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äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ

äðîáíûìè ïðîèçâîäíûìè, èìåþùåãî

ýêñïîíåíöèàëüíûé ðîñò ïî ðåøåíèþ

Íàéäåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ïîëî-
æèòåëüíîãî ðåøåíèÿ äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ ñ äðîáíûìè ïðîèçâîäíûìè ïîðÿäêà 5/4 6 α 6 2,

Dα
0+u(t) + f(t, u(t)) = 0, 0 < t < 1, (1)

u(0) = u(1) = 0

â ñëó÷àå, êîãäà f(t, u) èìååò ýêñïîíåíöèàëüíûé ðîñò ïî u. Êðîìå òîãî,
óêàçàí ÷èñëåííûé ìåòîä ïîñòðîåíèÿ ýòîãî ðåøåíèÿ è èññëåäîâàíà çàâè-
ñèìîñòü ðåøåíèÿ îò ïîðÿäêà äèôôåðåíöèðîâàíèÿ íà ÷àñòíîì ïðèìåðå. Â
óðàâíåíèè (1) ïðîèçâîäíàÿ ïîíèìàåòñÿ â ñìûñëå Ðèìàíà-Ëèóâèëëÿ.

Áèáëèîãðàôèÿ: 11 íàçâàíèé.

Su�cient conditions for the existence and uniqueness of the positive solution
of a two-point boundary value problem for a di�erential equation with fractio-
nal derivatives of order 5/4 6 α 6 2,

Dα
0+u(t) + f(t, u(t)) = 0, 0 < t < 1,

u(0) = u(1) = 0

in the case when f(t, u) has exponential growth with respect to u. Moreover, a
numerical method for constructing this solution is indicated, and the dependence
of the solution on the order of di�erentiation on a particular example is
investigated. In the equation (1) the derivative is understood in the sense
of Riemann-Liouville.

Bibliography: 11 items.
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Ââåäåíèå

Â ïîñëåäíèå ãîäû èíòåíñèâíî ñòàëà ðàçâèâàòüñÿ òåîðèÿ äðîáíîãî äèôôå-

ðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ. Ýòî âûçâàíî êàê ðàçâèòèåì ñàìîé òåîðèè

äðîáíîãî èíòåãðèðîâàíèÿ è äèôôåðåíöèðîâàíèÿ, áëàãîäàðÿ ìíîãî÷èñëåííûì

ïóáëèêàöèÿì èçâåñòíûõ ìàòåìàòèêîâ. Êðîìå òîãî, èìåþòñÿ ìíîãî÷èñëåííûå
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ïðèëîæåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè â íàóêå

è òåõíèêå.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ äðîáíûìè ïðîèçâîäíûìè èìåþò áîëüøîå

ïðàêòè÷åñêîå çíà÷åíèå. Íàïðèìåð, ôèçèêè øèðîêî èñïîëüçóþò äèôôåðåíöè-

àëüíûå óðàâíåíèÿ ñ äðîáíûìè ïðîèçâîäíûìè ïðè îïèñàíèè ñòîõàñòè÷åñêèõ

ïðîöåññîâ, äèôôóçèè â ñðåäàõ ñ ôðàêòàëüíîé ãåîìåòðèåé, ïðè èçó÷åíèè äå-

ôîðìàöèîííî - ïðî÷íîñòíûõ ñâîéñòâ ïîëèìåðíûõ ìàòåðèàëîâ. À ðåçóëüòàòû

ôèçè÷åñêèõ ïðîöåññîâ, îïèñûâàåìûõ ñ ïîìîùüþ äèôôåðåíöèàëüíûõ óðàâíå-

íèé ñ äðîáíûìè ïðîèçâîäíûìè, áîëåå òî÷íî îïèñûâàþò ÿâëåíèÿ, ïðîèñõîäÿùèå

âî ôðàêòàëüíûõ ñðåäàõ. Ýòîãî íåâîçìîæíî ñäåëàòü áåç ïðèâëå÷åíèÿ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè.

Âî ìíîãèõ ôèçè÷åñêèõ è õèìè÷åñêèõ ïðîöåññàõ, îïèñûâàþùèõ ýêîíîìè÷å-

ñêèå, áèîëîãè÷åñêèå, ñîöèàëüíûå ÿâëåíèÿ, â êà÷åñòâå ìîäåëè îïèñàíèÿ ýòèõ

ÿâëåíèé äîâîëüíî ÷àñòî èñïîëüçóþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ äðîá-

íûìè ïðîèçâîäíûìè. Ïîýòîìó çàäà÷è, â êîòîðûõ èñïîëüçóåòñÿ àíàëèòè÷åñêèé

àïïàðàò äðîáíîãî èñ÷èñëåíèÿ, ÿâëÿþòñÿ íà äàííûé ìîìåíò î÷åíü àêòóàëüíû-

ìè.

