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© A. MOMENI, A. B. VENKOVThese notes are based on three le
tures given by the se
ond author atCopenhagen University (O
tober 2009) and at Aarhus University, Den-mark (De
ember 2009). Mostly, a survey of the results of Dieter Mayer onrelationships between Selberg and Smale{Ruelle dynami
al zeta fun
tionsis presented. In a spe
ial situation, the dynami
al zeta fun
tion is de�nedfor a geodesi
 
ow on a hyperboli
 plane quotient by an arithmeti
 
o�nitedis
rete group. More pre
isely, the 
ow is de�ned for the 
orrespondingunit tangent bundle. It turns out that the Selberg zeta fun
tion for thisgroup 
an be expressed in terms of a Fredholm determinant of a 
lassi
altransfer operator of the 
ow. The transfer operator is de�ned in a 
ertainspa
e of holomorphi
 fun
tions, and its matrix representation in a naturalbasis is given in terms of the Riemann zeta fun
tion and the Euler gammafun
tion.
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2 A. MOMENI, A. B. VENKOV
§1. General theoryWe quote Ruelle [14, 15℄ to introdu
e his general notion of a transfer oper-ator and a dynami
al zeta fun
tion for a given dynami
al system.First, we give the de�nition of a weighted dynami
al system. Let � be aset weighted by a fun
tion g : � −→ C. Assume that � des
ribes a system,then the dynami
s of the system is given by a map F : � −→ �. The triplet

D := (�; F; g) is 
alled a weighted dynami
al system or simply a dynami
alsystem.The transfer operator method is appli
able if the map F is not invertible,that is, for example, when its inverse is not unique. More pre
isely, the set ofinverse bran
hes of F must be �nite or at least 
ountable and dis
rete in anatural topology.For su
h a dynami
al system, the a
tion of the Ruelle transfer operator Lon a fun
tion f : � −→ C is de�ned by(Lf)(x) = ∑y∈F−1{x} g(y)f(y): (1.1)Let the set of transfer operators for all dynami
al systems of the set � withrespe
t to the produ
t ◦ given by (L1 ◦L2)f = L1(L2f) be an algebra denotedby S. A tra
e on this algebra is a linear fun
tional Tr : S −→ C su
h thatTr(L1L2) = Tr(L2L1) for every L1 and L2 in S. For a given tra
e Tr, adeterminant Det for the operators of the algebra 
an formally be de�ned byDet(I − zL) = exp(
−

∞∑m=1 zmm TrLm): (1.2)On the other hand, a weighted dynami
al system D = (�; F; g) is equippedwith the so-
alled Ruelle dynami
al zeta fun
tion de�ned by�(z) = exp( ∞∑m=1 zmm ∑x∈FixFmm−1∏k=0 g(F kx)); (1.3)where FixFm denotes the set of all �xed points of Fm. The set FixFm is�nite or 
ountably in�nite for all m > 0. Like other zeta fun
tions, the Ruelledynami
al zeta fun
tion has some sort of Euler produ
t�(z) = ∏

{P}

(1− z|P |
|P |−1∏k=0 g(F kxP ))−1; (1.4)where {P} denotes the set of periodi
 orbits of F with length |P | and xP isan arbitrary element of P . We shall assume that (1.2), (1.3), and (1.4) areabsolutely 
onvergent at least for z in a 
ertain domain in C.



MAYER'S TRANSFER OPERATOR 3In general, analyti
 properties of zeta fun
tions give an important informa-tion about the 
orresponding systems in question. For example, a Tauberiantheorem yields the 
lassi
al prime number theorem from the positions of polesand zeros of the Riemann zeta fun
tion in the 
riti
al strip.In the same way, we are interested in the analyti
 properties of the dynam-i
al zeta fun
tion to get more information about the 
orresponding dynami
alsystem.An important method to study the analyti
 properties of dynami
al zetafun
tions is the transfer operator method. In this method, the analyti
 prop-erties of the zeta fun
tion are related to the spe
tral properties of a transferoperator through a relationship between the Fredholm determinant of thetransfer operator and the dynami
al zeta fun
tion.An interesting realization of the general program des
ribed above is theMayer transfer operator a
ting on some Bana
h spa
e of holomorphi
 fun
tionson a disk [9℄. This operator is assigned to the dynami
al system related to thegeodesi
 
ow on the hyperboli
 plane modulo an arithmeti
al 
o�nite dis
retegroup �. In this 
ase the Fredholm determinant of the transfer operator is equalto the Selberg zeta fun
tion for the 
orresponding dis
rete group, whi
h is oneof the most important aspe
ts of Mayer's transfer operator theory. Indeedthis identity provides us a new insight to the theory of quantum 
haos. Itturns out that the Mayer transfer operator, whi
h is a purely 
lassi
al obje
t,surprisingly 
ontains all information we 
an obtain from the 
orrespondingS
hr�odinger operator.
§2. Mayer's transfer operator for PSL(2;Z)We start with introdu
ing some notation and de�nitions. The hyperboli
planeH is the upper half-plane {x+ iy ∈ C |y > 0} equippedwith the Poin
ar�emetri
 ds2 = y−2(dx2 + dy2) and the measure d�(z) = y−2dxdy. Thus,geodesi
s on H are the semi
ir
les with 
entra and the end points on thereal axis.The group of all orientation preserving isometries of the hyperboli
 plane

H is identi�ed with the groupPSL(2;R) = SL(2;R)= {±I} (2.1)a
ting on H by linear fra
tional transformations de�ned byz → gz = az + b
z + d; g = ( a b
 d ) ; z ∈ H:



4 A. MOMENI, A. B. VENKOVThe modular group PSL(2;Z) is a dis
rete subgroup of PSL(2;R) de�nedby PSL(2;Z) = {( a b
 d )
| ad− b
 = 1; a; b; 
; d ∈ Z

} = {±I} : (2.2)This is a non
o
ompa
t Fu
hsian group of the �rst kind.Let M = PSL(2;Z)\H be the quotient spa
e of the hyperboli
 plane Hmod PSL(2;Z). This is a surfa
e with one 
usp and two 
oni
al singularities.Consider the 
ontinuous dynami
s given by the geodesi
 
ow 't on T1M , theunit tangent bundle of M . From a physi
s point of view, the tangent bundlesaid to be unit if the geodesi
 
ow des
ribes the motion of a free parti
le onM with unit magnitude of velo
ity.As has already been mentioned, a transfer operator 
an be de�ned if the
orresponding dynami
al map has a �nite or 
ountable set of inverse bran
hes,while the geodesi
 
ow is 
ontinuous and determines an invertible map onT1M . Thus, we �rst dis
retize the geodesi
 
ow by 
onstru
ting a Poin
ar�emap of 't. It is known that, by a suitable 
hoi
e of the Poin
ar�e se
tion inT1M , the dynami
s of 't redu
es to the Poin
ar�e map given by (see [3℄)P : [0; 1℄ × [0; 1℄ × Z2 → [0; 1℄ × [0; 1℄ × Z2;P (x1; x2; �) = (TGx1; 1[ 1x1 ℄ + x2 ;−�); (2.3)where [x℄ denotes the integral part of x andTGx = { 1x mod 1 if x ∈ (0; 1℄;0 if x = 0 (2.4)is the Gauss map.Remark 2.1. The group PSL(2;Z) does not 
ontain the re
e
tion relativeto the y-axis. Consequently, for every geodesi
 on M there exists a uniquegeodesi
 on M su
h that their representatives on the upper half-plane arelo
ated symmetrially relative to the y-axis. The same is true for the orbits onT1M . This fa
t is re
e
ted by two possible values of the parameter �.We are interested in the expanding part of the map P , whi
h re
e
ts theergodi
 aspe
ts of the geodesi
 
ow 't,Pex : [0; 1℄ × Z2 → [0; 1℄ × Z2;Pex(x; �) = (TGx;−�): (2.5)It remains to sele
t a suitable weight fun
tion. Mayer 
hose the followingweight fun
tion: g(x; �) = (T ′G)s(x) = x2s; (2.6)



