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Алгебра и анализ 
Том 12 (2000), вып. 1 

INVARIANT SUBSPACES IN QUASI-BANACH 
SPACES OF ANALYTIC FUNCTIONS 

© A. Abkar, H. Hedenmalm 

Abstract. Let X be a quasi-Banach space of analytic functions on a finitely connected 
bounded domain Q on the complex plane. We prove a theorem that reduces the study 
of the hyperinvariant subspaces of X to that of the hyperinvariant subspaces of X b 
where Xt is a quasi-Banach space of analytic functions on a domain Q\ obtained from 
П by adding some of the bounded connectivity components of С \ П. In particular, the 
lattice structure (incident to the hyperinvariant subspaces) of a quasi-Banach space X 
of analytic functions on the annulus {z e С : p < \z\ < 1}, 0 < p < 1, is understood in 
terms of the lattice structure of the space X\, the counterpart of X for the unit disk. 

§0. Introduction 

A topological vector space over the complex field С is a vector space equipped with 
a Hausdorff topology with respect to which the vector space operations, addition and 
multiplication by scalars, are continuous. A subset E of a topological vector space X 
is said to be bounded if for every neighborhood U of the origin in X there is a positive 
number t such that E с tU. A topological vector space X is said to be locally bounded 
if the origin in X has a bounded neighborhood. In this case, the family {^и}^=1 
forms a countable basis of neighborhoods of the origin in X, which is equivalent to 
saying that the topological vector space X is metrizable. We recall that a topological 
vector space X is metrizable if there exists an invariant metric on X that induces the 
topology (see [11, p. 163] or [15, pp. 17-18]). Note that in any topological vector 
space the notions of a Cauchy sequence, convergence, and completeness can be defined 
without reference to any metric (see [15, p. 20]). Now, suppose that X is a topological 
vector space whose topology т is compatible with an invariant metric d (both т and d 
have the same open sets). It is well known that a sequence {xn}^=l in X is a Cauchy 
sequence with respect to г if and only if it is a Cauchy sequence with respect to d 
[15, p. 20]. By a complete locally bounded space we mean a locally bounded space 
complete with respect to its original vector topology, or equivalently, with respect to 
an invariant metric compatible with the original topology. 

Key words and phrases. Locally bounded spaces of analytic functions, invariant subspace, multiplier, 
index, spectrum, linear operator, holomorphic functional calculus. 
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A topological vector space X is called an F-space if its topology is induced by a 
complete invariant metric. In particular, any complete locally bounded space is an 
F-space. It is well known [11, p. 163] that the topology of an F-space is induced 
by an F-norm; an F-norm is a nonnegative real-valued function || • || satisfying the 
following conditions (x and у are arbitrary elements of X): 

(Fl) ||ж|| > 0 always, and ||ж|| = 0 if and only if x = 0; 
(F2) |jArc|| ^ ||.T|| for every complex number A with |A| ^ 1; 
(F3)||a- + ;/|K.|N|+||y||; 
(F4) ||Ажп|| —j- 0 if ||ж„|| -> О, where A is a fixed complex number and { х п } ^ is 

a sequence of elements of X; 
(F5) ||Апж|| —j- 0 if A„ -» 0, where { A n } ^ is a sequence of complex numbers and 

ж is a fixed element of X. 
An F-norm || • || in X is said to be p-homogeneous, 0 < p ^ 1, if ||Ax|| = |А|р||ж|| for 

every x e X and every complex number A. Sometimes, a p-homogeneous F-norm is 
called a p-nonn. The following characterization of a locally bounded space is known 
as the Aoki-Rolewicz Theorem: a topological vector space X is locally bounded if 
and only if its topology is induced by a p-norm for some p with 0 < p < 1 (see [11, 
p. 161] or [14, p. 95]). 

Let X be a topological vector space. By definition, a subspace of X is a closed linear 
subset of X. If У is a subspace of X, we can form the quotient space X/Y. It is clear 
that if Y is closed, then the space X/Y, endowed with the quotient topology, has the 
structure of a topological vector space (see [15, p. 29]). We also note that if X is an F -
space or a locally bounded space, then so is the quotient space [15, Theorem 1.41]. In 
this paper, we shall work with complete locally bounded spaces (of analytic functions). 
We shall use the term quasi-Banach space to refer to a complete locally bounded space; 
this terminology emphasizes the completeness and the relationship with the Banach 
spaces. 

In this paper, we investigate the dependence of the lattice of multiplier invariant 
subspaces on the connectivity of the underlying domain. Our main result shows that, 
in order to characterize all multiplier invariant subspaces of index one of a Bergman 
space LT

a{Q.), 0 < p < 1, on a finitely connected smoothly bordered domain ft, we 
only need to characterize the multiplier invariant subspaces of the Bergman spaces 
££(ft'), 0 < p < 1, where ft' is a smoothly bordered domain with fewer holes. In 
particular, if ft is the annulus Ap = {z e С : p < \z\ < 1}, 0 < p < 1, then its 
associated domain ft' becomes the unit disk, which in turn simplifies the problem 
significantly. 

A (planar) domain is an open and connected subset of the complex plane. In the 
sequel we shall consider a finitely connected bounded domain ft. Let fti be a domain 
obtained from ft by adding some of the bounded connectivity components of С \ ft. 
More precisely, if С \ ft is the union of two nonempty closed sets K\ and K2 such 
that K\ П К2 — 0, K\ is unbounded, and K2 is compact, we then set fti = С \ K\, 
and ft2 =C\K2. Then 

(a) ft = fti П ft2, where fti and ft2 are two planar domains; 
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(b) fti is bounded, ft2 is unbounded, and ft2 Ф C; 
(c) fti U ft2 = C. 
Observe that such a decomposition of ft is by no means unique. That is, given a 

finitely connected bounded domain ft, we may have different choices of fti and ft2. 
However, if ft is a domain with only one hole—such as an annulus—there is precisely 
one choice of such a decomposition of ft into fti and ft2. 

Let X denote a quasi-Banach space of analytic functions on ft (see §1 for the 
definition), and let X\ be the subspace of X consisting of the functions in X that 
extend analytically to ft]. In fact, Хг = XnO(ft i ) , where C(fti) denotes the Frechet 
space of all functions holomorphic in ftb The maximum principle shows that X\ is 
a closed subspace of X. Moreover, equipped with the norm of X, the space X\ is 
a quasi-Banach space of analytic functions on fti (see §4). We need the following 
basic concepts. 

Let T be a bounded operator on X. A closed subspace J of X is said to be 
invariant for the operator T if TJ с ./. We say that J is invariant if zJ с J, i.e., J is 
invariant for the operator M:: f -» zf defined on X. By a multiplier in X we mean 
a holomorphic function ^ o n f i such that tpf € X for every / g X. The collection of 
all multipliers in X is denoted by M{X). It turns out that M(X) has the structure of 
a quasi-Banach algebra (see §2 for the definition). A closed subspace J of X is said 
to be multiplier invariant if y>J с J for every <p € M(X). An invariant subspace of 
X is said to be hyperinvariant for the operator Mz if it is invariant for any operator 
commuting with Mz. The multiplier invariant subspaces turn out to be precisely the 
hyperinvariant subspaces for the operator Mz (see §1). 