Ñ ðàçâèòèåì òåîðèè äðîáíîãî äèôôåðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ, âîçðîñ

èíòåðåñ ê èññëåäîâàíèþ ãðàíè÷íûõ çàäà÷ äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà. Îäíàêî, â íàñòîÿùåå âðåìÿ íå

ìíîãî ðàáîò, ïîñâÿùåííûõ èññëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè, õîòÿ ìíîãèå ôèçè÷åñêèå, õèìè÷å-

ñêèå, áèîëîãè÷åñêèå, ýêîíîìè÷åñêèå ïðîöåññû îïèñûâàþòñÿ ñ ïîìîùüþ êðàå-

âûõ çàäà÷ äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äðîáíûìè ïðîèç-

âîäíûìè. Îá ýòîì ãîâîðÿò íàó÷íûå ðàáîòû èçâåñòíûõ ìàòåìàòèêîâ Íàõóøåâà

À.Ì., Êèëáàñà À.À., Ìàðè÷åâà Î.È., Ñàìêî Ñ.Ã., Àëåðîåâà Ò.Ñ., Áæèõàòëî-

âà Õ.Ã., ïîñâÿùåííûõ êðàåâûì çàäà÷àì äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ

äðîáíûìè ïðîèçâîäíûìè.

Ïîýòîìó ïðîáëåìà èçó÷åíèÿ êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ àê-

òóàëüíîé. Ýòèì è îáúÿñíÿåòñÿ âûáîð òåìû íàñòîÿùåé ðàáîòû. À èìåííî, â íåé

èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ïîëîæèòåëüíîãî ðåøå-

íèÿ êðàåâîé çàäà÷è äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ äðîá-

íûìè ïðîèçâîäíûìè, à òàêæå ðàçðàáîòàí àëãîðèòì ÷èñëåííîãî ïîñòðîåíèÿ è

èññëåäîâàíèÿ ýòîãî ðåøåíèÿ.

Â ïîñëåäíèå äåñÿòèëåòèÿ âûøëî ìíîãî ïóáëèêàöèé, ïîñâÿùåííûõ äèôôå-

ðåíöèàëüíûì óðàâíåíèÿì ñ äðîáíûìè ïðîèçâîäíûìè. ×àñòü äàííûõ ïóáëèêà-

öèé ïîñâÿùåíà êðàåâûì çàäà÷àì äëÿ òàêèõ óðàâíåíèé (ñì., íàïðèìåð, [1] � [10]

è äð.).

Â [6] äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëîæèòåëüíîãî ðåøåíèÿ

êðàåâîé çàäà÷è

Dα
0+u(t) + f(t, u(t)) = 0, 0 < t < 1,

u(0) = u(1) = 0



ÄÂÓÕÒÎ×Å×ÍÀß ÊÐÀÅÂÀß ÇÀÄÀ×À ÍÄÓ 63

â ñëó÷àå f(t, u) èìååò ñòåïåííîé ðîñò ïî u, à òàêæå ïðåäëîæåí ÷èñëåííûé ìåòîä

åãî ïîñòðîåíèÿ è èññëåäîâàíî ïîâåäåíèå ðåøåíèÿ â çàâèñèìîñòè îò ïîðÿäêà

äðîáíîãî äèôôåðåíöèðîâàíèÿ α ∈
[
3
2 , 2
]
.

