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MHWUHNMAJIBHBIE k-CBA3HBIE I'PADHI C
MWUHNMAJIBHBIM YA CJIOM BEPIINH CTEIIEHMU k

§1. BBEIEHUE

B paboTe paccMaTpUBAIOTCA HEOPUEHTUPOBAHHBIE TPadbl 663 MeTelIb n
KpaTHBEIX pébep. MBI OymeM MpUMEHATEH CTAHIAPTHBIE OO03HATEHU.

Muoxectso Bepmun rpada G Mel 6ygem o6o3nadars depes V(G), a ux
koammaecTBo — uepes v(G). [as MHOXKecTBa u KonudecTsa pédep rpada G
MBI Gy geM npumeHaTh o6o3nadenus E(G) u e(G) cooTBeTCTBEHHO.

Crenenn Bepumebt = B rpade G Mbl Oy1eM 0603Ha9aTh Uepes dg (), a
MaKCUMAJBHYO CTENeHb BepIMHEL rpada G Oy nem obozuadars depes A(G).

Oxpecmuocms Bepmmss & B rpade G (TO €CTh, MHOXKECTBO BCEX BEp-
IIUH, CMEXKHBIX C Z) MBL OyaeMm o6o3uadaTh yeped Ng(z).

Yepes Ky, Mol OyneM 0603HAMATE [OMHBIU ABYIOIBHEM IDad, LOIK
KOTODPOT'O CONEPKAT M, U 7, BEPIIUH.

OTMeTrM, 9TO MBI UCIOJIB3YEM HE COBCEM KIACCUYECKOE OMPENeJeHNe
KOMTIOREHMbL COAZHOCTY — B HAIlen paboTe dTO HEe MAKCUMAILHBEIA IO
BKJIIOYCHNIO CBA3HBLIA MOATPad, & MHOXKECTBO €0 BEPIIHH.

Onpepenenune 1. ITyecmv R C V(G) U E(G).

1) Yepes G — R mwi 0603navwum 2pad, noayuennvili uz G 6 peayapmame
ydasenus ecex sepuiun u pébep uz R, a maxace ecex pébep, unyudenmmubiz
eepuwuram u3 R.

2) Hazosem mmoxcecmeo R paznersomum, ecau 2pad G — R neceaszen.

3) HIyemv X,)Y C V(G), X ¢ R, Y ¢ R. Bydem 2060pumv, wmo R
orpenser muoxcecmeo X om mnoxcecmea Y, ecau nHuxaxue dee 6epusi-
not Uy € X u vy €Y ne nexcam 6 00not KOMNONEHME COAZHOCTU 2pada
G —R.

4) Bydem 2osopumb, wmo R pasmeaser mmoxncecmeo X C V(G), ecau
X ¢ R u ne sce sepuunvt mnoxcecmea X \ R aexcam 6 00not komnonenme
csasnocmu epagda G — R.

Karouesvie ¢406a: CBI3HOCTH, MUHUMAJBHBIN k-CBA3HBIA rpad.
WccnenoBanua BBIOMHEHEB! Ipu nogaepxke rpanta PPDPU No. 14-01-00545 u rpan-
Ta [Ipesugenta PP HII-3856.2014.1.
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42 1. B. KAPIIOB

5) Aas pazdessrowezo muoxcecmea R oboznavum uepes V(R) mmonce-
cme0, cocmosuee u3 6cer 6To0suuT 6 R eepuiun.

Ounpepgenenne 2. 1) I'pad G naswisaemes k-ceasuviv, ecauw v(G) > k
u G ocmaemcea ceA3HbIM NPU YOaIeHuU 4100020 MHOHCECTNBA U3 He Ooaee
wem k — 1 sepusunbt.

2) k-ceasneiti epad G nazvieaemcs MUHUMAILHBIM, €CAl 044 4106020
pebpa e € E(G) epag G — e ne asasemca k-ceasnvim.

Urak, nycts G — k-ceasuwim rpad. Torga mwoboe ero pasmpemdwolnee
MHOXKECTBO COJepXKUT He MeHee k piaeMeHTOB. O4YeBUIHO, BCE BEPIIMHE
k-cBs3HOTO rpada UMEIOT CTENEeHb He MeHee k.

Yepes Vi (G) Mb1 0603Ha4UM MHOXKECTBO BCex BepiuuH rpada G, ume-
romux creners k, nycts Viy1 (G) = V(G) \ Vi (G). Bygem ucnonbsoBars
obosuadenus v, (G) = |Vi(G)| n vg41(G) = Vi1 (G)|.

Mupax [1] 8 1967 roay u Inammep [2] B 1968 rony nccaenopann MuHN-
MAJIBHEIE IBYCBA3HEE rpadul. 13 pesyasTaToB 5Tux paGoT MOXKHO BEIBE-
ctu, 9o v2(G) = v(G3¢ IUIA MUHUMAJBHOTO NBYCBA3HOTO rpada G.

B 1979 rogy B. Magzep [5,6] nokasan oueHb CUIBHBIA pe3yabTaT, 06006-

AN HAIMCAHHOE BBIIIIE:

(k — 12):£Gl) + 2k 0

UL MEUHEMAJIBHOTO k-CBA3HOrO rpada G. dTa OIEeHKA TOYHAA: [ JIO-
6oro k > 2 cymecTByIOT GECKOHEYHBLIE CEPUM MUHUMAJILHBIX Kk-CB3HBIX
rpadoB, 4 KOTOPBLIX HepaBeHCTBO (1) obpamaercsa B pasercrso. [laree
MBI PACCMOTPUM TaKue rpadbl 1 OyJeM HA3BIBATE UX IKCIMPEMALbHbIMIU
MUHAMAJBHBIMY K-CBA3HBIMU TPadaMu.

Vg (G) >

Ounpepgenenne 3. Iycme k > 2, a T — depeso ¢ A(T) < k+ 1. I'pag
Grr cmpoumca u3 k wonud 11, ..., Ty, depesa T ¢ menepecexarouumucs
muoxcecmeamy sepwun. Jas xancdot eepuwunvt a € V(T) 0603nauum uwe-
pe3 a; coomeememeyrowyto eepuuny xonuu Ty. Ecau dg(a) = j, mo mb
dobasum k + 1 — j noswix sepwun cmenenu k, cmexenorr ¢ {ay, ... ax}.

Ouesnguo, ecin v(T) = n, To v(Gg,r) = (2k — 1)n + 2. Hecnoxuo
IPOBEPUTH, 9TO (G, 7 — MUHUMAJIBHLIN k-CBA3HEIN rpad U, CIeI0BATEILHO,
OH — DKCTPEMAILHLIN.

B 1982 Oxcau [7] npescraBui airopurM HOCTPOEHUA BCEX MUHUMAID-
HBIX ABYCBS3HBIX M TPEXCBA3HBIX rpadgoB. Beuio mokazano, 4rTo mobou
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T

Puc. 1. [lepero T u sKCTpeMaIbHBIN MUHUMAJBLHLIU IBY-
csaub rpad Ga 1.

MUHUMATLHBIA TBYCBASHEIN TPad MOXKET OLITH MOMYUYEH U3 MOJHOTO IBY-
JoJdbHOTO rpada Ko 3 HECKOIBKAMI OIIEPAUAME 3AMEHEL BEPIIAHEI CTeIle-
Hu 2 Ha rpad K> o, IPUCOCIMHEHHBIN K ABYM BEPIINHAM U3 OKPECTHOCTH
3aMEeHsIEMOU BePIIUHLL (CM. PUCYHOK 2a). JIIo60i MUHUMAIBHEIN TPEXCBA3-
HEBIM Mpad MOXKeT OBITH [OLYYeH U3 HOJHOIO OBYZOIbHOrO rpada K3 4 He-
CKOJBKMMI OIEpALUAMY 3aMEHbI BEpIIMHLI cTemeHn 3 Ha rpad K33 (oM.
pUCYHOK 2b).

N

Puc. 2. Onepanun 3aMeHbI.

B [10] aBTop HOKa3zam, 9TO MHOOON DKCTPEMATLHBIM MUHUMATLHBIA JBY-
cBasHE rpad — 5To rpad Go r gmt HekoToporo gepesa T ¢ A(T) < 3. B
BTOU paboTe MEI IPEICTABAM AHATOTHIHLIA PE3YILTAT I IPOU3BOJLHO-
ro k.

Teopema 1. Jwb6ot sxcmpemasvnbiti MunuMasbHbIG k-ceasnbil epad —
omo epad Gy 1 das nexomopoeo depesa T ¢ A(T) < k+1.