We wish to compare the multiplier invariant subspaces of X with those of X\. 
Assuming that I is a multiplier invariant subspace of X\ subject to some conditions 
(to be fixed later), we define 

/ • M(X) = spimfyV : / e / , ^ € M(X)}, 

where by the span of a set we mean the collection of all finite linear combinations 
of the elements of the set. The closure A(I) of I • M{X) in I is a multiplier 
invariant subspace of X; in fact Л (J) is the smallest multiplier invariant subspace 
of X containing / . Conversely, if we start with a given multiplier invariant subspace 
of X, say J, which again satisfies some conditions, then J П Xi is a multiplier 
invariant subspace of X\ provided that M(.Y]) с М(Х). To ascertain that the above 
operations result in a one-to-one correspondence between the classes of multiplier 
invariant subspaces of A' and of A"i, we need to check the following: 

1 = А(1)ПХи J = A(JDXi). 

Under suitable conditions, it turns out that this is indeed the case, so that the mapping 
/ н-> Л(7) is injective; the inverse is given by J i-+ J П X\. 

The results of this paper generalize those of the paper [1] where Banach spaces 
of analytic functions were treated. 



114 A. ABKAR, H. HEDENMALM 

§1. Quasi-Banach spaces of analytic functions 

In this section we formally define a quasi-Banach space of analytic functions. 

Definition 1.1. We say that X is a quasi-Banach space of analytic functions on ft if 
X is a linear subspace of 0(ft) such that 

(a) X is a quasi-Banach space; 
(b) the injection mapping X -̂> 0(0.) is continuous. 

It should be noted that a quasi-Banach space of analytic functions is not merely a 
linear space of analytic functions equipped with a p-homogeneous F-norm (or a p-
norm) that makes it a quasi-Banach space, as the name suggests. It must also have the 
substantial continuity property (b). From the extended form of the Banach-Steinhaus 
theorem for F-spaces (see [14, p. 39]) it follows that condition (b) is equivalent to 
the continuity of all the point evaluation functionals X —>• С corresponding to the 
points of ft. 

We use the notation Coo for the Riemann sphere С и {со}. In this paper we shall 
consider quasi-Banach spaces of analytic functions on ft that satisfy the following 
two natural axioms (we assume that ft is not dense in C): 

(Al) If f G X, then rf G X for any rational function r with poles in C ^ \ ft, where 
the closure is taken in Coo-

(A2) / / / G А', Л G ft,'/(Л) = 0, then there exists g G X such that f = (z - \)g. 

From (Al) we conclude that any rational function r with poles off ft belongs 
to the multiplier space M(X). For a bounded domain ft, consider the operator 
Mz: X -> X that sends / G X to zf. The closed graph theorem for F-spaces and 
axiom (Al) imply that the operator M, is continuous. The spectrum of this operator 
is defined as the set of all A € С for which the operator A — Mz is not invertible. The 
spectrum of Mz, denoted by a — а(Мг), is a compact subset of the plane. Suppose 
that X ф {0}, and let A G ft; axiom (A2) implies that there is a function / e X such 
that /(А) ф 0. Hence, the operator Mz — A cannot be surjective. Consequently, Mz — A 
is not invertible, whence A G <т(Мг). We see that ft С a(Mz). If ft contains the point 
at infinity, Mz is not a bounded operator, but we may still talk of the spectrum of this 
operator, meaning the set of all complex numbers A for which (A - z ) _ 1 ^ M(X). 
This set can be shown to be closed, for X ф {0}. Similarly, for a fixed ip e M(X) 
we introduce the operator M v : X -4 X that sends any / e l to ipf. This operator 
is also bounded, and we can make M(X) a quasi-Banach algebra (see §2 for the 
definition) by defining ||^|| = \\MV\\. This definition implies that 

hf\\x < IMIM<X) • ll/IU, V € M(X), f G X. 

As was mentioned in the Introduction, the multiplier invariant subspaces of X co­
incide with the hyperinvariant subspaces for Mz. This is a well-known result in the 
case where A is a Banach space of analytic functions satisfying axioms (Al) and 
(A2) (see [13, Proposition 2.4]). More generally, the following statement is true. 
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whence 

Proposition 1.2. Let X Ф {0} be a quasi-Banach space of analytic functions on ft 
satisfying axioms (Al) and (A2). Then an invariant subspace J of X is multiplier 
invariant if and only if J is hyperinvariant for the operator Mz. 

Proof. It suffices to check that for an operator T on X we have TMZ = MZT if and 
only if T = My, with some <p e M(X). The "if" part of this assertion is clear; in 
order to prove the "only if" part, we assume that T is an operator on X commuting 
with Mz. It follows that for every Л g ft the operator T commutes with the operator 
Mz - A: / f-> (z - A)/, / € X. Fixing / € X and A e ft, we use axiom (A2) and the 
assumption X ф {0} to conclude that there is a function h £ X satisfying h(X) ф 0 
and 

/ = ~ h + (z - X)g for some g e X. 

Consequently, 
т / = ых)ТН +'"" ~ Х)Тя" 

{TI)W-_mThm=mim. {11) 

Freeing up the variable A, we can view (1.1) as an identity valid for all A e ft with 
7i(A) ф 0. The function ip(z) = Th(z)/h(z) is meromorphic in ft and, by (1.1), is 
independent of the choice of h. Taking different h e X, we see that <p is holomorphic 
on the entire ft, because the functions in X have no common zeros in ft. In other 
words, v? € 0(ft). By (1.1), for every A 6 ft we have T/(A) = /(A)i^(A), which means 
that T = Mv with у € M(X). • 

We note that if the constant function 1 belongs to X, then every multiplier is in 
X, i.e., M(X) С A'; moreover, M(X) С #°°(ft) П X, where tf°°(ft) stands for the 
algebra of all bounded analytic functions on ft. 

Examples. We turn to some examples of quasi-Banach spaces of analytic functions 
satisfying axioms (Al) and (A2), namely, the Hardy spaces #p(ft) for 0 < p < 1, 
and the Bergman spaces L?(Q) for 0 < p < 1 (see [5, 9]). The remaining part of 
this section is devoted to the definitions of the Hardy and the Bergman spaces in a 
general domain ft. 

Let 0 < p < +oo; a holomorphic function / on ft is in #p(ft) if the subharmonic 
function |/(г)|7 ' has a harmonic majorant on ft, i.e., there exists a harmonic function 
u(z) such that \f{z)\>' ^ v(z) for every z e ft. It follows that every / e HP(Q,) has a 
unique least harmonic majorant; this means that there is a unique harmonic function 
uf such that 1/(2)|p < uf{z), z e ft, and u/(z) ^ v(z), z e ft, for any harmonic 
majorant v of \f(z)\p (see [6, p. 51]. Fixing a point z0 e ft, we put 

Н/11ня(П) = ( м / Ы ) 1 Л \ 0 < р < + о о . 



116 A. ABKAR, H. HEDENMALM 

This defines a norm on #7'(ft) if 1 ^ p < +00; moreover, the resulting topology does 
not depend on the particular choice of z0 e ft (see [6, p. 52]). The space HP(Q,) 
with 1 < p < +00 is a Banach space (see [6, p. 54]), and for 0 < p < 1 it is a 
quasi-Banach space, equipped with the p-norm equal to the p-th power of the above 
norm expression. 