MAYER'S TRANSFER OPERATOR 5where s is a 
omplex parameter. In fa
t, in a

ordan
e with Sina��'s paper [18℄,the ergodi
 properties of 't are related to this weight fun
tion.The Mayer transfer operator is a transfer operator for the weighted dynam-i
al system
D1 = ([0; 1℄ × Z2; Pex; g(x; �) = x2s); (2.7)i.e.,

Lsf(x; �) = ∑y=P−1ex (x;�) g(y)f(y): (2.8)We noti
e that for s = 1 the Mayer transfer operator redu
es to the Perron{Frobenious operator for the Gauss map. The map Pex has an in�nite numberof dis
rete inverse bran
hes given byP−1ex (x; �) = ( 1x+ n;−�); n ∈ N; (2.9)thus, the Mayer transfer operator is formally expressed as
∼
Lsf(x; �) = ∞∑n=1( 1x+ n)2sf( 1x+ n;−�); � = ±1: (2.10)Sin
e the weighted dynami
al system (2.7) and the group PSL(2;Z) are 
loselyrelated, sometimes this operator is 
alled the Mayer transfer operator forPSL(2;Z). Equivalently, we 
an write the Mayer operator (2.10) in a ve
torform:

∼
Ls−→f (x) = ∞∑n=1( 1x+ n)2sM:−→f ( 1x+ n) (2.11)with M = ( 0 11 0 ) ; −→f (x) = ( f(x; 1)f(x;−1) ) : (2.12)If we take the group PGL(2;Z) = GL(2;Z)= {±1} (2.13)instead of the group PSL(2;Z), whereGL(2;Z) = {( a b
 d )

| ad− b
 = ±1; a; b; 
; d ∈ Z

} ; (2.14)then the orbits 
orresponding to the two possible values of � will be identi�ed,be
ause PGL(2;Z) 
ontains the re
e
tion relative to the y-axis. Note that thisre
e
tion a
ts on H not by a linear fra
tional transformation but as the mapz → −z. Therefore, the dynami
al system D1 in (2.7) redu
ed to the followingdynami
al system:
D2 = ([0; 1℄; TG; g(x) = x2s): (2.15)



6 A. MOMENI, A. B. VENKOVThe Mayer transfer operator for PGL(2;Z) is a transfer operator 
orrespond-ing to the dynami
al system D2,
Lsf(x) = ∞∑n=1( 1x+ n)2sf( 1x+ n); (2.16)whi
h is sometimes 
alled the transfer operator for the billiard 
ow or for theGauss map, be
ause the dynami
s of D2 is de�ned by the Gauss map TG.The analyti
 properties of this operator extend easily to the original Mayeroperator. Thus, from now on we 
onsider this simpli�ed version of the Mayeroperator.Up to now we have seen how the ergodi
 aspe
ts of the geodesi
 
ow �xthe form of the Mayer operator with no information about the fun
tion spa
eon whi
h Ls a
ts . At the next step we should de
ide about this spa
e in su
ha way that the operator Ls be
ome a ni
e operator from an analyti
al pointof view, with well-de�ned tra
e and determinant. For this, �rst, we need twolemmas. Let the real x in (2.16) be extended to z in the 
omplex domainDr = {z ∈ C | |z − 1| < r} : (2.17)Lemma 2.2. For n ∈ N, the map  n : z → 1z+n maps holomorphi
ally the diskDr stri
tly inside itself if the radius r of the disk lies in the interval (1; 1+√52 ).For r = 1 the map  n tou
hes the boundary in the limit n→ ∞.Proof. First we note thatlimn→∞

 n(z) = 0; z ∈ Dr; (2.18)
onsequently, the smallest lower bound of the radius is r = 1. But the upperbound is at most r < 2 be
ause otherwise  1 is not 
ontra
ting at z = −1.To determine the largest upper bound of r we note that the maps  n are
onformal, mapping 
ir
les into 
ir
les. We also note that the  n's map the diskDr to disks with 
enters on the real axis. Thus, to investigate the 
ontra
tingproperties of  n, it suÆ
es to investigate the transformations of the end-pointsx− = 1−r or x+ = 1+r of the diameter of Dr lying on the real axis. Moreover,sin
e  n+1(x) <  n(x); n ∈ N; x > −1; (2.19)to �nd the upper bound of r it suÆ
es to �nd the upper bound of r for  1.But  1(x+) <  1(x−); 1 < r < 2; (2.20)so that the largest upper bound of the radius is determined by the followinginequality:  1(x−) = 12− r < 1 + r: (2.21)



MAYER'S TRANSFER OPERATOR 7By simple 
al
ulation we get r < 1+√52 , whi
h 
ompletes the proof. �The following lemma suggests a possible good 
andidate for the desiredspa
e.Lemma 2.3. For r ∈ (1; 1+√52 ), the Bana
h spa
eB(Dr) = {f : Dr → C | f is holomorphi
 on Dr and 
ontinuous on Dr}(2.22)with the sup norm || || is invariant under the a
tion of Ls for Re(s) > 12 , that is
LsB(Dr) ⊂ B(Dr). Note that the 
ontinuity on the boundary makes the spa
eB(Dr) a subspa
e of the Bana
h spa
e of bounded holomorphi
 fun
tions.Proof. The transfer operator for PGL(2;Z) is given by

Lsf(z) = ∞∑n=1( 1z + n)2sf( 1z + n): (2.23)Let f be in B(Dr). The argument of f , that is the fun
tion  n(z) = 1z+n ,maps the disk Dr inside itself and is holomorphi
 in this domain for all n ∈ N.Thus, the term Sn := ( 1z+n)2sf( 1z+n) also belongs to B(Dr). We are goingto prove that ∑∞n=1 Sn ∈ B(Dr). The required result 
omes from the generalWeierstrass M-test, for whi
h we need ||Sn|| 6 Mn < ∞ for all n > 1 and∑∞n=1Mn < ∞, where Mn is a positive number. These requirements are ful-�lled for � = Re(s) > 12 if we take Mn = (n − r + 1)−2� ||f ||, where ||f || isbounded be
ause f ∈ B(Dr). This 
ompletes the proof. �Corollary 2.4. Let r be in the interval (1; 1+√52 ). Then the operator ∼
Ls for thegroup PSL(2;Z) is de�ned on the Bana
h spa
e B(Dr)⊕B(Dr) for Re(s) > 12and leaves this spa
e invariant.In Subse
tion 2.2 we shall see that this 
hoi
e of the fun
tion spa
e makesMayer's operator a nu
lear operator, whi
h 
on�rms that we are on the righttra
k.2.1. Matrix representation of Mayer's transfer operator, its eigen-ve
tors and eigenvalues. In the next subse
tion we shall see that the trans-fer operator is 
ompa
t and the spe
trum of this operator in the spa
e B(Dr)is a dis
rete set of eigenvalues of �nite multipli
ity. Now we are going to derivea matrix representation for the transfer operator.Let f ∈ B(Dr) be an eigenfun
tion of Ls,

Lsf(z) = �f(z); (2.24)



