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Let P = GF(q) be a field, F = GF(¢") be an extension of P. We construct a wide
class of skew MP-polynomials over F' by the description of multipliers of skew MP LRS.
For P-skew MP LRS v over F' we call linear transformation ¢ (generalized) multiplier if
there exists a number [ > 0 such that (v(i)) = v(i +1), i > 0. Denote by 9(v)* the set
of all multipliers of a skew MP LRS v, and M(v) = M(v)* U {0}. It is proved that M(v)
is a field and 9M(v) = F if and only if v is linearized. Sufficient conditions for M(v) = P
are given. It is proved that for any P-skew MP LRS v there exists a transformation
such that the sequence v (v) is M(v)-skew MP LRS of the same order, and for any field
K < F there exists MP LRS v such that M(v) = K.

Keywords: skew linear recurrence, skew polynomial of maximal period, generalized
multiplier, maximal non-reducible sequence.

Omnucanme CKPYyYEeHHBIX JIMHENHBIX PEKYPPEHT MAaKCHMAaJIbHOTO Mepuojia B
TEepMUHAX MYJIbTUILJINKATOPOB

C. H. 3aiines
000 "Ilewmp cepmudurayuornns ucciedosanutt” , Mockea

Annorarus. Ilycrs P = GF(¢) — nose, F = GF(¢™) — ero pacmupenue. IIpeioxen
MEeTOJI, TIOCTPOEHHA MINPOKOTO Kjacca cKpydeHHbIX MII-muorowrenos naym F, KOTOpBIi
OCHOBAH Ha ONMUCAHUU MYyJbTHILIHNKATOPOB ckpyueHubx MIT JIPTI. [Insa P-ckpyuernoit
MII JIPII max F npeobpasoBanue 1) Ha3bIBAETCs (0600UeHHbIM) MYALMUNAUKGMODOM,
eca Hafigercs dncsto | > 0, g koroporo ¥(v(i)) = v(i 4+ 1), i > 0. ObosHadnmM depes
M(v)* MHOKECTBO BCEX My/IBTHILIMKATOPOB ckpyuennoin MIT JIPIT v, mycrs M(v) =
M(v)* U{0}. Hdoxazano, uro M(v) — nose, u M(v) = F Torga u TOJLKO TOIJIA, KOIJIa U
JmuHeapusyema. lIpeocraBiieHbl HEKOTOPBIE JIOCTATOUHBIE YCI0BUs TOro, uro M(v) = P.
Jokazano, uro jjis Jjrodoit P-ckpydennoit MII JIPII v naitjercsa takoe rnpeobpaszoBanne
¢ rakoe, uto P(v) ecrb M(v)-ckpyuennass MIT JIPII Toro »xe nopsaka, u s J060r0
nosst K < F wmaitnercsa MIT JIPIT rakas v, aro M(v) = K.

KuroueBble cioBa: CKpyUeHHBbIE JIMHEHHBbIE DPEKYyPPEHTHI, CKPYYEHHBI MHOIOWIEH
MaKCHMAJIBHOTO TE€PHO/ia, OOOOIIEHHDI MyJIBTUIINKATOD, MAKCHMAIBHO HEIPUBOIMMAS
[I0CJI€/IOBATEIHHOCTD.
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1 Introduction

Let P = GF(q) be a field of ¢ elements, F' = GF(¢") be an extension of P
and F be the set of all sequences over F. Denote by £ the ring £(pF)
of all linear transformations of the space pF'. Let us define the product of a
sequence v € F by a polynomial ¥(x) = > =0 Wi’ € Llz] by the equality

U()w=we FY: w(i)= Z%‘(U(j +1)) foralli > 0.
720
A sequence v € FW is called (P-)skew LRS over the field F' of order m,
if there exists a monic polynomial W(x) € L[z] of degree m such that

U(zx)v =0, (1.1)

i.e. if v is LRS of order m over the module »F'.

In this case the polynomial W(x) is called characteristic polynomial of
LRS v. In a particular case, when ¥(z) € Flz] the sequence v is called
classic LRS. (Here and further we’ll identify F' and the set of homotheties
generating by the elements of F'in L.)

It is evident, that period T'(v) of the skew LRS v of order m over the
field F' is not greater than 7 = |F|™ — 1 = ¢™ — 1. If T'(v) = 7, then the
sequence v is reversible and is called a skew LRS of maximal period (MP
LRS) [3].