For 0 < p < +00, we define Z^(ft), the Bergman space on a domain ft, to be the 
space of all holomorphic functions / on ft such that 

H/lk(n) = (/l/(*)|pdA(*)) " < + ~ , 
a 

where dA{z) denotes the area measure on ft. More generally, let w. ft -» С be a 
continuous and strictly positive function, and let 0 < p < +00; the space L£(ft,w), 
the weighted Bergman space on ft, consists of all holomorphic functions / on ft such 
that 

1 1 / 1 1 ь г ( П . « 0 = ( / | Д г ) 1 М ^ Ф ) ) " < + с ю . 
h 

For 1 < p < +00, this is a norm making LJ(ft, t«) a Banach space. In contrast, for 
0 < p < 1, the weighted Bergman spaces are quasi-Banach spaces; the p-th power of 
the above norm expression determines a p-norm. 

§2. The holomorphic functional calculus 

Classically, one considers a Banach space X and an operator T in the algebra 
C(X) of bounded operators on X (the multiplication operation in C(X) is the usual 
composition of operators). We denote by a(T) the spectrum of T, i.e., the set of 
all complex numbers A for which A — T is not invertible. Consider a complex-valued 
function / analytic in a neighborhood of <r(T), say U. Let V be a domain with smooth 
boundary such that a(T) С V С V с U. With / we associate the operator-valued 
integral 

f(T) = ^~ I f(\)(\-T)-ld\, (2.1) 
2m J 

dV 

where the boundary dV of V is oriented in the positive direction. The mapping 
/ »-4 f(T), known as the holomorphic functional calculus, has a number of interest­
ing properties (see [4, 15, 16]); for instance, it maps the constant function 1 to the 
identity operator in C(X), and the coordinate function А ь* A to T. The holomorphic 
functional calculus is multiplicative, i.e., if / and g are two functions holomorphic in 
a common neighborhood of a{T), then (fg){T) = f(T)g(T). Moreover, the holomor­
phic functional calculus has the following continuity property; if {/„}„ is a sequence 
of functions analytic in a fixed neighborhood of a(T) and if /„ -> / locally uniformly 
on this neighborhood, then f„{T) -» f(T) in the norm of C(X). 
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We wish to apply the holomorphic functional calculus in a more general setting 
where X is a quasi-Banaeh space, equipped with a p-norm, 0 < p ^ 1. Consider the 
space C(X) of bounded linear operators X ->• X; a mapping T from an F-space X 
to another F-space Y is said to be bounded if it maps bounded sets to bounded sets. 
It is well known that for metrizable X, the boundedness of an operator Г e С{Х) is 
equivalent to the continuity of T (see [14, p. 37] or [15, p. 23]). We endow C(X) with 
the topology of bounded convergence; this is the topology induced by the invariant 
metric 

| | Т | | = 8 и р { | | Т : ф | И | < 1 } , TeC(X) 

(it is easy to check that this is a p-norm with the same p, 0 < p < 1, as for X). With 
this p-norm, C(X) is a quasi-Banach space. Moreover, for T and S in C(X) we have 

I|TSK-||T||||S||. 

In fact, the space C(X) is a quasi-Banach algebra in the sense that it satisfies all 
axioms of a Banach algebra with the only exception that the norm is replaced by a 
p-norm, 0 < p < 1 [16]. These algebras were studied extensively by W. Zelazko (see 
[16, 17]). 

A topological vector space Y is said to be locally convex provided that the origin 
in Y has a basis of convex neighborhoods. Note that the locally convex spaces and 
the locally bounded spaces are two natural generalizations of the normed spaces. By 
the Kolmogorov theorem, a topological vector space Y is a normed space if and only 
if Y is both locally bounded and locally convex (see [15, Theorem 1.39]). 

Integration theory for functions defined on subsets of the complex plane and taking 
values in an F-space Y works rather well for locally convex spaces; both the Bochner-
Lebesgue integral and the Riemann integral of such functions can be defined (see 
[15, p. 73, 85] and also the references cited in [15] on page 375). If we do not make 
any convexity assumption about the topology of Y, the Bochner-Lebesgue integral 
of measurable У-valued functions, which is based on approximation of a function by 
piecewise constant functions, cannot be defined in general. The problem is that in 
such a space there is a sequence of piecewise constant functions converging uniformly 
to zero and such that the sequence of integrals does not converge to zero (see [14, 
p. 123]). However, the Riemann integration theory, based on the limit of "Riemann 
sums" in the norm of Y, can be developed in the setting of F-spaces, as observed by 
B. Gramsch [7], and independently by D. Przeworska-Rolewicz and S. Rolewicz [12]. 
However, if Y is not locally convex, then, by a theorem of Mazur-Orlicz, there exists 
a continuous У-valued function f(t), 0 ^ t ^ 1, that fails to be Riemann integrable 
(see [14, p. 121]). It is important to note that the У-valued analytic functions (to be 
defined below) are always Riemann integrable. 

Let u(z) be a function defined on some domain ft and taking values in an F-space 
X. We say that и is analytic in ft if for every zQ e ft there exists a neighborhood 
V(z0) of z0 such that in V(z0) the function u(z) can be represented as a convergent 
power series u(z) = J2^L0{Z ~ zo)nun, u„ 6 A'. It is known (see [3, 14]) that if X is 
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a quasi-Banach space and if the above series is convergent at some point zx, then it 
is convergent for all г with \z - z0\ < \z\ - z0\. This is not so for general F-spaces 
[18]. 

By a theorem of Gramsch and Przeworska-Rolewicz, for any smooth curve Г 
contained in ft the Riemann integral / r u(z)dz of an analytic function u(z) exists, 
and moreover, the Cauchy integral formula and the Liouville theorem are valid in 
this setting (for the details, see [14, p. 124]). 

Let Y be a commutative Banach algebra with unit. It is well known that the 
spectrum of every element of Y is a nonempty compact subset of the complex plane. 
Passing to quasi-Banach algebras, such as the operator algebra C{X) for a quasi-
Banach space X, we need to make sure that the spectrum is well defined, nonempty, 
and compact. 

In what follows we shall see that the quasi-Banach spaces share almost all features 
of the Banach spaces. We proceed with some definitions. 

Let X be a quasi-Banach space, and let T € C{X). In accordance with [14, p. 176], 
on its domain of definition the function (A - T ) - 1 is analytic in Л (here, analyticity 
is understood in the sense indicated above). By the spectrum a(T) of T we mean 
the set of all complex numbers A for which A - T is not invertible. The set С \ <т(Т) 
is an open subset of the complex plane; moreover, for every A with |A| > ||T|| the 
operator A - T is invertible (see [14, p. 175]). This implies that the spectrum of T is 
both bounded and closed; hence, it is compact. Finally, we note that the spectrum of 
T is nonempty provided that the quasi-Banach space X is nontrivial, X Ф {0}. This 
follows from the Liouville theorem (see [16, p. 75 and the comments on p. 110]). 