8 A. MOMENI, A. B. VENKOVthe holomorphy of f on Dr allows the following expansion:f(z) = ∞∑k=0 
k(z − 1)k; z ∈ Dr; (2.25)Inserting this in (2.24), we get
∞∑n=1( 1z + n)2s ∞∑k=0 
k( 1z + n − 1)k = � ∞∑k=0 
k(z − 1)k; (2.26)but

( 1z + n − 1)k = k∑j=0 (kj)(−1)k−j( 1z + n)j; (2.27)so that (2.26) 
an be written as
∞∑k=0 
k k∑j=0 (kj)(−1)k−j ∞∑n=1( 1z + n)2s+j = � ∞∑k=0 
k(z − 1)k: (2.28)On the other hand, we have the following Taylor expansion at z = 1:

( 1z + n)2s+j = ∞∑m=0 (−1)mm! �(2s+ j +m)�(2s+ j) ( 11 + n)2s+j+m(z − 1)m; (2.29)whi
h implies
∞∑n=1( 1z + n)2s+j = ∞∑m=0 (−1)mm! �(2s+ j +m)�(2s+ j) (�(2s+ j +m)− 1)(z − 1)m;(2.30)where we have used the identity

∞∑n=1( 11 + n)� = �(�)− 1: (2.31)Finally, inserting (2.30) in (2.28), we get
∞∑k=0 ∞∑m=0 amk(s)
k(z − 1)m = � ∞∑k=0 
k(z − 1)k; (2.32)whereamk(s) = k∑j=0 (kj)(−1)m+k−jm! �(2s+ j +m)�(2s+ j) (�(2s+ j +m)− 1); (2.33)



MAYER'S TRANSFER OPERATOR 9whi
h leads �nally to the following eigenvalue equation for the transfer oper-ator in the matrix representation:
∞∑k=0 amk(s)
k = �
m: (2.34)Based on these 
al
ulations, we 
an formulate the following lemma.Lemma 2.5. In the natural basis {(z − 1)k}∞k=0, in a

ordan
e with (2.25),the eigenfun
tions f ∈ B(Dr) have the representation given by the sequen
e

{
k}∞k=0 satisfying (2.34). Moreover, the transfer operator in this basis is anin�nite-dimensional matrix whose matrix entries are given by (2.33).Remark 2.6. Mayer [13℄ derived a simpler matrix representation of the trans-fer operator, given byamk(s) = (−1)mm! �(2s+ k +m)�(2s+ k) �(2s+ k +m): (2.35)In this representation, the basis of the spa
e B(Dr) is 
hosen as follows:
{�(2s+ k; z + 1)}∞k=0 ; (2.36)where �(s; w) denotes the Hurwitz zeta fun
tion.2.2. Nu
lear spa
es, nu
lear operators, and Grothendie
k's theory.Let B be an arbitrary Bana
h spa
e; we denote its dual by B∗, whi
h is thespa
e of bounded fun
tionals on B. A linear operator L on B is said to benu
lear of order q if it has the representation (see [11℄)
L = ∑n �nf∗n(:)fn; (2.37)where {fn} and {f∗n} are families in B and B∗ (respe
tively) with ||fn|| 6 1and ||f∗n|| 6 1, {�n} is a sequen
e of 
omplex numbers, andq = inf {� 6 1 |

∑n |�n|� <∞
}:For 
ertain 
lasses of nu
lear operators, a tra
e fun
tional is available. Aremarkable result of Grothendie
k says that nu
lear operators L of order q 6 23have a tra
e tr=∑ �i as the sum of eigenvalues �i 
ounted with multipli
ities.Moreover, the Fredholm determinant of L is de�ned asdet(1− zL) = exp tr log(1− zL) = ∏i (1− �iz); (2.38)



10 A. MOMENI, A. B. VENKOVor equivalently, det(1− zL) = exp(
−

∞∑n=1 znn trLn): (2.39)Consequentely, if L = L(s) is a holomorphi
 fun
tion of a parameter s in adomain, then the 
orresponding determinant is also a holomorphi
 fun
tion ofs in this domain (see [7, 11℄).Lemma 2.7. The Mayer transfer operator Ls for the group PGL(2;Z), givenby
Lsf(z) = ∞∑n=1( 1z + n)2sf( 1z + n); (2.40)a
ting on the Bana
h spa
e B(Dr) de�ned as in Lemma 2.3, in the domain� = Re(s) > 12 , is a nu
lear operator of order q = 12� .Proof. We are going to �nd a representation of Mayer's transfer operator inthe form of (2.37). To avoid overloading, we give the proof for r = 32 . First,we insert the Taylor expansion of f at z = 1 in (2.40),

Lsf(z) = ∞∑n=1 ∞∑m=0 f (m)(1)m! ( 1z + n − 1)m( 1z + n)2s: (2.41)We introdu
e the family of fun
tionsfn;m(z) := ( 1an)2�( 1z + n − 1)m( 1z + n)2s; (2.42)where an := supz∈Dr ∣∣∣ 1z + n ∣∣∣ = 1n− 12 : (2.43)Sin
e supz∈Dr ∣∣∣ 1z + n − 1∣∣∣ 6 1; (2.44)we have
‖fn;m‖ 6 1: (2.45)Next we de�ne f∗n;m(f) := rm f (m)(1)m! : (2.46)Obviously, the Cau
hy estimates yield
‖f∗n;m‖ 6 1: (2.47)



MAYER'S TRANSFER OPERATOR 11The desired representation is given by
Lsf(z) = ∞∑n=1 ∞∑m=0 �n;mf∗n;m(f)fn;m(z) (2.48)with �n;m := r−m(an)2� : (2.49)We note that

∞∑n=1 ∞∑m=0 |�n;m|� = ∞∑m=0 r−�m ∞∑n=1( 1n− 12 )2��: (2.50)The �rst sum is a geometri
al series absolutely 
onvergent for any � > 0, andthe se
ond sum for any � > 12� is absolutely 
onvergent to (22�� − 1)�(2��).Therefore,
∞∑n=1 ∞∑m=0 |�n;m|� = 11− (r−1)� (22�� − 1)�(2��); � > 12� : (2.51)This shows that for � > 12,inf {� | ∞∑n=1 ∞∑m=0 |�n;m|� <∞

} = 12� ; (2.52)whi
h 
ompletes the proof. �Mayer proved a stronger assertion about the nu
learity of the transfer op-erator in a more elegant way (see [10℄). In fa
t he proved that the transferoperator is nu
lear of order zero. This proof is based on some properties of theso-
alled nu
lear spa
es. It was Alexander Grothendie
k who �rst introdu
edthe 
lass of nu
lear spa
es (see [7℄). Roughly speaking, nu
lear spa
es are themaximal 
lass of linear topologi
al spa
es with ni
e properties from an ana-lyti
 point of view. For example, they admit a generalized kernel theorem ofL. S
hwartz.De�nition 2.8. A lo
ally 
onvex topologi
al ve
tor spa
e E is a nu
lear spa
eif and only if every 
ontinuous linear map of E into any Bana
h spa
e is nu
lear(see [16, p. 100℄).The spa
e H(D) of holomorphi
 fun
tions on the open diskD with the open
ompa
t topology is an example of a nu
lear spa
e. The spa
e H(D) satis�esstronger 
onditions than those of DeÆnition 1. Indeed, every bounded linearmap of the nu
lear spa
e H(D) to any Bana
h spa
e is not only nu
lear butnu
lear of order zero [7℄. For more details about the nu
lear spa
es, we referthe reader to [7, 5, 16℄.



