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Let P = GF(q) be a field, F = GF(qn) be an extension of P . We construct a wide
class of skew MP-polynomials over F by the description of multipliers of skew MP LRS.
For P -skew MP LRS v over F we call linear transformation ψ (generalized) multiplier if
there exists a number l ≥ 0 such that ψ(v(i)) = v(i+ l), i ≥ 0. Denote by M(v)∗ the set
of all multipliers of a skew MP LRS v, and M(v) = M(v)∗ ∪ {0}. It is proved that M(v)
is a field and M(v) ∼= F if and only if v is linearized. Sufficient conditions for M(v) ∼= P
are given. It is proved that for any P -skew MP LRS v there exists a transformation ψ
such that the sequence ψ(v) is M(v)-skew MP LRS of the same order, and for any field
K < F there exists MP LRS v such that M(v) ∼= K.

Keywords: skew linear recurrence, skew polynomial of maximal period, generalized
multiplier, maximal non-reducible sequence.

Описание скрученных линейных рекуррент максимального периода в
терминах мультипликаторов

С. Н. Зайцев

ООО "Центр сертификационных исследований" , Москва

Аннотация. Пусть P = GF(q) — поле, F = GF(qn) — его расширение. Предложен
метод построения широкого класса скрученных МП-многочленов над F , который
основан на описании мультипликаторов скрученных МП ЛРП. Для P -скрученной
МП ЛРП над F преобразование ψ называется (обобщенным) мультипликатором,
если найдется число l ≥ 0, для которого ψ(v(i)) = v(i + l), i ≥ 0. Обозначим через
M(v)∗ множество всех мультипликаторов скрученной МП ЛРП v, пусть M(v) =
M(v)∗ ∪ {0}. Доказано, что M(v) — поле, и M(v) ∼= F тогда и только тогда, когда v
линеаризуема. Предоставлены некоторые достаточные условия того, что M(v) ∼= P .
Доказано, что для любой P -скрученной МП ЛРП v найдется такое преобразование
ψ такое, что ψ(v) есть M(v)-скрученная МП ЛРП того же порядка, и для любого
поля K < F найдется МП ЛРП такая v, что M(v) ∼= K.
Ключевые слова: скрученные линейные рекурренты, скрученный многочлен
максимального периода, обобщенный мультипликатор, максимально неприводимая
последовательность.
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1 Introduction

Let P = GF(q) be a field of q elements, F = GF(qn) be an extension of P
and F 〈1〉 be the set of all sequences over F . Denote by L the ring L(PF )
of all linear transformations of the space PF . Let us define the product of a
sequence v ∈ F 〈1〉 by a polynomial Ψ(x) =

∑
j≥0

ψjx
j ∈ L[x] by the equality

Ψ(x)v = w ∈ F 〈1〉 : w(i) =
∑
j≥0

ψj(v(j + i)) for all i ≥ 0.

A sequence v ∈ F 〈1〉 is called (P-)skew LRS over the field F of order m,
if there exists a monic polynomial Ψ(x) ∈ L[x] of degree m such that

Ψ(x)v = 0, (1.1)

i.e. if v is LRS of order m over the module LF .
In this case the polynomial Ψ(x) is called characteristic polynomial of

LRS v. In a particular case, when Ψ(x) ∈ F [x] the sequence v is called
classic LRS. (Here and further we’ll identify F and the set of homotheties
generating by the elements of F in L.)

It is evident, that period T (v) of the skew LRS v of order m over the
field F is not greater than τ = |F |m − 1 = qmn − 1. If T (v) = τ , then the
sequence v is reversible and is called a skew LRS of maximal period (MP
LRS) [3].

For any sequence v ∈ F 〈1〉 and any transformation ψ ∈ L we define the
sequence ψ(v) by equalities

ψ(v)(i) = ψ(v(i)), i ≥ 0. (1.2)

We say that sequences u, v ∈ F 〈1〉 are (P-)linearly equivalent, if there
exists an invertible transformation ψ ∈ L∗ such that v = ψ(u). If a skew
LRS v is linearly equivalent to some classic MP LRS over the field F , we say
that the sequence v is a linearized one.

Note that until recently skew MP LRS were found only for some fixed
parameters (q, n,m) by brute force method over fields [16]-[22].

In [3] general characterization of the class of all MP LRS over Galois rings
and of the class of linearized MP LRS given. Coordinate sequences of MP
LRS were also was investigated.
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Here we’ll construct a wider class of MP LRS over Galois field, which is
based on the description of multipliers of skew MP LRS.