Â äàííîé ðàáîòå íàìè ðàññìîòðåíà ãðàíè÷íàÿ çàäà÷à

Dα
0+u(t) + f(t, u(t)) = 0, 0 < t < 1,

u(0) = u(1) = 0,
5

4
6 α 6 2,

ãäå f(t, u) èìååò ýêñïîíåíöèàëüíûé ðîñò ïî u.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ïîëîæèòåëüíîãî ðåøåíèÿ îñíîâàíî íà òåî-

ðèè êîíóñîâ â áàíàõîâîì ïðîñòðàíñòâå. À äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè

ïîëîæèòåëüíîãî ðåøåíèÿ è åãî ïîñòðîåíèÿ ÷èñëåííûìè ìåòîäàìè èñïîëüçóåòñÿ

ïðèíöèï ñæàòûõ îòîáðàæåíèé. Ñ ýòîé öåëüþ ðàññìàòðèâàåìóþ äâóõòî÷å÷íóþ

êðàåâóþ çàäà÷ó ñ ïîìîùüþ ôóíêöèè Ãðèíà ñâîäèì ê îïåðàòîðíîìó óðàâíåíèþ.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ðàññìîòðèì äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó:

Dα
0+u(t) + f(t, u) = 0, 0 < t < 1, (2)

u(0) = u(1) = 0, (3)

ãäå 5
4 6 α 6 2, n > 1 � âåùåñòâåííûå ÷èñëà.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f(t, u) íåïðåðûâíà ïðè t ∈ [0, 1] è u ∈ R è

óäîâëåòâîðÿåò óñëîâèþ

b0 6 f(t, u) 6 Aeλu + b(t), (4)

b0 6 b(t) 6 B,

ãäå B, b0, A, λ � ïîëîæèòåëüíûå êîíñòàíòû.

Äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà n ïîíèìàåòñÿ â ñìûñëå Ðèìàíà - Ëèóâèëëÿ è

èìååò âèä

Dα
0+u(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

0

u(s)

(t− s)α−n+1
ds, n = |α|+ 1.

Ñëåäóÿ [1], ââåäåì îáîçíà÷åíèÿ

M(α) =

(∫ 1

0

G(α, s, s)ds

)−1
, N(α) =

(∫ 3
4

1
4

γ(α, s)G(α, s, s)ds

)−1
,

γ (α, s) =

{
[ 34 (1−s)]

α−1−( 3
4−s)

α−1

[s(1−s)]α−1 , s∈ (0, r] ,
1

(4s)α−1 , s∈ [r, 1) ,

ãäå 1
4 < r < 3

4 � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ[
3

4
(1− s)

]α−1
−
(

3

4
− s
)α−1

=
1

4α−1
(1− s)α−1 . (5)
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Çäåñü G(α, t, s) � ôóíêöèÿ Ãðèíà, êîòîðàÿ èìååò âèä [1]:

G (α, t, s) =

{
[t(1−s)]α−1−(t−s)α−1

Ã(α) , 06s6t61,
[t(1−s)]α−1

Ã(α) , 06t6s61.
(6)

Ðàññìîòðèì ãðàíè÷íóþ çàäà÷ó

Dα
0+u (t) + f (t, u) = 0, 0 < t < 1, (7)

u (0) = u (1) = 0. (8)

Ñïðàâåäëèâà

Òåîðåìà 1.1 ([1], ñ. 502). Ïóñòü f(t, u) íåïðåðûâíà íà [0, 1]×[0,∞). Ïðåä-

ïîëàãàåì, ÷òî ñóùåñòâóþò äâå ïîëîæèòåëüíûå êîíñòàíòû r2 > r1 > 0 òà-

êèå, ÷òî

f (t, u)6M (α) r2, äëÿ âñåõ (t, u) ∈ [0, 1]× [0, r2] , (9)

f (t, u)>N (α) r1, äëÿ âñåõ (t, u) ∈ [0, 1]× [0, r1] . (10)

Òîãäà çàäà÷à (7), (8) èìååò íå ìåíåå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ è òà-

êîãî, ÷òî r16 ‖u‖6r2.

2. Ñóùåñòâîâàíèå ïîëîæèòåëüíîãî ðåøåíèÿ

Ëåììà 2.1. Åñëè A,B è λ â (4) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì

1, 46 > Aλe, (11)

e
λB
1,466

1, 46

Aλe
, (12)

òî äëÿ ëþáîãî çíà÷åíèÿ 5
46α62 ôóíêöèÿ f (t, u (t)) óäîâëåòâîðÿåò óñëîâèÿì

òåîðåìû 1.1.

Äîêàçàòåëüñòâî. Îöåíèì ñíèçó

M (α) =

(∫ 1

0

G (α, s, s) ds

)−1
=

Ã(α)∫ 1

0
[s(1− s)]α−1 ds

.