B kavecTBe wimocTpaiuu paccMoTpuM ciaydad k = 1. Munumanbubie
CBA3HBIE TPAdBI — DTO, OYEBUIAHO, NEPEBbI. JKCTPEMAILHBIE MUHUMAIb-
HbIE TPadBl — NEPEBBsA, UMEIOINEe POBHO TBE BUCAYNE BEPIIUHBLI, TO €CTh,
TPOCTHIe My TH. Jlerko MoHATE, UTO 2TO Kak pa3 rpadwl Buga G 1, rae T'
— gepeso ¢ A(T) = 2.

W3 TeopeMBbl HECTIOXKHO BHIBECTHU AJITOPUTM MOCTPOEHUS MAHUMAIBHBIX
k-cBsi3ubIxX rpadoB, aHAJOrMYHBIN IpentoxenHomy Oxcau [7].
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CaeacrBue 1. Ilycmv G — sxcmpemasbrbiti MUHUMAALHBIT K-CBA3HbIT
epagd. Toeda G moxcem 6vimp noayuen uz Ky 11 cepued onepayut 3a-
MeHbl sepuwunbt cmenewt k na noanviti deydoavuwiii epad K (8 zode
onepayuy 006a6AsEMCA NAPOCONEManue, coedunsowee k seputur 00not
doau K ¢ sepuunami, 8TOOAUUMY 6 OKPECIHOCTb 3AMEHAEMOT Bep-
wunbl cmenenu k).

HJokazaTeabcTBo. OT™ernm, uTo rpad Kipi1 — 510 rpad Gyr a1
OJHOBEPIINHHOrO aepesa 1.

IIyctes G, 7 — 9KCTPEMAIBLHEIN MUHUMAJBHE k-CBa3Hbn rpad, v(17) > 1,
@ — BUCSIYASA BepimHa gepesa 1, a ai,...,a; — COOTBETCTBYIOIINE ¢ Bep-
IMUHBL B KOIUAX gepesa I, Ha KOTOpBIX noctpoeH rpad Gy . Torga mo
IIOCTPOEHHIO HTOr0 rpada OH CONEPKUT MOTHEIN ABY ZOALHBIN rpad K i,
OJHA, 10Js1 KOTOPOro —3T0 {ay, ..., ax}, a Apyras — 310 k IPUCOeLUHEHHBIX
K HUM BEPINUH CTENeHn K.

IlycTe a) — efUHCTBEHHAS BepinHa fepesa 1, CMeXHAAI ¢ a;. [lpousse-
JIeM OTIEPAIINIO, OOPATHYIO K OTMCAHHON B POPMYIUPOBKE CIEACTBUA: 3aM6-
HEM HangeHHbn nogrpad K, ; Ha HOBYIO BepIInHy b cTemneHnu k, CMEXKHYIO
cal,...,a). Jlerko Bugers, aro Mer moxyuman rpad Gy rae T’ =T —a,
TO €CTh, U3 fAepeBa 1 MBI yIaTWIM BUCAYYIO BepimuHy. [[oHATHO, 9TO B
PE3YIBTATE TAKUX OMEPAIIAN JePEBO CTAHET OJHOBEPIIUHHBIM, 3 3HAYUT,
Hall k-CBA3HBIN I'pad IpeBpaTuTca B K, 1. (I

§2. PA3PE3HI

Ounpepgenenne 4. 1) Bydem naswisamp paspesom k-aaemenmnoe pazde-
AROUEE MHONCECNBO U3 sepuun u pébep epada G, codepacaujee roms bt
00mo pebpo. Muoxcecmeo eécex pazpesos epada G obosnavum wepes T(G).

2) Aas paspeza T € T(G) obosnauum wepez V(T) mmoxcecmso ecex
srodawur ¢ T eepwun, a wepes W(T) — mmnosxcecmeo ecer sepuwum, 6L0-
dawuz 6 pazpez T uau unyudenmubix pébpam pazpesa T .

B paGore [8] nccregopanuch paspessl TpéxcpasHoro rpada. Hamra Tep-
MUHOJOTHUA OyeT B OCHOBHOM COTVIACOBAHA C DTOU PAbOTON.

3ameuanme 1. 1) Hukakaa sepmmna paspesa T € T(G) ve MoxeT GHITH
UHIIMICHTHA HIKAKOMY pedpy us T'.

2) s mob6oro paspesa T € T(G) rpadp G — T uMeer gBe KOMIOHEHTEL
cBsa3HocTHd, nycTh 510 U u Us. Musa xaxgoro pebpa e € T KOMIIOHEHTEL
Uy, u Us comepxkat o OZHOMY KOHILY €.
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Temnepsb onpeneanM IacTu pas3dueHus rpada pa3pe3oM U MPAHUILT Pa3-
pesa.

Ounpegenenne 5. 1) ITycmoe T € T(G), a Uy u Uy — xomnonewmopt c643-
nocmu epaga G —T. Hazosem mnoncecmsa suda A; = U; UV (T) wacramu
pasbuenus epada G paspezom T. Mo 6ydem ucnoavzosams o6o3nauenue
Part(G;T) = {A1, Aa}. B cayuae, xoeda acno, xaxot epag pazbusaemes,
mut 6ydem nucamb npocmo Part(T).

2) Mot 6ydem nasvisamsb mmoxcecmeo U; BHYTPEHHOCTBIO uacmu A; u
ucnoabzosamsb o6oznavenue Int(A;) = U;.

3) I'panunamvu paspesa T wmer Oydem na3vi6amb MHOUCECEA 6EPULUH

3ameuanue 2. Ilycrs T € T(G), Part(T) = {4, A2}. Torga Bemmonus-
FOTCA CIENYIONNE YTBEPK ICHNUA.

1) AyUA, =V (@), A1 N Ay =V (T).

2) I'paruuer paspesa T comepxat no k saemeHTOB. Kax 1as us rpaHul
paspesa T cogepxut V(T') u no ogaoMy KoHiy Beex Bxogamux B 1 pebep.

3) Ecau muoxecrso A’ = A) \ W(T') menycro, ro Ay NW(T') - rpanuua
paspesa T —orgenser A’ ot V(G)\ A1, a xaxgas sepmmna ¢ € Ay NW(T)
CMEXHA XOTA 61 ¢ oqHoN BeprmHon u3 A’. Takum 06pasoM, B 3TOM cIydae
CPAHWIA PA3PEe3a ABIACTCA k-BEPIIUHHBIM Pa3AeJARIIAM MHOKECTBOM B
k-cBszuom rpade G.

§3. MUHUMAJBHBIE k-CBSI3HBIE I'PA®EI

B »ToMm pasgene Mbl OyqeM BECTH PA3rOBOP O MUHUMAJIBLHOM k-CBSI3HOM
rpade G u UCTIOML30BATE M1 Hero obo3Hadenus Vi, smMecto Vi (G) 1 Vit
BMecTO Vip1(G). Tlycts

G =G(Vi), Git1=G(Vit1),

Ey = E(Gr), er=|El, Epr1=E(Grs1)-
[Nns kaxporo pebpa e € Ej11 CylwecTByeT pa3pes, cogepxawun e u k — 1

BepwmHy. [TycTs R — CeMeNCTBO BCEX TaKnUX Pa3pe3os.
Mgl u3y4uum cBOUCTBa pa3pe3os u3 NR.

3.1. HeszaBucumMmble paspesbl.

Ounpepgenenne 6. Paspeswi S, T € T(G) nasviaiomces He3aBUCUMBIMU,
ECAU MOHCHO 86ECTNU MAKUE 0003HAUEHUS

Part(S) = {Al,AQ}, Part(T) = {Bl,BQ},
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wmo Ay D Bs u By D As. Unaue mvi 6ydem naszvisams paspesvt S u T
34BUCUMBIMI.

Jlemma 1. IIyems paspesor S, R, T € T(G) maxoewbr, wmo S u R neszasu-
cumbt, a maxxce T u R nezasucumwvt. Ilycmo

Part(S) = {Al,AQ}, Part(T) = {Bl,Bg}, Part(R) = {Dl,DQ},
npuuem D1 D Ay u Ds D By. Toeda paspesvt S u T nezasucumol.

HdokazaTenncrBo. U3 mesaBucumocTu paspesos S m R caexyer, 4To
As D Dy D By. U3 mesasucumocTu paspesos T u R crenyer, uto By D
Dy D Ay. Takum obpazoM, S u T HE3aBUCUMEL. O

Jlemma 2. IIyeme paspeswr S, T € R nezasucumv, Part(S) = {A;, As},
Part(T') = {B1, B2}, npuuem Ay D By u By D As. IIpednoaoscum, wmo
paspesvr S uw T ne umerom obwezo pebpa. Toeda Ay D W(T).

HokaszareascrBo. llycrs b1bs € T, unpuuem b; € Int(B;). Us
A1 D Bs ciepyer, 4To A COIEPKUT OAHY U3 MpaHull paspesa T, a UMEHHO,
Ay DV(T) U {b}.

