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JByxTOoYeuHasa KpaeBad 3a/ia4a HEJIMHENHOro
anddepeHInanbHOTO0 YPABHEHUSA C
JAPOOHBIMU MPOU3BOIAHBIMHI, TMEIOIIETO
9KCIIOHEHIINAJIBHBIA POCT IO PEITeHUIO

Haiinensr nocrarodnsie yCoBUsI CyIIeCTBOBAHUS W €JUHCTBEHHOCTH II0JIO-
JKUTEJIbHOI'O PellleHns ABYXTOYeUHON KpaeBoi 3auaun g auddepennnaib-
HOTO yPaBHEHWs C IPpOOHBIME TIPOU3BOIHBIMYU MOpsiaka /4 < a < 2,

DG u(t) + f(t,u(t)) =0, 0<t <1, (1)

u(0) =u(1) =0

B ciydae, korga f(t,u) WMeeT SKCIOHEHIMAIBHBIA pocT mo u. Kpome Toro,

YKa3aH YUCJIEHHBI METOJ TTIOCTPOEHUST STOTO PEIIeHVs W MCCeI0BaHa, 3aBU-

CHMOCTD pEMIeHus OT TopsiaKa andepeHrmpoBaHust Ha YaCTHOM TpuMepe. B

ypasaennn (1) npom3BomHaa noHMMAaETCH B CMbIciae Pumvana-JInyBusis.
Bubmnorpadusa: 11 nazBanwmii.

Sufficient conditions for the existence and uniqueness of the positive solution
of a two-point boundary value problem for a differential equation with fractio-
nal derivatives of order 5/4 < a < 2,

Dgiu(t) + f(t,u(t)) =0, 0<t <1,

u(0) =u(1l) =0

in the case when f(¢,u) has exponential growth with respect to u. Moreover, a
numerical method for constructing this solution is indicated, and the dependence
of the solution on the order of differentiation on a particular example is
investigated. In the equation (1) the derivative is understood in the sense
of Riemann-Liouville.

Bibliography: 11 items.

KuroueBble cjIoBa: AByXTOYedHAs Kpaesas 33/a4a, APOOHAA IPOU3BOJI-
Hasd, TTOJIOZ)KUTEJIbHOE DelIeHue, UM CJICHHBIN METO,.

Keywords two-point boundary value problem, fractional derivative,
positive solution, numerical method.

BBenenne

B mocnemgune rospl MHTEHCHBHO CTaJla PA3BUBATLCS Teopus apoOHOro maudde-
PEHIINPOBAHUST W WHTETPUPOBAHUS. IDTO BBI3BAHO KAK PA3BUTHEM CAMON TEOpHH
JPOOHOTO WHTErpUpoBaHusa n auddepeHmpoBanms, braroaaps MHOTOIHCICHHBIM
myOJIMKAMSAM U3BECTHBIX MAaTeMaTUKOB. Kpome TOro, mMeTcs MHOTOYUCTIEHHBIE
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nputoxkenus auddepeHnraabHbIX YPABHEHUN ¢ IPOOHBIMU TPOU3BOIHBIMEU B HAYKE
U TEeXHUKe.

Iuddepenrumanbable ypaBHEHUs C IPOOHBIMUA MPOU3BOIHBIMEA UMEIOT OOJIBIIOEe
npakrudeckoe 3nadenne. Hampumep, pusuku MupoKo HCHOAB3YIOT guddepenm-
aJbHbIE YPABHEHWSI C APOOHBIMU TTPOU3BOJHBIMY MPU OMUCAHUNA CTOXACTUUECKUX
nporeccos, auddy3un B cpemax ¢ (GpakTaabHON reomMeTpueil, mpu U3ydeHUu Ie-
GHOPMAITMOHHO - MPOYHOCTHBIX CBONCTB TIOJMMEDPHBIX MATEPUAJIOB. A pPe3ybrarh
Gbu3nUecKux MPOIECCOB, OMUCHIBAEMBIX C MOMOIIBI0 AuddepeHInaabHbIX ypaBHe-
HU# ¢ IPOOHBIMU TTPOU3BOIHBIME, 00JIE€ TOTHO OMUCHIBAIOT SBJIEHUS , TTPOUCXO/ISIITHE
BO (PpAKTANBHBIX CPEIaX. IDTOr0 HEBO3ZMOXKHO CJIearh 06e3 npusiedeHus audde-
PEHIMATHHBIX YPABHEHUHN € APOOHBIMY MTPOU3BOTHBIMH.