2 Main results

Let us fix some basis �α = (α0, ..., αn−1) of the space PF and denote by
a↓ = (a0, ..., an−1)

T ∈ P n the column of coordinates of element a ∈ F in the
basis �α. Then each linear transformation ψ ∈ L is defined by some matrix
A(ψ) ∈ Pn,n such that for any a ∈ F

ψ(a)↓ = A(ψ)a↓.

Evidently, the sequence v is a skew LRS of order m, with the characteristic
polynomial Ψ(x) = xm −

∑m−1

j=0
ψjx

j if and only if columns of coordinates
v↓(i) of items v(i) satisfy the relation

∀i ≥ 0 : v↓(i+m) = A(ψm−1)v
↓(i+m− 1) + ...+ A(ψ0)v

↓(i). (2.1)

We call the polynomial A(x) = xm −
∑m−1

j=0
A(ψj)x

j a skew characteristic
polynomial of LRS v in a matrix form.

For any polynomial A(x) = xm−
∑m−1

j=0
Ajx

j ∈ Pn,n[x] and any invertible
matrix L ∈ P ∗

n,n define the polynomial

AL(x) = xm −
m−1∑
j=0

LAjL
−1xj. (2.2)

It is known [3] that AL(x) is MP-polynomial if and only if A(x) is MP-
polynomial. Define by AL(x) the set of all different polynomials of the form
(2.2).

Theorem 1. If

f(x) = xmn − fmn−1x
mn−1 − ...− f1x− f0 (2.3)

is a primitive polynomial of degree mn over P , then the polynomial

A(x) = xm − Am−1x
m−1 − ...− A1x− A0, (2.4)
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where

A0 =


0 e . . . 0
... ... . . . ...
0 0 . . . e
f0 fm . . . f(n−1)m

 (2.5)

and

At =


0 . . . 0
... . . . ...
0 . . . 0
ft . . . f(n−1)m+t

 , t ∈ 1,m− 1, (2.6)

is a non-linearized MP-polynomial and

|AL(x)| = |L∗|
|P ∗|

. (2.7)

To prove this theorem we have to use some properties of generalized mul-
tipliers, which will be defined below.

Let v be MP LRS of order m over the field F . We say that a linear
transformation ψ ∈ L is (generalized) multiplier of the sequence v if

ψ(v) = xlv, (2.8)

for some l ∈ N. It is known [3] that if (2.8) is true, then the transformation
ψ is invertible. Let us denote by M(v)∗ the set of all multipliers of the
sequence v. It is obvious that if Ψ(x) is a characteristic polynomial of MP
LRS v, then

|ΨL(x)| = |L∗|
|M(v)∗|

. (2.9)

From [6] we know that the set M(v)∗ is a cyclic subgroup of the group L∗.
We’ll use the following definition

M(v) = M(v)∗ ∪ {0}.

Theorem 2. The set M(v) with operations of the ring L is a field and up
to isomorphism

P < M(v) < F. (2.10)
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Theorem 3. For MP LRS v over F the following statements are equivalent:

(a) M(v) ∼= F ;

(b) the sequence v is linearized.

Under the condition (b), if u is a classic MP LRS over F , ψ ∈ L∗ and
v = ψ(u), then

M(v) = ψ−1Fψ.

Now in view of (2.9) and (2.10) first of all it is interesting to describe v
with

M(v) = P. (2.11)

If MP LRS v satisfies the condition (2.11), we say that v is maximally non-
reducible.

Any sequence v ∈ F 〈1〉 has unique representation in the form

v = v0α0 + ...+ vn−1αn−1, (2.12)

where v0, ..., vn−1 ∈ P 〈1〉 are coordinate sequences of the sequence v (in the
basis �α).

Let v be a skew MP LRS over the field F of order m. It is known [3] that
sequences v0, ..., vn−1 are classic MP LRS of order mn over the field P , so for
any j ∈ 0, n− 1 there exists exactly one lj ∈ 0, τ − 1 such that vj = xljv0.
We say that the set

l1, ..., ln−1 (2.13)

is determining set of shifts of the sequence v (in the basis �α). According to
[4], v is linearized if and only if all shifts l1, ..., ln−1 are multiples of δ = qmn−1

qn−1
.

We have the following sufficient conditions.

Theorem 4. A skew MP LRS v is maximally non-reducible in each of the
following cases:

(a) In the determining set of shifts l1, ..., ln−1 of the sequence v exactly one
is not a multiple of δ;

(b) In the determining set of shifts l1, ..., ln−1 of the sequence v exactly two
are not a multiple of δ and 2 � n;
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(c) The sequence v is non-linearized and n is a prime number.

Now let v be any P -skew MP LRS of order m over F .

Theorem 5. If M(v) ∼= P ′ < F , then there exists ψ ∈ L∗ such that w =
ψ(v) is maximally non-reducible P ′-skew MP LRS of order m over F .