Ecan by € S, T0 by € Ay C By, 9TO HeBepHO. 3HAYUT, ba ¢ S. [Tockoms-
Ky bibs ¢ S, To Bepumnubr by u by He pasgejeHsl pa3pe3oM S, TO €CTb,
by € A;. Creposareasno, A; D W(T). O

3.2. IMMapa 3aBucumbIX paszpesoB. [lycts paspessr S,T € R 3aBucu-
MBI, IPUYEM BXOSIINE B HUX PEOpa pa3anvHul. BeeaeM o603HAMEHUA

Part(S) = {Fl,Fg}, Part(T) = {Hl,Hg},
G¢7j:F¢ﬂHj, P:TQS,
Ti :Int(Fz)ﬂT, Sj :Int(H])ﬂS n
Int(Gi,j) = G@j \ (P uT; U S])
IIycrs mrOxecTBO R; j cocrout m3 PUT;US; u pébep paspesos T u S, un-
M IeHTHEIX BepmmaaM u3 Int(G; ), a G; j — 00beIuHeHne TPEX OTINIHBIX
ot G;; JacTen.

B pansHeliwem ans onucanus CBOMCTB Nap 3aBUCUMbIX Pa3pe3os Mbl Gyaem
ynoTpebnsaTb UMEHHO Takue 0603HaYeHUs.

(2)

3amedganue 3. 1) Muoxkecrso P B HameM caydae COgepKUT TOILKO BEP-
[IVHEL.
2) OrmeruM, 9TO

|R; ;| + |Rs—i3—j| <|S|+|T| = 2k. 3)
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[MencTBuTenbHO, BepIUHLI U3 P B 066X 9aCTAX CAMTAIOTCA ABAKIBL, &
OCTaNbHBIE BEPIVHLL 1 pé6pa u3 S u T' B IEBOU YaCTH CANTAIOTCA He 6oee
YeM OJUH Pa3, a B IPABOU YACTU — POBHO OIUH Pas3.

Jlemma 3. ITycmb Int(G; ;) # @. Toeda evinoanamea caedyrowue ym-
separcoenus.

1) R;; omdeasem G;; om ém-.

2) Ecau R;; codepocum zoma 6bi odno pebpo u |R; ;| =k, mo R; ; —
paspes ¢ Part(R; ;) = {G; ;,Gi;}, nezasucumviii u c S, ucT.

HMokazareancTBo. 1) OTmeTnM, 9TO
Gi,j ﬂ@m :PUTZ'USJ', Gi,j U@M :V(G)

Jo6oe pebpo e € E(G), sexonamee u3 Int(G; ;) B G;; \ R, coequnser
[IBE BEPILUHBL, PA3IEJEHHBIE XOTs ObI OMHUM u3 pa3pe3os S u T, a 3Havur,
IPUHAICKUT OJHOMY U3 2TUX ABYyX paspesos. Ho Torjga e € R; ;.

2) Us ycaosus um myekTa 1 caegyer, uro R;; — paspes. 3HauuT,
|Part(R; ;)| = 2. B cury nymkra 1 torma Part(R; ;) = {Gi;,Gi;}. Tax
kak G;; C FyuFz_; C @-,j, pa3pessl R; j u S He3aBuCHMBL. AHAIOIUIHO,
R; j n T He3aBUCHMEL U

3.3. Jlemmet Mapgepa. Caenymoomue JeMMa U CIEICTBUE TPAKTUYECKU
TIOTHOCTBIO TIOBTOPSAIOT PE3yIbTaThl 3 paboTh Manepa [4]. Mer npusegem
MOKA3aTeIbCTBO IS TTOMHOTHI PAOOTHI.

Jlemma 4. Iycmo ab,ac € Eji1, Typ 5 ab u Ty O ac — paspeswvt u3 ‘R,
npuvem a € F, € Part(Top) v c € H, € Part(T,.). Tozda

|Int(EF,)| > |Int(H.)|.
HMokazaTeabcTBO. Tak Kak
|Fy| — |Int(Fy)| =k — 1 = |H,| — |Int(H,)],

JIOCTATOYHO AOKa3aTh, aTo |F,| > |H,|.

Otrmerum, aro ¢ € F,. Ecau paspeser T,y u T, HE3aBUCUMEL, TO JETKO
nouarTs, uro F, D H. ua € F, \ H., a 3aauur, |F,| > |H.|.

Ecan otu paspeswr saBucumbl, 70 noaoxkuM S = Ty, T = T, n mpume-
HUM BBEJECHHBIE BHIE OO03HAYEHUA [JIA APl 3aBUCUMBIX MHOXECTB (2).
Myctes Fy = F,, Hy = H.. Torga ueTpyaHo HOHATL, 9TO

a < IHt(GLl), be Int(Gz,l), (S Int(Gl’z).
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Puc. 3. Muoxecrsa S, T u qactu pasdbueHus.

Hawm nyxuo mokasars, uro |Hs| < |F1|. Oupegenennsie Bhiule MHOXKECTBA,
n300paXKeHbl Ha, PUCYHKE 3.

Bepmmna o € Int(G,1) cmexna ¢ b, ¢ u Bepuuaamu u3 Gp,1. 3Ha4uT,
ecn Int(G1 1) = {a}, o m3 dg(a) > k + 1 crenyet, uto R; 1 comepxuT
xotrs Obl k — 1 Bepumny. Ecin e A = Int(G11) \ {a} # &, To MHOXKECTBO
Bepumms V(R11) U {a} orgemter A oT ocTarbHEIX BepImnH rpada U, cIe-
IOBATENIBLHO, CONEPKUAT XOTA Obl k BepmmH. B m060M Coydae MBI mMeeM
|V(R1,1)| >k—1mn |R1,1| > k+1.

W3 mepaseHcTBa (3) HaM M3BECTHO, 4TO |R1 1| + |Ro,2| < 2k. Caenosa-
TeabHO, | R 2| < k — 1, a saumr, Int(G2) = @. OTMernm, 4TO

F1 \H2 = IHt(GLl) @] 51 n H2 \ F1 = Int(GQ’z) @] T2 = T2.
IMockoabky
1Sl + [P+ 5] = [V(S)| =k = 1> [Rop| > |To] + [P + 52},

ro |S1| = |T:|- YuwreBasz, uro |Int(Gi1)] > 1, MBI momydaem
|F1| > |Hal. O

Caegcrsue 2. I'pap Gri1 — aec.

Hoka3zaTenbcTBo. UHadue ects mukia ¢ pebpamvu u3 Ey 1, cyuecTBOBa-
HIE KOTOPOT'0, OYEBUIHO, IPOTUBOPEYIUT JeMMe 4. O

Jlemma 5. Ilyemo ¢ — KoAuuecmso Komnowewm ceasnocmu 2pada Grir .
Tozda

(k—1)v(G) +2(c+ex)

2k — 1 ’
MokazaTeabcTBo. W3 KaxX oW BEpIIMHBL MHOXECTBA Vjy1 BBEIXOIUT HE
meree deMm k + 1 pe6po, cymma cremeHen BepmuH Jjeca Gpyi paBHA
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2up+1 — 2¢, cremoBaTenbHo, He Menee deM (k — 1)vgrt1 + 2¢ pebep BbI-
xoauT 3 Vi1 B Vi. U3 Bepumu MHOXKecTBa V), BEIXOIUT POBHO kvy — 2¢ey,
pébep k BepmmHaM MHOXKeCTBa V1. [losTomy

(k — Dvge1 + 2¢ < kog — 2ey,
OTKya HEMEICHHO CIeNYeT YTBEPK TCHUE JEMMEL. O

HenocpencTeenno u3 onpeeneHns dKCTPEeMaIbLHOr0 rpada u JeMMBI H
MOXKHO CIEJATH CIeIYIOMINANA BLIBOI.

Caegcrsue 3. Ilycms G — munumasbubiii k-ceazubii epad, maxot, wmo
v + ¢ > k. Toeda 2pag G — ne axcmpemasbubiil.

3ameuanume 4. Hepasencrso Magepa (1) crenyer us eg + ¢ > k. Mo 10-
Ka3KeM DTO YTBEDXACHUE W UCCACIYEM CIy9Ian, KOrIa TOCTUTACTCA PABEH-
ctBO. OTMETUM, 4YTO U3 AOKA3aTENLCTBA EMMbI 5 ICHO, YyTo Npu e, +¢c = k
paseHcTBo B (1) gocTuraertcs Tonbko B cayyae, korga A(G) < k+ 1.

3.4. HopMmasibHBIE pa3pe3sl.

Onpepgenenne 7. Hazosem paszpes S € R xpusvim, ecau cywecmsyem
wacmov A € Part(S) ¢ [Int(4)| < & u nopmasvnein, ecau maxoti wacmu ne
cywecmayem.