Bo muHOrMX QU3nUecKnX W XUMHUYECKUX MPOIECCAX, OMUCHIBAIOIINX IKOHOMUYE-
CKUe, OMOJIOTMYECKNe, CONMAJIbHBIE SBJICHUs, B KAYECTBE MOIEIN OMUCAHUS ITUX
SIBJIGHWH JOBOJIBHO 9aCTO UCHOJB3YIOTCsS nuddepeHuaibHble YpaBHEHUs € Ap0o0-
HBIMA TPOU3BOAHBIME. [109TOMY 3a/ma49m, B KOTOPBIX MCIOJIb3YETCs aHAJIUTUIECKII
anmapar ApOOHOrO WCYUCIEHUS, SBSIOTCH HA JAHHBIH MOMEHT OYeHb aKTyaJIbHbI-
MU.

C pasBurueM reopuu ApobHOro nuddepeHuupoBaHus 1 KHTEIPUPOBAHKS, BO3POC
MHTEpeC K MCCJICIOBAHNIO TPAHNYHBIX 330a4 1T HETUHEHHBIX 1rddepeHITnaabHbIX
yPaBHEHWI C MPOU3BOAHBIME JAPOOHOTO mopsinka. OIHAKO, B HACTOSINEE BpeMs He
MHOTO PabOT, TTOCBAIMIEHHBIX MCCJIEIOBAHUIO KPAEBLIX 3334 I A depeHmab-
HBIX yPaBHEHWI C APOOHBIMU MTPOW3BOAHBIMHU, XOTSI MHOrHE (PU3NIECKUE, XUMUIE-
cKre, OMOJIOrHYIeCKre, SKOHOMHYECKUE MPOIIECCHI OMMCHIBAIOTCS C MTOMOIIBIO0 Kpae-
BBIX 33J1a4 )i HeIuHeHHbIX audepeHnuaibHbIX yPABHEHNUH ¢ JPOOHBIMYU IPOU3-
BomabiMu. OO 3TOM roOBOpAT Hay4HbIE PAOOTHL M3BECTHLIX MareMarukoB Haxymesa
A.M., Kunbaca A.A., Mapuuesa O.I., Camko C.I., Asepoesa T.C., Bxkuxario-
Ba X.I\., IOCBAIEHHBIX KPAEBBIM 33Ja9aM i AuddepeHnuaibHbIX YPaBHEHH ¢
JPOOHBIMA TTPOU3BOIHBIMH.

ITosTomy mpobsiema m3ydeHwss KPAEBBIX 337a4 JJIs HEeJUHEHHbIX nuddepeHiu-
AJIbHBIX YPABHEHW C APOOHBIMY TTPOM3BOIHBIMU B HACTOSIIEE BPEMS SIBJISETCS aK-
TYadbHOW. DTUM U OObSICHAETCS BHIOOP TEMbI HACTOSIIEH pabOThl. A UMEHHO, B Heil
HCCJEAYIOTCSA BOIPOCHI CYIIECTBOBAHUS U €IUHCTBEHHOCTHU II0JIOXKUTEILHOTO Pelle-
HUASA KPaeBOH 3a[adn i HeMumHeHHOro aud@epeHnaibHOro ypaBHeHusa ¢ Ipoo-
HbIMHK IIPOUM3BOJHBIMM, a TaKzKe pa3pabOoTaH aJIrOPUTM YHCJIEHHOIO [IOCTPOEHUS U
MCCJIEIOBAHNS 9TOTO PEIeHNUS.