12 A. MOMENI, A. B. VENKOVNow, to prove the nu
learity of the transfer operator, �rst we extend it tothe nu
lear spa
e H(Dr) ⊃ B(Dr) with r ∈ (1; 1+√52 ), that is,
L̂s : H(Dr) → B(Dr);
L̂sf(z) = ∞∑n=1( 1z + n)2sf( 1z + n): (2.53)Lemma 2.9. The operator L̂s : H(Dr) → B(Dr) for Re(s) > 12 is nu
lear oforder zero, where r ∈ (1; 1+√52 ).Proof. As has been mentioned before, every bounded linear map of H(Dr) toa Bana
h spa
e is nu
lear of order zero. Thus, it suÆ
es to prove the bound-edness of L̂s. For this, we should show that there exists a neighborhood of zeroV (0) ⊂ H(Dr) that is mapped to a bounded subset of B(Dr). To begin with,we introdu
e the sequen
e of open disks

Kn = {w =  n(z) | z ∈ Dr} (2.54)whose radii rn and 
enters 
n are given byrn = r(n+ 1)2 − r2 (2.55)and 
n = ( n+ 1(n+ 1)2 − r2 ; 0): (2.56)We 
hoose the following neighborhood of zero V (0) ⊂ H(Dr):V (0) = {f ∈ H(Dr) | supz∈K1 |f(z)| < M}; (2.57)where M > 0 is a 
onstant. Also,
Kn ⊂ K1; n ∈ N: (2.58)For any f ∈ H(Dr) we havesupz∈Dr |L̂sf(z)| 6

∞∑n=1( 11− r + n)2� supz∈Dr f( n(z)): (2.59)But (2.58) implies supz∈Dr f( n(z)) 6 supz∈K1 f(z) =M: (2.60)Inserting this in (2.59) 
ompletes the proof. �



MAYER'S TRANSFER OPERATOR 13On the other hand, we have
Ls = L̂s ◦ {where { is the bounded inje
tion given by{ : B(Dr) → H(Dr); {(f) = f:Then, the nu
learity of L̂s leads to that of Ls, be
ause the produ
t of a boundedoperator with a nu
lear operator is also nu
lear with the same order. Thus,we arrive at the following 
orrolary.Corollary 2.10. The Mayer transfer operator for the groups PGL(2;Z) andPSL(2;Z) in the domain Re(s) > 12 is nu
lear of order zero.Note that in this 
orrolary we have dedu
ed the nu
learity of the trans-fer operator for PSL(2;Z) from the nu
learity of the transfer operator forPGL(2;Z) and (2.11).Any nu
lear operator is 
ompa
t (see [16, p. 99℄). Thus, we obtain thefollowing 
orollary.Corollary 2.11. The Mayer transfer operator for ea
h of the groups PSL(2;Z)and PGL(2;Z) in the domain Re(s) > 12 is 
ompa
t.

§3. Integral representation of Mayer's transfer operatorIn this se
tion we dis
uss a new model for the Mayer transfer operator in aHilbert spa
e. This is important for the investigation of the transfer operator,be
ause in this model the Grothendie
k theory of nu
lear operators in Bana
hspa
es redu
es to the simpler theory of linear operators in Hilbert spa
es.We follow Mayer [11℄ to derive an integral representation for the transferoperator in a Hilbert spa
e for Re(s) > 12 . Let J�(u) denote the Bessel fun
tion(see [6℄),
J�(u) = ∞∑k=0 (u2)2k+� (−1)kk!�(k + � + 1) : (3.1)Then it is not diÆ
ult to 
he
k the following inequality:

∫ ∞0 ∫ ∞0 |J2s−1(2√tt′)|2 dtet − 1 dt′et′ − 1 <∞; Re(s) > 12 : (3.2)Thus, in the domain Re(s) > 12 , the Bessel fun
tion J2s−1(2√tt′) 
an be viewedas a Hilbert{S
hmidt kernel with respe
t to the measuredm(t) = dtet − 1 : (3.3)



14 A. MOMENI, A. B. VENKOVTherefore, we 
an de�ne a Hilbert{S
hmidt integral operator Ks given by
Ks'(t) = ∫ ∞0 J2s−1(2√tt′)'(t′)dm(t′); ' ∈ L2(R+; dm); (3.4)where L2(R+; dm) denotes the Hilbert spa
e of square integrable fun
tions onthe positive real axis with respe
t to the measure dm given in (3.3). Obviously,the operator Ks is bounded in this spa
e for Re(s) > 12 .We are going to explain how this operator is related to the Mayer transferoperator. First, we 
onsider the following integral transform:(Ts')(z) = ∫ ∞0 e−ztts− 12'(t)dm(t); ' ∈ L2(R+; dm); z ∈ C=(−∞;−1℄:(3.5)This transform 
an be regarded as the 
omposition of multipli
ation by theexponential fun
tion and the Mellin transform; sin
e both of them are formallyinvertible, so is Ts. For a 
omplex s with Re(s) > 12 , 
onsider the spa
e H1of holomorphi
 fun
tions in the domain z ∈ C=(−∞;−1℄ that is the image ofL2(R+; dm) under Ts,

H1 = {f(z) = (Ts')(z) | ' ∈ L2(R+; dm); z ∈ C=(−∞;−1℄} : (3.6)The operator
L′s : H1 → H1 (3.7)given by
L′s = TsKsT−1s (3.8)is isomorphi
 to Ks and has the same spe
trum. Shortly we shall see that L′shas the same form as Mayer's operator.Lemma 3.1. For Re(s) > 12 , on the spa
e H1 we have

L′sf(z) = ∞∑n=1( 1z + n)2sf( 1z + n): (3.9)Proof. Let f(z) = (Ts')(z). Then
L′sf(z) = Ts(z)Ks' = ∫ ∞0 dm(t)e−ztts− 12 (Ks')(t); (3.10)or

L′sf(z) = ∫ ∞0 dt ts− 12et − 1e−zt ∫ ∞0 J2s−1(2√tt′)'(t′)dm(t′): (3.11)Formula (3.1) implies
J2s−1(2√tt′) = (tt′)s− 12 ∞∑k=0 (−tt′)kk!�(k + 2s) : (3.12)



MAYER'S TRANSFER OPERATOR 15Inserting (3.12) in (3.11) and rearranging the terms, we get
L′sf(z) = ∫ ∞0 t′s− 12'(t′)dm(t′)∫ ∞0 dt t2s−1et − 1e−zt ∞∑k=0 (−tt′)kk!�(k + 2s) ; (3.13)or
L′sf(z) = ∫ ∞0 t′s− 12'(t′)dm(t′) ∞∑k=0 (−t′)kk!�(k + 2s) ∫ ∞0 dtt2s+k−1e−ztet − 1 : (3.14)But the Hurwitz zeta fun
tion has the integral presentation [6℄,�(w; q) = 1�(w) ∫ ∞0 tw−1e−qt1− e−t dt; Re(w) > 1: (3.15)Thus, the integral over t in (3.14) 
an be repla
ed by the Hurwitz zeta fun
tion,

L′sf(z) = ∫ ∞0 t′s− 12'(t′)dm(t′) ∞∑k=0 (−t′)kk! �(k + 2s; z + 1): (3.16)On the other hand, for Re(w) > 1 the Hurwitz zeta fun
tion is de�ned by�(w; q) = ∞∑n=0( 1q + n)w; (3.17)whi
h leads to the formula
L′sf(z) = ∫ ∞0 t′s− 12'(t′)dm(t′) ∞∑k=0 (−t′)kk! ∞∑n=1( 1z + n)2s+k; (3.18)or

L′sf(z) = ∞∑n=1( 1z + n)2s ∫ ∞0 t′s− 12'(t′)dm(t′) ∞∑k=0 (−t′)kk! ( 1z + n)k: (3.19)Sin
e the sum over k is the Taylor expansion of the fun
tion e−t′( 1z+n ), we get
L′sf(z) = ∞∑n=1( 1z + n)2s ∫ ∞0 t′s− 12 e−t′( 1z+n )'(t′)dm(t′); (3.20)or, by (3.5),

L′sf(z) = ∞∑n=1( 1z + n)2s(Ts')( 1z + n): (3.21)This means that
L′sf(z) = ∞∑n=1( 1z + n)2sf( 1z + n): (3.22)

�



16 A. MOMENI, A. B. VENKOVAs we saw in this lemma, the Mayer transfer operator Ls and the operator L′sare of the same form. Using this fa
t and 
onsidering the spa
es on whi
h theseoperators a
t, we 
an see that every eigenfun
tion of L′s is an eigenfun
tion of
Ls. In [13℄, Mayer proved the 
onverse; thus, we arrive at the following lemma.Lemma 3.2. For Re(s) > 12 , the operators L′s and Ls have the same spe
trum.Corollary 3.3. In the domain Re(s) > 12 , the integral operator Ks and theMayer transfer operator Ls for PGL(2;Z) have the same spe
trum 
ountedwith multipli
ities.