Jemma 6. Ilycmov oba zasucumviz paspeza S, T € R — nopmasvhuie,
ara2 €S uw bibe € T — pasauwunbie pébpa u3 Epy1. Toeda das xaxncdo-
20 uz pébep aias u bibs cywecmsyrom maxue i,j € {1,2}, umo R;; -
pazpes, codeprcauwyuii 3mo pebpo.

MoxkasareabcrBo. Ilycrs Int(Gy 1) # &, Int(G2,2) # @. Torga us mepa-
BeHCTBA (3) caenyer, uto |Ri 1| =k = |Ro2| u R1,1 URy o = SUT. Toraa
Ri1URy5 D {aias,b1b2}, oTKyga caenyer yTeepxk aerue deMMbl. Coay3an
Int(G1,2) # &, Int(G21) # @ pasbupaeTcsa aHAIOTCUIHO.

IIycTs ycroBus pacCMOTPEHHBIX BEHIIIE CAYYAeB He BHIIOJHEHBI. Torga
He yMaJlfad OOMIHOCTH MOXKHO cauTaTh, 4ro Int(Gy,) = Int(Gi2) = &,
To ecth, Int(Fy) = Ty (cM. pucyHok 4a). W3 HOpMambHOCTM paspesa S
cregyer, aro [Ty| > £.

Taxk xak T =Ty UT> U P U {b1b2}, oTCIOIA MOXKHO CIETATH BEIBOJ

k
|T2UP| < 5 -1 mn |R271| +|R272| < |S|+2|TQUPU{b1b2}| < 2k. (4)

Ecan Int(G2,1) = @ (cM. pucysok 4b), To u3 HOpMaabHOCTH paspesa T
mer mveen Int(H;) = [Si| > %, a cregoparersno, |So UP| < & — 1, orxyza
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Puc. 4. Pasbuenne rpacda mapoun HOPMATHHEIX 3ABUCH-
MBIX Pa3pe3oB.

OYEeBUIHO CaeayeT
|R272| < |Sg| + |T2| + |P| + |{a1a2,b1b2}| < k.

Ecmu n Int(Gs 2) = &, To Int(F) = Sz, 9TO IPOTUBOPEUUT HOPMAIBLHOCTH
paspesa T'. 3uauaut, Int(Gs 2) # &, HO 5TO BO3MOKHO TOILKO IIpH | Ra 2| =k,
9TO, B 4aCTHOCTH, O3Ha4aeT, 9T0 Ry 2 D {aiaz, bib2}. Torga paspes Ra
HAM MIOAXOIWT.

Ocraerca cry4ain, korga Int(Gs1) # @ u Int(G2) # @. Ilo mepasen-
cTBy (4) 5TO O3HadaeT, 4TO |Rs 1| = |Ra2| = k. Torga oba paspesa Rs 1
n Ry 5 comepxat pebpo biby m Ry 1 URs2 DS 3 ajas. CregoparensHo,
oxuH u3 pa3pe3oB Ry 1 u R o comepxur oba pebpa bibs n ajaz, oTkyga
CJAEIYET yTBEPKIEHUE JEMMEL. O

JemMma 7. IIycmv paspeswr S, T € R 2aeucumbi, npuuem aiaz € S u
biby € T — pasauunvie pébpa u3 Eyi1, R;j 2 bibs u |R; ;| = k. Toeda
cywecmayem pazpez R € R, ydosaemsoparowut ciedyrowum ceoticmaam:
1° Part(R) = {G; ;,U}, npuuém aubo U = G; j, aubo U = G;; U {a},
ede a — Kowuey pebpa aias, aercauwut 6 Gy ;;
2° R nezasucum v ¢ S, wcT.

HokaszaTeanbcTBo. Ilycts ¢ = j = 1. Ilo mocrpoenuto R ;, oguH u3
KOHIOB pedpa b1 by mexut B Int(Gy 1), mycTs 510 by . 3uauur, Int(G1 1) # @
U mo JeMMe 3 MEL 3HaeM, ¥To Rj i — paspes, Part(R; 1) = {Gl,h@l,l}-
Ecmu ajaz ¢ Ry 1, To Ry1 € R u paspes R = Ry HaM HOIXOIUT.

IIycre ajas € Ry 1. Ilo mocTrpoenuto MmuoxecTsa Ry 1 pébpo ajas nmeer
koren B Int(Gy 1), nycrs 510 a1. Pacemorpum MEOXKeCTBO R, nOIyYeHHOE
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w3 Ry 1 3aMeHON a9 HA a1. Ecaum Int(G1 1) # {a1}, To R — paspes,
Part(R) = {G1,1, Gi1 U{a1}}

(cM. puCyHOK 5a), OTKYZA OUEBUIHO CAEAYET, ITO DTOT PA3PE3 HEBABUCUM

cSuT,acrano 6bITh, OH HAM TOJXOIUT.

Iycrs Int(Gy,1) = {a1}. Torga, B wacraocru, a; = by (cM. pucyHOK 5b).
Kpowme as u be 3Ta Bepmmaa MOXKET GBITH CMEXKHA TOILKO C BEPIIMHAMEA 13
Ry 1. Torma us dg(a1) > k + 1 cregyer, aro |[V(Ry1)| > k — 1, a 3uaunr,
|R1,1| > k + 1, mporusopeune. O

Jlemma 8. ITycmv G — munumasvubili k-ceaswbili epad, a MHoHcecmso
E C Ej41 maxoso, wmo ece paspesvt uz R, codeprcawue pebpa uz E -
nopmasbuvie. To2da cyuecmsyem mMuoHcecmeso

S ={Sc}tecr CR, 2de e€ S,
COCMOAWEE U3 NONAPHO HE3ABUCUMBLEL PA3PEIOS.
HokazaTenncrBo. [Iponymepyem fi,..., f,, pebpa uz E. [lycTs
& ={S1,...,S1} CR

— MHOXKECTBO MOMAPHO HE3aBUCUMEBIX Pa3pe3oB, mpuieM f; € S;.
Mycte fr € T € R. lokaxkeMm, 9TO MOXKHO U3MEHUTH paspes 1 Tak,
4TOOLI OH CTAI HE3ABUCUMEIM CO BCeMu paspesamu u3 &’. /loxas3aTeascTso

Oyger unnykuuer no |&’|. Basa pia ciygas |&'| = 0 oueBuzHa.
Hoxaxncem undyxyuonnvii nepexod. Ilycrs paspes T meszaBucuM ¢ pas-
pesamu Si, ..., S;_1, vo 3aBucum ¢ S;. I[Iycto

Part(T) = {Hl,HQ}, Part(Sl) = {Fl,FQ}, sz = Fm n Hy

Tax kax pazpessr S; u T HOPMAIBHBL, O JeMMaM 6 u 7 CyImecTByeT Takon
paspe3 R > f;, uro ogna u3 gacren Part(R) — sro G4 8, & Apyras 9acTb

Puc. 5. Pas6uenue rpada mapou 3aBUCUMBIX Pa3pe3oB.
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U — m60 G5, 60 Gy 5U{a}, e a — xowern pebpa f; = ab, texammui
B Gaﬁ-

Mer xoTrM g0Ka3aTh, 9TO R HE3aBUCHM C IPOW3BOJILHEIM Da3pe3oM
S; € &'. Oycrey Part(S;) = {D1,D,}. Tak xak paspeser S; u S; Hesa-
BucHMBI, pa3pe3sl I' u S; HesaBHCHMEL, a pa3pesrr I’ u S; 3aBUCHMBI, IO
JeMMe 1 MOXHO CUYATAaTh, ITO

F1 DDQ, FQCDl, H1 DDQ, HQCDl. (5)

Pazbepem HeCKOJIBKO CIyvaeB.

1.a=2.
Torga Gy C F» C Dy u U D Fy D Dy (cm. pucynok 6a), To ectb, R u
S He3aBUCHMEI.

/,/R\ - Y% \\\ I//

Hy \ 1Hy
\

RN L

Puc. 6. Paspesrr S;, S; n 7.

2. a = 1. Pazbepem mBa momgciaydas.

2.1. 3 =2.
Torga Go 3 = Gio C Hy C Dy u U D Hy D Dy (cM. pucyHok 6b), 4T0
O3HAYAET HE3ABUCUMOCTH pa3pe3os S; u K.