Ôóíêöèÿ G(α, t, s) áûëà îïðåäåëåíà âûøå. Äîêàæåì, ÷òî M(α) âîçðàñòàåò ïî

α. Èìååì

M ′(α) =

∫ 1

0
[s(1− s)]α−1 [Γ′(α)− Γ(α) ln (s(1− s))] ds(∫ 1

0
[s(1− s)α−1]ds

)2
Òàê êàê Ã

′′
(α) =

∫∞
0

ln2 s · sα−1e−sds > 0, òî Ã
′
(α) âîçðàñòàåò. Ïîýòîìó

Ã
′
(α) =

∫ ∞
0

ln s · sα−1e−sds>Ã
′
(

5

4

)
= −0.206. . .>− 0.21.
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Òîãäà

Ã
′
(α)− Ã (α) ln [s (1− s)] = Ã

′
(α) + Ã (α) ln

1

s (1− s)
>

Ã
′
(α) + Ã (α) ln 4>− 0.21 + 0.8 ln 4 > 0.

Ìû ïîëó÷èëè, ÷òî M
′
(α) > 0, ò.å. M(α) âîçðàñòàåò ïðè 5

46α62 è

M (α)>M

(
5

4

)
= 1.4666610. . . > 1.46.

Ïðåäïîëîæèì, ÷òî r2 � ïîëîæèòåëüíîå ÷èñëî, êîòîðîå áóäåò îïðåäåëåíî â

äàëüíåéøåì.

Â ñèëó (4) ïðè (t, u) ∈ [0, 1]× [0, r2] èìååì

f (t, u)6Aeλr2 +B.

Ïðè r ∈ [0, r2] è t ∈[0, 1] ðàññìîòðèì ôóíêöèþ

ϕ (r) = M (α) r − f (t, r) .

Â ñèëó (4) èìååì

ϕ (r)>M (α) r −
(
Aeλr +B

)
≡ψ (r) . (13)

Íàéäåì íàèáîëüøåå çíà÷åíèå ýòîé ôóíêöèè ïðè r > 0. Èìååì, ψ
′
(r) = M (α)−

λAeλr . Íàéäåì ðåøåíèå óðàâíåíèÿ

ψ
′
(r) = M (α)− λAeλr = 0,

λAeλr = M (α) ,

eλr =
M(α)

Aλ
,

r =
ln M(α)

Aλ

λ
.

Îòñþäà ñëåäóåò, ÷òî ïðè

r =
ln M(α)

Aλ

λ
≡r2 (14)

ôóíêöèÿ ψ(r) äîñòèãàåò ñâîåãî íàèáîëüøåãî çíà÷åíèÿ, òàê êàê ψ
′′

(r) < 0. Â

ñèëó (11), (12)

ψ (r2) = M (α) ·
ln M(α)

Aλ

λ
−A·M (α)

Aλ
−B =

M(α)

λ

[
ln
M(α)

Aλ
− 1

]
−B =

M(α)

λ
· ln M(α)

eAλ
−B>

1.46

λ

[
ln

1.46

eAλ

]
−B>0. (15)

Èòàê, ψ(r2)>0, ò.å. Aeλr2 + B6M(α)r2. Òîãäà â ñèëó (13) ϕ (r2)>ψ (r2), à â

ñèëó (15) ψ (r2)>0. Ïîýòîìó ϕ(r2)>0 ïðè (t, u) ∈ [0, 1]× [0, r2]. Îòñþäà ñëåäóåò,

÷òî f (t, u)6M (α) r2.
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Óñëîâèå (9) òåîðåìû 1.1 âûïîëíåíî.

Òåïåðü ïðîâåðèì óñëîâèå (10) òåîðåìû 1.1. Èìååì

1

N(α)
=

∫ 3
4

1
4

γ(α, s)G(α, s, s)ds =

∫ r

1
4

[(
3
4 (1− s)

)α−1 − ( 3
4 − s)

α−1
]

[s(1− s)]α−1

[s(1− s)]α−1Γ(α)
ds

+

∫ 3
4

r

1

(4s)α−1
[s(1− s)]α−1

Γ(α)
ds.

Òàê êàê 3
4 (1− s)> 3

4 − s ïðè s ∈
[
1
4 ,

3
4

]
, òî îòñþäà ñëåäóåò, ÷òî

1

N(α)
>

1

4α−1Ã(α)

∫ 3/4

r

(1− s)α−1ds>
3
4 − r

42α−2Ã (α)
. (16)

Íåòðóäíî ïðîâåðèòü, ÷òî åäèíñòâåííîå ðåøåíèå r óðàâíåíèÿ (5) óäîâëåòâîðÿ-

åò íåðàâåíñòâó 0.5 6 r < 0.7495 ïðè 5
46α62. Ïîýòîìó èç (16) ñëåäóåò, ÷òî

1
N(α)>

5·10−4

42α−2Ã(α) .