Theorem 6. For any divisor s of number n and any m ∈ N there exists MP
LRS v of order m over the field F such that

M(v) = GF(qs) (2.14)

3 Proof of Theorem 2

Let θ be a root of a minimal polynomial f(x) ∈ P [x] of the sequence v in the
extension Q = P (θ) of the field P . It is known that coordinate sequences
vs, s ∈ 0, n− 1, may be represented in the following way:

vs(i) = TrQP (csθ
i), i ≥ 0. (3.1)

Let 
c = (c0, ..., cn−1) be the vector of determining coefficients of the se-
quence v.

In terms of matrices, a matrix A is a multiplier of the sequence v↓ if

Av↓ = xlv↓ (3.2)

for some l ≥ 0.

Lemma 7. The condition (3.2) is equivalent to the condition

(Eθl − A)c↓ = 0, (3.3)

where E is the identity n× n-matrix.

� Using representation (3.1), we can rewrite the equality (3.2) as

A · TrQP (θ
ic↓) = TrQP (θ

i+lc↓), ∀i ≥ 0.

(Here, the function TrQP applies to each coordinate of corresponding vectors.)
Since TrQP is a linear transformation of the space PQ, the last equation is
equivalent to the condition

TrQP (θ
i(Eθl − A)c↓) = 0, ∀i ≥ 0. (3.4)
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Now, since the condition (3.4) is true for any i ∈ N0, the condition (3.4) is
equivalent to the condition (3.3). �

If A(1), A(2) ∈ M(v)∗ and A(1) �= A(2), then

(Eθlj − A(j))c↓ = 0

for some lj ≥ 0, j = 1, 2, and therefore

(E(θl1 − θl2)− (A(1) − A(2)))c↓ = 0.

Since A(1) �= A(2), we have θl1 − θl2 �= 0 and according to lemma 8 the
matrix (A(1) −A(2)) is a multiplier of v. So the set M(v) is closed under the
addition, i.e. M(v) is a field. Further, the left part of (2.10) is obvious, the
right inequality follows from the fact that the maximal subfield of the ring
Pn,n has capacity |F | = qn. Theorem 1 is proved.

4 Proof of Theorem 3

Consider the condition (3.3) for primitive matrix A ∈ M(v). It is known
that characteristic polynomial χA(x) has the form

χA(x) = g(x)k, (4.1)

where g(x) is irreducible polynomial.

Lemma 8. If k = 1, then v is linearized.

� It is known [1] that there exists an invertible matrix U ∈ P ∗
n,n such

that
A = U−1S(g(x))U,

where S(g(x)) is the companion matrix of the polynomial g(x), so

S(g(x)) · Uc↓ = θlUc↓.

The vector Uc↓ = (d0, ..., dn−1)
T is the vector of determining coefficients of

the sequence w↓ = Uv↓. Up to the shift of w we may suppose that d0 = e.
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So we have 
0 0 . . . 0 g0
e 0 . . . 0 g1
0 e . . . 0 g2
. . . . . . . . . . . .
0 0 . . . e gn−1




e
d1
d2
. . .
dn−1

 = θl


e
d1
d2
. . .
dn−1

 ,

therefore g0dn−1 = θl and for any j ∈ 1, n− 1

dj = θ−l(dj−1 + gjdn−1),

i.e.
dj = θ−ldj−1 + gjg

−1

0
. (4.2)

Since d0 = e ∈ F , we have d0, ..., dn−1 ∈ F ∗ = {θδt, t ∈ 0, qn − 2}.
Therefore all shifts in the determining set of shifts of w are multiples of δ,
i.e. w is linearized and so v is linearized. �

(a) ⇒ (b). Suppose that v is non-linearized, then from lemma 8 we have
k ≥ 2, therefore

|M(v)| = qdeg(g(x)) < qn = |F |,
i.e. M(v) � F ∗.

(b) ⇒ (a). Obvious.
Theorem 2 is proved. �

5 Proof of Theorem 4

Let c↓ be the vector of determining coefficients of the sequence v. Up to the
shift of v we suppose that c0 = e. Now it is evident, that δ | lj if and only if
cj ∈ F .

Lemma 9. If (3.2) is true and θl ∈ P , then A = Eθl.

� Since the system (e, c1, ..., cn−1) is linearly independent over P , then
according to (3.3) we conclude that Eθl − A = 0. �
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(a) Suppose, for example, that δ � l1, then c1 /∈ F . From (3.3) we obtain∑
i �=1

a1ici + a11c1 = θl · c1

and
(a11 − θl)c1 ∈ F.

Since θl ∈ F , from the last equation we have a11 − θl = 0. Therefore θl ∈ P
and M(v) ⊂ P̂ according to lemma 9.