B mocnennue mecstuieTus BBINLIO MHOTO TyOJauKaIuii, MOCBAIMEHHBIX audde-
PEHIHAIBHBIM YPABHEHUAM C IPOOHBIMU MPOU3BOAHBIMA. JacCTh JaHHBIX ITyOIUKa-
Uil IOCBAIIEHA KPAEBbIM 3a/1a9aM JIJIs TAKUX ypaBHeHuil (cM., nampumep, [1] — [10]
u ap.).

B [6] mokaszano cyiecTBOBaHWe W €IWHCTBEHHOCTH MOJIOYKUTEIHHOTO DETeHNs
KpaeBoit 3a1a9n

Dy, u(t) + f(t,u(t)) =0, 0 <t <1,
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B ciay4ae f(t,u) IMeeT CTermeHHON POCT 110 U, & TAKIKe MPEIJIOXKEH YNCIeHHBIH MeTO
€ro TIOCTPOEHUS M WCCJIEIOBAHO TOBEJIEHNE PEeINeHNs B 3aBUCUMOCTU OT TOPSAIKA
npobroro muddepeHIupoBaHusa v € [%, 2].

B nannoit paboTe HaMKU PACCMOTPEHa IPAHMYHAS 33/1a49a

Dgu(t) + f(t,u(t)) =0, 0 <t <1,

rae f(t,u) umeer SKCHOHEHIMAJILHBIA POCT 110 U.

JIOKa3aTeIbCTBO CYIIECTBOBAHESI TIOJIOKUTEILHOTO PEIIEHNsT OCHOBAHO HA TEO-
PHH KOHYCOB B GAHAXOBOM TPOCTPAHCTBE. A JJIsi TOKA3aTeIhCTBA €ANHCTBEHHOCTH
MIOJIOXKUTETHLHOTO PEITIEHNST U €0 TIOCTPOEHNUS YUCIEHHBIMI METOIAMHY HCIIOJIb3YeTC st
[PUHIAI CKATHIX oTobpaskernii. C 9TOoi 1eJIb0 pACCMATPHBAEMYIO JIBYXTOYEUHYIO
KPaeByIo 33/a9y ¢ TOMOIIbIo (hyHKImH ['pHHA CBOAMM K ONEPATOPHOMY YDABHEHHIO.

1. IlpeasapuTenbHbIE CBeIEeHUS
PaccMOTpUM IBYXTOYEIHYIO KPAEBYIO 3a/1ady:
Dy u(t) + f(t,u) =0, 0 <t <1, (2)
u(0) =u(l) =0, (3)

rjae g < a <2, n>1— BeuecrBeHHbIe YUCIIA.
Ipeanonoxnm, aro dynxkumst f(t,u) wenpeprisra npu t € [0,1]] m v € R n
YIOBJICTBOPSAET YCIOBUIO

bo < f(t,u) < Ae +b(t), (4)

by < b(t) < B,

rae B, by, A, A\ — OJIOXKUTEJIbHbIE KOHCTAHTDL.
JlpobHuas npousBoHas OPsAKA N HoHuMaercs B cMbicie Pumana - JluyBuiuis u
UMeeT BUJL

Dg u(t) = ﬁ (;t>”/0t (t—ng)—"Hds’ n=lal+1.

Caenys [1], BBegem obo3Hauenus

M(a) = (/01 G(a,s,s)ds)l, N(a) = (/ 7(a,s)G(a,s,s)ds) _1,

4

3(1—s a—1__ 3 _g a—1
GA=Il Ut se(0,1],
(45)%336 [7"71),

-

7(0453) =

rie % <r< % — €JIMHCTBEHHOE DellleHre ypaBHEeHUd

[j a _s>r_1 - (j —s)a_l = e (s (5)
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Baech G(a,t,s) — byukuns I'puna, Koropas nmeer Buz [1]:

—s)* —(t—s)* !
Glat,s) = {W i )Oq’fgs«l’ ©
T o Ostssslh
PaccMmorpum rpaHudHyo 3amady
DS u(t)+ f(tu)=0,0<t<1, (7)
w(0) = u (1) = 0. (8)