Let X be a quasi-Banach space. For T € C{X) we can define an operator valued 
function f(T) by (2.1), since this formula makes sense. Observe that now "all is well" 
by the said above. If / is an analytic function defined on a domain U containing the 
spectrum a(T), and if dV is an oriented closed smooth curve containing a(T) inside 
the domain surrounded by dV, then the integral on the right-hand side of (2.1) exists; 
furthermore, the spectral mapping theorem holds true, i.e., a(f(T)) = /(<x(T)) (see 
[14, p. 182]). Finally, we mention that the mapping / и-» f(T) has the same properties 
as in the classical case (see either [2] for a detailed account, or [16, Theorem 16.4] 
and the comments on page 110 of [16]). 

Now we introduce the operator of multiplication by <p on the quotient space X/J, 
where J is a multiplier invariant subspace of X and </? is some fixed element of 
M(X). This is the operator MV[X/J}: X/J -»• X/J given by 

f + Jnvf + J. 

This operator is continuous. In the special case where y> = z, the spectrum of 
MX[X/J), the set of all complex numbers A for which A - MZ[X/J\ is not invertible, 
is denoted by aj — cr{Mz[X/J}). We recall that for a closed subset E in the complex 
plane the notation 0{E) is used to indicate the space of all functions analytic in a 
neighborhood of E. It is rather easy to use the holomorphic functional calculus in 
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order to deduce that О (И) с M(X) and that if J is an invariant subspace of X and 
g б O(IT), then g(Mz[X/J\) - Mg[X/J], where the operator on the left is understood 
in the sense of the holomorphic functional calculus. 

§3. Stability of the index 

In the following lemma we establish a stability property for the codimension of 
(z - A) J in J, where J is an invariant subspace of X. We note that for a Banach space 
X this property follows from the perturbation theory of semi-Fredholm operators (see 
[10]). 

Lemma 3.1. Let X be a quasi-Banach space of analytic functions on a domain ft 
satisfying axioms (Al) and (A2), and let J be an invariant subspace of X. Then the 
function А м- dim (J/(г - A),/) is constant on ft. 

Proof. We denote ,]\ = (z - A) J and make the following two observations. 
Observation 1. 

dim(,J/JA) = sup{dim(I/(L П JA)) : L С J, d i m ! < +co} 
= sup{dimL : L С J, dim I < +oo, L П J\ = {0}}. 

The second equality is clear. Recalling the algebraic relations L/(LC]J\) = (L + 
J\)/J\ С J/J\, and the fact that L = L/(L П JA) if L П J\ = {0}, we conclude that 
dim( JI J\) cannot be less than either of the quantities involved in the suprema. As for 
equality, first we consider the case where dim( J / J A ) = n < +oo and choose a basis 
{hj + JA}"=I of J / JA , where hi,--- , hn € J. Then we set L = span{/ii, • • • , hn} с J, 
and note that dim L = n. We show that Ln.J\ ~ {0}. To this end, let ip G Ln JA, so that 
у = 52?=i cj'b'> where CJ are some constants. Then 0+JA = ^ + J A = Y?j=i c i( ' l j+JA)> 
which implies that CJ — 0 for all 1 < j < n. The conclusion L(~) J\ — {0} follows, 
whence dim(L/(L П JA)) = dimL = ?i. Thus, we have proved the above relations 
under the assumption that dim(J/JA) < +oo. If dim(J/JA) = +oo, then for any 
positive integer N we can find N linearly independent vectors in J/J\. Proceeding 
as above, we construct an Ar-dimensional subspace L с J such that LD J\ = {0}. 
The quotient space L/(LC\J\) has dimension N, and since N can be taken arbitrarily 
large, the above suprema are equal to +oo. 

Observation 2. Let L be a subspace of J of finite dimension, and let A0 be a point 
in ft. If L П JA0 = {0}, then L П JA = {0} for every A close to A0. 
Suppose this is not true. Then we can find a sequence {At}* с ft such that A* -¥ \o 
as к -* +oo and L П -J\k ф {0}. We choose a sequence {./>} in I n JA,, such 
that ЦДЦ = 1. Since L is finite-dimensional, a subsequence of {Д.} converges in 
norm to some f e L f\ J\0 with | |/ | | = 1. We keep the same notation {/*}* for 
this subsequence. For each Д. we have Д. = (z - Ац..)<д. with some gu € J. Now we 
consider the operator Mz - A restricted to J; this operator is bounded from below. 
By the uniform boundedness principle, the operators Mz - A are uniformly bounded 
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from below on each compact subset of ft. It follows that there is a constant e > 0, 
independent of k, such that e\\gk\\ < \\{z - Xk)gk\\ = ||/*|| = 1. This implies that 

49k-gj\[ 
< \\(z - Xk)(gk - gj)\\ = \\fk -{z- Xk)gj\\ = ЦЛ - /,-.+ (A, - X^gjW 

where p is the exponent of homogeneity of the space A', 0 < p < 1. This shows 
that {gic}k is a Cauchy sequence in J, so that gk converges to some g e J. Finally, 
f = (z - X0)g € L П J\0, which contradicts the assumption L П J\0 — {0}, because / 
has norm 1. 

Now we turn to the proof of the lemma. Let A0 be a point in ft, and let 
dim(J/JA0) — "> where 0 < n < +oo. Let L be a finite-dimensional subspace of 
J with L П J\0 = {0}. By the second observation, we have Ld J\ = {0} for every A 
close to A0. Now, we apply the first observation to this L to obtain dim( J/J\) > d imi . 
But dimL can be n if n is finite, and can be any large integer if n = +oo; therefore, 

dim(.//(2 - A)J)= dim(J/JA) >n if n < +oo. (3.1) 

If n = +oo, then for any integer N there is a neighborhood UN(XO) of A0 such that 
dirn(J/JA) > N for every A € UN{X0). 

We turn to the reverse inequality in the case where n is finite. Without loss of 
generality, we may assume that 0 € ft and that A0 = 0. By assumption, J/zJ is 
generated by n linearly independent vectors {hj + zj}'f=l. This means that any 
coset / + z J can be written as a linear combination of these vectors; moreover, if 
J2]=i cihi e Z-J f° r some cu • • • ,c„ € C, then c,- = 0 for all 1 < j < м. Let {ф]У]-1 
be the basis functionals corresponding to the n-dimensional quotient space J/zJ 
and dual to the vectors {hj + z.J}'j_u so that each coset / + zJ € J/zJ has the 
representation 

n 
f + zJ=4£/(f + zJ,4>j)(hj+zJ). ' (3.2) 

Then for any / e J we have / = P i / + P2f, where P i / e zJ and P 2 / e 
span{/ii,/i2, • • • ,Л.П}. More precisely, the projections Pi and P2 are defined by the 
formulas 

n n 
Plf = f~ £ < / + ZJ, Ф№, Pif = J^if + ZJ, <t>j)hj. 

J=I i=i 
For |A| sufficiently small, we define Q: J ->• J by the relation 

Qf = p./ = /-E;ii(/+^^vv 

Then г д / = / - E ^ , { / + -Л <h)h3, whence 

(г _ X)Qf = f-Y,(f + zJ, 4j)hj - AQ/. 
i=i 
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, , _,_,. Qf - E;=i {Qf + sJ> Ф№ 
Since 

Q'7 - Q(Qf) = 

we get 

(z-X)(Qf + XQ2f) 
n n 

= / - £ ( / + zJ, <f>j)hj - A Y,{Qf + *J, Ф№ ~ >?Q2f. 

