco). Then F\(z) is
called a cusp form of weight « for the full modular group, and at oo has the Fourier
series expansion

F(z) = c(m)e™™™.

m=1
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Moreover, we assume that F'(z) is a normalized Hecke eigen cusp form, i. e., F'(2)
is a simultaneous eigen function of all Hecke operators, and ¢(1) = 1.
Now let ¢ € N, and let

FOZ{(Z Z) € SL(2,Z) : CEO(modq)}

be the Hecke subgroup of the full modular group. If F(z) satisfies the equation (4)
b

for all CCL 4 )€ [y, then F(z) is called a normalized Hecke eigen cusp form of

weight x and level ¢. If F'(z) is not a cusp form of level less then ¢, then it is called
a newform.

Now let x be a Dirichlet character modulo ¢, and let F'(z), for all < Z Z ) ey,

satisfy the functional equation

F (ij_z) — (cz + A" ()F(2).

Then F(z) is called a cusp form of weight x and level ¢ with character x. In the
sequel, we suppose additionally that F'(z) is primitive.
To a cusp form F(z) of weight x, we attach the zeta-function

(s, F) = icgg), o> %—;—17

m=1

which has analytic continuation to an entire function.

6 Further generalizations of Theorem 1

In this section, we will present mixed joint universality theorems for the function
((s,F).Let D, ={s € C: & <o < %} Denote by K, the set of compact subsets
K C D, with connected complements. Moreover, for K € D, let Hy,(K) be the set
of continuous non-vanishing functions on K which are analytic in the interior of K.

The universality of the function (s, F') when F'is a normalized Hecke eigen cusp
form was obtained in [19]. The universality for zeta-functions of newforms is given
in [22].

THEOREM 10. Suppose that F(z) is a normalized Hecke eigen cusp form of
weight k for the full modular group, and that the numbers aq, . .., o, are algebraically
independent over Q, and rank(B;) = ;. For j = 1,...,r, and | = 1,...,1;, let
K € K and fj(s) € H(K;), and K € K and f(s) € Ho.(K). Then, for every
e >0,

1
lim inf fmeaS{T € [0,7]: sup|((s+it, F) — f(s)| < e,

T—00 se€K
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sup sup sup [¢(s+iT,a;;b05) — fu(s)] < 8} > 0.

1<5<r 1<I<I; s€eKj;

THEOREM 11. Suppose that F(2) is a newform form of weight k and level q, and
that oy, ... 04, by, Ky, fu(s), K and f(s) are the same as Theorem 10. Then the
assertion of Theorem 10 s true.

THEOREM 12. Suppose that F(z) is a primitive cusp form of weight k and level
q with character x, and that on, ..., «a., by , Ky, fu(s), K and f(s) are the same
as Theorem 10. Then the assertion of Theorem 10 is true.

In the cases of Theorems 10-12, the function ((s, F') has a representation, for o >
, by the Euler product over primes (in each case this representation is different).
This together with the method of positive densities [19] and Deligne’s estimates [3]
allows to prove the universality for the function ((s, F'). Then Theorems 10-12 are
derived by a method of [4].

k+1
2
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