CrpaBeminBa

TeOPEMA 1.1 (1], . 502). Tycmo f(t,u) nenpepvisna na [0, 1] x [0, 00). IIpeo-
noAGZAEM, YN0 CYULCTNBYIOM 08¢ NOAOIHCUMEALHBLE KOHCMaKMby o > 11 > 0 ma-

Kue, 4mo
f(t,u) <M () re, das scex (t,u) € [0,1] x [0,72], 9)

ft,u) =N (a)ry, das ecex (t,u) € [0,1] x [0,71]. (10)
Tozda 3adaua (7), (8) umeem ne menee 00HOZ0 NOAOAHCUMENLHOZO PEULEHUA U TG~

K020, wmo T < ||ul| <re.

2. CyIJ_[eCTBOBaHI/Ie IIOJIOKUTEJJIBbHOI'O pellleHnd

JIEMMA 2.1. Ecau A, B u X 6 (4) ydosaemsopsatom caedyrouum ycao8uim

1,46 > Ale, (11)
ae 1,46

T — 12
¢ AXe (12)

mo daa awbozo smanenus 3<a<2 dynryua f(t,u(t)) ydosaemsopaem ycaosuam
meopemot 1.1.

JIOKABATENLCTBO. OuenuM cHuH3Y

M) = (/OIG(Q’S’S) ds) 7 [3(1F—((3]a—1 ds

0

Dyuxiua G(«,t, s) 6buia oupesenena soiiie. Jokaxem, uro M (o) Bo3pacraer 1o
a. Nmveem

_ Jols(t = )7 (@) — T(@) In(s(1 — ))] ds

M(a) ;
(Jo1s(1 = )2=Jas)

Tax kak I (a)= [~ In?s-s*te=*ds > 0, To I‘l(a) Bospacraer. ITosromy

’ b ’ 5
T (a) = / Ins-s* te *ds=T (4) = —0.206...> — 0.21.
0
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Torna 1
I' (@) - T(a)ln[s(1—s)] =T () +r<a)1nm>

I' (@) + T (a)lnd> — 021 + 0.81n4 > 0.

Mt momyummm, aro M (o) > 0, T.e. M(a) Bo3pacraer mpu 5<a<2m
5
M (o) =M 1= 1.4666610. .. > 1.46.

[IpeanonoKumM, 9To 75 — TOJOKHTETBHOE YHCJI0, KOTOpOe OyIeT ONpeNeeHo B
TaTbHEenIIeM.
B cuny (4) mpu (t,u) € [0,1] x [0, ro] numeem

f(t,u) <Ae*™? + B.
ITpu r €]0,72] u t €0, 1] paccmorpumM byHKIHIO

p(r)=M(a)r—f(tr).

B cuny (4) umeem

o)y =M (a)r — (Ae’\T + B) =y (r). (13)
Haiisiem Hanbosbinee 3aadenue 310 dbysmm mpu r > 0. Wveen, 1 (1) = M (o) —
AAe?". Haiiiem pemnrenme ypaBHeHHSA

’

Y (r) = M (o) — Me* =0,

Orcrona cireayer, 9To mpu

AN =, (14)

dbyukuus (r) pocruraer cBoero HaubOJIBLIErO 3HAYEHUS, TaK KaK Y’ (r)y<0. B

cuiry (11), (12) e

¢(T2)=M(a)-ln /<‘>‘ _A.]V;(;y)_B:
M(a) M(a) M () M ()
N\ |:1D AN —1:|—B: h\ -1n X —B>

Urak, 1(ry)>0, T.e. Ae*2 + BKM (a)re. Tormga B cumy (13) ¢ (r2) =1 (12), a B
cuny (15) 9 (r2) 20. Iosromy ¢(r2)>0 npu (¢,u) € [0,1] x [0, r2]. Orciona cienyer,
aro f (t,u) <M () ra.
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Yenosue (9) Teopembr 1.1 BBITOTHEHO.
Tenepn nposepum ycaosue (10) reopembr 1.1. Nmeem

w0

Tak Kak % (1—-13s) 2% —supu s € [i %], TO OTCIOJIA CJIELYEeT, YTO
1 1 5/4 S _r
> L—s)* s> 24— 16
N(a)” 42-1T(a) / (=" s> o () (16)