Proceeding inductively, for |A| small, in the limit we obtain 

(~~-A)(Q/ + AQ2/ + A2Q3/ + ---) 

4=1 J=I 

+ A 2 ] T < Q 2 / + *./,<№ + •••). (3.3) 
j = l ' 

We know that Q = Mr1-Pi is a bounded operator. If |A| is smaller than |[Q||_1, then 
the operator 1 - XQ is invertible, and its norm is at most (1 - |A|P | |Q||)-1, where 
0 < p < 1. Therefore, the left-hand side of (3.3) becomes (z - \)Q\f, where 

Qx ±= 0(1 - XQ)~l = Q + \Q2 + \2Q* + • • • 

From (3.3) it follows that 

/ = (* - A)<M + £ < ( 1 - \Q)'}f + zJAi)hj. 
J=I 

Thus, / - J2%i cjhj € J\, where. cA = ((1 - XQ)-1 f + z.J,ф-). Consequently, 
n 

/ + У А = £ С А ( / Ъ + ./А). (3.4) 
.7 = 1 

In other words, P A / = f - YSj^i c^li i-s a projection J -¥ J\. Setting P2
A/ = 

Yy]=i cPlj> w e obtain / = P A / + P2
A/. This argument shows that 

dim( JI Jx) < dim(J/./Ao) = n. (3.5) 

From (3.1) and (3.5) it follows that if n < +oo, then dim(J/J\) - dim(J/JAo) = n 
for each A close to A0. This means that for each integer n < -foo the set G„ — 
{A e ft: clim(.//.7A) = n} is open in ft. In other words, the function A н* dim(J/JA) 
is locally constant, a fortiori continuous, provided that A e Gn for some n < +oo. 
Also, the statement after (3.1) implies that the function А ь4 dim(J/JA) is continuous 
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at every X £ G+00 = {X € Q, -. dim(J/J\) = +00}. Since the continuous function 
Л i-» dim(J/J\), A € ft, takes its values in the discrete set {0,1,2,••• ,+00}, this 
function must be constant on the connected set ft. e 

In accordance with the above lemma, it makes sense to define the index of an 
invariant subspace J as the dimension of J/(z — X)J. In the case where X is a Banach 
space of analytic functions, S. Richter gave a nice characterization of the invariant 
subspaces of index one in [13, Lemma 3.1]. Fortunately, the result remains true in a 
more general case, as the following lemma shows. Since the argument is the same, 
we omit the proof. We introduce the notation 

Z(J) = {A e fi:/(A) = 0, f£ J} 

for the common zero set of an invariant subspace ./ in X. 

Lemma 3.2 (Richter). Let X be a quasi-Banach space of analytic functions satisfying 
axioms (Al) and (A2), let J be an invariant subspace of X, and let X € ft \ Z(J). The 
following statements are equivalent: 

(a) index(J) = 1; 
(b) if f £ J and /(A) = 0, then there is a function h £ J such that f = (z - X)h; 
(c) if (z - A)/i £ J for some h £ X, then h £ J. 

We have already defined the spectrum aj of the operator MZ[X/J]. Another notion 
related to aj is the weak spectrum, by which we mean the collection of all complex 
numbers A such that the operator A - MZ[X/J] is not onto (see [8]). The weak 
spectrum of MS[X/J] is denoted by a'j. It is clear that a'j с oj С ft. The following 
proposition tells us more about the relationship between these two spectra and the 
index. 

Proposition 3.3. Let X be a nontrivial quasi-Banach space of analytic functions on ft 
satisfying axioms (Al) and (A2). Let J be an invariant subspace of X. Then: 

(a) c ^ n f t ^ Z(J); 
(b) if index(./) = 1, then a'j П ft_= oj П ft; 
(c) if'mdex(J) > 1, then aj = ft; 
(d) if aj С ft, then J = {pf: f 6 A'}, where p is a polynomial with zeros in ft. 

Proof. For the proof of statements (c) and (d) we may argue, with little modifications, 
as in the proofs of Propositions 2.3 and 2.5 in [1]. In order to prove (a), we let 
A € Z(J) and suppose that X-M2[X/J] is onto. Axiom (A2) guarantees the existence 
of a function / e X with /(А) ф 0. Therefore, there is a function h e X such that 
(A - Mz[X/J})(h + J) = f + J. This implies that (A - z)h - f £ J. On the other 
hand, since A € Z(J), we have /(A) = 0. This contradiction shows that the operator 
A - Mz\XfJ\ is not onto, whence Z(J) С cr'j П ft. To verify the reverse inclusion, 
assume that A e ft \ Z(J). Then we can find a function h e J with h(X) - 1. Let 
д € X be arbitrary, and let / = (<; - g(X)h)/(X - z); axiom (A2) shows that / € X. 
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Thus, (Л - z)f - g = -g(X)h € J. This means that (A - MZ[X/./])(/ + J) = g + J. 
Therefore, the operator A - MZ[X/J) is onto or A ̂  a'Jt which completes the proof 
of (a). As for part (b), from the definition it follows that a'j П ft с &j П ft for any 
invariant subspace J. Suppose that J has index one, and let A € ft \ a'j, so that the 
operator A - MZ[X/J) is onto; we claim that it is also one-to-one. To see this, we let 
(A - Mz[X/J])(f + J) = 0 + ./, which is equivalent to saying that (A - z)f e J. By 
Lemma 3.2, we have / € J, which proves our claim. Thus, the operator A - MZ[X/J] 
is invertible, or A € ft \ aj; this completes the proof of (b). • 

§4. A transfer theorem 

We recall that X is a quasi-Banach space of analytic functions on ft satisfying 
axioms (Al) and (A2). Moreover, we assume that 1 G X. Let X\ denote the subspace 
of X consisting of the functions that extend analytically to ft], i.e., Хг = X П C(fti). 
The fact that X\ is closed in X follows from the maximum principle. Indeed, let 
К be a compact subset of ft]. The representation of ft shows that there exists an 
open subset U of fti containing К and such that its boundary dU lies in ft. For any 
/ e l i and z e K, we have 

sup |/(3)| < sup |/(*)| < C| | / |U, 
zeh' s€dU 

where С — C{dU) is a constant depending on the set dU. It follows that the evaluation 
functionals corresponding to the points of ft] are continuous, so that X\ is closed 
in X. This argument shows that Хл is a quasi-Banach space of analytic functions on 
fti. Similarly, we set X2 = А' П C(ft2) and X° = X П O0(ft2), where 6>0(ft2) is the 
subspace of C(ft2) consisting of the functions that tend to 0 as \z\ -+ oo. It is clear 
that A'i © X° С X, and that A'i and X° satisfy axiom (Al) on the corresponding 
domains. We assume that X can be written as X = X\ © X°, and that X\ and X° 
satisfy axiom (A2) as well. Also, we make similar assumption about the multiplier 
space M(X); more precisely, we assume that M(X) = M(X\) © M0{X2), where 
M0(A2) = M(A2)nCo(ft2). 