2.2.6=1.
B cuny (5) met umeem Dy D Hy UF, = 6171 (cm. pucynok 6c¢). Tak xax
paspesbt 1T’ n S; HE3aBMCUMEI U He MMEIOT OOIIMX pEGep, Mo JeMMe 2 MBI
umeem Dy D W(T) > a. 3mauur, D; D 6171 Uf{a} DU. N3 Dy C Fi m
D, C H; cregyer, uro Dy C Hy \ Int(F2) = G1,1. Takum o6pasom, MeL
[IPOBEPUIN HE3ABUCUMOCTH pa3pe3oB S; u R. (|

Jemma 9. ITyemv G — munumaapnbiii k-ceasnuwiti epag, a P = ay ...a,
— npocmoti NYmo, 6CE BEPUUHLL KOMOPO2O NPUHGOLEHCHIN, MHONCECTEY
V1. Hpednoaoscum, umo cyuecmsyiom nonapuo we3asucumble pa3pesvl
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S1,...,8,_1 € R, maxue, umo
a;a;41 € Si, Part(Si) = {AiaBi-&-l}a
npuuem a; € Int(A4;) u  aj41 € Int(Biqq).
Tozda By D By, D Ng(an)-

HoxazareabcTBo. [Ipu n = 2 570 yTBep*K AeHMe oueBmaHO. [Ipenmono-
®uM, 9to n > 3. [lokaxeMm, uro B; D By mpm i € {1,...,n — 1}. Tak
Kak paspeskl S;_1 u S; Hesasucumsel, a; € Int(B;) n a;a;41 ¢ Si—1, MBI
umeeM a;y1 € B;. 3uadur, nu ogHa us gacreu Part(S;) me Moxer comep-
x®artb B; 3 a;,a;41. B cuty mesaBucumocTu paspesos S;_; u S;, Troraa B;
comepxuT oy u3 dacren Part(S;) = {4;, Bi+1}-

Puc. 7. Paspessr S;_1 u S;: ciyuan, korga B; D A;.

IIpeanonoxum, aro B; D A; (cm. pucynok 7). Torga us a;—; ¢ B; cie-
ayer a;—1 ¢ A;. OpgHako, BepmuHA @G;—1 CMEXHA C BEPLIMHOU
a; € Int(A;), aro meBozmoxkuo. CnenoBarensuo, B; D Bii1.

W3 moxasamuoro ciegyer, uro By D B,. Tak kak a, € Int(B,), Mb
umeem Ng(a,) C By, C Bs. O

Jemma 10. Hycmb G — munumasvnviti k-ceaswuovid epad, £ C Epy1, a
MHOHCECTNEO

S ={Sc}tece CR, 2de e€ S,
COCMOUM U3 NMONAPHO He3ABUCUMBIT paspe30o6. Ilycmy R — epanuya pas-
pesa S, € &. Tozda moboi npocmot nymv ¢ xKonyamu u3 R codepacum
pebpo we u3 muoxHcecmsa F.

MokazaTenasbcTBo. [IpeamogoxnM MPOTUBHOE U PACCMOTPUM KPATIAM-
UMY OYyTh A1G2 .. .G, 10 pébpaMm u3 E, KOHILI KOTOPOr'O a1, G, JI€XKAT B
R. Eciz nyte P comep:kuT Bcero ogHO pebpo ajas, TO G1as # €, Tak
kak rpanuna R paspesa S, O e cogepuT pOBHO OHY BepuUIMHY pebpa e.
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Ecau xxe n > 3 u e = aqa2, TO IepeHyMepyeM BepiminHbI yT P B 06paT-
HOM mopsaake. Takum o6pa3oM, B TIOOOM CIyHdae MBI TOOBEMCSI TOTO, UTO
e # ajay. lyctn

Si:Saiai+1a Part(Si) :{A,’,B,’_H}, rmae a; € Int(Ai) uajy1 € Int(B,-_H).

Puc. 8. IIyTe no pebpam u3 E u paspessl.

Tak xak paspesnl S, u S] HE3ABUCHMBI U HE UMEIOT 0O0mero peépa,
no gemMMe 2 oxHa m3 dacten U € Part(Sy) comepxur W(S,.). 3naunr,
UD R 5 ay, orkyna caeayert, ato U = A;. [lo memme 9 mbr umeem Ng (a,) C
Bs (cM. pucyHOK 8).

ITo sameuanuio 2 mer 3HAaeM, 9T0 R sABasercs k-BepIIMHHBIM Pa3xess-
omyM MHOXKecTBOM rpada G. U R C Ay cregyer, uto R ue pasnemser
B> UW(S1). 3uauur, ogna us komnouenT csanocru M rpada G — R je-
xuT B Int(A1). Us k-ceasuoctu rpada G cremyer, 9TO BEpUIVHA 4, € R
NOMKHA UMETh CMexHylo Bepmmay B M C Int(A4;), 9To mporusopednT
IOKA3aHHOMY BEIIIIE. (I

3.5. KpusBnble pa3pe3ssbl.

Jemma 11. IIyemo G — munumasvnviti k-ceasubiii epad, npuuem 6 muo-
acecmee R ecmv kpusble paspesvt. Toeda e, +¢c >k + 1.

HdokazaTenncTBo. Besne B nokasarenscTse depe3 S, MBI 0003HAYAEM
paspes u3 R, cogepxkamuu pebpo e € E 1.
1. ITyemwv e = ajas € Egy1, a pa3pe3 S, — kpusot, npuuem

k
a1 € Ay € Part(Se) u |Int(A;1)| < 3

Mycts U 5 ay,as — xomnonerTa casHocTu rpada Gri1, a T = G (U).
Torga T — nepeso no caeacreuio 2. Ipeamonoxkum, ato dr(a;) > 1. Torga
B gepese T CyIIeCTByeT OyTb OT @] [0 BUCAYEH BEpPIIMHLL @, HE IPOXOM-
mmit 0o aqaz. Illycts a’a — mocaenuee peGpo 3Toro mytH, Sy,e € R, Ipuaem
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a € A € Part(Sqq ). Toraa mo nemue 4 mer nveem Int(A4) < Int(A;) < £,
B wactHOCTH, paspes Sy, — TaKXKe KPUBOMU.

2. ITycmob a1 — sucauas sepwuna depesa T,

k
Int(A;) =p <

57 S:V(Sa1a2)'

Ormerum, uro |S| =k — 1. Ilycrs
M =Int(4;) NV, m=|M]|

(cm. pucyrok 9a). OUeBUIHO, BEPIIUHA a1 HE MOXKET OBITH CMEXHA C BEp-
mmHAMEA U3 Vi1 N A1, CIeqoBaTeIbHO, BEPIINHA a1 CMEXKHA He O0Tee 1eM
¢ m BepmmHamu 3 Int(Aq). s dg(a1) = k + 1 caegyer, uto Toraa a;
HecMexHa He Gonee dem ¢ m — 1 BepmuHamu u3 S. Bce cmexuble ¢ ap
BepluHbl U3 S umetoT cTenedb k. Takum o6pazom,

|Int(A1)ﬁVk+1|:pfm, |SﬁVk+1|<m71 n |A10Vk+1|<p71.

Pasz6epem aBa caywad.

2.1.m > 2.
Kaxgas Bepiuua MHOXKeCTBa M MOXeT ObITH CMeXHA TOJBKO C BEpIIu-
mamu u3 A;. ITosromy Bepmmma muoxecTsa M cMmexua He Gojee 4eM C
p — 1 Bepmmaamu u3 Vi1, a 3Ha4uT, X011 681 C kK — p + 1 BepumHaMu u3
V.. lIpocymmupoBas pébpa, ucxomsamme u3 Bcex BepmwH M K BepIimHaM
u3 Vi, Mbr moayanm xota 6ut m(k — p + 1). Oxnako, pébpa Mexay Bep-
m(m—1) )

2

munaMu MHOXecTBa M (koTopeiX HE Gojee ueMm B DTOU CyMMe

IIOCYUTAHBI ABAXKABI, IOTOMY MOXHO HaIlUCaTb, ITO

~m(m—1) - m(m—1)

er = m(k—p+1) > k+3+(m—2)(k—p+1) > k+2,

(6)
9T0 u TpeboBanoCchk nokasark. (Ilpu m = 2 mepasencTso (6) oueBmaHO, a
IIPX M > 3 MBI BOCIIOJIB30BAIUCH TEM, 9TO k—p+1 > p > mum—2 > m;l’

a CJIeLOBATENbHO, IPaBas 4acTh HepaBeHCcTBa (6) He meHee yeMm k + 3.)

2.2. m=1.
Mycte M = {z}. llouaTHo, 4TO B 5TOM CIy4Yae a; CMEXKHA POBHO C OJHOU
BepimHOn u3 Int(A;) (¢ BepmuHON %), a 3HAYAT, @41 CMEXKHA CO BCEMHI
Bepumuaamu u3 S. Caegosareasno, S C V.

Ipegnonoxum, uro Y = (Int(A41) \ {a1}) N Vir1 # @. o nokasannoMy
BEIIIE, TOrAa Y — OJHA WU HECKOJILKO KOMIIOHEHT CBA3HOCTH I'pada G 1.
Mycre T = Gi41(Y). o cregereuio 4 rpad 17 — zec.
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Puc. 9. Kpueou paspes Sy, 4, 1 9acTh A;.