For any sequence v € FU and any transformation ¢ € £ we define the
sequence ¥ (v) by equalities

P(v)(i) = ¢(v(i)), i=0. (1.2)

We say that sequences u,v € F'U are (P-)linearly equivalent, if there
exists an invertible transformation ¢ € £* such that v = (u). If a skew
LRS v is linearly equivalent to some classic MP LRS over the field F', we say
that the sequence v is a linearized one.

Note that until recently skew MP LRS were found only for some fixed
parameters (g, n, m) by brute force method over fields [16]-[22].

In [3] general characterization of the class of all MP LRS over Galois rings
and of the class of linearized MP LRS given. Coordinate sequences of MP
LRS were also was investigated.
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Here we'll construct a wider class of MP LRS over Galois field, which is
based on the description of multipliers of skew MP LRS.

2 Main results

Let us fix some basis & = (ag,...,,—1) of the space pF and denote by
at = (ag, ...,a,_1)" € P" the column of coordinates of element a € F in the
basis @. Then each linear transformation ¥ € L is defined by some matrix
A(y) € P,,, such that for any a € F

v(a) = A(y)a.

Evidently, the sequence v is a skew LRS of order m, with the characteristic
polynomial ¥(x) = 2™ — Z;n;()l Y a7 if and only if columns of coordinates
v4(i) of items v(i) satisfy the relation

Vi>0: oMi+m) =A@, )v' (i +m— 1)+ ...+ A@h)vt(E).  (2.1)

We call the polynomial A(z) = 2™ — Z;":_Ol A(j)a? a skew characteristic

polynomial of LRS v in a matriz form.
m—1

For any polynomial A(x) = 2™ =3 " Aja/ € Py ,[7] and any invertible
matrix L € P define the polynomial

m—1
Al(z) = 2™ = LAL ', (2.2)
7=0

It is known [3] that AL(z) is MP-polynomial if and only if A(z) is MP-
polynomial. Define by A (z) the set of all different polynomials of the form
(2.2).

Theorem 1. If
f(!)f) =" — fmnflxmnil — e fl-T - f() (23)

s a primitive polynomial of degree mn over P, then the polynomial

A(a:) — Am,lxm_l —...— Aix — Ay, (2.4)
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where
0 e ... 0
A — Pl : 95
"o o ... e (25)
f() fm f(n—l)m
and
0 ... 0
A = (‘) 6 L tel,m—1, (2.6)
ft s f(n—l)7n+t
s a non-linearized MP-polynomial and
1£7]
A ()] = = (2.7
I

To prove this theorem we have to use some properties of generalized mul-
tipliers, which will be defined below.

Let v be MP LRS of order m over the field F. We say that a linear
transformation ¢ € L is (generalized) multiplier of the sequence v if

Y(v) = 2, (2.8)

for some [ € N. It is known |[3| that if (2.8) is true, then the transformation
® is invertible. Let us denote by 2t(v)* the set of all multipliers of the
sequence v. It is obvious that if ¥(z) is a characteristic polynomial of MP

LRS v, then

1£7]
()|
From [6] we know that the set 2t(v)* is a cyclic subgroup of the group L£*.
We'll use the following definition

M(v) = M(v)* U {0}.

Theorem 2. The set M(v) with operations of the ring L is a field and up
to isomorphism

U (2)] = (2.9)

P <M(v) < F. (2.10)

MATEMATHUYECKHE BOITPOCBHI KPUIITOI'PAOHN



Description of maximal skew linear recurrences in terms of multipliers 61

Theorem 3. For MP LRS v over F' the following statements are equivalent:
(a) M(v) = F;
(b) the sequence v is linearized.

Under the condition (b), if uw is a classic MP LRS over F, ¢ € L* and
v =1(u), then
M(v) =~ Fap.

Now in view of (2.9) and (2.10) first of all it is interesting to describe v
with
M(v) = P. (2.11)

If MP LRS v satisfies the condition (2.11), we say that v is mazimally non-
reducible.
Any sequence v € F'Y) has unique representation in the form

V=V + ... + Up_10p—_1, (212)

where vy, ..., v,_1 € PV are coordinate sequences of the sequence v (in the
basis @).

Let v be a skew MP LRS over the field F' of order m. It is known [3] that
sequences vy, ..., v,_1 are classic MP LRS of order mn over the field P, so for
any j € 0,n — 1 there exists exactly one [; € 0,7 — 1 such that v; = 2!
We say that the set

Jg.

[ (2.13)

is determining set of shifts of the sequence v (in the basis @). According to

4], v is linearized if and only if all shifts [y, ..., [,,_1 are multiples of 6 = q;::l.