Herpyaso mpoBepuTh, 9TO €IMHCTBEHHOE pelienue r ypasHerus (5) yI0BIeTBODS-

er mepasencry 0.5 < r < 0.7495 npu 2<a<2. Iosromy u3 (16) caemyer, 4To

1~ 510"
N(a) 7 4227 (a) "
CiienoBaTesbHO,

N(a)<2000-4°*7*T(a)<2000- maz_[4°*72T ()] <16-2000.
FSax2

Torna

bo
N ()

f(t,u) =by = N(a) =7 N(a) npu (t,u) € [0,1] x [0,7], (17)

e rg = %.

Yeaosue (10) reopembt 1.1 Boinosnsercs. Jlerko uposepurb, uro r1 < 9. Cieno-
BarenbHo, bynxmus f (¢, u (t)) ynosrersopser Bcem ycmoBusiv reopembt 1.1, Jlemma
JIOKA3aHA.

CiemoBaTeibHO, CIIPABEIINBA,

TEOPEMA 2.1. Ecau gpynxuyus f (t,u) ydosaiemsopsem ycaosusm (11), (12), mo
3adaua (7), (8) umeem no xpatined mepe 00HO NOAOIHCUMEADHOE DPEwEHUE, MAKOE,
wmo 1< ||ul|| <ra, 2de r1 u o onpedeamromesn pasencmeamu (14), (17) coomeem-
CEEHHO.

3. E,E[I/IHCTBGHHOCTI) " 49HUCJIEHHBIN MeTOod IMMoCTpoeHnuda
IIOJIOKUTEJIbHOI'O pelrlenud KpaeBoﬁ 3aJaumn

IMokazkem, uTo nosoKuTeIbHOE pemienue 3anadu (7), (8), cyuecrBoBanue KOTO-
pOro yCTaHOBJIEHO B TeopeMe 2.1, eJIMHCTBEHHO.
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TEOPEMA 3.1. ITpednoaooicum, umo ewnoansaiomes yceaosus (11), (12), A<
0.73 u cywecmeyem noaoorcumenvhoe wucao Py maxoe, wmo

1 M(a)
<
SPsoun

a pynryus f(t,u) ydosaemasopsem ycaosuro (4), duddepenyupyema no u € R u
y008.AEMEOPALTN, YCAOBUIO
0< [, (t,u) <PpAXxe™. (18)

Tozda eparuunan 3adaywa (7), (8) umeem eduncmeennoe pewenue Ha MHONCECTEE
T(a) = {ue C[0,1] : 0<u(t)<Q(a)npu t €[0,1]}, 20e Q(a) = +nJHEL, «
Hemy cxodumes umepayuonnoill npoyece (21) u cnpasedausa oyenka nozpewsHocmu:
llu — || <O.5*Hlur — uol|.

JLOKA3ATEJBCTBO. IlomoxurenbHoe perenne 3amaqn (7), (8) ymorierBopsier

YPaBHEHHIO
w= (), (19)

rae
1
= / G (a,t,8) f (s,u(s)) ds. (20)
0
Paccmorpum mMeTon npocToii nrepanuu
Uk+1 = <I>(uk), ]{7:0,1,2,. o (21)

TMokaxkewm, uro @ (u) ABJgeTCd CKUMAIOIIUM OTOOpaXkenueM Ha Muoxecrse T' ().

<g < 1.

/
JJ1st 9TOro JJOCTaTOuHO 10KA3aTh, YTO H<I> )

Jlerko Bugers, uro & (u) h = fo (o, t,8) £, (s,u(s)) h(s)ds.
Torma mpu u € T(a) B CI/IJIy (16) nmeem

<

/Gats w (s,u(s)) ds

’
HCD (u)|| = maz
0<t<1

max

1
/ G (a,t,s) PyAXe*®) ds| <
0<t<1

1

1 1

PoAN [ G (a,s,5) e ds = AU PAN—— < |

0 /0 (a,8,8) e s=e VAT < 3

T. e. orobpaxenne ¢ Ha T(q) ABAAETCA CKUMAIOIINM.

Bamerum, 4TO ¢ yBejguueHueM « paciuupsiercs mHoxecTso 1 ().