Ñëåäîâàòåëüíî,

N(α)62000·42α−2Ã(α)62000· max
5
46α62

[
42α−2Ã (α)

]
616·2000.

Òîãäà

f (t, u)>b0 =
b0

N (α)
N(α) = r1N(α) ïðè (t, u) ∈ [0, 1]× [0, r1] , (17)

ãäå r1 = b0
N(α) .

Óñëîâèå (10) òåîðåìû 1.1 âûïîëíÿåòñÿ. Ëåãêî ïðîâåðèòü, ÷òî r1 < r2. Ñëåäî-

âàòåëüíî, ôóíêöèÿ f (t, u (t)) óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû 1.1. Ëåììà

äîêàçàíà.

Ñëåäîâàòåëüíî, ñïðàâåäëèâà

Òåîðåìà 2.1. Åñëè ôóíêöèÿ f (t, u) óäîâëåòâîðÿåò óñëîâèÿì (11), (12), òî

çàäà÷à (7), (8) èìååò ïî êðàéíåé ìåðå îäíî ïîëîæèòåëüíîå ðåøåíèå, òàêîå,

÷òî r16 ‖u‖6r2, ãäå r1 è r2 îïðåäåëÿþòñÿ ðàâåíñòâàìè (14), (17) ñîîòâåò-

ñòâåííî.

3. Åäèíñòâåííîñòü è ÷èñëåííûé ìåòîä ïîñòðîåíèÿ

ïîëîæèòåëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è

Ïîêàæåì, ÷òî ïîëîæèòåëüíîå ðåøåíèå çàäà÷è (7), (8), ñóùåñòâîâàíèå êîòî-

ðîãî óñòàíîâëåíî â òåîðåìå 2.1, åäèíñòâåííî.
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Òåîðåìà 3.1. Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ (11), (12), λ6
0.73 è ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî P0 òàêîå, ÷òî

1

2
6P06

M(α)

2Aλ
,

à ôóíêöèÿ f (t, u) óäîâëåòâîðÿåò óñëîâèþ (4), äèôôåðåíöèðóåìà ïî u ∈ R è

óäîâëåòâîðÿåò óñëîâèþ

06f
′

u (t, u)6P0Aλe
λu . (18)

Òîãäà ãðàíè÷íàÿ çàäà÷à (7), (8) èìååò åäèíñòâåííîå ðåøåíèå íà ìíîæåñòâå

T (α) = {u ∈ C [0, 1] : 06u (t)6Q (α)ïðè t ∈ [0, 1]}, ãäå Q (α) = 1
λ ln M(α)

2P0Aλ
, ê

íåìó ñõîäèòñÿ èòåðàöèîííûé ïðîöåññ (21) è ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè:

‖u− uk‖60.5k−1‖u1 − u0‖.

Äîêàçàòåëüñòâî. Ïîëîæèòåëüíîå ðåøåíèå çàäà÷è (7), (8) óäîâëåòâîðÿåò

óðàâíåíèþ

u = Φ (u) , (19)

ãäå

Φ(u) =

∫ 1

0

G (α, t, s) f (s, u (s)) ds. (20)

Ðàññìîòðèì ìåòîä ïðîñòîé èòåðàöèè

uk+1 = Φ(uk), k=0,1,2,. . . (21)

Ïîêàæåì, ÷òî Φ (u) ÿâëÿåòñÿ ñæèìàþùèì îòîáðàæåíèåì íà ìíîæåñòâå T (α).

Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî
∥∥∥Φ
′
(u)
∥∥∥6q < 1.

Ëåãêî âèäåòü, ÷òî Φ
′
(u)h =

∫ 1

0
G (α, t, s) f

′

u (s, u(s))h(s)ds.

Òîãäà ïðè u ∈ T (α) â ñèëó (16) èìååì∥∥∥Φ
′
(u)
∥∥∥ = max

06t61

∣∣∣∣∫ 1

0

G (α, t, s) f
′

u (s, u(s)) ds

∣∣∣∣6
max
06t61

∣∣∣∣∫ 1

0

G (α, t, s)P0Aλe
λu(s)ds

∣∣∣∣6
P0Aλ

∫ 1

0

G (α, s, s) eλu(s)ds = eλQ(α)P0Aλ
1

M(α)
<

1

2
,

ò. å. îòîáðàæåíèå Φ íà T (α) ÿâëÿåòñÿ ñæèìàþùèì.