We have the following sufficient conditions.

Theorem 4. A skew MP LRS v is mazimally non-reducible in each of the
following cases:

(a) In the determining set of shifts ly, ..., l,—1 of the sequence v exactly one
is not a multiple of §;

(b) In the determining set of shifts ly,...,l,—1 of the sequence v exactly two
are not a multiple of § and 21 n;
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(¢) The sequence v is non-linearized and n is a prime number.
Now let v be any P-skew MP LRS of order m over F'.

Theorem 5. If M(v) = P’ < F, then there exists ¢ € L* such that w =
W»(v) is mazimally non-reducible P'-skew MP LRS of order m over F'.

Theorem 6. For any divisor s of number n and any m € N there exvists MP
LRS v of order m over the field F' such that

M(v) = GF(q") (2.14)

3 Proof of Theorem 2

Let 6 be a root of a minimal polynomial f(z) € P|x] of the sequence v in the
extension ) = P() of the field P. It is known that coordinate sequences
vs, s € 0,n — 1, may be represented in the following way:

vy(i) = Tr(c.07), i > 0. (3.1)

Let ¢ = (cg,...,cn—1) be the wvector of determining coefficients of the se-
quence v.
In terms of matrices, a matrix A is a multiplier of the sequence v* if

Avt = gl (3.2)
for some [ > 0.
Lemma 7. The condition (3.2) is equivalent to the condition
(B0 — A)ct =0, (3.3)
where E is the identity n X n-matriz.
O Using representation (3.1), we can rewrite the equality (3.2) as
AT ) = (67 eh, vi> 0.

(Here, the function Trg applies to each coordinate of corresponding vectors.)
Since Tr]’(_g, is a linear transformation of the space p@), the last equation is
equivalent to the condition

Te(0/(E6' — A)ct) =0, Vi > 0. (3.4)
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Now, since the condition (3.4) is true for any ¢ € Ny, the condition (3.4) is
equivalent to the condition (3.3). O

It AW, A®) € M(v)* and AV # AP then
(E6' — Ayeh =0
for some [; > 0, j = 1,2, and therefore
(B —02) — (A — AP))) k= 0.

Since AN #£ AP we have 8" — 6> # 0 and according to lemma 8 the
matrix (A — A®)) is a multiplier of v. So the set M(v) is closed under the
addition, i.e. 9(v) is a field. Further, the left part of (2.10) is obvious, the
right inequality follows from the fact that the maximal subfield of the ring
P, ,, has capacity |F| = ¢". Theorem 1 is proved.

4 Proof of Theorem 3

Consider the condition (3.3) for primitive matrix A € 9M(v). It is known
that characteristic polynomial y4(z) has the form

xa(z) = g(2)", (4.1)
where g(z) is irreducible polynomial.
Lemma 8. If k =1, then v is linearized.

O It is known [1] that there exists an invertible matrix U € Py, such
that
A=U"8(g(2))U,

where S(g(z)) is the companion matrix of the polynomial g(x), so
S(g(x))-Uct = 0'UH

The vector Uct = (do, ..., dn,l)T is the vector of determining coefficients of
the sequence w* = Uv*. Up to the shift of w we may suppose that dy = e.
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So we have
00 ... 0 go e e
e 0 ...0 q dy d;
0Oe ... 0 ¢ dy | =0"[ d |,
00 ... e gu dp—1 dp_1

therefore god,—1 = 6" and for any j € I,n — 1
dj = 07" (dj-1 + gjd-1),
le.
dj = 07'dj-1+ gjg0 " (4.2)

Since dy = e € F, we have dy,...,d,, € F* = {0°',t € 0,¢q" — 2}.
Therefore all shifts in the determining set of shifts of w are multiples of 9,
i.e. w is linearized and so v is linearized. O

(a) = (b). Suppose that v is non-linearized, then from lemma 8 we have
k > 2, therefore
M ()] = ¢ ¥ < ¢" = |F],

ie. M(v) 2 F*.
(b) = (a). Obvious.
Theorem 2 is proved. O

5 Proof of Theorem 4

Let ¢* be the vector of determining coefficients of the sequence v. Up to the
shift of v we suppose that ¢y = e. Now it is evident, that ¢ | {; if and only if
cj € F.

Lemma 9. If (3.2) is true and 0' € P, then A = Ef'.