§4. Cal
ulation of the tra
eAs was explained in §2, the transfer operator is of tra
e 
lass. In this partwe are going to 
al
ulate the tra
e of the transfer operator and its powers.We illustrate two di�erent approa
hes for the 
al
ulation of tra
e; the �rst isbased on the 
ontra
ting property of the map n(z) = 1z + n; (4.1)whi
h allows us to apply the method of geometri
 tra
e, and the se
ond em-ploys the integral representation of the transfer operator.By using (4.1), the Mayer transfer operator for PGL(2;Z) 
an be writtenin the form
Lsf(z) = ∞∑n=1 n(z)2sf( n(z)): (4.2)To 
al
ulate the tra
e of Ls, �rst we need to 
al
ulate the tra
e of the terms

Ls;nf(z) =  n(z)2sf( n(z)); n ∈ N: (4.3)With the same arguments as in Subse
tion 2.1, we 
an show that the operator
Ls;n is nu
lear of order zero for all n ∈ N. For r ∈ [1; 1+√52 ), the map  n(z)on Dr has a unique �xed point z∗n given byz∗n = −n2 + √n2 + 42 ; (4.4)whi
h is obtained by solving the equation1z + n = z: (4.5)The existen
e of a unique solution for (4.5) inDr is 
ru
ial for the 
al
ulationof the tra
e of Ls;n. Before pro
eeding further we quote a lemma from [11℄
on
erning the eigenvalues of a general 
omposition operator.



MAYER'S TRANSFER OPERATOR 17Lemma 4.1. Let D ⊂ C be an arbitrary domain,  a holomorphi
 map on Dwith a unique �xed point z∗ ∈ D, and ' an arbitrary fun
tion in the Bana
hspa
e B(D). Then the spe
trum of the 
omposition operator Cf = ' ◦ f onB(D) 
onsists of simple eigenvalues �n = '(z∗)( ′(z∗))n, n = 0; 1; : : : , whi
h
onverge to zero as n→ ∞.Remark 4.2. A 
ontra
ting map  on a domain D is said to be a map of thedomain D stri
tly inside itself ifinfz∈D;z′∈C\D‖ (z) − z′‖ > Æ > 0: (4.6)Su
h maps allways have a unique �xed point in D.In a

ordan
e with this lemma, the eigenvalues of Ls;n are given by�m(n) = ( n(z∗n))2s( ′n(z∗n))m = (−1)m(z∗n)2s(z∗n)2m; m ∈ N ∪ {0} ; (4.7)whi
h are all simple. Therefore, the tra
e of Ls;n is simply the sum of them,trLs;n = ∞∑m=0 �m(n) = (z∗n)2s1 + (z∗n)2 : (4.8)Then we obtain the tra
e of Ls for Re(s) > 12 by summing the tra
es of all
Ls;n's, trLs = ∞∑n=1 (z∗n)2s1 + (z∗n)2 ; (4.9)where Re(s) > 12 ensures absolute 
onvergen
e.Next we 
al
ulate the tra
e of the powers of the transfer operator. First, wenote that

Lns = ∑i1>1 ∑i2>1 · · · ∑in>1Ls;i1Ls;i2 : : :Ls;in; (4.10)where as before
Ls;ikf(z) =  ik(z)2sf( ik(z)); (4.11)and the 
omposition operator Ls;i1Ls;i2 : : :Ls;in has the form

Ls;i1Ls;i2 : : :Ls;inf(z)= { i1(z)[ i2 i1(z)℄ : : : [ in in−1 : : :  i1(z)℄}2s f( in : : :  i1(z)): (4.12)For 
onvenien
e, without fear of 
onfusion we introdu
e the following notation:
Ls;n := Ls;i1Ls;i2 : : :Ls;in;  n :=  in : : :  i1(z); (4.13)



18 A. MOMENI, A. B. VENKOVthen formula (4.12) 
an be written as follows:
Ls;nf(z) = { n∏k=1 k(z)}2sf( n(z)): (4.14)On the other hand, the 
omposition map  n has a unique �xed point zn onDr, given by a periodi
 
ontinuous fra
tion,zn = [0; in; in−1; : : : ; i1℄: (4.15)The uniqueness of the �xed point zn enables us to apply Lemma 4.1 to the
omposition operator Ls;n in (4.14). Thus, we get the eigenvalues of Ls;n:�m(zn) = { n∏k=1 k(zn)}2s(d ndz |z=zn)m; m ∈ N: (4.16)Using the 
hain rule and observing thatd ikdz = (−1)( ik)2; ik ∈ N; (4.17)we 
an write the derivative of the 
omposition fun
tion  n(z) asddz n(z)|z=zn = (−1)n( n∏k=1 ik k−1(zn))2 = (−1)n( n∏k=1 k(zn))2; (4.18)where  0 := id and the last identity simply 
omes from the de�nition of  k in(4.13). By inserting (4.18) in (4.16), the eigenvalues �m(zn) 
an be written as�m(zn) = (−1)nm{ n∏k=1 k(zn)}2s+2m; m ∈ N: (4.19)Moreover, we have  k(zn) = T n−kzn; (4.20)where T is the Gauss map given in (2.4). Thus, the eigenvalues of Ls;n in (4.19)
an be written as�m(zn) = (−1)nm{ n−1∏k=0 T kzn}2s+2m; m ∈ N: (4.21)Be
ause of the simpli
ity of the eigenvalues, the tra
e of Ln is the sum of all�m(zn)'s, trLs;n = ∞∑m=0�m(zn) = {∏n−1k=0 T kzn}2s1− (−1)n (∏n−1k=0 T kzn)2 ; (4.22)