IIycre a € Y, dr(a) < 1. Torga dr(a) = 1, npudem a gomxHa OBITH
cMexHa ¢ - u co Bcemu k — 1 Bepmumamu u3 S. Takum o6paszom, mec T
HE COMEPKUT U3ONUPOBAHHLIX BEPIITHH.

IIyctes a — Bucsauas sepumHa 17, cmexnas B T/ ¢ BepmmHOU b cTenenn
d7 (b) = € (cm. pucynok 9b). Torma B T’ cymecrsytor £ — 1 Henepecekaro-
IuIecs IO BHYTPEHHUM BepimuHaMm nytua Py, ..., Py or b 10 oTandHBIX
OT @ BUCAYNX BepmmH b1,..., by_q deca T'.

Paccmorpum paspes Sy € R. OTMeTnM, 9TO BepImHa b CMeXHA XOTA
651 ¢ k—£+1 Beprmaamu MHOXecTBa SU{Z}, 1 BCe DTU BEPIIMHET JOTKHBI
ObITE B Syp. Paspes Sy, cogepxut k — 1 Bepiuny, a 3HAYUT, HE COMEPKUT
HEeKOTOPYIO Bepmmny 2 € S U {x}.

Kaxk nokazano BbIle, BEPIIUHA @ U KAXKIAA U3 BUCIIUX BEPIIUH by ,. . .,
be_1 CMEXHa C 2z, & 3HAYUT, Pa3Ieaomun a u b pa3pes Sy, JOMKEH CO-
IepKaTh MO BepImHe Kaxjgoro ws myten Py, ..., Py_i. Ho Torma Sy
CONEPXKUT XOTA ObI k BEpIINH, ITO He Tak. [I[poTusopeune.

3uaant, Int(A;) = {a1,z} (cm. pucyrok 9¢). B arom ciaygae MbI nmeeM
er = k—1 (croabko pédep Beger ot x 10 Bepruud u3 S). Ecau yreepx genue
JIEMMEI HE BBIIIOJHEHO, TO Apyrux pébep B Ey HeT, a rpad G411 MMeeT ogHy
KOMMOHEHTY CBA3HOCTH, TO ecTb, Gp+1 — Aepeso.

Ocraercsa mpoaHaaIU3MpOBaTh IOCACAHUN caydau. B aTom cnyvae Bce
pé6pa uz E; coegunsioT epwmHy x € Int(A;) ¢ BepwmHamn mHoxecTBa S.
OtmeTum, 4To B N () HeT oTandHbIX OT a; BepwumH u3 Viiq.

3. fdoxancem, umo ece pébpa epada Giy1, 6xodswue 6 Kpusblie paspe-
36t — oMo péGPa MeKomopozo Npocmo20 nymu Q = a1as ... Ay, NPUYEM
n < ’“2;1, G 8CE BRYMPERHUE BEPULUNDL IMO20 NYMU UMEIOM CMeEnens 2 6
epade Giq.
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Mycts ¢ € E(Gra1), Seier € R — Kpusou paspes,

k
¢ € C1 € Part(S,,.,) u |Int(Ch)| < 3

Paccmorpum mo6on myTh B rpade Ggii OT ¢1 A0 HEKOTOPOU BUCAIEU
BEPIINHLL ¢, HE MPOXOIAMINN depes co (cM. pucyHok 10a). Ilycts aba) —
ocyaeHee pedpo PTOro My TH,

Saray, €R,  a) € Int(A]) € Part(Syrqy)-

Toraa mo nemme 4 mbr mmeen [Int(A])| < [Int(C1)| < £.

Mycte a] # a1. IIpoBeseM paccyX AeHUs, AHATOTWYIHbIE CKA3aHHOMY B
nyakTax | u 2, qua gactu A} . Mubr nangem ve menee uem k — 1 pebep u3
Ej. B uactu A . Mer paccmarpusaeM caydan, korga e, = k— 1. Illoaromy B
gactu A} posuo k—1 pe6po us Ej_1, HO TOr1a Bce 311 PEGPA MHIM JCHTHEL
cmexnon ¢ a) sepmmue x'. OueBnano, ' # x. Torga Ej COREPXKUT XOTA
On1 k pébep: 510 k — 1 pebep, UHIMACHTHLIX BEPINUHE T U XOTSA ObI OTHO
OTIMYHOE OT HUX pedpo, MHIMACHTHOE z'. B nTOM ciydae yTeepxkaeHume
JEMMEL TOKA3AHO.

CkasaHHOE BBHIIIE O3HAYAET, YTO Bce pEéOpa rpada Gii1, BXOA[IIE B
KPUBBIE Pa3pe3bl — 3TO PEOPaA HEKOTOPOI'O MPOCTOrO MyTH

Q:alag...an,

TIpUteM BCe BHYTPEHHUE BEPIIMHBLI DTOT0 MYTH UMEIOT CTeleHb 2 B Tpade
G41- Hycts

a; Qi1 € S; € R, a; € A, S Part(Si).
ITo nemme 4 Torma

-1
2 = Int(A1) < Tnt(As) < -+ < Tnt(Ay_1) < kT

CrenosarensHo, n < =L

Puc. 10. IIyts a; . ..a, u KpuUBBEIE PA3PE3HL.
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4. ITycmv E — muoxncecmso scex pébep epaga Gii1, xpome pébep ny-
mu (.

PaccmoTpum aBa cay«as.

4.1 E # 2.

Io semme 8 MOXKHO BHIGPATDH MOMAPHO HE3ABUCUMEIE paspessl Se € R ais
Bcex pébep e € E. lycts dids € E(Ggy1), npudeM di — OTIXIHAA OT a1
BUCsYas BepumHa aepesa Gri1, a dy € Dy € Part(Sq,4,)-

Ipeamonoxum, 9To v € S, 4, N Vit1 (cM. pucynok 10b). ITo msemme 10,
nyTh OT ¥ 10 dg O gepeBy Gj11 AOMKEH COAEPKATH XOTA GBI OTHO PEBPO
oyt Q. To o3Hagaer, 4To v € {a,...,ay} U XOTs OBl OQHA U3 BEPIIUH
ai,. .., ap dexut B Int(Ds).

Iycte u € Int(D1) NVis1. Torga nyTs oT u 10 do 1o gepeBy Ggi1 107~
JKEH TTPOXOIUTE Yepe3 BEPIINHY Pa3pesa Sy, 4,, & TOT A, KAK MOKA3AHO BhI-
e, 3TOT Iy Th cogepxuT péopo nyru ). CaegoBarensuo, u € {ay,...,a,}
U XOTs OBbL OAHA U3 BEPIIUH Q1 ,. . ., G, JexUT B Int(Ds).

Takum obpasom, Bce Bepmuasl w3 Dy N Vi1, kpoume dy, mpuHa1IexKaT
MHOX€CTBY {d1,..., Gp}, HO XOTs OBI OJHA N3 BEPIINH NyTH () HE JEXKUT
B D;. CrenoBarensHo,

k-1

|Vk+1 ﬂD1| <ﬂ< T (7)

4.2. E=0.
B sroMm cayvae Giy1 = Q, a a, — Bucsdas Bepumia rpada Giyi. [lycts
dy = an,a Dy € Part(S,,—1) — 1acTb, cogepxamas a,. Tak xak a,—1 ¢ D1,
U B 5TOM CIy4ae BBLINOIHACTCA HepaBeHCTBO (7).