O  Since the system (e, ¢y, ..., ¢,—1) is linearly independent over P, then
according to (3.3) we conclude that Ef' — A =0. O
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(a) Suppose, for example, that § { {1, then ¢; ¢ F. From (3.3) we obtain
Z aiic; +ancr =0 ¢
i#1
and
(a1 — 91)61 eF.
Since 6! € F, from the last equation we have a;; — 6" = 0. Therefore §! € P
and M(v) C P according to lemma 9.
(b) Suppose, for example, that d 1 Iy, lo, then ¢1,co ¢ F. Similarly to the
previous case, we have:

l
aii1cy + appcy — 0'cy € F,

A9101 + agacy — Olcy € F.
From here
(a1 — 91)((122 - 91) = a21012-
If 9 ¢ P, then ' is the root of the polynomial over P of degree A27 and
therefore 2|n. So 6 € P and similarly to the previous case M (v) = P.
The statement (c) follows from theorem 2 and theorem 3.

6 Proof of Theorem 5

If the matrix A in the equality (3.2) generates M (v)*, then M(v) = P(6').
Fix basis @ of the space pF' of the form

=70,
where ¥ = (70, ..., Vs_1) is the basis of the space pP(6') and 8= (Boy vy Br—1)

is the basis of the space pgi)F.
It is known that the matrix A has the second normal form

Ny(A) = Er @ S(g(x)) = Diag(S(g(x)), S(9(x)), ..., S(g(x))).  (6.1)

Further, as in the proof of the lemma 9, there exists ¥ € L£* such that the
vector of determining coefficients of the sequence w = 1 (v) has the form

&= (dof, v, ..., dy_12.), (6.2)
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where &, € P(b)* and d = (dy, dy, ..., dp_1) € QF.

Note that in this case the vector &, € (P(0'))? is the vector of determining
coefficients of some linearized P-skew MP LRS u of order ms over P(#'), so
we can choose v such that u will be a classic P-skew MP LRS over P(6").
Now

w = (a:AOﬁo—f—...+xA’“*16k_1)(70u0+...+78_1u5_1) = (onﬁo—l—...—i—xA’“*lﬁk_l)u,

where 0% = d;, t € 0,k — 1. So the sequence w is P(#')-skew MP LRS of
order m over F, and M(w) = P(6').

7 Proof of Theorem 6

Let w be a maximally non-reducible K-skew MP LRS of order m over F' (the
existence of such sequences follows, for example, from theorem 7). From the
proof of theorem 5 it is evident that w is also P-skew MP LRS of order m
over Fand M(w) = K.

8 Proof of Theorem 1

O Let v be a MP LRS with the vector of determining coefficients
Z= (e, 0™, .. 00"bm), (8.1)

Since the system

0=(G0c.. 07" = (8.2)

_ m m(n—1 m+1 m(n—1)+1 m—1 p2m—1 mn—1
= (e,0™,...,0m=Y g gmtt  gm=DFL o gmel g2mel o gmn—ly

is a basis of the space p@, according to [3]| v is a skew MP LRS.
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It is easy to see that the matrix

@) E @)
B= 0 0 E (8.3)
0 e 0 0 0 0 0
o 0 ... e 0 ... 0 . 0 .. 0
Fy F, ... F(n—l)m F ... F(n—l)m+1 . Fopov 0 Fopa

satisfies the following equality:
BO* = 06"

So we define matrices Ay, ..., A,,_1 as successive n rows of the matrix B
by the equality

é(m—l)n-&-l
Aoy A )= o ] (8.4)

—

an

Then [3]
A(CE’) =" — Am_ll’mil — .. All’ - AO

is a skew MP-polynomial in a matrix form.
To prove the last equality we have to prove that v is maximally non-
reducible MP LRS. Suppose A € M(v), then equation (3.3) may be repre-

sented as
e

9771,
(EG' — A) _

: =0.
H(nfl)m
For s € 0,n — 1 the following equalities are true

n—1

§ :asjgmj — elgsm’

J=0
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therefore,
n—1 n—1
m(j+1) __ mj
E as;0 G+D) = E as41,60"
j=0 7=0
or
n—1
mn mj
Qs 10" + E (asj-1 = as5115)0"™ 4+ a1 = 0.
J=1

So, the element 6 is annihilated by a polynomial of the form A(z™), but from
[1] we known that there are no MP-polynomials of the form h(z™). Therefore

(sp—1 = Qgq1,0 = A0 — Agq1]1 = ... = Agp—2 — Usi1p—1 = 0. (8.5)

From (8.5) we obtain that for any s,7 € 0,n — 2

(gj = Qsi1,j4+1, Asp—1 =0, asp10 =0,

and this means that the matrix A is a scalar one.
The theorem 1 is proved.
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