MAYER'S TRANSFER OPERATOR 19or with a more expli
it notation for Ls;n and zn given in (4.13) and (4.15)respe
tively,trLs;i1Ls;i2 : : :Ls;in = {∏n−1k=0 T k[0; in; in−1; : : : ; i1℄}2s1− (−1)n (∏n−1k=0 T k[0; in; in−1; : : : ; i1℄)2 : (4.23)Finally, by (4.10), we obtain the tra
e of Lns by summing the 
ontribution ofall Li1Li2 : : :Lin 's:trLns = ∑i1>1 ∑i2>1 · · · ∑in>1 {∏n−1k=0 T k[0; in; in−1; : : : ; i1℄}2s1− (−1)n (∏n−1k=0 T k[0; in; in−1; : : : ; i1℄)2 : (4.24)We note that, in formula (4.24), the sum is over the set of all �xed points[0; in; in−1; : : : ; i1℄ of the map  n, as mentioned in (4.15). But this set 
oin
ideswith the set of �xed points of the Gauss map FixT n. Thus, (4.24) 
an bewritten in a more 
ompa
t formtrLns = ∑x∈FixTn {∏n−1k=0 T k(x)}2s1− (−1)n (∏n−1k=0 T k(x))2 : (4.25)4.1. Cal
ulation of the tra
e via the integral representation. In thissubse
tion we 
al
ulate the tra
e of the integral operator
Ks'(t) = ∫ ∞0 J2s−1(2√tt′)'(t′)dm(t′); ' ∈ L2(R+; dm); (4.26)for Re(s) > 12 . By the standard results of the theory of linear operators inHilbert spa
es, the tra
e of Ks is given by the integraltrKs = ∫ ∞0 J2s−1(2t)dm(t); (4.27)or by inserting the measure (3.3),trKs = ∫ ∞0 J2s−1(2t)et − 1 dt: (4.28)To 
al
ulate this integral, we use the identity1et − 1 = ∞∑n=1 e−nt; (4.29)



20 A. MOMENI, A. B. VENKOVobtaining trKs = ∞∑n=1∫ ∞0 e−ntJ2s−1(2t)dt: (4.30)The integral above 
an be 
al
ulated,
∫ ∞0 e−ntJ2s−1(2t)dt = x2sn1 + x2n ; xn = −n2 + √n2 + 42 : (4.31)Therefore, trKs = ∞∑n=1 x2sn1 + x2n (4.32)whi
h 
oin
ides with (4.9), i.e., trKs = trLs; (4.33)as was expe
ted in view of Corollary 3.3. To 
al
ulate the tra
e of powers of

Ks, it is not diÆ
ult to show thattrKns = ∫ ∞0 dm(tn): : : ∫ ∞0 dm(t1)J2s−1(2√t1t2) : : :J2s−1(2√tn−1tn)J2s−1(2√tnt1):(4.34)Cal
ulating this integral, we arrive at the expe
ted result:trKns = trLns : (4.35)We do not know of any simple dire
t proof of (4.35) (see [11℄; a similar 
al
u-lation was done in [20℄).
§5. Ruelle's zeta fun
tion and transfer operatorIn this se
tion we shall denote various zeta fun
tions by other letters, notne
essarily �.As was mentioned in the §1, the Ruelle zeta fun
tion for a given weighteddynami
al system (�; F; g) is de�ned by�R(z) = exp( ∞∑n=1 znn ∑x∈FixFn n−1∏k=0 g(F kx)): (5.1)



MAYER'S TRANSFER OPERATOR 21The Ruelle zeta fun
tion for the dynami
al system D2 de�ned in (2.15) at thepoint z = 1 redu
es to the dynami
al fun
tion �(s) given by�(s) = exp( ∞∑n=1 1n ∑x∈FixTn n−1∏k=0(T kx)2s): (5.2)In the following lemma we see the 
lose relationship between the Mayer transferoperator and the dynami
al fun
tion �(s).Lemma 5.1. Let Ls be the Mayer transfer operator for PGL(2;Z) given in(2.40), and let �(s) be the zeta fun
tion de�ned by (5.2). For Re(s) > 12 , wehave det(1 + Ls+1)det(1− Ls) = �(s); (5.3)where the determinant of the transfer operator is de�ned in the sense of Gro-thendie
k by (2.39).Proof. From Lemma 2.9 we know that for Re(s) > 12 , the transfer operators
Ls and Ls+1 are both nu
lear of order zero. Therefore, by (2.39) we havedet(1 + Ls+1) = exp(

−
∞∑n=1 (−1)nn trLns+1) (5.4)and det(1− Ls) = exp(

−
∞∑n=1 1ntrLns): (5.5)Dividing (5.4) by (5.5), we getdet(1 + Ls+1)det(1− Ls) = exp( ∞∑n=1 1n {

−(−1)ntrLns+1 + trLns}); Re(s) > 12 : (5.6)On the other hand, inserting the tra
es of Ls and Ls+1 from (4.25), we obtain
{
−(−1)ntrLns+1 + trLns} = ∑x∈FixTn n−1∏k=0 (T k(x))2s ; (5.7)whi
h 
ompletes the proof. �Now we 
onsider the dynami
al system D1 de�ned in (2.7), whi
h is 
loselyrelated to the geodesi
 
ow on the upper half-plane mod PSL(2;Z). The Ruellezeta fun
tion (5.1) for the dynami
al system D1 at z = 1 redu
es to the zetafun
tion �(s) given by�(s) = exp( ∞∑n=1 1n ∑(x;�)∈FixPnex n−1∏k=0 g(P kex(x; �))): (5.8)



22 A. MOMENI, A. B. VENKOVFrom (2.5) we have Pex(x; �) = (Tx;−�); (5.9)where T is the Gauss map. Formula (5.9) shows that, obviously, the odd powersof Pex have no �xed points, and therefore, summation in (5.8) is restri
ted tothe even integers n ∈ N,�(s) = exp( ∑n even 1n ∑(x;�)∈FixPnex n−1∏k=0 g(P kex(x; �))): (5.10)On the other hand, by iterating (5.9) we getP kex(x; �) = (T kx; (−1)k�)): (5.11)Therefore, (2.6) and (5.11) implyg(P kex(x; �)) = (T kx)2s: (5.12)Inserting (5.12) in (5.10), we have�(s) = exp( ∑n even 1n ∑(x;�)∈FixPnex n−1∏k=0(T kx)2s): (5.13)Finally, we note that for even n ∈ N every pair of �xed points (x;±1) ofthe map P nex 
orresponds to the �xed point x of the map T n. Consequently,summation over FixP nex 
an be repla
ed by twi
e the sum over the set FixT nde�ned in (??), that is,�(s) = exp(2 ∑n even 1n ∑x∈FixTn n−1∏k=0(T kx)2s): (5.14)The next lemma shows how �(s) is related to the transfer operator.Lemma 5.2. For Re(s) > 12 , we havedet(1− L2s+1)det(1− L2s) = �(s); (5.15)where Ls denotes the transfer operator for PGL(2;Z), and the determinantsare de�ned in the sense of Grothendie
k.Proof. As in the previous lemma, in a

ordan
e with Grothendie
k's Fred-holm determinant (2.39) for nu
lear operators, we havedet(1− L2s+1) = exp(
−

∑m 1mtrL2ms+1); Re(s) > 12 ; (5.16)
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−

∑m 1mtrL2ms ); Re(s) > 12 : (5.17)Thendet(1− L2s+1)det(1− L2s) = exp( ∑m 1m {
−trL2ms+1 + trL2ms }); Re(s) > 12 ; (5.18)or equivalentlydet(1− L2s+1)det(1− L2s) = exp(2 ∑n even 1n {
−trLns+1 + trLns}); Re(s) > 12 : (5.19)On the other hand, by (4.25) and a simple algebrai
 
al
ulation, we get

{
−trLns+1 + trLns} = ∑x∈FixTn n−1∏k=0 (T k(x))2s ; n even: (5.20)Inserting this in (5.19), we arrive at the desired result. �Corollary 5.3. Let ∼

Ls denote the transfer operator for PSL(2;Z). For Re(s) >12 , we have det(1− ∼
Ls+1)det(1− ∼
Ls) = �(s): (5.21)Proof. The representation of Mayer's transfer operator for PSL(2;Z) givenin (2.11) immediately leads todet(1− ∼

Ls) = det(1− Ls) det(1 + Ls) = det(1− L2s): (5.22)Together with the previous lemma, this gives the desired result. �

§6. Selberg's zeta fun
tion and transfer operatorIn this se
tion we illustrate the relationship between the Selberg zeta fun
-tion and the Mayer transfer operator, whi
h is a most important aspe
t ofMayer's theory. First, we re
all the de�nition of the Selberg zeta fun
tion. Let� be a Fu
h
ian group of the �rst kind. The Selberg zeta fun
tion for � isde�ned in the domain Re(s) > 1 by an absolutely 
onvergent in�nite produ
t(see [17℄) Z�(s) = ∞∏k=0 ∏

{P}�(1−N (P )−k−s); (6.1)



24 A. MOMENI, A. B. VENKOVwhere P runs over all primitive hyperboli
 
onjuga
y 
lasses of � and N (P ) >1 denotes the norm of P . By de�nition, every hyperboli
 element P of thegroup � is 
onjugated by an element from PSL(2;R) to a (2× 2)-matrix
( � 00 �−1 ) (6.2)with � > 1, whi
h gives the norm of P as N (P ) = �2. With the help of theSelberg tra
e formula, it is proved that(1) Z�(s) has analyti
 (meromorphi
) 
ontinuation to the entire 
omplexs-plane;(2) Z�(s) satis�es the fun
tional equationZ�(1− s) = 	(s)Z�(s)with some known fun
tion 	;(3) the nontrivial zeros of Z�(s) are related to eigenvalues and resonan
esof the automorphi
 Lapla
ian A(�) for the group �.It is well known that there is a one-to-one 
orresponden
e between theprimitive hyperboli
 
onjuga
y 
lasses of � represented by P with norm N (P )and the prime 
losed geodesi
s 
 on the Riemann surfa
e H \ �(with obvioussingularities in some 
ases) with length `(
) su
h that
N (P ) = e`(
): (6.3)This fa
t enables us to de�ne the Selberg zeta fun
tion in the following equiv-alent form: Z�(s) = ∞∏k=0 ∏

{
}�(1− exp(−(s+ k)`(
))); (6.4)where {
}� runs over all prime 
losed geodesi
s on H \ �.In the sequel we shall need an Euler produ
t for the dynami
al fun
tion�(s) de�ned in (5.14),�(s) = exp( ∑n even 1n ∑x∈FixTn ( n−1∏k=0 T kx)2s): (6.5)Following Ruelle [15℄, we rewrite �(s) as an Euler produ
t. To begin with, were
all that for x ∈ [0; 1℄, the set� = {x; Tx; : : : ; T kx; : : : } (6.6)is an orbit of the Gauss map T given in (2.4). The orbit � is periodi
 if thereexists an integer u ∈ N su
h that T ux = x: (6.7)
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alled a period of the periodi
 orbit �. We say that aperiodi
 orbit � has primitive of minimal period m if m is the minimum of theset of all periods of �. We denote the set of all primitive periodi
 orbits of Tof minimal period m by Per(m).Now we are going to repla
e the sum over FixT n in (6.5) by a sum overthe primitive periodi
 orbits Per(m). For this, �rst we introdu
e the subsetMFixTm ⊂ FixTm, 
ontaining the periodi
 
ontinued fra
tions with mini-mum period m. Then
∑x∈FixTn ( n−1∏k=0 T kx)2s = ∑m|n ∑x∈MFixTm ( nm )m−1∏k=0 (T kx)2s; (6.8)or, observing that x ∈MFixTm is of period m,
∑x∈FixTn ( n−1∏k=0 T kx)2s = ∑m|n ∑x∈MFixTm [m−1∏k=0 (T kx)2s] nm : (6.9)Now by repla
ing the sum over MFixTm by a sum over Per(m), we get

∑x∈FixTn ( n−1∏k=0 T kx)2s = ∑m|n ∑�∈Per(m)m[m−1∏k=0 (T kx�)2s] nm ; (6.10)where x� is an arbitrary point of the orbit � ∈ Per(m) and the fa
tor m 
omesfrom the fa
t that a periodi
 orbit � 
ontaining a point x ∈MFixTm 
ontainsalso the set of points
{T kx ∈MFixTm| k = 0; : : : ;m− 1}: (6.11)Inserting (6.10) in (6.5), we see that�(s) = exp(2 ∑n even 1n ∑m|n ∑�∈Per(m)m[m−1∏k=0 (T kx�)2s] nm); (6.12)or, by rearranging the sum,�(s) = exp(2 ∑r even ∑�∈Per(r) ∞∑q=0 1q[ r−1∏k=0(T kx�)2s]q): (6.13)Sin
e

− log(1− w) = ∞∑q=1 1qwq; (6.14)
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es to�(s) = exp(
− 2 ∑r even ∑�∈Per(r) log [1− r−1∏k=0(T kx�)2s]); (6.15)or �(s) = exp( ∑r even ∑�∈Per(r) log [1− r−1∏k=0(T kx�)2s]−2); (6.16)whi
h leads �nally to the desired Euler produ
t,�(s) = ∏r even ∏�∈Per(r) 1(1− ∏r−1k=0(T kx�)2s)2 : (6.17)The Euler produ
t for �(s) given above is 
ru
ial for the following lemmawhi
h is a bridge between the Mayer transfer operator and Selberg zeta fun
-tion.Lemma 6.1. For Re(s) > 1, we haveZ(s)−1 = ∞∏l=0 �(s+ l); (6.18)where Z(s) is the Selberg zeta fun
tion for the group PSL(2;Z) and �(s) isde�ned in (6.5) with the Euler produ
t given in (6.17).Proof. First, we need to rewrite (6.17) as a produ
t over the primitive priodi
orbits of the map Pex de�ned in (2.5). Let P̂ er(r) denote the set of primitiveperiodi
 orbits of minimal period r = 2a with a ∈ N for the map Pex. Ina

ordan
e with (5.11), an element �̂ ∈ P̂ er(r) passing the point (x; �) isde�ned by the following set:�̂ = {(T kx; (−1)k�) | k = 0; : : : ; r − 1; � = ±1} ; (6.19)where x ∈ [0; 1℄ and � = ±1. We note that all periodi
 orbits of Pex have evenperiod r. Obviously, every two elements of P̂ er(r) 
orrespond to an elementof Per(r). Noting that the terms in the produ
t (6.17) do not depend on �,we see that the power 2 in the denominator of (6.17) disappears if we repla
ePer(r) by P̂ er(r), �(s) = ∏r even ∏�̂∈P̂ er(r) 11− ∏r−1k=0(T kx�̂)2s ; (6.20)where x�̂ is an arbitrary point of �̂. On the other hand, a

ording to Series [2℄and Adler and Flatto [1℄, there is a one-to-one 
orresponden
e between P̂ er(r)
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 orbits # on the unit tangent bundle T1M ,M = PSL(2;Z)\H, with the period (see [12℄)�(#) = −2ln r−1∏k=0T kx�̂: (6.21)These fa
ts re
over the physi
al situation behind the abstra
t number-theoreti
 appearan
e of the problem, leading to the following equivalent for-mula for the dynami
al zeta fun
tion in (6.20):�(s) = ∏

{#}� 11− exp(−s�(#)) ; (6.22)where {#}� denotes the set of all primitive periodi
 orbits on T1M , M = �\Hwith � = PSL(2;Z). But there is also a one-to-one 
orresponden
e betweenthe primitive periodi
 orbits on T1M and the 
losed geodesi
s 
 on M withlength `(
) = �(#). Thus, we have another equivalent formula for our zetafun
tion �(s) = ∏

{
}� 11− exp(−�`(
)) : (6.23)Here {
}� denotes the set of primitive 
losed geodesi
s on M = �\H with� = PSL(2;Z), and `(
) is the length of the 
losed geodesi
 