Çàìåòèì, ÷òî ñ óâåëè÷åíèåì α ðàñøèðÿåòñÿ ìíîæåñòâî T (α).

Îáîçíà÷èì G(α) = {u ∈ C [0, 1] , 06u (t)6q(α)}, ãäå q(α) = ln 1
P0A

.

Ïóñòü u∈C(α). Òîãäà

Φ (u)6
∫ 1

0

G (α, t, s)
(
Aeλu + b (s)

)
ds6

∫ 1

0

G (α, t, s)
(
Aeλu +B

)
ds6

(
Aeλq(α) +B

) 1

M(α)
6
Aeλq(α) +B

1.46
.
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Ëåãêî ïðîâåðèòü, ÷òî â ñèëó (11) îòñþäà ñëåäóåò Φ (u)6q (α).

Ñëåäîâàòåëüíî, Φ (u) îòîáðàæàåò ìíîæåñòâî G (α) â ñåáÿ.

Â ñèëó (18) T (α)⊃G (α).

Òàêèì îáðàçîì, äîêàçàíî ÷òî Φ (u) îòîáðàæàåò ìíîæåñòâî G (α) â ñåáÿ è ÿâ-

ëÿåòñÿ ñæèìàþùèìñÿ îòîáðàæåíèåì íà ìíîæåñòâå T (α)⊃G (α). Óòâåðæäåíèå

òåîðåìû ñëåäóåò èç ïðèíöèïà ñæèìàþùèõñÿ îòîáðàæåíèé. Òåîðåìà äîêàçàíà.

Ïîëîæèòåëüíîå ðåøåíèå çàäà÷è (7), (8) ÷èñëåííûì ìåòîäîì, çàïèñàâ åå â

âèäå èíòåãðàëüíîãî óðàâíåíèÿ:

u (t) =

∫ 1

0

G (α, t, s) f (s, u (s)) ds. (22)

Íåëèíåéíîå óðàâíåíèå (22) áóäåì ðåøàòü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðè-

áëèæåíèé:

uk+1 (t) =

∫ 1

0

G (t, s) f (s, uk (s)) ds, k = 0, 1, 2, . . . (23)

Â êà÷åñòâå ïðèìåðà âçÿëè ôóíêöèþ f (t, u) = e0.1u+2, êîòîðàÿ óäîâëåòâîðÿåò

óñëîâèÿì òåîðåìû 3.1.

Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ â (23) âçÿëè ôóíêöèþ u0 (t) = βt(1− t),
êîòîðàÿ óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì. Ïîñëåäóþùèå ïðèáëèæåíèÿ

uk+1 (t) , (k = 0, 1, 2, . . .) âû÷èñëÿåì ïî ôîðìóëå (23) â òî÷êàõ tj = 0.1j, j =

0, 1, 2, . . .10. Ïðè ýòîì èíòåãðàë â ýòîé ôîðìóëå áóäåì âû÷èñëÿòü ïî êâàäðà-

òóðíîé ôîðìóëå òðàïåöèé.

Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû äëÿ ðàçëè÷íûõ çíà÷åíèé α.
Çíà÷åíèÿ ïîëîæèòåëüíûõ ðåøåíèé çàäà÷è (7), (8)
t

α 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1.25 0.0000 1.4372 1.6116 1.6637 1.6533 1.6038 1.5280 1.4346 1.3303 1.2218 0.0000

1.40 0.0000 0.9195 1.1556 1.2772 1.3331 1.3444 1.3235 1.2793 1.2193 1.1511 0.0000

1.60 0.0000 0.4966 0.7256 0.8782 0.9789 1.0393 1.0677 1.0707 1.0547 1.0261 0.0000

1.80 0.0000 0.2631 0.4459 0.5907 0.7028 0.7852 0.8410 0.8735 0.8866 0.8849 0.0000

2.00 0.0000 0.1371 0.2690 0.3895 0.4944 0.5811 0.6485 0.6969 0.7277 0.7434 0.0000

Èç ýòîé òàáëèöû âèäíî, ÷òî ñ óâåëè÷åíèåì ïîðÿäêà äðîáíîãî äèôôåðåíöè-

ðîâàíèÿ α ðåøåíèå óáûâàåò.
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