Definition 4.1. Let X be a quasi-Banach space of analytic functions, and let У be a 
quasi-Banach space. A bounded linear mapping L: X -¥ Y is said to be a multiplier 
module homomorphism if there is a continuous homomorphism LM • M(X) -t C(Y) 
such that L(tfif) — L,M{ip)L{f) for every <p e M(X) and every / e X. 

This definition deserves some comments. Concerning the term multiplier mod­
ule homomorphism, it should be mentioned that any quasi-Banach space X has the 
structure of an M(Ar)-module. This module structure is induced by the mapping 
(M{X),X) -¥ X that sends each couple (<^>,/) to the element iff e X. For this 
reason, any linear mapping on X preserving this structure is named a multiplier mod­
ule homomorphism. It is easy to check that if a linear mapping L as above is onto, 
then the associated homomorphism LM is unique. It turns out that the kernel of any 
multiplier module homomorphism I is a multiplier invariant subspace of X. If X is 
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replaced by a quotient space X/J (here J is a multiplier invariant subspace of X), 
then we require that 

L{v>(f + J)) = LM{<p)L(f + J) , / € X, 9 e M(X). 

In this caseL is called a quotient multiplier module homomorphism. A surjective 
and injective (quotient) multiplier module homomorphism will be called a {quotient) 
multiplier module isomorphism if its inverse is also a (quotient) multiplier module ho­
momorphism. Since, largely, in this paper we are concerned with quotient multiplier 
module isomorphisms, it is worth while to make this concept more transparant. Let Y 
be a quasi-Banach space of analytic functions and I a multiplier invariant subspace 
in Y. Assume that the quotient multiplier module homomorphism L: X/J -»• Yjl 
is both one-to-one and onto. From the definition we know that there is a con­
tinuous homomorphism LM- M(X) -»• C(Y/I) satisfying the above condition. Let 
К = Ь~л: Y/I —у X/J; this operator is also continuous. If we can find a continuous 
homomorphism KM: M(Y) -¥ C(X/J) such that К(ф(/ + I)) = KM(i>)K(f +1) 
for every ф e M(Y) and every / £ /, then L will be a quotient multiplier module 
isomorphism. 

Let J be a proper multiplier invariant subspace of X\, and, similarly, let J be a 
multiplier invariant subspace of X. We recall that 07 denotes the spectrum of the 
operator Mz[Xi/I]. Let O(crj) denote the algebra of all functions h analytic in some 
neighborhood U/, of the compact set 07, and let Dh be a compact subset of Uh such 
that its interior contains 07. We define an operator Hi: 0(aj) -)• C(X\/I) by the 
rule 

/ m ~ J h{\){\-Mx\XilI\)~xd\. (4.1) 

The boundary of Dh is assumed to consist of finitely many piecewise smooth curves, 
and integration is taken in the positive direction. The Cauchy theorem (see §2) shows 
that the above integral does not depend on the particular choice of Uh- The mapping 
Hi, known as the holomorphic functional calculus, has a number of nice properties. It 
maps the constant function 1 and the coordinate function z to the identity operator 
on X\/I and to the operator MZ[X\/I\, respectively. Also, Hi is multiplicative in 
the sense that Hi(fg) = Hi{f)H[(g) for any / and g in 0(07). Finally, Я/ has the 
following continuity property: if U is a fixed neighborhood of <r/ and if /„ -*• / locally 
uniformly in U, then Я/(/„) tends to # / ( / ) in the norm of С(Хг/1). Therefore, Hi 
is a continuous homomorphism between two quasi-Banach algebras. 

By our assumptions on X, we have 1 € X\, so that the coset 1 + / belongs to 
Xi/I. Now, we define a mapping P/: C(X\/I) -»• X\/I by the rule 

S K + S ( 1 + 7). ' 

Then the composition Pt о Hi acts from 0(07) into X\/l and sends the constant 
function 1 and the coordinate function z to 1 + / and to z +1, respectively. We know 
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that <T/ с ft2- Assume that 07 does not touch the boundary of ft2, i.e., 07 С ft2; then 
X% С O0{Q.2) С O{oi), allowing us to introduce the following important multiplier 
module homomorphism: we define Lr- X = X\ © X° -* Хг/1 by the formula 

f f+I HfeXu 

In [1, Proposition 3.3] it was proved that, in the Banach space case, Li is indeed a 
multiplier module homomorphism. Here we sketch a proof in the general setting of 
quasi-Banach spaces. 

Lemma 4.2. Let I be a multiplier invariant subspace of X\ such that crj с ft2- Then 
Lr- X -^ X\ 11 is a multiplier module homomorphism. 

Sketch of the proof. First, we assume that 0o(ft2) is dense in M0(X2) and in X°; 
eventually we shall lift this restriction (see [1, Lemma 3.2]). With Li we associate the 
following continuous homomorphism L^M- We write у € M(X) as <pt + <p2, where 
V?i e M{Xi) and v>2 e M0(X2). Then we define LiM- M(X) ->. ЦХг/I) by the 
formula 

LiMf) = MVl[X,/I] + Hifa), (4.3) 

where Я/ is the holomorphic functional calculus defined by (4.1). To prove that L / ,M 
is a homomorphism, first we verify that 

where y?i € M(X\) and A € C \ ft2. Since for such A the finite linear combinations 
of the functions г н (A - z)~l are dense in О0(&2), we may replace (A - z)~l by 
any ip2 € M0(X2). Consequently, £/ ,м is a homomorphism. Finally, it can be shown 
that 

Li{v>f) = LiMifi)Li{f), tp e M(X), f e x, • , 

which means that Lj is a multiplier module homomorphism. • 

In the sequel, we shall see that the kernel of Lr is a multiplier invariant subspace of 
X: It turns out that, in fact, this is the desired counterpart of the multiplier invariant 
subspace / of A'i with 07 С П2. Denoting ker L/ = J, we prove a statement which 
makes the relationship between / and ./ transparent. 

Proposition 4.3. Let I be a multiplier invariant subspace of Xx with 07 с П2- If 
J = kerb/, then 

(a) J is a multiplier invariant subspace in X; 
(b) clos(/-M(Ar)) С J; 
(c) 7 n * ! = / ; • 
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(d) 01 = aj. 

Proof. The proof is essentially the same as that of Proposition 3.4 in [1]. • 

Let V\ and V2 denote two finitely connected smoothly bordered domains satisfying 
the following conditions: 

( a ) C \ f l 2 C V i C ^ r , 
(b)C\nLcV2CV2Cfl2; 
(c) Va П V2 = 0. 

Definition 4.4. Let X be a quasi-Banach space of analytic functions on Q satisfying 
axioms (Al) and (A2). We say that X satisfies the shrinking domain condition with 
respect to the couple (Vi,V2) if there exist two quasi-Banach spaces of analytic 
functions X ( 1 ) and A"(2) satisfying axioms (Al) and (A2) on Пг Л V2 and ft2 n Vb 
respectively, and such that 

(a) X^ П 0{ili) = XU and A"'2) riO0{Sl2) = X°; 
(b) XW = X, ф X(

2]l where X$ = X™ Л O0(V2); 
(c) X^ = x\2) ф X°, where x(2) = X<2> Л 0(V,); 
(d) M(X ( 1 )) = M(A',) Ф MoiX^), where Mo(A^°) = M(Ar*1)) Л C0(V2), and 

M(X(2)) = MtxJ2') ф M0(Ar
2). 