. Note thatbe
ause of the unity of the tangent bundle, `(
) = �(#). Finally, inserting(6.23) in (6.4) provides the desired result. �This lemma immediately leads to the most important feature of the Mayertransfer operator theory, namely, the following is true.Theorem 6.2. For Re(s) > 1, we havedet(1− ∼
Ls) = Z(s) (6.24)and det(1− L2s) = Z(s); (6.25)where Z(s) denotes the Selberg zeta fun
tion for the group PSL(2;Z), ∼

Ls isthe transfer operator also for PSL(2;Z), and L� is the transfer operator forPGL(2;Z).Proof. It suÆ
es to insert (5.21) and (5.15) in (6.18). �Remark 6.3. The domain of validity of (6.24) and (6.25) extends immediatelyto all s ∈ C ex
ept possibly some small singular set, be
ause the Selberg zetafun
tion is a meromorphi
 fun
tion on the entire plane C.
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§7. Number theoreti
 approa
h to the relationshipbetween Selberg's zeta fun
tion and Mayer's transfer operatorIn the previous se
tion, based on the one-to-one 
orresponden
e betweenthe primitive periodi
 orbits of Pex and primitive periodi
 orbits on the phasespa
e T1M , we passed from the number theoreti
 appearan
e of the problemto its dynami
al nature. In this physi
al realization of the problem, we 
an seethe relationship of the Selberg zeta fun
tion with the Mayer transfer operator.Efrat [4℄ and later Lewis and Zagier [8℄ reproved Mayer's result in a purelynumber theoreti
 approa
h. In this se
tion we are going to illustrate the al-ternative approa
h of Lewis and Zagier. First, we introdu
e their notation.Let 
 ∈ GL(2;Z) a
t on Dr via a linear fra
tional transformation. The righta
tion of the semigroup� = {
 = ( a b
 d )

∈ GL(2;Z) | 
(Dr) ⊆ Dr} (7.1)on the spa
e B(Dr) is given by�s ( a b
 d ) f(z) = (
z + d)−2sf(az + b
z + d); (7.2)where Dr and B(Dr) are the same as in §2. Then the Mayer transfer operatorfor PGL(2;Z) in the domain Re(s) > 12 
an be represented by
Ls = ∞∑n=1�s ( 0 11 n ) : (7.3)We note that ( 0 11 n )

∈ � for all n ∈ N. The set of the so-
alled redu
ed elementsof SL(2;Z) is de�ned byRed = {( a b
 d )
∈ SL(2;Z) | 0 6 a 6 b; 
 6 d} : (7.4)For a hyperboli
 element 
 of SL(2;Z), a positive integer k = k(
) is de�nedto be the largest integer su
h that 
 = 
k1 for some 
1 ∈ SL(2;Z). Therefore,for a primitive hyperboli
 element we have k = 1. Now we quote the heartof the proof of Lewis and Zagier, based on a 
lassi
al redu
tion theory forquadrati
 forms, as a lemma whose proof one 
an �nd in [8℄.Lemma 7.1.(1) Every redu
ed matrix 
 ∈ Red has a unique de
omposition of the form

( 0 11 n1 ) : : :( 0 11 n2l ) ; n1; : : : ; n2l > 1; (7.5)for a unique positive integer l = l(
), 
alled the length of 
.
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)=k(
) redu
ed representatives with the same length l(
)in every hyperboli
 
onjuga
y 
lass of SL(2;Z) 
ontaining 
.Next, 
onsider the Selberg zeta fun
tion for the group � = SL(2;Z) forRe(s) > 1, Z�(s) = ∞∏m=0 ∏

{P}�(1−N (P )−m−s): (7.6)Taking the logarithm of both sides and invoking the Taylor expansion oflog(1−N (P )−m−s), we get
− logZ(s) = ∑

{P}� ∞∑m=0 ∞∑k=1 1kN (P )−k(m+s): (7.7)The absolute 
onvergen
e of the produ
t (7.6) implies that of the sum above.Thus, the inter
hange of the sums over m and k is allowed,
− logZ(s) = ∑

{P}� ∞∑k=1 1kN (P )−ks ∞∑m=0N (P )−km; (7.8)but the sum over m is the Taylor expansion of (1−N (P )−k)−1, so that
− logZ(s) = ∑

{P}� ∞∑k=1 1k N (P )−ks1−N (P )−k : (7.9)Sin
e N (P )k = N (P k), we 
an 
onsider the double sum over k and {P}�,the primitive hyperboli
 
onjuga
y 
lasses, as a single sum over all, not onlyprimitive hyperboli
 
onjuga
y 
lasses, denoted by {
}�,
− logZ(s) = ∑

{
}� 1k(
) N (
)−s1−N (
)−1 : (7.10)The se
ond part of Lemma 7.1 enables us to repla
e the sum over thehyperboli
 
onjuga
y 
lasses by the the sum over the set Red of redu
edmatri
es:
− logZ(s) = ∑
∈Red 12l(
) N (
)−s1−N (
)−1 : (7.11)Now we need the following lemma.
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 ∈ �, the tra
e of the operator �s(
) a
ting on B(Dr) isgiven by tr(�s(
)) = N (
)−s1−N (
)−1 : (7.12)Proof. Let  
 denote the a
tion of 
 ∈ � on Dr, 
(z) = 
z := az + b
z + d ; 
 = ( a b
 d ) : (7.13)We also put j(
; z) = 
z + d: (7.14)Then the operator �s(
) is written in the form�s(
)f(z) = j(
; z)−2sf( 
(z)): (7.15)Sin
e the de�niton of � in (7.1) shows that  
 maps Dr stri
tly inside itself,we 
an apply Lemma 4.1 to get the eigenvalues of �s(
), whi
h are all simple.These eigenvalues are given by�m(
) = j(
; x∗)−2s[d 
dz |z=x∗]m; (7.16)where x∗ is a unique �xed point of  
 in Dr. The existen
e of a unique �xedpoint 
omes from Remark 4.2. On the other hand, we note thatd 
dz = 1j(
; z)2 ; (7.17)when
e (7.16) redu
es to �m(
) = j(
; x∗)−2s−2m: (7.18)The sum of all �m(
) gives the tra
e of �s(
),tr(�s(
)) = ∞∑m=1 j(
; x∗)−2s−2m = j(
; x∗)−2s1− j(
; x∗)−2 : (7.19)To 
omplete the proof we must show that N (
)−1 = j(
; x∗)−2. For this, weobserve that j(g
g−1; gx∗) = j(
; x∗); g ∈ SL(2;R); (7.20)but there exists an element g ∈ SL(2;R) su
h thatgx∗ = 0; g
g−1 = ( �−1 00 � )
∈ �; � > 1: (7.21)
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; x∗) = j(g
g−1; gx∗) = � = √
N (
); (7.22)where the last identity follows from the de�nition of the norm in §6. Inserting(7.22) in (7.19) 
ompletes the proof. �We note that Red ⊂ �; thus, we 
an insert (7.12) in (7.11),

− logZ(s) = tr( ∑
∈Red 12l(
)�s(
)) (7.23)but part 1) of Lemma 7.1 allows us to write
− logZ(s) = tr( ∞∑l=1 12l( ∞∑n=1�s ( 0 11 n ))2l): (7.24)That is, we have

− logZ(s) = ∞∑l=1 12l tr (Ls)2l ; (7.25)or Z(s) = exp(
−

∞∑l=1 12l tr (Ls)2l ): (7.26)Finally, sin
e the right-hand side of the equation above 
oin
ides with theFredholm determinant of L2s, we get the desired result, namely,Z(s) = det(1− L2s): (7.27)Referen
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