O6o3znaunm G(a) = {u € C[0,1],0<u (t) <g(a)}, rae g(a) = In ﬁ.
ITycrs ueC(«). Torma

u) < /01 G (o,t,s) (Ae)‘“ +b(s)) ds<

1 <Aekq(a>+B
M(a) S 1.46

1
/ G (a,t,s) (AeA“ + B) ds< (Ae)\Q(a) + B)
0
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Jlerko mpoBepnTh, uTo B cuay (11) orcioma caenyer P (u) <q («).

Crnenoparenbho, P (u) orobpaxkaer MHOXKecTBO G (o) B cebsi.

B cuy (18) T (a) DG («).

Taxkum obpazom, gokazano uro @ (u) orobpazkaer MmuokecTBO G (v) B cebst U B~
JIIeTCsl CKUMAIoImUMes orobpazkenuem Ha Muoxkecrse T () DG («). YrBepxkienue
TEOPEMBI CJIeIyeT W3 MPUHITUIA CKUMAIOMNXCA oTobpazkenuit. Teopema moka3ama.

IMonoxurenbHoe pemenue 3anadu (7), (8) YUCIEHHBIM METOIOM, 3aIUCAB €€ B
BHU/JIe MHTETPAJTBHOIO yPABHEHUA:
1

u(t)= [ G(at,s)f(s,u(s))ds. (22)
0
Henuneitnoe ypasuenue (22) GyjgeM pemiaTh METOAOM IMOC/IEA0BATEIbHBIX TIPU-
OJIM>KEeHU:

wir (1) :/0 Gt s) f (5,up (5)) ds, b= 0,1,2, ... (23)

B kagecTse npumepa B3amu bynknmo f (t,u) = %142, koropas yaoBiersopser
ycaoBugaM TeopeMsl 3.1.

B kagecrse Havanbroro npubimkenus B (23) B3sanu Gyskuuio ug (1) = St(1—1),
KOTOpast YIOBIETBOPSIET KPAEBBIM YCJIOBHSIM. ITocmenyronme TPUOTMAKEHWS
up41 (t),(k = 0,1,2,...) Borancasiem mo dopmyne (23) B Toukax t; = 0.15,j =
0,1,2,...10. IIpu sToM mHTErpas B 3T0i (opmysae OygeM BBIYUCIATH O KBAIPa-
TypHOi#T (bOopMyIie Tpamnerwii.

Ilonyuens! ciegyroniue pe3yabTaThbl Il PA3JIUIHBIX 3HAUEHUN (.

3HaueHNd IOJIOXKUTEJbHBIX perneHuii sagauun (7), (8)

t
(e} 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1.25 | 0.0000| 1.4372| 1.6116| 1.6637| 1.6533| 1.6038| 1.5280| 1.4346| 1.3303| 1.2218| 0.0000

1.40 | 0.0000| 0.9195| 1.1556| 1.2772| 1.3331| 1.3444| 1.3235| 1.2793| 1.2193| 1.1511| 0.0000

1.60 | 0.0000| 0.4966| 0.7256| 0.8782| 0.9789| 1.0393| 1.0677| 1.0707| 1.0547| 1.0261| 0.0000

1.80 | 0.0000| 0.2631| 0.4459| 0.5907| 0.7028| 0.7852| 0.8410| 0.8735| 0.8866| 0.8849| 0.0000

2.00 | 0.0000| 0.1371| 0.2690| 0.3895| 0.4944| 0.5811| 0.6485| 0.6969| 0.7277| 0.7434| 0.0000

U3 sT0#t Tabaubl BUAHO, YTO C YBEIUIEHHEM IOPsAIKA ApobHOro auddepeniiu-
POBaHWS (v PEITeHne YObIBAET.
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