At the first glance, it seems that too many conditions are involved here. However, 
it should be realized that our typical example X = Lp

a{Q,), 0 < p < 1, the Bergman 
space, indeed satisfies the shrinking domain condition. In this case X\ = I<2(fii) and 
X2 = L^{Q,2) (here, we use area measure on the Riemann sphere rather than on the 
complex plane to define the Bergman space). Now, we may regard Lv

a(Q.\ Л V2) and 
Lp

a(Q,2 Л-Vi) as our AT(1) and A'(2), respectively. These spaces split into direct sums, 
and the same is true for their multiplier spaces, i.e., the spaces of bounded analytic 
functions on the corresponding domains. It follows (see §2) that 

Xx С 0(0,^) с 0(7 x) С С(ОТЛЯ) С Xi2\ 

whence X с Ar(2). In a similar way we prove that X с Ar(1). 
Assuming that X satisfies the shrinking domain condition, we can prove a factor­

ization theorem for the functions in X, at the same time keeping some control on 
the zeros of the factors. 

Lemma 4.5. Suppose that X satisfies the shrinking domain condition with respect to 
the couple (Vi, V2). If f e X is not identically zero, then for every V2 c £ c C \ V i 
there exist /1 e Xi and f2 e X2 such that 

( a ) / = / i - / 2 , 
(b)Zn1( /1) = Z n ( / ) n J 5 , 
(c)Zaa(f2) = Zn(f)\E. 

Proof. The proof follows the same line of arguments as in [1, Lemma 3.7]. • 



INVARIANT SUBSPACES IN QUASI-BANACH SPACES 127 

The next lemma provides, in fact, the spectral decomposition of operators with 
disjoint spectra, which was known for some time for Banach spaces. In what follows, 
we use this classical argument in the case where X is a quasi-Banach space of analytic 
functions. 

Lemma 4.6. Let J be a multiplier invariant subspace of X of index 1, and let E be 
as in the preceding lemma Then in X there exist two multiplier invariant subspaces J\ 
and J2 such that 

(a) ./ = .h n J2, 
(b) <тл = crj П E, 
(c) aj2=aj\E. 

Proof. First, we assume that J is an invariant subspace of -X". Let T denote the 
operator MZ[X/J]. Since index(J) = 1, from Proposition 3.3(a,b) it follows that the 
spectrum aj = <r(T) is discrete in ft. Putting <j\ — aj П E and <r2 = crj \ E, we 
let t\ be a function in O(aj) such that ei is equal to 1 near a\ and to 0 near <x2. 
We consider the projection Qi = ^ (T) , where the operator on the right is defined 
via the holomorphic functional calculus (see §2). Similarly, we can introduce the 
projection Q2. It is easy to check that Q1Q2 = Q2Q1 = 0 and that Qi + Q2 is equal 
to identity. This shows that X/J = imQi ®imQ2 , where im stands for the image of 
X/J under the corresponding projection. It follows that for к = 1,2 the subspace 
imQk is an invariant subspace of X/J with the property that the spectrum of Г 
restricted to imQk coincides with 04-. We define an invariant subspace J2 С X by 
•h = {f € Ar : / + J € imQi} D J. Observe that, in fact, we have imQi = J2/J. 
Now, we let / e J\ П J2; then / + J belongs to im Qi П im Q2, whence f + J = 0 + J 
or / € J, and (a) follows. To prove (b) , we denote by Ti and T2 the operators 
of multiplication by z on X/Ji and on J2/.J, respectively. Since, in fact, T2 is the 
restriction of T to the quotient space J2/J = imQi, we see that vffi) = <TI. On 
the other hand, the mapping Ф: J2/J -> X/Ji that sends / + J to / + Ji is an 
isomorphism, so that <r(Ti) = effi) = 04» Part (c) can be proved in a similar way. 
So far, we have proved the lemma in the case where ./ is an invariant subspace of X. 
Now we assume that J is a multiplier invariant subspace of X and that (p e M(X). 
We know that у is analytic in ft, and since <гз(А)е1(А) = ei(A)^(A), we see that 
Mv[XIJ)Ql = QxM^X/J]. Let / 6 Jv, then / + J € imQ2 = kerQj and 

Qifrf + J) = QiMv[X/J](f + J)= M„[XIJ]Qi(f + J) = 0, 

meaning that tpf e J b Similarly, we can prove that J2 is also a multiplier invariant 
subspace. • 

We have prepared the ground for the following proposition about factorization of 
functions in J in terms of functions in Jx П Xx and in J2 П X2. 

Proposition 4.7. Suppose that X — X\ © X° satisfies the shrinking domain condition 
with respect to (VUV2), and that J is a multiplier invariant subspace of X of index 1. 
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If 0(ui) and 6>(ft2) are dense in Хг and X2, respectively, then for every f G J we 
have / = /1 • /2, where .Д G J\ П Aa and /2 G J2 П X2. 

Proof. Let /1 and /2 be as in Lemma 4.5. First, we want to show that /1 G Ji and /2 G 
J2. Let gk be a sequence in 0{9,2) such that 5ц.. -J- /2 in X2. Since A2 = X (2)nC(f22), 
it follows that (7*.. -»• /2 in 0(Q2), and consequently, in 0(0-^). Using the continuity 
of the holomorphic functional calculus, we see that gk(Mz[X/Ji\) -> f2(Mz[X/Ji\) 
as к ->• oo. In accordance with the arguments of §2, we have 

M9k [ В Д К / i + Ji) -»• /2(MZ[A7J1])(/1 + J,) as к -»• oo. 

Suppose for the moment that gt /i -» / in the quasi-Banach space X, so that 

/2(M,[A7J,])(/ ] +J,) = ( lim $*/,) + ,7Г= / + Ji = 0 + Jx. 

Since, by Lemma 4.5, the function /2 has no zeros near crj,, we have 

/ 1 + Ji = (1//2)(M,[A7J1])(0 + Jj) = 0 + J,, 

whence /1 G -Л. Likewise, /2 G J2. To complete the proof, we must show that gkfi —> / 
in A'. To this end, we observe that, combined with the closed graph theorem for F-
spaces, Definition 4.4 implies that 

! ! / l l x x | | / | | x ( I ) + ||/ILY(2,, 

where x means equivalence of p-norms. From the definition of the norm in the space 
of multipliers we get ||/| |x<» < Ш\АЦХЧ>) ' НЛНхсо a n d WfWxm < Ш\щхщ • 
| | / 2 | | x ( 2 ) . Since 

||.Ы<Д- - h)\\x x | | / i ( 5 t - /2)||лс> + ll/i(fffc - Л)11хе>> 

we see that for some constant C, 

||/i(flft - /2) | |x < C(||/i|lx<o • \\9k - /2 | |M(X( ,)) + \\gk - f2\\xw • WfiWmxm))-

From §2 we know that C(fi2) с M(A (1 )), and gk -»• /2 in 0(ft2), by assumption; 
then gk tends to /2 in M(Ar(1)). Since ||<д. - /2 | |x2 -> 0, it follows that gk - /2 tends 
to zero in A ( 2 ) as к -¥ oo. Consequently, \\fi(gk - /г)| |х -> О as fc -s- 00, concluding 
the proof of the proposition, t 

Now we are ready to prove the main result of the paper. We recall that for a 
multiplier invariant subspace / of X\ we denote by A(I) the closure in X of I-M(X). 
Finally, let 

61 = {/ : I is a multiplier invariant subspaces of X\ with 07 cO,2], 

and let в be the class of all multiplier invariant subspaces J С X with aj С fi2. 
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Theorem 4.8. Let X = X\ ф X2 be a quasi-Banach space of analytic functions on ft 
satisfying the shrinking domain condition with respect to the couple (V\,V2). 7/0(ft i) 
and 0(0.2) are dense in X\ and X2, respectively, then: 

(a) The mapping I н->- Л(7) is a bijection from 61 onto 6. Furthermore, <TI = <TK(I) 
and the inverse mapping is given by J ь-> J n X\. 