IIpoxoskum paccyxaenus s oboux caydaes. Bepuwmna dy € Int(Dy)
— Bucsadas B gepese G411, 1 TOTOMY CMekHa ¢ k BepmmHaMu u3 Vi N Dy,
cpeu KOTOPHIX ecTh BepmmHa w € Int(Dy) (em. pucysox 10¢). Ilockombky
di # ay, To © # w. Bepmmua w cmexua ¢ k BepumHavmu w3z D. U3
HepapeHcTBa (7) cregyer, 4To B N (w) ecTb XOTA OB
k+1

k—|Vk+1ﬂD1|>k—n>T>1

BEPIIVH CTeneHnu k, CpeIn KOTOPHIX MOXKHO HAUTW BepmuHy w' # x (cM.
pucynok 10c). Torga pe6po ww’ maer mam e > k u 3aBepiiaer gokasa-
TEJIBCTBO JIEMMEL. (|

3.6. MokasaTeabcTBO TeopeMbl 1. Mol cumraem, uro k > 1, unade
[IOKa3aTeIbCTBO TEOPEMEI OYEBUAHO. PaccMOTPUM HECKONBKO CIIyvaeB.
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1. Ek+1 = J.
Torma vg41 = ¢ < k. Ecn vg41 = k, T0 e, = 0 n Hamr rpad mpeacTapiseT
co6ou k monapHo HECMEXHBIX BEPIIUH cTeneHu k+1, ¢ KaK 10U u3 KOTOPBIX
cMexHbl £+ 1 monapHo HeCMeXKHBIX BepIInH cTenesn k. 1o rpad Ky ki1,
KOTOpLIA paBeH G, 7 AIS OTHOBEPLUIMHHOIO gepesa 1.

ycts vp41 < k. Torga mobas BepumHa = € Vi cMeXHA XOTsa OB C
k — Vg1 BepIIMHAME CTeneHu k, OTKy[Ia Jerko MOHATh, ITO

(A (k — ’Uk+1)
2

a »T0 mporuBopednT caeacteuio 3. (MBI BOCHOIBL3OBATUCHL TeM, UTO
v =2 k+1>2)

2. [asee mvr cuumaem, wmo Epiq # @. U3 memmer 11 n crexcteus 3
MOHATHO, YTO AOCTATOYHO PACCMOTPETH CIydan, Korga pédpa us iy
HE BXOAAT B KpuBkle paspesnl. Torga mo jemme 8 mias Kaxjgoro petpa
e € Ery1 MBI nocTponM paspes S, D e Tak, YTOOBL 3TH Paspesbl ObLIN
TIOTIAPHO He3aBUCUMHL. [IycTh G — MHOXKECTBO MOCTPOEHHBIX Pa3pPe30B.

Brenem neobxomumbie obo3Hadenns. [lycTs

er = >k — vpt1,

A= U Part(5),
S5e€e6
a Ai,..., A, — Bce MUHIMAJILHEIC 110 BKIIOUYCHNO YacTu u3 A. Ouesugno,

n > 2. lycts S; € 6 — oraensiomun 9acth A; paspes u3z G,
Ri=A,nW(Si), pi=|RinVg|, Bi=A4;\Ri.
Mycts a; € Int(A;) — xomern pebpa us Fgi1, BXogamero B paspes S; (cM.

pucynok 11a). Torga {a;} = Int(4;) N R;.
Wsyuum ceoncTea dacren A;.

Puc. 11. Yacts A;.



60 1. B. KAPIIOB

Jlemma 12. Bboinoanaomes cacoyouwue ymeeprcoenius.
1) B; # &, mnosxcecnso R; omdeasem B; om ocmasbHulx 6epuun 2pa-
da. Kancdas sepuwuna uz R; cmexncna romsa 6vr ¢ 00noti sepuunoti uz B;.
2) Ecau x € B;NVi41, mo {x} — xomnonenma ceazwocmu epaga Giy1.
3) IIycmb ¢; — amo Koauuecmso aexscawus 8 B; odnosepuwunnbiz xom-
nouewm ceazmocmu 2pada Gy, a e ; — MO KOAUUECTNEO UHUYUIEHIHBIL
sepuwunam u3 B; pébep us Ey. Toeda ¢; + er; = p;.

MoxkasareabcTso. 1) Tak xak paspes S; Hopmazes, |Int(4;)| > 1, a 3Ha-
aut, B; = Int(A4;) \ {a;} # . Torga R; orgenser B; 0T OCTAIbHEIX Bep-
wun rpada G. U3 |R;| = k u k-casuoctu rpada G caegyer, 9T0 Kaxkaas
BepIIMHA MHOXeCTBA R; cMexHa XoTa OBl ¢ OMHOU BepiuuHou u3 B;.

2) Mpegnonoxkum, 1o y € Viwg u xy € E(G). Torma y € A,
zy € Ep41. PaccmoTpum paspes Sy, € 6 (M. pucynok 11b). Us nesasucu-
MOCTH Pa3pe30B S; U Sgy ¥ MUHUMATBHOCTH YaCTH A; CIELyeT, ITO OfHA
m3 qacren Part(S,,) nomxua cogepxars A;, 9TO, 0Y€BHIHO, HEBO3MOXK-
HO: BEPIINHEL T, y € A; dexar B pas3HbIx acTsax Part(Sg, ). [IpoTusopetne
3aBEPIIAET T0KA3ATETIbCTRO.

3) Hycrs P — MHOXKECTBO BCEX BXOAAMMX B R; BepmmH crenenu k, a ) —
MHOXKECTBO BCEX CMeXHBIX ¢ P Bepumd us B;. Ilycts Vip1 NQ = Q' a P’
— MHOXKECTBO Beex Bepuind u3 P, cmexuwix B Int(A;) Toabko ¢ Bepurnamu
u3 ('. Hanmomuuwm, uro |P| = p;.

Torga ¢; > |Q’'| no myrkry 2. Kaxgan sepmmnua uz P\ P’ cMexna ¢
BEpIIMHON CTEIeHN k M3 MHOXKeCTBA (), OTKyAa e ; > |P| — |P’/|. Ecan
|P’| < |Q’|, TO MBI OMydaeM, 9TO €y, ; + ¢; > P;, ITO HAM U HY¥KHO.

Ocraercs cayyan, korga |P'| > |Q’|. Upegnonoxum, aro B; # Q. To-
rga MHOXKecTBOo R = (R\ P') U @’ cocrour menee deM u3 k BepIuuH U
oTgenseT Hemycroe MHOxecTBO B; \ Q' or ocranbubix Bepumu rpadga G
(cm. pucynok 11c¢). B k-ceasaom rpade Takoe HeBoamoxuo. CaeroBarennb-
HO, () = B; # @. Kak MBI 3HaeM 13 TyHKTa 2, Kaxas BepmmHa u3 Q'
MOXKeT OBITh CMEXKHA TOMLKO ¢ BepmmHamu u3 A; N Vi, a 5To B Hamem
caydae TOabKo Bepmmuer MEOXecTBa P. Ho |P| < k, mporusopeune. [

BepreMcs k gokazaTenbcTBy TeopeMbl. [lycTs pr = min(py, ... p,). To-
ria mo gemme 10 Bepmmust u3 Vipq N (UY, R;) BXOAAT XOTs OB B k — P1
PA3IMYHBIX KOMIOHEHT cBas3HocTu rpada Giyi. Ecau p; > 0, To B cuy
JeMMbL 12 MBI uMeeM

n
ctep=(k—p)+Y pj2k—pi+2pm 2 k+1,
i=1
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YTO TPOTUBOPEIUT CACICTBUIO 3.

Ocmaemcsa nocaednud, camvili unmepecnviii cayuati p; = 0. B srom cay-
4gae 1o gemme 10 Bce k Bepiinn u3 Ry TPUHAIIEKAT PA3HBIM KOMIOHEHTAM
ceasuoctu rpada Ggi1, oTKyaa crenyer, 9ro ¢ = k. llyers Uy, ..., Uy —
KOMITOHEHTHI cBA3HoCTU rpada Giy1, Torma T; = G(U;) — nepeswa. Ilo
creacTBUiO 3 MBI uMeeM e = (), TO eCTh, HUKAKUE [BE BEPIIUHBI CTere-
uu k B rpade G HE CMEXKHBI.

Mer 6ygem mpegmnonaraTh, 9TO I AO0r0 MeHbIero deM (G 3KeTpe-
MAJIBHOI'O MUHUMAJILHOIO k-CBA3HOrO rpada yTBEpPXKACHUE TEOPEMBI H0-
Ka3aHO.

o memme 10 kax goe w3 gepesbes 11, . .., Tj, COMEPXKUT POBHO TIO OTHOU
BepimHe MHO)kecTBa Ry. Ilyers Ry = {by,...,b;}, mpuaem b; € V(T;).
Opnua u3 >TUX BEPUIMH COBIALAET C 41 — KOHIIOM BXO[SIIErO B paspes Si
pebpa. Bymem cuumrars, uTro by = ap. IIpeamomoxum, aTo b; cMexHA C
Bepumaon ¥ € By N Viyi. Torma paccmorpum paspes Spp, € 6. Otor
paspes 1o noctpoeruto HezapucuM ¢ S1. IIycts A € Part(Syp,) — gacTs,
cofep¥kalas x, HO He comepxkaias b; (cm. pucynok 12a). Torga A C Ay
— IPOTUBOPEYHNE C BEIGOPOM dacTu Aj.

Puc. 12. Yacte A; u rpad G'.

Oycte bib] € St uw N1 = Ng(br) \ {b}}. Tax xax b1 € Int(A4;), Mer
nmvmeem N C Aq. U3 mokasamsoro Bemme sacHo, 4To N1 C Vi. BMmecte c
Ry C Vi1 oTO 03Hauaer, uro Ny C Bj.