(b) Suppose, for example, that δ � l1, l2, then c1, c2 /∈ F . Similarly to the
previous case, we have:

a11c1 + a12c2 − θlc1 ∈ F,

a21c1 + a22c2 − θlc2 ∈ F.

From here
(a11 − θl)(a22 − θl) = a21a12.

If θl /∈ P , then θl is the root of the polynomial over P of degree 2, and
therefore 2|n. So θl ∈ P and similarly to the previous case M(v) = P̂ .

The statement (c) follows from theorem 2 and theorem 3.

6 Proof of Theorem 5

If the matrix A in the equality (3.2) generates M(v)∗, then M(v) ∼= P (θl).
Fix basis �α of the space PF of the form

�α = �γ ⊗ �β,

where �γ = (γ0, ..., γs−1) is the basis of the space PP (θl) and �β = (β0, ..., βk−1)
is the basis of the space P (θl)F .

It is known that the matrix A has the second normal form

N2(A) = Ek ⊗ S(g(x)) = Diag(S(g(x)), S(g(x)), ..., S(g(x))). (6.1)

Further, as in the proof of the lemma 9, there exists ψ ∈ L∗ such that the
vector of determining coefficients of the sequence w = ψ(v) has the form

�c = (d0�c∗, d1�c∗, ..., dk−1�c∗), (6.2)
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where �c∗ ∈ P (b)s and �d = (d0, d1, ..., dk−1) ∈ Qk.
Note that in this case the vector �c∗ ∈ (P (θl))s is the vector of determining

coefficients of some linearized P -skew MP LRS u of order ms over P (θl), so
we can choose ψ such that u will be a classic P -skew MP LRS over P (θl).
Now

w = (x∆0β0+...+x∆k−1βk−1)(γ0u0+...+γs−1us−1) = (x∆0β0+...+x∆k−1βk−1)u,

where θ∆t = dt, t ∈ 0, k − 1. So the sequence w is P (θl)-skew MP LRS of
order m over F , and M(w) = P (θl).

7 Proof of Theorem 6

Let w be a maximally non-reducible K-skew MP LRS of order m over F (the
existence of such sequences follows, for example, from theorem 7). From the
proof of theorem 5 it is evident that w is also P -skew MP LRS of order m
over F and M(w) ∼= K.

8 Proof of Theorem 1

� Let v be a MP LRS with the vector of determining coefficients

�c = (e, θm, ..., θ(n−1)m). (8.1)

Since the system
�θ = (�c, θ�c, . . . , θm−1�c) = (8.2)

= (e, θm, . . . , θm(n−1), θ, θm+1, . . . , θm(n−1)+1, . . . , θm−1, θ2m−1, . . . , θmn−1)

is a basis of the space PQ, according to [3] v is a skew MP LRS.
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It is easy to see that the matrix

B =



O E . . . O

...
...

. . .
...

O O . . . E

0 e . . . 0 0 . . . 0 . . . 0 . . . 0

...
...

. . .
...

...
. . .

... . . .
...

. . .
...

0 0 . . . e 0 . . . 0 . . . 0 . . . 0

F0 Fm . . . F(n−1)m F1 . . . F(n−1)m+1 . . . Fm−1 . . . Fmn−1



(8.3)

satisfies the following equality:

Bθ↓ = θθ↓.

So we define matrices A0, ..., Am−1 as successive n rows of the matrix B
by the equality

(A0, ..., Am−1) =

 �B(m−1)n+1

. . .
�Bmn

 . (8.4)

Then [3]
A(x) = xm − Am−1x

m−1 − ...− A1x− A0

is a skew MP-polynomial in a matrix form.
To prove the last equality we have to prove that v is maximally non-

reducible MP LRS. Suppose A ∈ M(v), then equation (3.3) may be repre-
sented as

(Eθl − A)


e
θm
...

θ(n−1)m

 = 0.

For s ∈ 0, n− 1 the following equalities are true

n−1∑
j=0

asjθ
mj = θlθsm,
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therefore,
n−1∑
j=0

asjθ
m(j+1) =

n−1∑
j=0

as+1,jθ
mj

or

as,n−1θ
mn +

n−1∑
j=1

(as,j−1 − as+1,j)θ
mj + as+1,0 = 0.

So, the element θ is annihilated by a polynomial of the form h(xm), but from
[1] we known that there are no MP-polynomials of the form h(xm). Therefore

as,n−1 = as+1,0 = as0 − as+1,1 = ... = as,n−2 − as+1,n−1 = 0. (8.5)

From (8.5) we obtain that for any s, j ∈ 0, n− 2

asj = as+1,j+1, as,n−1 = 0, as+1,0 = 0,

and this means that the matrix A is a scalar one.
The theorem 1 is proved.
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