(b) For every I e 61 the mapping Lj: X -+ X\jl is a surjective module homomor-
phism that is canonical on X\ and has kernel Л(7). 

(c) For every J 6 61 the quotient quasi-Banach spaces X\jl and X/A(I) are 
canonically quotient multiplier module isomorphic. 

Proof. First we prove (b). By Lemma 4.2, L/ is a surjective multiplier module ho-
momorphism canonical on X\. It remains to show that kerL/ = Л(/). The inclusion 
A(I) С кет Li was already proved in Proposition 4.3(b). Putting kerL/ = J, we want 
to verify that J с Л(7). We have aj = 07 с ft2 by Proposition 4.3(d), so that Propo­
sition 3.3(c) implies that iiidex(J) = 1. Applying Proposition 4.7 to each / e J, we 
obtain / = /1 • /2 with /1 e J\ П X\, and /2 € ./2 П X%, where Ji and J2 are as in 
Proposition 4.7. We may assume that J\ = J and J2 = X2. Since crj с ft U 5fib we 
see that in the situation of Lemma 4.6 aj2 consists of finitely many points in ft; hence, 
we may use Proposition 3.3(d) to deduce that J2 = pX for some polynomial p with 
zeros in aj2. Therefore, f2 = pg for some g g Ar. Since, by construction, p divides 
any element of J2, we have g e A'2- Thus, / = (/1 • p) • g, where /1 • p € Ji П J2 = J 
and (/ e I 2 . But /1 - j ) 6 , I b so that /1 • p g j n l i = / by Proposition 4.3(c). Finally, 
J = (J П Xi) • X2 = I • X2. Now, suppose that f G J can be written as / = /1 • /2 , 
where /1 € J П A'i = / and /2 € Ал

2. By our assumption, there exists a sequence 
{/2,*.}*.- of functions in C(ft2) that approximate /2 in A"2. As in the proof of the 
preceding proposition, we have 

| | / l ( / 2 - /2 ,*) IU 
X\\Mf2-f2,k)\\Xli)+\\Mf2-f2,k)\\Xm, 

| | / l ( / 2 - / 2 , t ) | U • 

^ C( | | / , | | x , . , • II/2 - /2 .* | |M(X(D) + II/2 - hMlxw • II/IIIM(X(=))), 

where С is some constant. Since /2,jt ->• /2 in C(ft2), we obtain | | / 2 - /2 ,A | |M(X(0) -^ 0, 
because M(A'(1)) э C(ft2) by §2. Also, ||/2 - f2,k\\xm -> 0 by assumption, whence 

II/ - fif2,k\\x = ||/i(/2 - f2,k)\\x -> 0 as к -»• oo. 

Finally, observing that 

/1/2,* € (•/ П AY) • M{X2) = I • M{X2) с / • M(X), 

we obtain / e Л(1), which completes the proof of part (b) . 
In order to prove part (c), we consider I e &\ and the surjective multiplier module 
homomorphism Li that induces L} defined by (4.4). Since ! / ( / ) = / + / for / e A"b 

5 Алгебра и анализ, 2000. Т. 12. № I 
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it follows that (L*j) 1 : Xi/I ->• X/A(I) coincides with the canonical homomorphism 
Xi/I -> X/A(I). Observe that for / e Xx we have L}(f + A(I)) = £,/(/) if and only 
if ( I I ) - 1 ( M / ) ) = / + Л(1), or ( L J ) " 1 ^ + /) = / + A(7). Thus, for any v € M(XX) 
and any / e Хл we can write 

(L;)-1(¥./ + /) = y>/ + A(J) = Afv[Jr/AU)](/ + A(J)), 

which shows that (L})~1 is a quotient multiplier module homomorphism. Finally, for 
every / e X and every ip e M(X) we ha?№ 

LJ(V/ + HI)) = i / ( v / ) = LItMCp)Li{f) 
= LIM(v)L}(f + A(i)), 

where L / ,M is as in (4.3). Thus, LJ is a quotient multiplier module isomorphism (in 
accordance with the comments following Definition 4.1). 
Now we prove (a). The coincidence of the two spectra in question is the content of 
Proposition 4.3(d). Also, in part (b) above we proved that for every 7 e 6 i we have 
kerb/ = A(7); hence, Proposition 4.3(c) yields A(I) П Xx = 7. This means that the 
mapping I i-t A(T) is injective. It remains to prove surjectivity. Let J e 6 . As in part 
(b) above, we may assume that J = (JпХг)-Х2. Thus, any / e ,7 can be written as 
/ = /1 • h, where f\ e JnA ' i and /2 e Ar

2. As before, first we approximate f2 e X2 
by functions in 0(0,2) and then use the same technique to deduce that 

J С dos{ (J П Хг) • M(X2)} С clo.s{(J П Xj) • M(X)}. 
Since the reverse inclusion is clear, we obtain 

J = clos{ (J П Хг) • M(X)} = A(J Ш , ) , 
completing the proof of the theorem. • 
Remark 4.9. Let О be theannulus Ap = {z e C: p < \z\ < 1}, so that Ог is the 
unit disk and 02 is the exterior disk {z e C: |z| > p}. Let 6 2 denote the class of all 
multiplier invariant subspaces / of Лл

2 satisfying the condition a/ = a(Mz[X2/I}) С 
fli. Using a suitable Mobius transformation, we can interchange the roles of Xi 
and X2. Then Theorem 4.8 supplies a one-to-one correspondence between 62 and 
6 , where the latter class consists of the multiplier invariant subspaces J с X with 
aj cOi. As was observed in Lemma 4.6, any multiplier invariant subspace J с X of 
index 1 splits: J = .7] n.72 with Jx e 6 and ,72 € 6 . By Theorem 4.8, Ji corresponds 
to 7i = J\ П ATi, and J2 corresponds to 72 = J2nX2. Consequently, to describe J we 
only need to understand I\ and 72. Moreover, by Proposition 4.7, any f £ J can be 
written as the product of /i € 7i and /2 e 72. Therefore, 7i and 72 take care of the 
boundary behavior of the elements of J near 9fti and d02, respectively. In this way, 
the structure of any multiplier invariant subspace J с X of index 1 can be described 
in terms of the structure of the multiplier invariant subspaces of X\ and X2. 
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