Tak kax e = 0, kaxkgas BepmuHa £ € N7 IOKHA OBITH CMexHA C k
BepumHAMY U3 V41, U BCE DTU BEpIIMHEL JekaT B dactu A1. Us c =k n
TOKA3AHHOT'O BHIIIE CIenyeT, 9To Vi1 N A1 = Ry, a 3Ha4nT,

Ng(z) = Ry = {b1,..., by }.
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Teneps mouATHO, 9T0 By = Ni 1 5TO MHOXECTBO COCTOUT U3 k BEPIIUH

cremeny k, Kaxaad W3 KOTOPHIX CMEXHA C BepUMHAME b1, ..., by (cM.
pucyuok 12b).

ITo 3amedanuio 4 Bce BepiuHLL by, . .., b, umeoT B rpade G cremneHn
k+1, a suaaur, ans seex i € {1,...,k} sepwmna b; — Bucaqas s gepese T;.
Oycts bib; € E(T;) — equHCTBeHHOE HHIMIEHTHOE b; peOpo mepesa T;.
Torga Bce BepuIMHEL b ,. .., b}, PA3IHIHEL

IMocrpoum moBLI rpad G', mobasuB k rpady G — Ry — By HOBy®O
Bepumny b crenenu k ¢ Ng/ (b) = {b,...,b}.} (cm. pucynox 12¢). Ilycrs
T/ = T; — b;. Ormernm, 4T0O

ve(GN) =i (G) —k+1, v(G)=v(G)—2k+1. (8)
Jemma 13. Tycmb x € Vi(G). Toeda Ng(x) codepmcum no odnott sep-
wune xaxcdozo uz depeeves Ty, ..., Tk.

HdokazaTenbcTBo. IlycTh = cMexHA C BEpIIMHAME Y U Y, OJHOTO Jde-
pesa Ty, a y1y2 . . . Ym — OyTh B Ty mexay Humu. Ilycts
Syiys €6, Part(Sy,,,) ={¥1,Y2}, Y13y umw Y5 3 ys.

ITo aemme 9 mer 3uaem, uto Ng(ym) C Ya. IMockoasky y1 € Int(Y7), Mur
nMeeM & € Sy, (cM. pucyHOK 13).

P Syy| Y >
RS Yy 2 m N
g 7
| /
ez v [ v 2V

Puc. 13. Bepmmuna & cMexHa ¢ TBYMs BepIIMHAMEU OTHOTO IEPEBA.

Paspes Sy,y, pas3jenseT Kakue-TO JBe MUHUMAIbHEIE dacTu A; n Aj,
a UX I'PAHULBI, KAK HOKA3aHO BHIIIE, COAEPXKAT II0 BEPIINHE KaXKJOI'0 U3

gepesseB 11, ..., T. 3uauur, u Sy 4, JOKEH COLEPXKATH IO BEPIINHE
KaXOOrO W3 DTHX AE€PEBLEB, KpOMe Iy, TO €CTh, HE MOXKET COAEPKATH
BEPIINHY %, TPOTUBOPEYINE. O

Jdemmva 14. G' — munumaronviii k ceasuviti epad.

HMokazaTeancTBo. 1. Jokancem, umo epad G’ — k-ceazmviii.
[Ipennomoxum, aro G’ mmeeT pasneasiomee MEOKECTBO () w3 Menee 1em k
BeprmH. Torga () He COAEPKUT HU OJHOU BEPIIUHBI KAKOI'O-TO U3 TEPEBHEB



MUHUMAJIBHBIE k-CBA3HBIE I'PADBL 63

T{,...,T;. Oycte QN V(T]) = &, a U — KOMIOHEHTa CBA3HOCTH Ipada
G’ — @, comepxamasa Bce BepIIUHLL 1epesa 17 .

Iycres x € Vi, (G')\ @, z # b. Toraa no semme 13 Bepiiuna & coegunena,
pebpom ¢ gepesom T, caenosarensuo, x € U. Ecau b ¢ (), To Bepumna b
rakxke npusagrexur U (Tak kak cMexHA ¢ T7).

Mycre 2 € Vig1 (G) \ Q, © ¢ U. Moxuo cuntats, uto © € V(T3).
Mycts dr, (x) = m. Torana B aepese Ty CYIMIECTBYIOT 171 HEMIEPECEKATOIINXCA
IIyTed OT & A0 PA3MUIHLIX BUCAIUX BEPIIAH Y1, - . . , Ym. KAK AT BEPIIMHA,
y; cmexHa B rpade G’ ¢ Bepumnon z; € Vi, (G'). Kpome Toro, Bepuna x
cMexna B G ¢ BePIIMHAMU Zpy i1, - .-, 241 € VE(G') (cM. pucynok 14a).
ITo memme 13 BCe BepUIMHEL 2,. .., Zk4+] PA3IUYHEL, BHIIIE TOKA3AHO, YTO
DTH BEPUIVHBI TPUHAIEKAT KOMIOHEeHTe U. 3HAYAT, 1A KaxkKI0rO § €
{1,...,k+1} MHOXeECTBO () JOTKHO CONEPIKATD BEPIINHY 2; WU BEPIIUHY,
JIEXKAILYIO Ha MyTH OT & 40 z;.. Ho Torga |@Q] > k + 1, nporusopeyue.

Takum o6pasom, U D V(G — @), o ects, rpad G’ — @ ceasen. Ioxy-
YEHHOE TPOTUBOPEYNE 3aBEPIIALT JOKA3ATEIbCTERO.

- — - —

7 Ux Ax@

/ VARG
, "

! I b1 |

Lo A |*—T]

A -7 4

N~ 7 .

- — - = = A

Puc. 14. Paspeser S, u S’.

2. foxasxcem, ymo epad G' — munumasbnoii.

Mycre zy € E(G’). Ecim x0Ts 661 OQWH W3 KOHIIOB DTOTO pefpa nMme-
er B G’ crenens k, To rpad G’ — zy He apaserca k-ceasaeiM. OcTaeTcs
paceMoTperh caydai, korga zy € Epi1(G).

He ymansas obmmocru notoxum, uro zy € E(T]). Paccmorpum paspes
Sey € G rpada G, ou gemur G Ha e wactu U, > z u Uy > y (oM.
pucynok 14b). Tax kax paspesbl B & HE3aBUCHMEI, MOXHO CIUTATH, ITO
Ay C Up. Ecn Spy N Ry = &, 10 S,y — paspes rpada G', oTgeadomun
Uy ot (Uz \ A1) U {b}.

IIycts

B=Ri NSy, u B ={b: b €B}
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Otmerum, uto by ¢ B mo semme 10. /s kax 107 BepiinHsl b; € B B 9acTn
Uy noikHa OBITH BEPIIMHA, CMEXKHAA C b;, HO TAKad BepUIMHA MOXKeT ObITh
TOABKO ofHa — 210 . Cregoarenvuo, S = (S, \ B) U B’ — paspes
rpada G ¢
Part(G;S’) = {U, UB’, U, \ B}.
Torma S’ — paspes rpada G’ ¢
Part(G'; S") = {(U, U B'U{b}) \ 41), U, \ B}.

Takum o6pazom, rpad G’ — MUHUMATLHBIN. (|

Nrax, paccMOTpUM MUHUMAILHBIN k-CBAsHbM rpad G'. Uz v (G) =

W@Z# u pasencts (8) caegyer, aro vi(G') = W Ilo

MHAYKOUOHHOMY npegnonoxenuto G = G/ JIA HEKOTOPOLO AepeBa
T ¢ AT") < k+1 Torma TY,...,T} — oro komun gepesa T'. Tak kak
N (b) = {b,...,b}}, no mocrpoenmo rpada Gy 1 B nepese T ecTdb Ta-
Kag BepiuHa, b, KoTopas pu #30MOp(pU3Me KOMUU COOTBETCTBYET BEPII-
HaM b, ..., b mdp (b') < k. Ilycrs gepeso T moaydeno us T’ mpucoenute-
HUeM BUCAYen BepimHbl K b'. Teneps meTpynuo mouaTh, ato A(T) < k+1

n G = Gk,T-
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Karpov D. V. Minimal k-connected graphs with minimal number of
vertices of degree k.

A graph is k-connected if it has at least k£ + 1 vertices and remains
connected after deleting any its k—1 vertices. A k-connected graph is called
minimal, if it becomes not k-connected after deleting any edge. W. Mader
has proved that any minimal k-connected graph on n vertices has at least
%@ vertices of degree k. We prove that any minimal k-connected
graph with minimal number of vertices of degree k is a graph G, 7 for some
tree T with vertex degrees at most k£ + 1. The graph G 7 is constructed
from k disjoint copies of the tree T'. For any vertex a of the tree T' we denote
by ai,...,a; the correspondent vertices of copies of T. If the vertex a has
degree j in the tree T then we add k +1— j new vertices of degree k which
are adjacent to {ay,...,ar}.
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